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1. BBE,I(EHRE 

3ap;a"Ia TpCX T€11 C KyllOHOBCKilM B3aHMO;tJ;CiiCTBHCM .II:S..'IHCTCK O;EJ;HOii: HO KJiaCCl-1"'-IC

CKllX rrpo6neM KBaHTOBO:il: MCXalUIKH. <l>oK rrepBbiM npep;nmKHJl MCTO;tJ; [1] pellleHHH ypa

BHCHI:!.ll llipe)l;HHrepa p;Ihl Tpex:TeilbHOii: CHCTCMbi C KJJIOHOBCKHM BOaHMop;eiJ:cTBHCM aa 

IIpHMepe aTOMa renn11:'8TOT MCTO)l; CTaJI O)l;HHM 113 OCHOBHblX COBpeMCHHbiX UO)J;XOJJ;OB 

K peruean:ro ypaeaearu:r Illp~HHrepa B npo6neMe Tpex Ten. B HacTOHlll;ee e'peM.n ·cy~ 

lli;CCTBYJOT p;Ba MCTop;a pelllCHHll ypmmeHHJI illpep,nHrepa ;D;llH TpexTCJlhHOl1 CHCTCMbl: 

MCTO)l; ap;Ha6aTH'9:€CKOrO npep;cTaBJICHIUI II eapHaUHOHHbli:i MCTO/l: (cM.,HanpnMep,[2,3]). 

Bapna:qHOHHhlii MCTOp;, IIOOBOJHIIOlll;HiJ: Bhlii011HHTh BhiCOKOTO'<!Hble pac~ICTbl TpexTCllb

HOfl KYJIOHOBCKOif CUCTCMbl 1 arrropllTMlilJOBaH II pearrl!30BaH B BH}J;C KOMIIJlCKCa IIa.KCTOB 

rrporpaMM Ha 8BM. B paMKax BapiiaJ..UIOHHOrO MCTO;IJ;a ycrreUJHO Bhl"--llCJiffiOTCH Heap;H

a6an:I'-:ICCKlle nonpaBKH K ypoaHro :lHeprun Me:3oMoneKyrr, c BhiCOKoii TO'-:IHOCThiO orrpe

;n,enneTcH 8HeprHH CB.S:Oll H p;pyrne rrapa.M:eTphl KBaHTOMexaHH"<ICCKIIX CHCTeM 1 TaKHX, 

KaK aTOM, MOJieKyJta H .a:p;po. ,Un.H YJIY"IlliCHliH CXO;IJ;liMOCTli IIpH ni06hiX 3Ha"9:CHIIHX :t>.IaCC 

II Oap.Hp;OB TpCXTCJlhHOii CllCTeMhl HCIIOJI~3YIO'l'CH pa:3JIO)KeHHH BOJIHOBhiX ¢yHIU~nii. TIO 

pan:tH'-:IHhiM 6aoHCHhiM COCTO.HHHHM: MCTO)l; XllJIJiepaaCOBCKOI'O 6a:3HCa [4], MCTO)l; 8KCllO

HCHU,HOI-Ia..'lhHOrO pa::mc:nKeHll.H [5], MCTO)J; paoJIO)KCHll.H B ccpepOll;IJ;aJibHblX KOopp;I!HttTax 

[6] 11 AP· 
ThaBHa.H IJ;eJih ;)TUX llCCJiep;OBaHIIii B 60JiblliHHCTae cny"<IaeB - IIOCTpOCHllC BhiCO

KOTO"<IHOro "<IHCJICHHOrO pelllCHHH ypliBHeHHH Illpe/];HHrepa P,:JI.S: KyJIOHOBCKOil: CHCTC).1bl 

Tpex TCJI npn oap;aHHhiX 3Ha'<JCHII.siX Mace H nap.S:)J;OB. C ycoeeplliCHCTBOB8HHCM Bbl

'iHCJIHTe.'lbHOii TexHHKH TO"<IHOCTb onpep;_enCHH1l ;)Heprnn Ci3HOaHHhiX COCTO.flHII:il:, T .C. 

pcmeune ypa.BHeHHH illpep;IIHrepa p;JUI TpexTenbHhiX KyJioHoecKnx HepemiTIIBIICTcKHX 

ciiCTeM, ;o;ocTnrrra o'iCHh BhiCoKoro ypoaruJ. Op;HaKO noKa He YAaJIOCh nx onncaTh c).\H

HhlM o6panoM. 

liHTepec K Bapna.II.IIOHHhiM paC"<ICTaM MCOOMOJieKYJI1 KOTOpbie npaKTli"9:CCKli npeKpa

TllJlHCb nocne 1976 rop;a, 6bln aonpo:tKp;eH .e pa6oTe [7]. 

TeM He MeHee, Bapn:au;nonnhiH MeTo;n; HMeeT onpe)J;eJieHHhle Hep;ocTaTKV.. He cy~e

CTBycT peryMpHhiX npep;nncaHni1: ;D;JI.si Bbi6opa 6anncHhiX lflyHKIJ;Hii. B Bapnan;HoHHOM 

MeTO;IJ;C OTCYTCTBYIOT IIpHM~e KpllTepHH T0"9:HOCTH anTipOKCHMal.l;UH H 1 B006ll.{e COBOpli, 

OTCyTCTayeT BOOMOiKHOCTb Bhl"<IHCJieHHH TIOTipaBOK K OCHOBHOMY BapllaJJ;liOHHOMY npii~ 

6mnKeHIIIO. KpoMe Toro, HapywaeTc.a KaHoHn"<IecxaH CTPYKTypa ra.MHJthTOHiw.Ha. 

Onpe;n;errem-Ie CQ6CTBCHHhiX oHaTieHnii ra.M:HJthTOHllaHa TpexTeJibHoii xyJioHOBcxoii 

CRCTCMhi 'iHCJieHHblMH MeTO)J;a.MH C BhiCOKOii T0"9:HOCTblO, KOHC"9:H0 1 Ba.iKHO. Qp;HaKO p;:I..ll 
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IIOHHMaHWI ;JJ;HHaMHKll 06pa.:30BaiUUl CBIDJaHHbiX COCTOKHnii TpexTCJibHO:i-i: KYJIOHOBCKOii 

CIICTCMbi HCMaJIOBruKHJK> pOJib HrpaeT Ka""JeCTBeHHOC IIDY''ICHHC 3aBIICIIMOCTII C06CTBCH

HhiX OHa'!CHIIii_raMHJibTOHHaHa OT Mace If OapK;JJ;OB "'aCTHlJ; CIICTCMbi. TaK "'TO HMeeT 

CMbJCJI COO;JJ;aHHC aHaJIIITH'ICCKIIX MCTO;r:J;OB1 ll03BOJI1U01U.IIX C IIpo:u;eHTHO:ff TO~IHOCThlO 

HCCJIC)J;OBaTh 9TH OaBHCHMOCTII. 

B p;aHHO:ff pa60TC c<JlopMynHpOBaH MCTOp; Bhi'IHCJICHII.H ~HeprHH OCHOBHOrO COCTO.fl

HHJI TpexTCJlhHO:ii CHCTCMbi C KYJIOHOBCKHM BOa.HMO;JJ;Cif:cTBIICM. 

B pa6oTe [8] ;JJ;JJJI Bbi"IIICJieHIIJI aHepriiii CBJIOII CIICTCMbi1 IIOBC;JJ;eHHe KOTopml onpe

;Jl;CJIJICTCJI ypaBHCHHCM II!pep;HHrepa, Dpe,IJ;JI02KCH MCTO;JJ;, HanBaHHhlii OCIJ;IIJJ!IJITOpHbiM 

npep;CTaBJICHHeM II 0-CHOBaHHblif: Ha II)J;CJIX II MCTOp;ax KBaHTOBO:ii TeOpiiH IIOJIJI. B KBaH

TOBOI} TeOpHH CKaJI.HpHoro ITOJIH HCBOaHMOp;eil:cTBYJOll~He ~IaCTHlJ;bl OIIMChiBaK)TCJI ra
~1HJihTOHl-IaHOM, KOTOpbiil .fiBJI.HCTC51 COBOKYJIHOCTbiO OC~JIJI51'DOpOB, a B3aHMOp;eilCTBIIC 

uap;aeTCH IIpOl-IOBe,tl;CHHCM IIOJieBbiX onepaTOpOB Tl-IIIa if} , Thlco:ii raMHJibTOHHaH cop;ep

/KJ.JT pacxo;rvn11;HMc.H BKJiaA, KO{Ophlii cnanaH c pacxo;a;:nMOCThJO nponaraTopa cimnap

Horo nona B Hyne: 

J d1 k 
D(O) - h m' + k' . 

Ilop;"'-ICpKHCM, 'ITO 3TO HaHBblCWaJI pacXOAHMOCTb B IIepeHOpMHpJCMOii TeOpHl-I Tl-ITia 4>4
. 

8Ta paCXO;JJ;HMOCTb MOJIWT 6biTb ycTpaiiCHa nepe-H:opMHpOBKOi-1 MaCChi CKMHpHOil: ~m

CTHIJ;bl n: aaeprnn: BaKYYMa. Ta:kaa rrepeHopMHpOBKa aKBHBaJieH_THa nocTynaTy, "''TO no

neable onepaTophl B raMHIThTOHHaHe snanMop;eilcTBIDI p;omKHhl 6LITh nanncaHhl B ¢opMc 

HopMa.rrbHoro nponnne~J;eHH.ll no onepaTopaM pO)KIJ:CHWI n YHH"''TOJKCHH51 qacTHU. Mo)I(Ho 

CKa3aTb) 'iTO HOpMaJibHoe ynopH)J;O'iCHHC raMHJibTOHHaHa OOHa"IaeT, ITO CYI.I.J;CCTBY, Y'iCT 

l'JiaBHOrO KBaHTOB?rO BKnap;a B !popMHpOBaHHe OCHOB~OrO COCTOHHIIH CHCTCMhl 1 T .e. aa~ 

KyyMa. 

l1p;eK BBt'-IJ;CHliJI IIOHHTHJI HOpMaJibHOrO ITpOIIDBCIJ;CHH:H B HepeJUJTHBHCTCKYIO KBaH

TOBYJO MCXaiUtKy HC HOBa ( CM., Haiipn:Mep, [9]), O;JJ;HaKo BOIIpOC COCTOHT B TOM1 KaKHe 

IIpUHizymhl ;JJ;OJIJKHbl 6biTb IIOJIOJKCHbi B OCHOBY peanlroatJ;HH aToii H;JJ;CH. EcmJ OCHOBHOC 

COCTO.HHHC KBaHTOBO:iJ CHCTCMbi HBJIHCTC51 CB.ffi3aHHbiM1 TO BOITH(lBaJI !pyHKIJ;H.H 3TOTO CO

CTOHHHH MOJKCT 6blTb panJimKeHa ITO OCD;HJIJl1lTOpHOMY 6anncy B IIpl"_p;cTaBJICHHH, B KOTO

poM KRHOHH"'CCKHe IICpCMCHHblC KOOp;JJ;HHaTa H HMllYITbC BbipRJKCHhl '!epen OITCpaTophl 

poJKp;eHH.H n: yHn"'TOJKCHHH a+ n a. Bo:JHHKaeT BOnpoc, KaK aamiy'iwnM o6panoM onpe

