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OAHHM H3 3q)(peKTHBHblX cnoco6oa perneHml 3aAa•rn Tpex Te.TI, B3aHMO

AelicTBYIOLU.HX no 3aKOHY KynoHa, srnm1eTCSJ npeAJIO)KeHHblH B [l 1 MeTOA 

<<IlOBepxHOCTHblX>> mnepccpeputteCKHX cpyHK~Hii. Cyrn,ecTBeHHhlM AOCTOHHCT

BOM :noro MeTOAa SIBJISieTCSJ B03MO)KHOCTb HCilOJlb30BaTh noJiylieHHhle «noaepx

HOCTHble>> cpyHK~HH AJISI perneHHSJ KaK 3aAalIH Ha CBSJ3aHHI>le COCTOSIHHSI, TaK H ✓ 

3aAattu paccesiuusi. 

B uaCTOSILU.eii paoore npeA,11araeTcsi aapua~HOHHhlii MeTOA paclleTa «noaepx

HOCTHhlX» cpyHK~HH AJISJ CHCTeM.THna ZHµ, rAe Z 03HattaeT JierKoe SIApo C 3apsi

AOM 1 + 3, H 03HattaeT OAHO H3 SJAep p, d, t. ,lI.aHHhlii MeTOA - ecTecTBeHttoe 

o6o6LU.eHHe HCilOJlh30BaHHOro B (21 cnoco6a pactteTa CHCTeMhl H-. 
quCJieHHhle pe3yJihTaThl_npuaeAeHhl AJISJ cucTeMhl dtµ, KOTopasi sia;rneTcsi 

YAOOHhlM 001>eKTOM AJISI TecTupoaauusi, • nocKOJihKY uMeeTCSI 3HallHTeJihHoe 

KOJIHlieCTBO BhlCOKOTOlIHblX pactteTOB 3TOH CHCTeMhlO'KpoMe Toro; B pa6oTe [3] 
AJISI pactteTa dtµ HenocpeACTBeHHO HCilOJib30BaJICSJ MeTOA «noaepxHOCTHblX» 

runepccpeputteCKHX <pyHK~Hii. 

METO,U 

3anurneM ypaBHeHHe lllpeAHHrepa CHCTeMbl Tpex 3apSI)KeHHl,IX liaCTH~ B 

BHAe 

(-Axr Ayi + f ,;111
, - E) 1/J = 0. 

111=! Ill 

(1) 

B KatteCTBe eAHHH~ AJIHHbl H 3Hepmn HCil0Jlb30BaHl,I COOTBeTCTBeHHO 

h2/(m,e2), m,e4/(2n-2) u BBeAeHhl MaCrnTa6HpoBaHHble KOOPAHHaThl 51Ko6n: 

y. - __ ___;_£_ __ ___;__ r - J J • __ j m;(m1 + mk). [- 111.r. + mik) 
1 m1(m 1+m2+m3) i mi+mk' 

(2) 

3AeCh n AaJiee 6yAeM ClIHTaTh TpoiiKy {ijk} tteTHOH nepeCTaHOBKOH lJHCeJI { 123}. 
BeJIH\JHHbl q. onpem:.neHbl CJieAyIOlll,HM o6pa30M: 

I 
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j m.mk 
q.= 2ZZ --'----'--; 

1 1 k m 1(mi + mk) 

(3) 

m., z., r. - Macca, 3apsm H paAHYC-BeKTOp i-H 4aCTHlJ.bl. 
I I I 

Pa3JIHttHhle naphl KOOPAHHaT .s1Ko6H cssi3aHhl Me~y co6ou npeo6pa3osa-

HHeM 

rAe 

xi= - ckxj - SJli' 

yi = skxj - c,._yi, 

. j mjmk 
·c -

i - (mi+mi) (mi+ mk)' 

j mi(m 1 + m2+ m3) 

si = (m.+ m.) (m.+ mk) · 
I J. I,· 

(4) 

(5) 