;o;enHTh '!acToTy aToro ocu;HmiHTopa. Ha IDJLIKe raMIIJThTOHHaHoaa !J>opManiinMa na;o;a-qa 

Bhl'UICJieHHS: aaeprHH OCHOBHOrO COCTOKHII.H MOJKCT'6biTb c!f:lopMyiTHpOBaHa cnep;_yiOI.I.J;HM 

o6panoM. IIycTh raMHJThTOHHaH cucTeMhl oap;_aH. II:J raMHJILTOHHaHa Bbl/l.CJIHM 'iHt'.TO 
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OCUII!IlliiTOpHylO '<18.CTb C HCKOTOpo:ii, TIOKa HCHOBCCTHO:ii '<18.CTOToil W H npep;CTaBllM ~TOT 

raMnJihTOHHaH B <f>opMe H 0 = wa+a, a ocTaswyiOcE "<JaCTh, T.e. raMIIJibTOHHaH BnaH

Mo;a;elicTBHH, npc;a;cTaBIIM B <f>opMe HopMaJihHoro rrpoiinae;a;eHIDI no onepaTopaM: a+, a 

ll IJOTpe6yeM, '<IT06bl :lTOT TaMII1IbTOHllaH B3aHMO)J;eilcTBllli HC CO)l;Cp:m:an KaKHe-.::m6o 

CJiaraeMbiC, KBa;a;paTll'IHhiC ITO KaHOHH'<ICCKllM IICpCMCHHblM. 8To ycJIOBHC orrpep;eJIJICT 

'IaCTOTY OCUllJIJIHTOpa. 

Op;Ha.Ko npH pea.mmau;nn: :)Toll n;a;en Mbl CTaJIKHBaeMCJI co crrep;ytomeii npo6neMoll. 

AcMMl1TOTll"<Jecxoe rrosep;eHn:e KynoHoBcxoil sonHosoll: <PYHKUHII Ha 6onblllMX paccToH

Hnax HC COBIIap,aeT C rayccOBCKHM aCllMIITOTH'<ICCKliM IIOBeACHllCM OCIJ;HJIJlliTOpHoil: BOll

HOBOJr 4>YHKUHH. IloaToMy pamro:m:eHne xynoHOBCKHX BO!IHOBhiX cpyHX:u;Hfi no_ ocut-m:mi

TOpHoMy 6aancy, XOTH ll KoppeKTHO MaTCMaTII"--CCKH, C npaKTII'<ICCKoJr TO'<IKH 3pCHlUI 

BCIJ;CT K pHgaM, CXO)::VII.J.~HMOI HC JJ;OCTaTO'-:IHO 6biCTpO. !JOOTOMY IIepe;a; TCM, KaK IIpH

MCHHTh MCTOJJ; OCIJ;ll!WHTOpHOTO npep;CTaBJICHH.H, B HCXO)J;HOM ypa.BHCHHH Illpep;Imrepa 

CJlC;r:J;JCT IIpOBCCTH 3a.'\<leHy nepCMCHHhiX T8.KIIM o6pa30M1 "9:T06b! npeo6panoBaHHOC ypa

BHCHllC o6nap;ano peweHnnMa, IIMCIDlll.IIMH rayccoscxyiO aciiMTITOTHKY. B KynoHoBcKoli 

CIICTeMe Ta.Kru:I OaM:CHa OCYW:CCTBJIHCTC.fl nepeXO)l;OM K "'CThlpexMepHOMY npocTpaHCTBY, 

r,o;e BO!IHOBaJI ¢ymm,H.fl XyJIOHOBCXOll CHCTCMhl CTaHOBIITCJI OCll)-lJIJIHTOpHoll. B O)l;HOi-J: Htl 

paRHII:ic pa6oT (10] Illpe;o;rmrep OTMCTIIJI cy~ecTBOBaHHe Taxoro npeo6panoBaHIIH, npn 

KOTOpOM KYJIOHOBCKM CHCTCMa B TpexMcpHOM npOCTpaHCT:SC nepexO;r:J;HT B OCUIIJlllliTOp

HYIO B '<!CTbipexMepHoM npocTpaHCTBC: KycTaaaxeHM n CTne¢en [11] Bhlnnca.:m JIBHhii':'l 

Blip; aToro rrpeo6paooaaHIIH H ncnorrboosam:l era npn peweHHH xnaccn:-qecxoll npo6::reMhi 

Kenrrepa. C ITOMOUJ;bto aToro rrpeo6panoBaHHH (cM.,Hanpn:Mep, [12]) xynoHoscxaa 3a;r:J;a'-la 

B TpexMepHOM rrpOCTpaHCTBC IICpCXO;r:J;HT B OCIJ;HJUiaTOpHylO B "'ICThlpCXMCpHOM BCITOMO-

HtTCJihHOM ITpOCTpaHCTBC. 

B ;n;rumoif pa6oTe B pauKax MCTop;a ocu;Hnn.aTopHoro npe;a;cTaBJICHilli paccMoTpeHa 

KyrroHOBCKM nap;a-qa Tpex Ten. Pa6oTa ycTpoeHa cnep;ytolll.HM o6.paaou. Bo BTopoM 

rraparr,a¢e npoaop;HTCJI nepexo;a; OT TpexMepHoro K "<ICThlpexMepHOMY npocTpaHcTBY 

B TpCXTCJibHOll K)'JlOHOBCKOif n·ap;a-qe. Ilepexo,o; K "'ICTbi,PCXMCpHOMY BCTIOMOr'aTCJibHOMY 

rrpocTpaHCTBY ocym.ecTsnaeTCJI MCTO)l;OM1 H3JIO:IKCHHbiM s [8]. Y"'eT OTTaJIKIIBaHII.li B 

Hyne ITO O)l;HOli II3 .liK06IICBbiX KOOpJJ;HHaT OCYW:CCTBIDICTCll nepexO)J;OM K 11pOCTpaHCTBY 

BblcweH panMepHOCTH (8,13]. IIpn: nepexo;o;e s d-MepHoe npocTpaHCTBO rroTeHuua.."I 

OTTaJIKHBam1.11 npespalll.aeTCJI aq,cpex:THBHO B IIOTCHD;HaJI npHT.fl:IKCHHJI, paBMCpHOCTb 

rrpOCTpaHcTsa d paccMaTpHBaeTCJI xax sapHa.IUIOHHbli! napaMeTp. B TpeTbCM napa

rpacpe n:ono2KeH MCTo;o; ocu;amHt:TopHoro npep;cTaBJICHH.S:. B "'CTBCpTOM naparpa¢e ra

MII!IbTOHHaH TpCXTCJibHofi :Ja;f];a""'H 3aTIHCbiBaeTCJI B OCUHJIJIJITOpHOM IIpep;cTaBJICHHII1 H 
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q}opMymrpyeTCJI MCTO~ Bbl"lliCJICHHR ;31-ICpi'llll OCHOBHOI'O COCTORHHR. B TI.llTOM rrapa

rpacf>e ycTaHaBJlHBaeTCH TO'<f.HOCTb OI-WHKU ;3HCpnm: OCHOBHOI'O COCTORHIU:I TpCXTCJihHOiJ. 

CIICTCMbl B HyJicBoM rrpH6mDKCHHH oc:u;:miJIHTopHoro rrpe~cTaBJICHHJI. B wecToM napa

rparf>e paCCMOTpCHa 3aBIICJIMOCTb tmeprHI:I OCHOBHOI'O COCTOHHHH TpexTCJibHOir ~YJIO

HOBCKOI~I Cl:ICTCMbl C 3a.p11:~aMH (±1, =fl, ±1) OT Mace, "ITO JIBJUICTCJI Op;Holr ll3 OCHOBHhiX 

npofineM KYJIOHOBCKOii :Jap;a'IH Tpex TCJI (TIO)J;p06HOCTH CM. B [14,15)), H OTipcp;eneHa 

rpaRHLJ:a ycTOii"'HBHOCTH JJ;a.HHOii CHCTCMhl. 3aBHCHMOCTb 8HCpi'HM CBJI:Jll CHCTCJvibl OT 

Mace "IacTn:o; uccnep;oBanach B [16], a B [17] rrpoBegeHhi "-:!IICJieHHhle pac"'e'rw, KacaiOI.U.H

ecH: ycraHOBJICHIU£ rpaHn:o; cTa6IDI:hHOCTH. Borree p;eTaJihHhle nccrregosaHIIR no ycTaHo

B.'JCHHIO rpaHll~ CTa6I:IJihHOCTI:I TpeX·TCJibHOi'! KYliOHOBCKOI'i: CUCTCMhi npoBe,cteiJO B [14]. 

0npq:J;C'll1III 3flBHCllMOC"Th 8Hepruu OCHQBHOI'O COCTOJIHUII CIICTCMhl OT Mace II 3ap1I;:J;OB 

'-!ClCTili.J;, MOJKHO ycTaHOBJ\Th rpam:l~bl CTa6IIJibHOCTH OTHOCIITCUbHO MaCC II oapHp;OB "'aCTHII 

CllCTCMhl. ,Una: CiJ:CTCM (pe-e+), (A+e-e+) II (pB_e_') Bhi'IHCJICHhl 3Iia"'CHIIR KpHTH'-IC

CKliX Mace A.fc = L945rne, A! A = 4.350me H .i\1B = 1.575me. 8Tu cncTCMhi paccM<l.Tpn

Bannch B pa60T:8-X [14, 22~24], I'AC YCT8J:IOBJ!CHbi TOJ!bKO lll:Illlb orpaHH~JCHH.H Ha 3Ha~ICHH.fl 

KpHTH"'CCKOli MaCChi. 

B MeTo;o;e ocu;HJIITRTOpHoro rrpe;a;cTaBneHH.fi cymecTsyeT B03MOIKHOCTh Bbl'IHCIUITb 

BHCprt:IIO OCHOBHOrO COCTOJIHIIII TpCXTellbHOil KYJIOHOBOii: CHCTCMbi C Jll06olr TO"'HOCThiO, 

riHTblBaJI BhiClllliC IIOp.H~KH TCOpllH BOOMYll{CHIIil IIO CTCIICH.HM I'aMHJibTOHI:IaHa BOaH

MO;J;CiiCTBUII. PenynhTaThl Bhl"'HcneHnlr noKanblsaroT, 'ITO B HynesoM npu6m:IJKeHnn oT

T<JJonemui OT TO"'HOI'O 3Ha"'CHIIJI COCTaBJIRIOT MCHblllC Op;Horo IIpOIICHTa1 T.e. pR/l, Teopnn 

BOOMYI.U.CHIIii JIBJIJICTCR /],OCTaTO"'HO 6hiCTpO CXOJJ;JII.ll.HMCR. 8TOT· MCTOA ;:r.aeT B03M02K

HOCTb OI1pC)l;CJIIITb ::meprnn OCHOBHoto COCTO>IHJ1.11 TpCXTCJibHOii: KyJIOHOBCl(Qi'l CHCTCMhi 

;rll1H JII06blX 3Ha'ICHU:ii MaCe H OapH;tl.OB "'aCTIID; CIICTCMhl. B paMKaX HalllCI'O MCTO;r:J;a 

MO)KHO HOy"'aTb HC TOJibKO TpexTt".JibHhlC CHCTCMbl, HO H 1IJ06hJC MaJIOTCJibHbiC CHCTCMbi. 

2. rAMI1.i1bTOHIIAH TPEX TEJI ):(Jlfl OCHOBHOrO 
COCTOJIHIIJI 

PaccMoTpHM TpexTeJibHYlO cncTeMy c KynoHOBCKilM BOa.IIMO;r:t;elrcTBUeM B Tp<.'XMcp

HOM npocTpaHCTBc. TiycTh m 1, m 2 II m 3 -Macchi, a Z 1e, -Z2 e n Z 3e -napJI;IJ;hi ~racTHII, r;a;e 

Zj 0/l,HOBpCMCHHO HJIII IIOllO)KllTCJihHbiC HJII:I oTpnu:aTen:OHbJe "LJHCna, T3K qToZ;Z
1 

> 0. 

YpaBHCHIIC IIIpP-fJ;IIHrepa ;r:t;JIJI aToll CHCTCMbl narrucbiBaeTC.H cTaHp;apTHhiM o6pa..'JoM: 

Hii!=Eil!, (1) 
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l')l;C l'aMlnlbTOHHaH l3aiiUCbiB8CTC.R B BII)l;C 

r; = atif + ~Y + R 
f2 = -b.Y+ R 
f'3·=b2Y-a3X+R. 

I'a.MllJibTOHllaH B Ho:8biX rrepeMCHHblX naiiiUllCTC.H B Bll;IJ;C 

m, 
a3 = --,--'----

mt +m3 
b _ m 1 +rna 

1
- m 1 + m2 + m 3 

M= m 1ma 
m1 +ma 

m, 
a 1 = a1 + a3 = 1 ; 

mt.+ m 3 

~·= m 2 b1 +b2 =1; 
m 1 +m2+m3 

(mt +m3)m2 
I'= . 

m1 +m2 +m3 

(2) 

(3) 

(4) 

B Bbipa)KeHHH ;IJ;JI.H l'a.Mll.ITbTOHHa.Ha (3) "'l'leH KHHCTH'ICCKO:i.i aHeprHH IIOJIHOi'l CHCTCMbi 

orryUI.eH. IIpoBe;o;eM naMeey nepeMeHHblx: 

~ 1 ~ 
x = Mc2r; 

~ 1 ~ 
y = ../Miie' s . 

IJocne yrrpomcHuii rB.MUJibTOHHaH (3) Bblpa)KacTcll "<Iepen 6eopanMepHble rrcpeMeHHbiC 

{ f', 8 } B CJICJJ;YIOlii.CM Bli;IJ;C: 

C = Ct + C3 j ,------=-=-cc=--mtm2m3 . 
(mt +m2+ma)' 
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8HeprHJI CB.H3H TpexTeJibHOiJ: CllCTCMbi C KYJIOHOBCKUM B3aJIM0p;eiJ:cTBllCM B ep;IIHUI.J;a."{ 

M e4 nMeeT BH;u: 

1 4 
E=~-MeU, 

2 
(7) 

r;u:e U- 6e3panMepHhlii napaMeTp. B ~Toll :mepreTn"'!ecKoii mKa.ne 9Heprn.a onpep:ermeTc.II 

napaMeTpoM U: 

Hama ::Jap;a-qa COCTOHT 8 TOM, "'IT06b1 Bhl'IllCJIHTb BHepr:mo OCHOBHOI'O COCTOliHIIJI 

E ra.MHJihTOH:aaaa ( 5 ). B ::.TOM cny"<Iae aonaoarur ¢yHx:o;n.a cucTeMbl Ill = W ( r, s, cP) 
3a.BHCHT TOJlbXO OT Tpex rrepeMCHHbiX: T" = v0 , S = .../Ji H yrna t/J MC:tKD;Y BCXTopaMn 

r H s. Tor)]; a ypaBHCHlie lllpe;u:rrarepa nanHChiBaeTC.li B ¢opMe 

h'V = 0, (8) 

r•e 

h = -~ (!!__ + ~l_) - ~ ( a'_+ ~ ~) - ~ (~ + .!:..) (.!!.__ + ctg¢}!__) + v1 (9) 
2 8r 2 r Or 2 8s 2 s as 2 r 2 s2 8({>2 Ocf 

H 

Vt = ZtZ3 + !!_ _ cZ:Z2 

r 2 Js2 +dr2- 2c3rscos¢ 

Byp;eM paccMatpnBaTh rrepeMeHHhle r, s H </; B raMllJihTOHUaHe h (9) xax He:J.amrcn

Mble. IJprr TaXOM rrp~Il~Jio:tKCHlUJ raMHJihTOHHaH h .liBJUICTC.li He8pMllTOBhlM ITO ncpe

MC~Hoii ¢, JIOCKOJlbKY orrepaTOp 

a' , a 1 a , a 
t;.• = a,pz +ctg~a¢ = sin¢8</;(sm<Pa.;) 

.liB1l.liCTC:S: HC3pMllTOBhiM Ha llHTCpBaJIC [0 1 7r]. J\JI51 BOCCTaHOBJieHH51 3PMHTOBHOCTH ra

MHJihTOHHaHa IIO IIepeMeHHoii 1/J rrporu.e BCCI'O paCCMOTpCTh MaTpH"-lHhii::i: BJICMCHT ra

MHJibTOHHaHa 

( w,h~) = J dr J dsw·(r,s,,P)h~(r,s,¢) = 

00 00 • 

= 8rr2 j drr 2 j dss2 j d¢sin¢w•(r,s,,P)h~(r,s,</>), 
0 0 0 

rp;e 1{1 H q> 3aBHCHT TOJlbKO OT r, S U ¢. l.faCTh BTOI'O ltHTerpana, 3aBHC.lllll;aJI OT yrna 

c/J, MO)KCT 6biTb 3anncaaa B BllAC 

J s:::'¢ 'II( 4> )[-~(sin</>:/+ sin2 
¢V1 ( cos¢)]~(</>) = 

0 . 

. /oo ( 1 <f' 1 ) = du'V(u) - --d 
2 
+ -h, V1(tanhu) ~(u), 

2u cosu -oo 
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rp;e aae.n;eaa nepeMeHHas 

'I'aKJIM o6paooM, onepaTop 

HB1IHCTCH apMHTOBblM. 

-oo < u < oo. 

( . ,8)' 8' 
smo/8¢ = 8u2 

8pMHTOB. raMHJ1bTOHllaH HMCCT Blip;· 

1 (8' 28) 1 (8' 28) 1(1 1)d' h-- -+-- - -+-- -- -+- -+V (10) 
- 2cosh2 u 8r2 r ar 2cosh2 u 8s2 s {}s 2 r 2 s2 du 2 . ' 

rge 

cz,z, l 
II r, S II U -He:3aBHCHMbiC nepeMCHHhlC. 

)l"JIH Bbl"<JHCJICHHH aHeprHH OCHOBHOrO COCTOHHHJI raMHJibTOHl-IaHa ( 10) B paMKa.X 

MCTO)J;a oc:o;:miJIJITOpHOI'O IIpe.IJ;CTaBJieHH.si [8] BOJIHOBrui !pyHKD;HJI CHCTCMbl pa::maraeTC.U 

no ocu_n:rrnHTOpHoMy 6am..rcy. Op;aaKo pa::mo)KeHHe xynoHOBCKoii BOllHOBot'.i cllYHKU.IIH no 

OCI..(_HJIITilTOpHOMY 6aoncy 1 KaK I'OBOpHOOCb BbllllC1 BC)l.CT K pHp;y 1 CXO~illll.CMYC.ll He p;o

CTaTO"<JHO 6hlcTpo. IIoaToMy npmroaep;eM na.Meay nepeMeHHblX TaKHM o6pa..'>oM, "ITo6bi 

aCHMiiTOTH"<JCCKOe IIOBC)];CHHC BOJIHOBOii: <f>yHKll;HH KYJIOHOBCKOii: nap;a"<IH COBIIa/l:a.JIO C ra

yccOBCKOii: acHMIITOTHKoii: Crrep;y.sr [8], npoaep;eM :JaMeHy nypeMeHHbiX: 

IJpu l:lTOii: 3aMCHe IICpCMCHHblX )J;JIJI KHHCTH"9:CCKOii "laCTH raMHJibTOHHaHa (10) HMCCM 

(
8

2 28) 1 (8' 3 8) 8r2 + ;;:8r 1>(r) = 4Q2 8Q2 + Q8Q 1>(Q) · 

OnepaTop 

MO)KHO paccMaTpHB~Tb KaK pap;HaJibHYIO -qacTb "9:eTblpeXMepaoro rrarmacnaaa DQ. Ilo

CK01lbKY B~JlHOBrul cpymn:J;IUI "i{1 CIICTCMbl naBHCHT TOJibKO OT Q, q H u, ;qei.J:CTBHC onepa.

TOpOB XQ II Xq Ha W(Q, q, u) MO)KHO OTO)K)J;CCTBHTb c ;o;eiicTBHeM onepaTopoB DQ , Dq, 
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a QJ.I ll qJ.I MO)f(l-Ib pacCMltTpHBaTb tmK BCKTOphl B 9:CThlpexMepHOM BCTIOMOr'aTC1!bltOM 

IIpOCTpaHCTBC ~(eM. TaK)f(C [11,12]). 
I!TaK, BpMHTOB raMHJibTOHHaH XYJIOHOBCKO:ii TpexTeJihHO:ii CHCTCMhl )l;JIJI OCHOBHOI'O 

COCTOJIHHJI TIOCflC l3aMCHhl 

JIMCCT BH)l; 

0<¢<-rr 

O<s<co 

O<r<oo 

¢ 
¢ ~> u ~ ln(tg-) 

2 
s ~> q ~ Vs 
r~> Q ~ Vr 

-oo<u<oo 

O<q<co, 

O<Q<oo, 

h ~ _q __ _st + -. ----'- + - + .']_ P2 + V 
2 p2 Q2 p2 ( Q2 2 ) 

, cosh2 u 4 cosh2 u 4 q2 Q2 u 

(11) 

(12) 

I')J;C Q = jlif., q = j:j£ lil QP.l q1, - BCKTOpbi' B '-leTblpeXMCpHOM ECITOMOr'3TCJlbH0M 

rrpocTpaHCTBC, Dq = -PQ, .Oq = -P;. BonHOBrui {f.lyHKIJ;liJI OCHOBHOI'O COCTOJIHIUI 

3aBHCHT TOJibKO OT Tpex HC3aBUCUMhlX nepeMCHHbiX Q, q II U 1 T.C. IJr = W'(Q,q,u). 
BoJIHOBrui ¢yax:o;n:11 B OCJl.IDIJIJITopaoM npep;cTaBJICHim p;omKHa npasnnhao onllCbl

BaTb ITOBegCHUC CHCTCMbi KaK Ha 601JbWHX1 TaK II Ha ManbiX paCCTOJIHllHX. 0cTaHOBHMCI1 

TCIICpb Ha rrpo6JICMC MaJihiX pa-cCTOJIHHil. I!n Bblpa:a;:ealla (10) BH)l;H01 '<ITO TIOTCHJ.I.llan 

BOaiiMOp;eiicTBUJI TpCXTCJihHOil: KYITOHOBCKOil: CHCTCMbi COp;cp)l{lfT ITOTCHJ.I.Han O'I'Ta:IICH

BUHHH ITO nepeMCHHOil T. Mn:HHMYM IIOTCHIJ;UaJia BnallMO)l;eil:cTBIDI He naXOAHTCH B 

TO'<!KC r = 0, H BOJIHOBM \flyHKIJ;HJI HMCCT MUKCHMYM TIO r B ~CKOTOpoll TO"-IKC Tmax > 0. 