B TOM CJiyttae, eCJin TpottKa {ijk} ecTb ee4eTeasi nepeCTaeosKa {123}, s (4) 
CJieAyeT 3aMeHHTb S k ➔ - S k • 

8 AaJibHeuweM AJISI IlpoCTOTbl orpaHH4HMCSI pacCMOTpeHHeM CHCTeM, HMe

IOIIJ;HX IlOJIHblH op6HTaJibHblH MOMeHT L = 0. 
BBeAeM rnriepcq>epn4eCKHe KOOl)AHHaTblp, a., 0.: 

I I 

a;· 
- I I xi I = p cos 2 , 

. a. 
- . • I 
lyil =p sm2, 

(xiY;) 
cos0.=---, - -

lxil lyi_l 
0 ::5 ai, 0i ::5 n. 

YpasHeHue (1) npHHHMaeT BHA (npu L = 0): 

r~e 

Ps ap if ap - 2 □ + P L. a - E 1/J = 0, 
[

- _!__ _i_ ( 2 _i_) 4 I 
3 Q,;, ] 

p 111=1 111 cos-
2 

=-- - sm a.- +-.---- sin0 -□ t [ a ( . 2 a ) · t a ( a )] 
sin2ai iJai l iJai Stn 0i iJ0i i i)0i • 

Pa3JIHttHbie Ha6opb1 runepyrJIOB CBSl3aHbl COOTHOWeHHSIMH 

(6) 

(7) 

(8) 

'\ 

cos a;= ckcosai+ sksinaicos0i' 

sin a. cos 0.= ck sin a:cos 0. - sk cos a.. (9) 
l I J J J 

HHsapuaHTHblH 3JieMeHT 001>eMa Ha mnepcq>cpc CCTb dQ = sin
2a. d cos 0 .. 

I I 

<<TiosepxHOCTHblC>> q>yHKU.HH 'P,, no onpCAeJICHHIO SIBJISIIOTCSI peweHHeM 

ypaBHeHHSI Ha COOCTBeHHblC 3Ha4CHHSI 

[ 

1 i Q,,, , l 0 □ -4P LJ ---+11.,, 'P,,= 
· 111=1 qlll 

COST 

(10) 

H napaMeTpHtteCKH 3aBHCSIT OT mneppaAHyca p. 
Tipn pa3JIO)KCHHH pewCHHSI (7) no ,n : 

T11 

· -5/2 ~ (p) 'f' = p LJ v,, 'P,,, (11) 

II 

noJiy4aeM CHCTCMY OAHOMepHblX AH<t><PepeHU.HaJibHblX ypasHeHHH 

---· -e +Ev+ -+- -P v = 
( 

a
2 

15 ) ( a a ) 
ap2 4P2 " ". f Q,,i ap ap Q,,i 11i ; o, 

(12) 

rAe. . . . aip; 

Q,,; = ( ip,J ap ), (13) 

iJ<p iJ<p. ' 
'P -·( .. "I··· I)' ,,;- ap- ap ' 

(14) 

~II= p~ J.,,. (15) 

TaKHM o6pa30M, peweHHC ypaBHCHHSI ( l 0) nO3BOJISleT onpeACJIHTb BCJIH4H

Hbl A , p ., Q . H CBeCTH HCXOAHYIO 3aAa4y K peweHHIO CHCTCMbl OOblKHOBeHHblX 
II Ill Ill 

An<t><Pepeeu.naJibHblX ypaBHCHHH ( 12). · 
D,Jisi pewettnsi (10) ncnoJib3YCM sapnau.noirnyio npou.eAYPY; pa3Jiarasi <p 11 

no CHCTCMe npo6HblX q>yHKU.HH 
N . ' 

L 
(11) ·.,,·· 

ip (a, 0) = c. x.(a, 0). (16) 
II I I 

i=I 

B pe3yJibTaTe H3 (10) noJiy4HM cuCTcMy JIHHCHHblX aJirc6pan4eCKHX ypastte-

HHH AJISI K03<t><Pnu.uettTOB l'\ 
. I 

N ( 3 ) _ e.. 111) .(11) _ _L Dki 4 L q,,,uL + ;.,,ski c; - o, 0 7>' 
1=1 111=1 ' 

2 ,3 
• > ~~ 

' ,. 