B MeTop;e ocu.nmniTopaoro npep;cTaBJieHJUI y'<leT OTTanKHBaH:rur B Hyne ocylll,ecTBJlneToi 

rrepexo)'l;oM K rrJlOCTp8.HCTBY BbiCWC:ii paoMepHOCTH [8,13]. 8<f>¢eKTHBHO npn rrepCXOA!~ B 

d-MCpHOC llpOCTpUHCTBO ITOTCHIJ;UaJI OTTaJIKHBaHHf£ IIpCBpalll,aeTCll B IIOTCHIJ;HaJI IIpHTll

)KCHH.H, a panMepHocTb npocTpaHCTBa d paccMaTpHBaeTCJI KaK p;o6aBO'IHhiil Bapnai~H

OHHbll'i IIUpaMeTp. 

MaTeMaTuqecxu llTO ocylll,eCTBJIHeTC.H CJIC)l;JIOLLJ;HM o6paooM. BonHoBaa <fl-yHKIJ;HH 'l' 
oasncnT TOJlhKo oT pa;o;uyca Q =:= jCif. B R4 • IIooToMy 

-~o w(QJ~ [- ~-1-(_!!__)
2

Q,12 L,(L,+l)]w(QJ 
2 Q 2 Q312 {)Q + 2Q2 (13) 
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rp;e Ld = (d- 3)/2 . BonHoByiO $yHKU:MJO 'I'(Q) npep;cTaBMM B BH)l;e 

(14) 

I')l;C d-HCKOTOpbU'.i napaMeTp. Ilop;CTaBJUUI (14) B (13), UMCCM 

L,(~~; 1)]<P,(Q) 

(15) 

TIOCKOilbKY onepaTop 

({}' d-1i)) 
x, = i)Q' + Q f!Q 

HBn.HeTc.n pap;HanbHoii '-:Iac~hJO nannacnaHa ~d B rrpocTpaHCTBe Rd. Elll,e pan rrowtep

KHeM, 'ITO ::nii $opMynhl CilpaBCf];ITIIBhl B CJiy"<Iae, KOI'p;a BOJIHOBrui ¢lYHK:Uli.H 'lf CliCTCMhl 

tmencnT Tonr.Ko OT Q > 0, q > 0 n -oo < u < oo. TaKHM: o6paooM, QJ. MOMHo pac-

CMaTpHB8-Th KaK BCKTOp B d-MepHOM BCTIOMOI'aTCJlbHOM IIpOCTpa.HCTBC Rd lb (15) 
BII;r:J;HO, 'ITO B :lTOM rrpep;CTaBJICHIUI B TipocTpaHCTBC Rd :l<P¢eKTliBHO BOOHIIK TIOTCHLI;llaJl 

npHTHMCHl:l.H. 

IifTaK, rar,nmbTOHliaH TpexTCJlbHOii KYllOHOBCI\O{I CHCTCMbl /JJI.H OCHOBHOI'O COCTOj!Hli.H 

OKOH'9:aTCJlhHO :.JaTIHCbiBaeTC.H B Blip;C 

q2 PJ Q' Pi (Q' q2
) 2 d(d-4) q

2 

h = ---+ ---+ - +- p - ' + v 
cosh

2
u 4 cosh

2
u 4 q2 Q2 u 16cosh u Q2 

(16) 

rp;e Qj BCKTOp B d-MepHOM TipOCTpaHCTBC, a V orrpep;eneHO B (12). 

B :.Ja.KJIJO'<!CHHC 13Toro nyHKTa oTMCTHM cnep;yJOLLJ;ee. Hcnonhnoeam-tc B HaweM nop;

xo;n;e d-MCpHOI'O npocTp;;tHCTBa fld OGI:la'-IaeT, .'-ITO p;rr.H OCHOBHOI'O COCTOHHH.H peWCHilC 

ypaBHCH~.H Illpep;IIHrepa c I'aMHJibTOHIIaHOM (12) :lKBHBaJICHTHO peWCHlUO ypaBHCHllH 

Ilipep;Imrepa c raMllilbTOHHaHOM (16) B npoCTpaHCTBe Rd. C MaTeMaTII"ICCKOI~t TO'<IKH 

3pCHilli aTO nHa'<JHT, '<ITO BOJIHOB<Ui ¢lYHKIJ;lf.H OCHOBHOI'O COCTO.HHlHl II ee op61ITaJibHhiC 

BOo6y)Kp;CHlHI OaBIICHT TOJibKO OT pa;t:J;llaJibHOIJ: nepCM€HHOii Q2 = r: 

,T, _fi_ _!: 
~0 = e 2 = e 2 

3p;ecr. p;rr11 npoCTOThl onylll,eH uopMIIpoao'-:IHbiH rJ>aKTop. Pa~J;UanhHhic BOOBY*ACHlfil 

MO)KHO OaTIIICaTh B BIIAC 
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r;o;e PJ0 l(r)-no1IUHOM n-ro nop.a:n;Ka, a aj- onepaTop poJK:n;eans H D = d/2. Ycnomw 

OpTOrOHaiTbHOCTH HM€€T BHn 

( >¥., >I>m) = J dr~~r p~D>(r)Plv>(r) = s.m 
0 

Bn;n;ao, '<ITO aTo ycnosn:e cnpan;o;nn:so p;n.s: nro6hix'nonmKn:TenhHbiX D. TaK,M02KHO cKa

oaTh, '<ITO Mbl HJ..U:CM pelllCHHC ypa.BHCHIHI lllpe,[J;IUli'Cpa C I'a.MHJihTOHHaHOM (16) B KJiaCc 

JlOliiiHOMOB, OpTOJ'OHaJlhHhlX Ha HHTCpBa.ne Q < r < 00 C BCCOBOii: (JlyHKIJ;HCi't 

PaoMepHOCTh d npocTpaHCTBa Ra MOJKCT paccMaTpnaaTbc.s: KaK ;o;orronHHTCJihHhlii sa

pn:au;ImHH,blii: rrapa.McTp. 

BeJUI'-IUHa U, orrpep;erunow,:aa QHepi'lUO OCHOBHOI'O COCTO.S:HH.S: HCXO;t:J;HOi! CHCTCMhi, 

sxop;nT xax napaMeTp B ra.MHJihTOHHaH h (16), nooToMy Hama oap;a'<fa ¢opMymrpyeTcn 

CJIC)'J;YIDlll.llM o6panoM. Mbi )'J;01DKHbl HaiiTH OCHOBHOC COCTO.S:HMe J'aJvUiJibTOHllaHa (16), 

T.C. peUIHTh ypa.BHCHHC lllpep;llHI'epa: 

h>¥ = ,q.. (17) 

ll HaiiTIJ aHepn:no OCHOBHOI'O COCTO.flHlUI, KOTOpaa HBll.flCTC.S: (JlyHKIJ;Hell napaMeTpa U: 

c = c(U) . 

CornacHO ypasHeHmo lllpe;o;n:Hrepa (8), aTa aHeprna pasHa Hynro, TaK '-ITO ypaBHCHHe 

t(U) = 0 

onpe:n;emmT rrajJaMeTp U. Torp;a., cornacHo (7), aHepnui TpexTCJihHOH cncTCMhi c Kyno

HOBcKnM BOaliMOp;eiiCTBllCM pa.BHa 

1 2 E= ~-Mo- U 
2 
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3. OCIJ,ILJIJUITOPHOE IIPE,UCTAB.JIEHIIE 

MeTO,lJ; OCHOBa.H Ha H/l.CZX H MCTO;ti,ax KBaHTOBOi1: TeOpHH CKaJIHpHOI'O IIOJlH ll CO

CTOHT B CJieJJ;YIOILtCM. Jlro6oe OCHOBHOe CWI3aHHOe COCTOHHHC CHCTCMhl BCerp;a M02KCT 

6hJTb arirrpoKCHMHpoaaHo BOJIHOBoii (flyHKIJ;Heii HCKOToporo ocu;nmuiTopa. BooHnKaeT 

B6TipOC 1 KaJUfM: o6p8.30M Bbl6paTb 17TOT OCll;JiJIIDITOp1 H 3)l;CCb Mbl BOCliOJib3YCMC.ff II;:::J;C

.HMH KBaHTOBOii TCOpHH ITOJIH. 

PacCMOTpiiM1 HanpiiMep, KBaHTOBYIO T·eoplllO CKaJUipHOI'O IIOJUI ~(x), Oill.JCbiBaeMyiO 

raMHJihTOHllaHOM BHp;a 

H ~ H 0 + H1 ~ i I dx[1r2(x) + (V'¢(x)) 2 + m2 ¢ 2(x)) + g I dx ¢ 4(x) 

EcTeCTBCHHO C":lHTaTb, "'TO KBap;paTH"<IHhlii "cB060,IJ;Hblii" I'aMU1lbTOHllaH H 0 onHchiBacT 

OCHOBHOC C6CT0}1HIIC1 CCJIH KOHCTaHTa CBJIOH g MaJia. 0)l;Ha.KO B <J>opMnpoBaHUe OCHO

BHOl'O COCT011HlUI OCHOBHO:ii: BKJia)l;, BO:JHHKaiOI.IJ;Hif 6narop;ap_g B3aHMOAe:ii:CTBIIIO H1 rrpH 

mo6oil: BCJnl'<IHHe KOHCTRHTbl CB.S:OH g, ;r:J;R!OT TRK Ha:3biBaeM:bie "p;HarpaMM~-I'OJIOBRCTHKrt", 

nnn p;MarpaMMhl "KaKTycuoro" THIIa ua .S:OhiKe Teopllll BOOMy-Ill;CHHii. BTu p;uarpaMMhl 

nponOpll;HOHaJlbHhl D(Q) =< 0jrj>(0)rj>(O)I0 > Ii B KBB.HTOBOii: TCOpHH ITOJDI COCTRBJlliiOT 

ocuoauyro pacxop;IIMOCTh. BKna;n; aTIIX ;D;HarpaMM MO)I{HO y'<~eCTh rrepeuopMnpoaKoii Macchi 

CKaJUipHofl '9:RCTllll;bl m II :~mep~HH BaKyyMa, KOTOpaH B KBB.HTOBOfl TCOpiiii "'noJDI 06bi"'HO 

ue paccMaTpHBaeTc.s:. TonhKO noCJie Bblp;eneuiUI nn raMHJihTonnaua BnaHMo;n;eiicTBHJI 

:JTHX BKJIR;r:J;OB MO)I(HO C"lllTRTh, '<ITO KBa;n;paTll"'Hblii CB060p;Hhri'r I'aMlll'IhTOHHRH OITIIChi

BaeT OCHOBHoe COCTO.S:HHC CHCTCMbl, a I'aMHJihTOHHB.H B:.JaHMOp;eiiCTBHH1 CO;tJ;CpiKRill,ldi 

ITOJICBbiC orrepaTOpbi B CTCIICH.S:X TpH II 6onee, ,IJ;aeT MaiThiC )I,06aBKH npu MMOii KOH

CTB.HTC CB5I3H. B <flopMaJU13MC KBaHTOBO.il: TCOpHH IIOJIH :JTa ::mp;a"'a pernaeTC.H nyTeM 

BBC;rJ;CHH.H IIOHiiTII.H HOpMaJibHOfO llpOH'3BC;rJ;CHUil1 CCJIII HCITOJib:JOBaTb rrpe,IJ;CTaBJICHHC TIO

JICBhiX onepaTopoB "'epe:J onepaTopbi poJK;rJ;CHIUI II yuu~ITOJKCHIIJI. ~c6oaaHne, "-ITo ra

MIIJibTOHHaH B:JaHM:Op;eiiCTBIUI1 BO-ITCpBhiX1 )J;OJIJKCH CO;rJ;Cp:lKaTb ITOJICBhiC onepaTOphi B 

CTCITCHll 6onee ;rJ;BYX H 1 BQ-BTOphiX, ;rJ;OJDKCH 6b1Tb 3aiiHC8.H B {popMe HOpMal'IhHOrO npo

II3BCfl;CHllll onepaTOpOB1 acflcfleKTHBHO npHBO)J;HT K Y"'CTY '3THX OCHOBHbiX BKJlfi.;rJ;OB. 

Ta.KIIM o6p<WoM, B KBB.HTOBoil Teopnn caMo;o;eiicTBYIOill;ero CKallilpuoro nonH npc;:~;

CTa.BJICHlle raMllJI:bTOHllaHa B3aHMO)J;Ci1CTBllll B {popMC HOpMaJibHOrO IIpOH3B~gemut OIIC

paTOpOB pO)I{;ll;CHIDI U YHH"'TmKCHlli[ 03HR"'RCT Y'9:CT I'11a.BHOI'O KBaHTOBOI'O BKl!a)l;a, T.e. 

p;uarpaMM <l>eiiHMaHa "KRKTYCHOI'O" THIIa1 B {popMHpOBaHUC OCHOBHOrO COCTO.HHll.li CH

CTeMhi1 nnu BaKyyMa. 

II 



Baop;nMoe HaMn oc-qu.vurmopuoe npeOcmaa~tenue KB1IKCTCK peanuoau;ne:H aT oro rrpe;u

CTUBJieHHK KBUHTOBO:fi: TCOpHH ITOJljl B KBUHTOBO:ii MexaHHKC. 0cHOBHylO H;t:J;CIO OC~IniJIK

TOpHoro npep;CTaBlleHHK npop;CMOHCTJ'mpyeM Ha npUMepe ypaBHCHHK ill pep;narepa B 

npocTpaacTBe R3 (p;eTa.JJn eM. B [8]): 

I "' H'l! ~ (~ + V(r))'i! ~ E'l! (18) 

'rAe npep;noJiaraeTCK ;t:J;JIK npoCTOTbl1 "'TO ITOTCH:QHaJI V(r) HMCCT MHHHMYM npH 1" = 0 H 

)l,OIIYCKUCT CYlll,CCTBOBaHHC CBID3aHHOrO COCTOKHHK. Hallla 3U;t:J;U"'IU OUKJIIO"'UCTCH B TOM, 

~IT06bl HaiiTn aaepnuo OCHOBHoro COCTOHHUH CHCTCMbl1 OITHChiBUCMO:i:J: raMHJibTOHiiaHOM

f{. Bhrp;crrnM B raMHJihTOHHaae "::HCTo oc:u;nnJIHTOPHYIO- -qacTh: 

(19) 

rn,c w-cao6op;abiH napaMeTp. KaHOHH"'-!CCKIIe rrepeMeaable OC:QH1IJI.HTOpa (fi, F) BhlpamiM 

'<{Cpe:J OIICpaTOphl poiK,n;CHHH a+ II yau~JTO)KCHIUI a: 

__ e._a-a+ 
P- V2 i ' (20) 

Baep;eM ITOHHTHC HOpMMbHOl'O npOH3Be;J;CHHH. 8Ta ll;rl;C.ll HC HOBU (eM.-, HanpuMep, [9]), 
HO Bonpot CO~TOIIT B. TOM, KUK_peaJIHOYCTCH 3TU ll;rl;CK. fioTpe6yeM 1 "'IT06hl raMII1IbTO

HIIUH B3aHMO;rl;C:i1CTBHli HC CO;tJ;Cp:lKM KaxHX-rrH60 crraraeMbiX, KBap;paTi-l:""::HhlX ITO KUHO

HII"<ICCKHM nepeMCHHhlM. 8TO Tpe60BaHllC 6y;rl;CM Ha:Jb!BaTb yc.I106UeM OC'qUA.A..Kmopnozo 

npdcmaaA.enu.z. ;uJIK aToro no,n;cTaBHM: B ITOTCHIJ;HaJI V(r) rrpep;cTaBJICHlle (20) n ne

pdip:.eM K HOpMaJibHOMy- ynop.Hp;O"'::CIUIIO OITepaTOpOB po:tK;t];CHII.ll II YHWITO:IKCHl-Ul 

V(r) 

rp;e : *: - 8HaK HOpMaJihHoro ynop5Igo'-leHHH, IToTpe5yeM • "'-IT06bJ 

2 

( ) 
w _, 

V r --x 
2 
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"!To crrpaaep;nrrBo, ecnn Ko~4>HqneHT rrpH : x 2 : p~H HYJilO 

w'jik- 2 k1 k1 z -- (21r)' V(k )2 exp(- 4w) = 0. (21) 

3To ypaBHCHlle onpe;u;enHeT cso6op;Hhlii rra.pa.MeTp w. 

Tor;o;a l'aMUJlbTOHHaH CHCTCMhl HMCCT BH;D; 

H = H0 + H1 +Eo , 

(22) 

3;o;ech H 0-raMHJlhTOHHaH cso6o,o;Horo ocu;Imnl!Topa, E 0 onpe.n;enaeT ypoBCHh ;:meprnn 
B HynesoM rrpu6m-DKCHIIII u HI-raMIIJihTOHlU'IH B:JaliMop;e:HcTBIDI B tf>opMe HopMaJihHoro 

npom:me;o;e1p1H, npn<reM H1 = 0(: £4 :) npn: £2 :--t 0. 
JlerKO IIOKatJaTh, 'ITO ypaBHCHHC ;JJ;IT.!l W (21), 'IIOJJY"'CHHOC HO YC1IOB1HI OCI.lJ1!IJUITOp

HOI'0 npe.a;cnumcHHJI, cosnap;aeT c ypasaeHneM, orrpe;o;emnomnM MHHHMHMYM 3Hepruv. 

O<:HOBHOl'O COCTOHHIDI E 0 (w) ITO W. 

faMMJibTOHHaH B:JaiiMO;t:J;CllCTBIHI B ~OpMC HOpMaJibHOl'O IIpOH:.JBe}J;CHIUI {22) HC IIpll

BO;r:t,HT K TIOJIBHeHHIO p;uarpaMM "KaKTycHoro" TJIIIa B pH;tJ;y TCOpiiH BOOMj"lll.CHITii, IIX 

BKJia,IJ;, KaK n B cny"<Iae KBa.HToBoll Teopun cKa.n:npHoro nonn, BKJIIO"<IaeTcJI B onpe,~J;ene

Hne OCHOBHOI'O COCTO.HHIIH, T.C. B '9:aCTOTY OCIJ;IIJIJI.lJTOpa w. ThKHM o6paooM, BKJ1RA 

)l;MarpaMM "KaKTYCHOro" TMila a$ipCKTHBHO CYMMnpyeTC.fl U OIIpC.IJ;CJlliCT rnaBHhliJ KBaH

TOBhlii BKJiap; B3aUMO;:J;CiiCTBUH B <JlopMIIpOBaHHe OCHOBHOI'O COCTOS:HliH CIICTCMhi. Cne
,~J;yK>lll,liE' nonpa.BKH MoryT 6blTb BhPlllCJICHhi MCTO,IJ;OM.Teopun B03MYLU,CHHIUI no HJ. 

Bscp;eHaoe Bhlwe oc:u;HJIJIHTOpHoe npe,u;cTaBJICHJie MOJKCT 6h!Th o6o6lll,cHo cne;J;ylb

w,nM o6panoM. PaccMoTpnM .~J;JIH npocToTbl O.IJ;HOMepHyJO na.~J;a'Iy. IlycTh :Jap;aH rmvrmlh-

TOHlla.H 

I';:J;C p II q - KaHOHH'l:CCKHe nepeMCHHbTC H V ( q) -rroTCHUHaJJ, .[IOriYCKaJOII{mf Cyfl{CCTBOBaHHC 

CB.lJ:JaHHOI'O COCTOHHHH. BBC;IJ;CM HCKOTOpbi{I ITOTCHD;HaJI ~·Q(q), :JaBHCJILU,Hif OT KCU\HX-TO 

napaMeTpos 

p2 p2 
H = 2 + V(q) = ( 2 + Vu(q)) + (V(q)- Vo(q)) = Ho + H1 (23) 

P' 
Ho = 2 + Vo(q), H1 = V(q)- Vo(q) , 
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npn'<IeM 6y~eM npe~nonaraTh, «iTO ypaBHeHne Illpe~n:Hrcpa 

p' 
Hoiflo = ( 2 + V.,(q))iflo = Eoiflo (24) 

MmiWT 6biTb peweHo TO"!HO. EcTeCTBe~o, 6yp;eM Bbl6HpaTb IIOTCHD;H<tJI V0 (q) "Ma.KcH

MaJibHO 6nn::JK0 11 
K IIOTCHUIIaJIY V(q). IJpon::JBep;eM Bapn:au;HOHHyKl OIJ;CHKY HCXO~Horo 

ra.MHJibTOHlULHa IIO BOJIHOBOll: 4>YHKD;l-IH1 JIBJI.HKl~ell:cJI pel!ICHHCM ypaBHCHllli (24) 

p' 
£=min (w0[- + V(q)]iflo), 

Vo 2 
(25) 

r.n;e MHHHMll'3aurui npoBO,IJ;HTCJI no napaM:eTpa.M rroTeH:u;nana V0(q). B pmynhTaTc <flnK

cnpyiDTca rrapaMeTpbi noTeHIJ;Dana V0 (q) n aonaoarur tf>YHKD;HJI W0(q). 