~ .,.,.. 



r,Ae 

ski= <xklxi>' nkr= <xk1 □ 1xi>' 
_Jm)=(x 
uki k 

. Bhl6epeM CJ1e.Ay10111.y10 cucreMy npoouhlx cpyuKu,uii: 

x-= I 

¢~,
3
~(a3)P1(cos03), l :si:sN1; 

i I i 

¢~,
2
~(a2) P/cos 02), . N 1 < i ::S N1 + N 2; 

I I I 

a ,xi). 
cos_!!! 

,2 

. (9. 1,+1 . 
sm a

3
C

11
_ 1_ 1 (cosa3)P1(cos0

3
), N 1+N2<z::sN; 

I I · I . 

3.Aech N I + N 2+ N 3= N, a 

(111) ( I q III I a) 
¢111 (a)= <1>11/ -.-n-p cos 2 ' 

<I> (t) = e-t/2t/L2/+1. (t). 
11/ 11-/-1 . 

(18) 

(19) 

(20) 

(21) 

k Ill 
B cpopMyJJax (19), (20) (21) Ptx), L

111
(x), C

11 
(x) eCTh MHOrolLJleHhl Jle-

. )Katt.Apa, Jlareppa, rereu6ay3pa cooTBeTcraeuuo. 
Ilpu nocrpoeuuu 6a3uca (19) i:.JJSI aapuau,uouuoro paclleTa npe,AnoJJara

JJOCh, 'ITO llaCTHU.hl nepeuy~epoaatthl CJ1e.Ay10w.u1v1 o6pa3oM: 1 - µ, 2 - H, 
3 - Z. Cyw.ecrueuuo, 'ITO cuCTeMa ( 19) o6ecnelluaaeT onucauue perneHHSI ( l 0) 
B npe,AeJJe KaK OOJJhIIIHX (p ➔ oo), TaK u MMhlX (p ➔ 0) 3HalleHHii rnneppa,Auy
ca. AHMOrH'IHhlH au3au, ,AJISI <<OOBepxHOCTHhlX>> <PYHKIJ,HH HCOOJlh30BaJJCSI TaK
)Ke B pa6oTe (4 ). 3aMeTHM, 'ITO HCOOJlh30BaHHaSI CHCTeMa npooHhlX <PYHKIJ,HH 
JJerKO a,AanTupyeTCSI K pa3JJH'IHhlM 3HalleHHSIM napaMeTpa p C IlOMOlll,blO npoc
TOro H3MeHeHHSI KOJIHlleCTBa <PYHKIJ,HH pa3JIH'IHOro THna B ( 19) . 

r,Ae 

.lI.JJ.st: BhlllHCJleHHSI BeJJH'IHH Qlli' PIii HCOOJlb30BaHhl Bhlpa)KeHHSI 

Q =-_!_(:.l-,l)-IV 
. Iii 4 i. II Iii' 

p = -Q2 
11i ni ' 

V11i = <~nL f q,: l~i). 
m= I . cos _.!!!. 

2 

4 

(22) 

(23) 

(24) 

1) 
'1] 

; 

1 ;l 
J • 
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'(,: 
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PE3YJihTAThl 

.lJ,JJSI TeCTHpoBaHHSI MeTO,Aa H nporpaMMhl AJJSI 3BM 6hlJJ npoH3Be,AeH paClleT 
CHCTeMhl dt µ. 3Ha'ICHHSI Mace 6hlJJH TaKHMH )Ke, KaK u a (3 ). 0THOCHTeJJbHaSI. 