Terrepb 6yp;eM Bbl'<IHCJIJITb tiHepriiiO OCHOBHOrO COCTOJIHHJI ITO TCOpHH BOOMy~eHuif:, 

rAe B Ka«iCCTBe BO:JMy~eHHJI Bbl6HpaeTC.JI raM:HJlbTOHHaH H 1 , HMCCM 

E =Eo+ E1 + E, + ... = £ + E, + ... , 

IIOCKOJibKY 

3a.M:CTHM1 'JTO £ .JIBJI.JICTC.JI OD;CHKOll: CBCpXy p;n.H ~HeprHH OCHOBHOrO COCTO.HHli.li 

E<E. 

EcnH Bbi6paTb B Ka"ICCTBC IIOTCHD;HaJia Vi?( q) OCIJ;liliJIHTOp C HCH3BCCTHQ}i: '9:aCTOToi1:, 

TO Mbl IIOJIY"'HM BBegCHHOC BbllliC OCIJ;HJIJI.JITOpHOC IIpC)J;CTaBJICI-Uie. Cnep;yeT OTMCTHTb, 

OCIJ;HJill.liTOpHOC npep;cTaBJICHHC HMCCT TO HCCOMHCHHOC IIpCHMylll,CCTB01 '-ITO <flopMa

JIH3M onepaTopoB pmK,IJ;eHIDI n. yHH"'TOJKCHHJI 3Ha'JHTCllbHO ynpolll,aeT BbPutcneHH.li. 

PaccMoTpHM a Ka'<leCTBe npnMepa raMHJihTOHHaH 1 llMeiO~n:H Herrocpep;cTaeaaoe oT

HOll!eHHe K TpCXT~llbHOi1: :Ja;t~;a«ie 

p 2 1 d' W(u) 
H = 2 + V(q) = -2du2 - cosh2 u (26) 

r)l;e -oo < u < oo H W(u)-aexoToprur nonoJKHTeJlbHM orparmqeHHrur lf>yHKD;H.li. Ilpo-

6rieMa COCTOHT B TOM, "'TO p;JIH paCCMaTpHBaeMOI'O ra.MHJibTOHHaHa aCHMIITOTHKa BOJI

HOBO:ii lf>yaxu;nn nponopJ..J;HOHaJibH3. exp( -constlul)l Ta.K "'TO aeo6xop;nMo npoaecTH co

OTBeTCTBYIOI.l.Q'lO oaMCHY nepeMeHHbiX1 '-:IT06bl IIOJIY'<IHTb OCil;HJlJI.liTOpHylO aCHMIITO

THKY. 8To npHBO)J;HT K ;tJ;OBOJibHO rpoM03p;KllM BbipaJKeHH.JIM. I!O~TOMY B )l;aHHOM cnyqae 
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yp;o6uee nocTyn¥ITh cnejzylOW,IrM o6panoM. IlMeeM 

H =Ho+HI, 

Ii- 1 J' 0(0+1) 
0

- -2du2 - 2cosh2 u' 
2W(u)- 0(0 + 1) 

Hr= 
2 cosh2 u 

rp;e 0-:ncKoTopaJI noooJK¥ITe1lhHaJI nocTo.s:uurur. YpasueuHe 

HMeeT pemeun:e 

Ho'l!o = (- ~ cP - O(O + ,1) )wo = Eo'l!o 
2du2 2cosh u 

1 ' 
'~<o{u) = N(O)[coshu]' 

) llocTo.suu~ N(9) Bhrmcrr.s:eTCJI no ycrroBH5f uopMHposKn H paBHa 

N'(B) = B(~,8). 

(27) 

rp;e B( x, y) -cp'yuKII.H.S: 8ifnepa. ,Il.aJiee ueo6xop;nMo p;eiicTBOBa.Tb cornacuo W3aoJKeHl-Ihl::VI 

Bblllle rrpasnnaM. 

4. rAMHJibTOHMAH B OCIJ;M.JIJI.HTOPHOM IIPEACTABJIEHHH 

B aToM panp;erre c<flOpMynnpyeM MeTo;o; Bhl'<IHCJieun:.s: <PYHKIJ,HH e(U) K<-l.K auepnnr 

OCHOBHOrO COCTO.S:HI:Ifl raMIIJibTOHHaHa (16). ,Il_mr Bbl'<IHC11€HIDI \3HeprHH OCHOBHOrO CO

CTO.S:HH5f CHCTeMbl rrepeiTIIllleM raMHJlbTOHIIaH h (16) B BHIJ;e 

h = h0 + hr +eo . (28) 

3p;ecb h0 oco;urrJUITopuaJI '<!acTb raMHJibTOHHaua, onpe;a;erreuuaJI crrep;yrow,eM o6pa:GoM: 

h0 = -1-[~(P,S + n'Q')- an] + -1-[~(P' + '"'q')- zn] (29) 
-2Kq 2 . 2 2K:q 2 q 

~[~P'- 8(0+1). 8.'] 
+ r;,,_. 2 " 2cosh2(u) + 2 ' 
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rge KQ, Kq, K,,., n, w, (}- CB060IJ;Hhle II01IO)K,HTCJibHble napa.MeTpbl. CornacHO npam-my 

OCD;HJIJlHTOpHOl'O IIpC)l.CTaBJJCHH.H, pacCMOTpHM ypaBHCHHC ffipep;HHI'Cpa: 

h0 ifl0 (Q, q, u) = 0. (30) 

PeWeHHe ;noro ypaBHCHH.H ;IJ;JHl OCHOBHOl'O COCTO.HHli.R liMCeT BII;IJ; 

(~1) 

rge N- IIOCTO.HHHWI1 KOTOpa.aonpep;enaeTCH 11<3 YC110BH.R HOpMHpOBKll B011H?BOi:J: ¢YHKI.J;UII. 

Y'-IllTbiBaH (16) II (29) 1 norry-<IaeM ):l;!lil h1 + t 0 : 

1 (d(J n'Q') 1 (4w w'q') 
hi+ co= 2Kq 2- ~2~ + 2<

2 
2- ~2- (32) 

1 8(8 + 1) 82 P' q2 1 P' Q' 1 +~( + -) + -'<( ~) + -'-( - -) 2/\,u 2[coshu)2 2 4 [coshu)2 K,Q 4 [coshu)2 Kq 

PJ 2Q2 2q2 1 d(d- 4) q2 

+2( -;f + Q2 - .) - 16[coshu]' Q' + V' 

rp;e rroTeHI.~Ha.n: V npegcTasrreH s (12). H3 (32) onepegerrHM raMHJibTOHiraH snaMMop;eli

CTBIUI II 8HeprHIO OCHOBHOl'O COCTOKHUU B HYJICBOM IIpH6JilDKCHHll. Bsep;eM OIIpP...,IJ;CJICHI·Ie: 

, '(') ,dn : Pq := Pq- ifloPqiflo = Pq- 2 , 

. Q' ·- Q' - (w Q'w ) = Q'- ~ • .- 0 0 ' 2!1 1 

: P; :=Pi- (woP;wo). = P;- ~w, 

: q2 
:= q2

- (wolWo) = q2
- ~, 

: P' ·= P' - (w P 2 'I! ) = P 2 - __!'__ 
1L. u 0 u 0 1L 28+1 

:A:= A- (woAiflo) 

r;n,c A - npmmsoJibHhlii onepaTop. 

(33) 

Ilop;CTRBHM npep;CTRBllCHUe (33) B. (32) H IIOTpe6yeM BhlTIOJIHeHna YCJIOBH.fl OCD;HllJHI

TOpHOl'O IIpe):tCTRBJICIUHI, T .e. IIOTpe6yeM, ''IT06bl IIOJIY'lCHHOC BblpR.IKCHHC )];lUI l'RM.HJib

TOHHUHR BtlaHMO)J;Ci:J:CTBHH He CO;rlep.JKaJIO KBRgpaTU'lHblX CJiaraeMhiX IIO : Q2 
:, • q2 

:, 
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: PJ :, : Pq2 
:, : P; : . Ho yCJioBHjl paaeHCTBa HY1IIO Koa<Ixl>~ni.neHTOB rrpn : P~ :, : P; : 11 

: P; : onpe~emiiOTCjl napaMeTpi:.I KQ , Kq , n: Ku: 

Y'-IUThlBa.JI rlTil 3Ha'1eHUjl napru.:lCTpOB, ITOITy~tliM ):l;JHI tmeprilll OCHOBHOI'O COCTO.HHH.H B 

HyrreaoM npn6nHJK~Hnn: 

Eo.(U) = mm ~oh'l'u = mm -- - - +- + - ---. ( ). . {. ·28 [d(!l w) 8( 4 !1 
n,w,6,d n,w,6,d 28 + 1 4 w 0: 2 d- 2 w 

(35) 

dw) 4Z1 Z3 Ud d(d-4)!1] cd(d+2)(d+4)f(21i) ( )} 
+2!1 +-w-+w!1-4(d-2)w -2 4'P(8) J!1,w, 8,d • 

r;a;e 

l l [ z z 
f = dyy'i'(1- y)' dr(1- r')' 2 3 ! l .j(l- y)2fP + c5y2w 2 - 2c3y(l- y)rwO: 

z,z, l 
+ ,j(l- y)'!F + cfy'w' + 2c1y(1- y)rw!l 

a hri'aMHJihTOHHa.H BDaHMO)J;eiicTBlDI,3aiTHChiBaeTC11 B BH)JiC 

- e ( 1 . 2 .. 2 . 1 . 2 .. 2 . . 1 .. 2 . . 1 .. 2 . +. 2U = q2 :: Q' ' h1 - 28 + 1 2. PQ .. q . +2. P, .. Q . +8. ~ .. Q . +8. Q' . .. q . 

d( d - 4) . 1 .. q' . ) + . P' . ( . 1 .. Q' . + . 1 .. q' . +w . Q' . + 2!1 . q' . 8 . Q'.. . . " . ~.. . . Q2 .• • • • d- 2' . 

+ 2~: :, •+~: ~':) + (2z:z,:q' :+U:Q' ::q2 :+ 2~U:q': +~U• q', (36) 

12212 212 d 2d0:2w 
+4: PQ:: q : +4: P, :: q : + 2w 'PQ: + S!l 'P, '+S: q : +2' q'' 
d(d-4) 1 d(<j-4)H 2 ) 1 

4w : (J' : 8( d- 2 : q : : [cosh u ]' : - : W : • 

I')l;C HCIIOJlhOOBa.HO 06o:3Ha"::CHliC 

W = 2cQ2
q

2Z3 Z 2 + 2cQ2q2 Z2 Z 1 

cosh2u.jq4. + c5Q4 - 2c3q2Q2tanhu cosh2(u).jq4 + c~Q4 + 2c1q2Q2tanhu 
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CorrracHo (30, 31) H (35, 36), BhiiiOJIHHIOTCH cnep;y10w;ne cooTaornemut: 

(woho>Po) = 0, 

0TCIO;IJ;a cnep;yeT1 "'TO IICpBrui IIOIIpaBKa IIO raMHJtbTOHHaHJ B3aHMOge}iCTBWI h1 pasHa 

HY1110 E1 = 0. B aToM CJiy"'ae,TaK JKe,KaK B (21), onepe;o;eneHHe napaMcTpOB w, n H3 

JCJIOBHSI OCII)lJinilTOpHoro IIpep;CTaBJICHH.fi BKBHB1IeHTHO onpep;eJICHHIO HX il3 MHHIIMJMa 

aaeprHH OCHOBHOrO COCTO.fiHJUI. 

IIapaMeTphl w, n, fJ, d orrpe,n;err.SIIOTCSI Hn YCJIOBll11 MHHHMyMa Co-BHeprnn: OCHOBHOro 

COCTOKHHH, lUlU p;pyrliMII CJIOBaMH, 113 yp~BHCHHii 

Oc:o = 0 an ' 
Oc:o = 0 ow , 

8to = 0 ae ' 
8to = 0 ad · (37) 

8TH ypaBHCHHJI onpep;eJiliiOT napaMeTphl W, n, (), d KaK <f>YHK:O:IIll OT U H, CJIC)JpBa

TCJibH01 aaeprn.n to HBJI.HCTCH <f>yax:o;ueii napaMeTpa U: 

e:0 (U) = e:0 (w(U), Q(U), O(U), d(U), U) 

ThKHM o6panoM, HCXO;tJ;Hrui nap;a~ta CBC;tJ;CHa K peWCHlllO ypaBHCHIDI liJpep;UHrepa: 

(ho + hr + e:0 )>V = e:(U)>V , (38) 

rp;e U JIBJI.HCTCJI C;tJ;liHCTBCHHbiM CB060;tJ;HbiM napaMeTpOM. ilapaMCTp U, onepcp;emnOUJ;ID~I 

emeprHIO OCHOBHOro COCTOHHH.fi TpexTCJibHO:ff nap;a'<!II (7), Bhl"IllCJIHCTC.fi ll3 JCJIOBHH 

e:(U) = 0. 

Mw 6meM pewaTb ypaaaeane (38) no Teopnn B03Myw;eanii, paccMaTpUBaJI raMnnh

ToHnaa's::mnMo;n;eiicTB¥UI h1 Ka.K 803MYUJ,CHIIC. ,Il;n.n ;mepnm: OCHOBHOrO COCTO.fiHHJI IIO-

llJ'<IHM p5Ip; 

00 

e(U) =I; e.(U) 
no:=O 

rp;e C:n(U)- nonpaBKa n-oro nopHp;Ka no raMHJihTOHHaHy :snanMop;eficTBKli. Ycrrosn:e, 

00 

e(U) = L <.(U) = 0 (39) 
n=O 

onpep;CJll[CT napaMCTp U II TCM CaM:biM BHeprHIO' HCXOp;HOii TpCXTCJihHOJi CHCTCMbJ IIO 

<f>opMyrre (7). B peaJibHhlX paC'<JCT~X BHeprHH e(U) Bhl'<JliCJIHCTCH TOJlbKO B HCCKOJibKHX 
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mmlllnx nop-Hp;Kax Teopnn aonMyw;eanH. IlooToMy napaMeTp U a N-oM rropJl)J;Ke TeopuH 

BOOMylll,eHnii onpep;eJIJICTC-H ypaBH€HHCM 

N 

e;INl(UINl) = L e.(UIN)) = 0 . (40) 
n=O 

Torp;a, COl'JlaCHO (7), aaeprll-H OCHOBHOI'O COCTO.HHHH TpCXTMbHO:ii CHCTCMhi B N-oM 

IIpH6JIH)KCHHH OCD;IiJinliTOpHOl'O npep;CTaBJICHHll pasHa 

( 41) 

Ilpu "lllCJieHHbiX paC'tieTax BM€CTO peWCHIUI CHCTCMhl "'CTbipex ypaBHCHIU':i (37) H 

(40) y;o;o6Ho llCKaTh,MHHllMYM <jlyHK~llOHaJia: 

( ~ )' (&")' (&")' (&")' (&")' FN(Il,w,O,d,U) = L.,.,£n + iJ(l + iJO + iJd + iJw 
n=O 

(42) 

n.ert{Q BH)];eTb, "'TO napaMeTpbi w, S1, 8, d n U, onpe)];erunomne MHHHMYM aToro ~YHKIJ;ll

OHa.na, JIBJIHIOTC-H pemeHH.HMH ypaaaeani-i: (37) U (40). 

IloKa)l{eM Tencpb, "'ITO cpym::u;nH 

r;o;e napaMeTp U(o) an aT B HyneaoM nopsp;Ke Teopnn -BOOMyw;eHHi-1, T .e. MHHHMHnnpyeT 

clJYHKI.UIOHan: F0(ft,w,8,~,U) B (35), l!Bl'I.HCTCJI BepxHe:fl OIJ;CHKOi-l: aaeprnn OCHOBHOro 

COCTOHHIDI IICXO;Il;HOii TpexTCJibHOi-l: CHCTCMhl. Jlei-l:CTBHTeJibHO, pacCMOTpllM <flyHKUJ-IIO 

Eo(U) {~5). IIapaMeTpbi 0, W H (} HeOTpHUaTeJibHhl, IIOOTOMY 11:3 COOTHOWeHn:ii {35) 

cJiep;yeT 

2d O(U) 
ll(U)w(U) 2B(U) + 1 2 O. 

,UpyrHMn cnoaa.Mn, c 0 HBJIHeTcJ! pacTymeH cpyaKqnei-l: napa.MeTpa U. To"moe ahlpaMeHne 

)l;JIH ;meprun onpep;emieTCH lflopMynoi-1 

e:(U) = co(U) + <,c(U) , 

rp;e '-lepm Epc(U) o6ooaa-qea BKJia)l; acero·pH)l;a Teopnn aooMyw;eHnii. C TO'-I:KH 3peHH.H 

ypaaaeans illpep;narepa (38), e0 (U) .sarr.seTCH aepxHeii aapuau;nommH ou;eHKoii 8Hepnru 

OCHOBHOI'O COC~OHHHH raMHJlhTORHaHa (28), TaK "'iTO )l;JIH JII06biX U 

e(U) ~ e:0 (U) . 
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IlocKonbKY U(o) onp~emieTcx no ypasaemt.a 

( 43) 

TO peWCHHC ypa.BHCHHH ( 43) j'AOB11CTBOp.HCT ycnoBHK> U2::U(O) H 

~To n Tpe6osanocb JJ;OKaaaTb. 

5. TO'IHOCTb HY.JIEBOrO I1Plii.B.JllDKEHlil.5! 

B MCTO)l;e OCll;HJIJI.HTOpHoro npep;cTaBJICHH.H CCTb BOOMO)KHOCTb onpep;emiTb ::meprHKJ 

OCHOBHOrO COCTOJIHllli TpCXTCJibHOii: KYJIOHOBOif CHCTCMbl C JIK>60ii: TO"'HOCTbK>, Y"IllTbl

BM BblCWHC IIOpH)l;KH TCOpHH BO:JMyiU,eHHif ITO CTCITCHHM raMHJibTOHllaHa B3allMO;rJ;Cii:

CTBH.R hI. B )l;aHHOii pa60Te Mbl HC ·6y)l;CM Bbi"IHCJIHTh cnep;yiomyK> nonpaBKY K <OlHeprHH 

OCHOBHOrO COCTO.UHU.U, a OIIpCJ];C11HM T0'9:HOCTb MCTO~J;a,CpaBHHBaJI penyiTbTaT paC'9:eTa 

B HY11CBOM npn6JIH:IKCHlm C T0'9:HblMH :JHa'9:CH:OieMH aaeprn:n, nony'<IcHHblMH '-IHCJICHHbiMll 

MCTOIJ;aMH. ,IlJIJI 3Toro Bbl'9:HC1IHM IOIHCprHH OCHOBHOrO COCT01IH1'1H C1ICIJ;YK>UJ;HX IqnoHO

BCKllX cncTeM: H-, Hi, (eee) "(pw), (ddp.), (dlf<). 

8HcprHH l3TIIX TpCXTC1lbHblX CIICTCM Bbl~lliCJICHbl MHOriiMII aBTOpaMH H panHblMH MC

TO;tJ;aMH (eM., HaiipHMCp,[2-6,18]). C ycoseprneHCTBOBaHHCM Bbl"IHCJIHTCJ!bHOi't TCXHIIKII 

TO'<JHOCTb Bhl'9:HCJICHIIH aHeprHH TpexTC1lbHOif KY1lOHOBCKOii CHCTCMhl IJ;OCTIIrJia 0'-ICHb 

BbiCOKOro ypOBH.H. Ilo:lTOMY 9TH penyJibTaTbl MO)KHO C'-IHTaTb TO'-IHblMH OHa'-ICHH1IMH 

yposaeii aaeprHH TpexTCJibHOif CIICTCMbl. 

J3hlpa){(CHHC (35) )l;JI.R ::meprHH OCHOBHOrO COCTOHHHH B HyJICBOM npn61lll){(CHHH IIC

pelUUllCM B ~H;rJ;C 

. { 28 [d(!1 w) 8 ( d !1 dw) 4Z1 Z3 
co(U)= mm --- ~+~ +- -~~+- +--

n,w,e,d 28 + 1 4 w !1 2 d - 2 w 2!1 w 

u a _ d( d - 4) n]- "d( d + 2)( a+ 4 )r(28) !(!1 8 a)} = 
+ w!1 4(d- 2) w 2 4'f2(8) _,w, ' 

0 ' (44) 

1 1 [ z z 
f = dyy'1'(l- y)' dr(l- r 2

)' 
2 3 I 1 J(l- y)'!1' + c~y 2w2 - 2c3y(l- y)rw!1 

z,z1 ] 
+ V(l- y)2!12 + cly2w 2 + 2c1y(l- y)rw!1 . 
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Yprumemte (44) onpegemteT napaMeTp U KaK <flYHKD;IIIO nap.s:ppB II Mace '9:aeTH:u;. 

8HepniH onep)J;CriHeTCH no <flopMyne (41). 