TO'IHOCTb BhlllHCJleHHSI HHTerpaJIOB (18) COCTaB~SIJJa 10~6
• Pe3yJJbTaThl paclleTa 

.ABYX HH)KHHX TepMOB e (p) H cooTBeTcray10w.nx MaTpHllHhlX 3JJeMCHTOB P .(p) 
. ,. /1. - ·····Ill 

npuBe.ACHhl s Ta6JJ.l. Ilpn 3TOM 3aBHCHMOCTh KOJJHlleCTBa npo6HhlX q>yHKl\HH 
pa3JJH'IHoro Tuna N I , N 2, N 3 OT rnneppa,Auyca uMe.na c.ne,Ay10w.uu BU.A 

. N
1
=N

2
= l, N

3
=55 npu p<5, 

N I = N
2
= 3, N3 = 45 npu 5 :Sp<21, 

. N I = N2= 6, N3= 21 npu 21 <p . 

Ta6Jimta I 

p El E:z pll 

1,01 1,015852 14,529068 0,141336 

2,01 -0,689976 3,856160 0,068i51 
-· 

3,01 -1,107776 1,566069 0,035296 

4,01 . -1,238973 0,643261 0,020086 

5,01 -1,271656 0,148815 0,012526 

6,01. -1,265482 -0,160687 0,008519 

7,01 -1,243175 -:0,371~29 . 0,006242 
,, ' 

. 8,01 -1,214982 -0,520855 0,004883 

, 9,01 -1,185591 --:0,629916 0,004043 

10,01 -1,156999 -:-0,710551 0,003508 

11,01 , -1,1301~4. -0,770843 0,003165 

12,01 -1,105608 -0,816273 0,002948 
. 

13,01 -1,083614 -0,850688 0,002814 

14,01 -1,064213 -0,815853 0,002738 

15,01 , -1,047316 -0,896782 0,002705 

16,01 -1,032769 -0,911964 ·0,002709 

17,01 -l,0W_3,81 -:--0,923508 0,002760 

18,01 - ,1 ,009945 -0,932247. . , 0,002875 

20,01 -0,994093 : -0,.943679 0,003429 

25.01 -0,974736 ~o,952883 0,005054 

30.01 -0,969662 -0,952217 0,001496 

s 

pll P:z:z 

-:-0,003195 0,049148 

-0,006846 0,046~09 

-0,004239 0,045388 .. 

-0,002007 0,041704 

0,000958 0,034692 

0,000506 ' 0,026330 

-0,000303 .. 0,0190_31 

-0,000203 0,013636 . 

-0,000147. . 0,009927_ 

-0,000112 
,' ·, .. 0,007424 

-:-0,000087 0,005716 · 

-0.~67 . ~.004533 

-0,000049 .•: .. 0,003704 

-0,000030 0,003121 

0,000011 0,002716 

0,000010 0,002458 

: 0,000032 0,002332 ·, 

0,000056 0,002341 

0,000104 0,002842 .. 

0,000165 0,004791 

0,000083 0,001460 



3aBHCHMOCTb noJJylleHHblX pe3)'JlhTaTOB OT llHCJJa npo6HblX q>yHKU,HH n03-
BOJJSleT 3aKJJIOllHTb, l!TO y)Ke npH cpaBHHTeJJbHO HeOOJJblllOM (50 q>yHKU,Hii) 6a-

. 3HCe AOCTHraeTCSI OTHOCHTeJJhHa~ norpeUIHOCTb, He npeBbllllaJOmaSI 10-J. 3aBH
CHMOCTb e 1,2(p) xopoUio corJJacyeTCSI c npttBeAeHHoii s [ 3 ). · 

CKOpOCTb CXOAHMOCTH BapttaU,HOHHOro pacl!eTa; npH YBeJJHlleHHH 6a3HCa 
HMIOCT!lHpyeTCSI Ta6JJ.2, 'B KOTOpoii npHBeAeHbl 33BHCliMOCTb E 1,2' p 11 OT llHCJJa 

·u THna npo6HhlX q>yHKU,HH s TOllKep = 8,01. 

Ta6JIHl\al 

11, 112 113 El E2 pll 

I I 45 -1,213694 -0,520750 0,004898 

I I 66 -1;215808 -0,520855 0,004925 

3 3 36 -1,213260 -0,520895 0,004851 

3 3 55 -1,215389 -0,520903 0,004892 

3 3 78 -t,216238 -0,520927 0,004919 

3 3 105 · -1,216482 -0;520971 0,004927 

. 3TO 3HalleHHe rnneppaAHyCa 6JJH.3KO K nOJJO)KeHHIO MHHHMyMa 3cpq>eKTHB-
; ' 15 . 

HOH noTeHU,HaJJbHOH :mepmn OCHOBHOro TepMa 4p2 + el(p). 

Pe3yJJhTaTbl, npHBeAeHHhle B ',-a6JJ. l, 6hlJJH HCnOJJb30BaHhl AJJSI paclleTa 
yposueii 3HeprnH MeJOMOJJeKyJJbl. B OAHOyposHeBOM nptt6JJH)KeHHH (OAH0 
ypaBHeHne CHCTeMbl (t 2)) noJJylleHhl 3HalleHHSI Eo= l ,0756 tt El= 0,9742, llTO 

cooTBeTcrsyeT 3HeprttSIM CBSI3H 314,67 " 29.,4 3B. Cpasueuue c pe3yJJhTaTOM 
OAHoyposuesoro nptt6JJH)KeHHSI s · [ 3 ) (317, 776 " 32, 144 3B) no1<a3hlBaeT cnpa-

BeAJIHBOCTh ou,eHKH OTHOCHTeJJbHOli norpeUIHOCTH paclleTa ua yposHe io-3• 
ECJJH ii OAHOypoBHeBOM nptt6JJHX<eHHH AOTIOJIHHTe~bHO onyciHTb llJJeH ~; 1 (p), 

<I' 

TO TI0Jl)'lleHHble 3HalleHHSI 3Heprnn AOJJ)KHbl 6b1Tb HH)KHeii rpauuu,eii AJJ51 TOll- - . 
HhlX 3Hat.Ieuuii. 

B ··3TOM CJJyllae 6bIJ1H noJJylleHhl CJJeAyiomne 3Hallemrn: £
1 
= 1,0810, 

£2= 0,9786, l!TO COOTBeTCTByeT 3HeprnSIM CBSI3H 329,86 H 41, 78 3B. 

· As:iciphl npH3HaTeJibHbl E.A.KoJJraHOBO~ 3a u,euHylO n0M0W.b s lJHCJJeHHOM 
peUieHHH CHCTeMbl AHq>cpepeuu,nanhHblX ypasiieHHH ( 12). 

: 'Jl,sa asTOpa, B;6.6eJJSies ". O.11.KapTasu,es; BhlnOJJHSIJJH 3TY pa6oTy npn 
lli!CTHllHOH TIOMeP.)KKe q>OHAa reii3eH6epr - JlaHAay. 
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IlpeAJIOX<eH H peaJIH30BaH aapua~HOHHhlH MeTOA BhlllHCJleHH.sl «noaepx
HOCTHblX» runepccpepuqecKux cpyuK~uii AJI.sI JaAalfu Tpex TeJI c KYJIOHOBCKHM 
B3aHMOAeiiCTBHeM. Bapua~HOHHble (<IlOBepxHOCTHhle» cpyHK~HH HCil0Jlh3YIOTC51 
M51 IlOCTpoeHH.sl MaTpH~bl 3<pcpeKTHBHhlX IlOTeH~HaJIOB B CHCTeMe runeppa
AHaJihHblX ypaaueuuii. quCJieHHhle paclfeTbl npoBeAeHhl AJI.sl CHCTeMbl dt µ. 

Pa6oTa BhlilOJIHeHa B Jla6opaTOpHH BhllfHCJIHTeJihHOH TeXHHKH H aBTO
MaTH3a~HH u Jla6opaTopuu TeopeTulfeCKoii cpH3HKH HM.H.H.BoroJiro6oaa 
011.SII1. 
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The variational approach is applied for the calculation of the <<surface>> 
hyperspherical function for the three-body problem with Coulomb interaction. 
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