Ilpii Bbl'IHeJICHHH KOHKpeTHOii TpCXTCJlhHoii eHeTCMl>I HCITOJlhOOBaJIHeb cnep;yiOJ.LtHC 

::ma'-:IeHIIH Mace: mil= 206.77m.,, mp = 1836.15m.,, md = 3670.48m., H mt = 5496.9me, 

r)l;e m.,~Macca ~JieKTpoHa. PenynhTaThl Bhi'-:IHeneHHJI npHBC)l;eHhi B Ta6JUI:o;ax 1 H 2. ,UnH 

epa.ImCHH11 penyJihTaTOB HaiUero Bhl"IHCJJCHH11 B Ta61IUD;aX npHBC)l;CHhl TO<t.J:HhlC 3Ha'-:IeHHll 

yposHeli ::meprHII <)TUX eHeTeM, npiiB~CHHhiX B pa60Te [14]. 

Ta6mn.1,a 1 

w fl 8 d U'" U'" .6.U(%) 
e+e e 5.076 .1034 .1022 4.102 .520 .52399 .762 
11e e - 4.833 .1102 .103 4.106 1.050 1.05011 .011 ' 
pe e 4.835 .1105 .104 4.107 1.050 1.0547 .446 
ppe .0852 .1113 .102 4.101 1.190 1.1943 .360 

B Ta6nu:u;e 1 rrpnBe)l;eHhl pcnynhTitThl Bhl'nreneHII.H rrapaMeTpa U )l;JI.H TpcxTcnh~ 

HOii: aTOMHoii CIICTCMhl. uor -Ham peoynhTaT II ue""-TO'-:IHOC oHa<t.J:eHne, a f::lU = IUex -
uori/Uex10_0% OITpe.r:(em!eT TOt.tHOCTb HYJICBOrO IIpii6JilDKCHUit. 

Ta6rrniJ,a 2 

w fl e d Eor ev, E""".ev .6.E(%) 
PPI' 5.339 .1048 .1031 4.1195 -2781 -2782 .036 
dd!' 8.750 .895 .100 4.104 -2987 -2988 .034 
dt!' .0867 .8325 .100 4.128 -3028 -3029 .033 

B Ta6rruu;e 2 npiiB~e~hl OHa'-:ICHII11 TepMoB MeooMoneKyn, r)J;e Eor -Hawn peoynh

TaThl, Bhl'-:IUCJICHHbiC no ¢opMyne ( 41 ), Ecx -TO'-:IHhiC OHa'ICHJ.UI II f::lE = lEe""- EOT II eex1 00%. 

Ypomtu aHepnm: KynoHoBcKoii TpcxTcJibHoii. eneTeMhl Bhi'-:IUCJieHhl )l;JI.H ocHOBHoro 

COCTOJIHII.ll. lfo Ta6JIUIJ; }II 2 BIIAHO, '-:ITO OTKJIOHCHUC OT TO'-:IHOro 0Ha'-:ICHII11 peoyJihTaTOB 

HaWIIX Bhl':lliCJICHHii B HYJICBOM rrpn6JIIDKCHIIII coeTaBJIHeT MCHhiuC Op;HOro ITpOIJ;CHTa. 
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6. rP AHIII\A CTABIIJibHOCTII 

lfccrrep;OBaHHe ::JaBIICMMOCTII 3HeprHH CBHIJH CHCTCMbl OT Mace '9:aCTHIJ; II oap.H)J;OB .HB

JI11CTC.11 O~HHM H3 KJIIO'<IC:BbiX BOIIpOCOB ,D;JI.H IIOHHMamJH OC06CHHOCTeit: ;:mepreTU"<ICCKHX 

CIICI!:TpOB pallJIHTIHbJX CHCTCM. 

Orrpep;eneHHe rpa.HHll cTa6HJibHOCTH TpexTeJII.Hoil KynoHoBcKoH cnCTeMhl HBJI.ReTcn: 

O;IJ;HO:il: HO OCHOBHbiX npo6neM KYJIOHOBCKOJJ Oap;a'9:H Tpex TCJI (rrop;po6HOCTH CM. B [14,15]). 

3a.BHCHMOCTb llHeprmt CBJIDH CHCTCMbl OT MRCC '9:RCTHIJ; HCCJlCII.OBa.Jiacb B [16], a B [17] 

rrposep;eHbl '<IUCJICHRhiC pac«teTbl1 Kacruo~neCH ycTaHOBJICHHH rpa.HHIJ; cTa6HJihHOCTH. Eo

nee ,D;CTaJTbHOC HCCJlC)J;OBaHHC no· ycTaHOB1ICHHIO rpaJUIU. CTR6HJihHOCTH TpexTCJibHOiJ 

KYJIOHOBCKOI'i CHCTCMbl npoBep;CHO B [14]. 

B pa.MKax: Hamero MCTOp;a liCCnep;yeM OaBHCHMOCTb 3HCprHH TpCXTCJibHOil CHCTCMbi 

OT MRCC "'IRCTllll; H OIIpC)l;CJIUM rprum:ey CTa6llJibHOCTll. CorJiacHO [14], BMCCTO Mace 

'9:aCTlliJ; ffij llCTIOJibOYCM.nepeMCHHhiC 

I I I I 
"' = -/(-+- + -) mi m 1 m 2 m3 

YJ!iOBJICTBOplllOJ.U.llC YCJIOBlllO 

(j = 1,2,3)' (45) 

IIocTpOHM pasaocTopoaalrii TpeyroJILHllK, BhiCoTa KOToporo paaaa 1, TaK '"ITO no

CJIC)l;Hee paBCHCTBO MO)I(HO Tpa:KTOBaTb KaK CYMMY BhiCOT, npoBC)l;CHHhiX n:n. HCKOTO

poii BHYTPCHHeii TO"<IKH TpeyrorrbHHKa (eM. Pn:c.l). Tor,r~a Ka)l()l;Oi'I BHyTpeHaeli To~!Ke 

8TOI'O TpeyroJibHH.Ka COOTBCTCTBYCT HCKOTOpaa TpCXTCJibHM CllCTCMa. HanoBCM CI'O 

TpeyroJibHHKOM CTa6H1lbHOCTH. 

Hallla 3a~a"'Ia COCTOHT B TOM, '9:T06bl Ha TpeyrOJibHllKC CTa6HJibHOCTll HailTll rpa

Hllizy 1 pa:3)J;CmilOJ.U.YIO ycToil"<IllBbiC li HCYCTOii"<IHBhiC COCTO.HHll.H TpCXTCJibHOii: CHCTCMhl. 

,Il_rui aToro paCCMOTpHM MOJICKYJIY (A,B,C) c CJI:HHll"<IHhiMH <lllCKTpH"<ICCKllMll oap.np;aMI11 

T.e. (qs = =fl ,qA = qc = ±1) n MaccaMn: MA ,Ms ,Me. Mea.n.H Macey op;aa:H "<Ia

cTifi(hi ( nycTb M B) npH !f>nxcnpoBaHHbiX naa"<ICHJUIX Mace p;pyrnx qacTlli( ( M A = canst , 

Ms = canst) H Bbi"9:HCJI.1HI aaeprn:JO OCHaBHOra COCTOHHllH IIO ¢opMyne (44), onpep;e

JIHM oaaqeane Macchi B- "'taCTH.IJ;hl (Ta.K aanbiBaeMyiO KPHTH"*fecxyro Macey), np:n: 

KOTOpai-l: CllCTCMa TICpCXO)J;llT OT CTa6llJibHOrO COCTaJIHHH K HCCTa6HJibHOMY, HJIH Haa-

6opOT. CTa6HJILHacTb )l;aHaaH cn:cTCMbl onpe)J;eJI.HeTcH OTHacn:TeJibHO Kaaarra pacrrap;a: 
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(A, B, C) => (A, B)+ C >mH (A, B, C) => (B, C)+ A. 8HepriD! crumn CHCTCMbi 

(A,B,C) BhPillCUiiCTCii no cflopMyJR.' 

( 46) 

rJ];e U KaK q,yuKIJ;U.H oT MB onpe)l;enaeTcSI Bblpa:a<::eHneM ( 44 ). KpHTWiecKaJI Macca ~m

cTHUbl B Bhl"'HCJUICTc.s: nn ycnoan.s i'::::iE = 0. 

flpe:aq~e BCCI'O OTMCTHM COOTBeTCTBYIOUJ;HMH TO'<!Ka.Mlf Ha Tpeyl'OllbHHKC HCKOTOp_hlC 

xopowo H3BeCTHble CIICTCMbl: (ppe-), (pe-e-), (e+e-c), (pe-p-) n (pee+). CHcTeMa 

(e+ce-) nny"leHa B [18,19] H xBmleTcH CBB3a.HHoil, a (ppe-) = H;J"-o6bl'iHhlii noR Mo

neKynhl aop;opop;a. CHcTeMa (pe_e_) = H- -HOH aToMa aop;opop;a HBJUieTca cax3al:l.Hofi 

[18,20], a (pe-f.C) HIDDieTCli HeCBHsaHHoH cHc't'eMoH [21]. OcTaeTc.a OTKpbiThiM aonpoc, 

CTa6JUibHa mm HCT MOJleKyna (pe-e+) ( rrop;po6HOCTH CM. B [14]). 

ilpHCTYIUIM K OTipe,D;CliCHlUO KpHTtPiCCKOft MaCChi Jl;llil TpCXTCJlbHOii: CUCTCMhl B, Ha

lllCM rrop;xo;a;e. Bee BhP-mcrremiH npoBo;o;snca no (f>opMyrre ( 44). 

!\{QITCKYJlbi (pe-e+) II (ppe-) O'J'ITH'IaiOTC.H MRCCRMII II03HTpOHa II npOTOHR. llccne

p;yeM cmepnno CBH3n cncTeMbl (pe-~+) KaK lf>YHKUHH oT Me- Macchi C-"'aCTHUhl, T.e. 

6yp;eM HOMCHHTh Macey Me B npep;enax OT me ;D;? mp. B peoynhTaTe OKa:JbiBaeTcn, '<ITO 

rrpii3Ha"ICHlUI MaCChi C-"!aCTlfil;bi Me= me HMCCM U = .901, T.e. (pe-e+) CIICTCMa JIB

JUlCTCii HCCTa6HJibHOi-l:, a npn Me = 1.945me napa.MeTp U = l.Q ll CMCTCMa nepeXO;r:J;HT 

B cTa6HJibHOC cocTOHHHC. ThKnM o6paooM, oHa'!eHne Macchi C-'IaCTIIUhi Me = 1.945me 

;D;JllJ cncieMhi (pe- c+) HBJiliCTCH KpHTII'ICCKOi-l: Maccoii:, HJIH rpaHnr~eii: nepexop;a OT HC

CTa6UJihHOrO K CTa6IIJibHOMY COCTOliHlllO. 0rpalU-I"<JCHIDI HR KpHTII'ICCKOe '3HR'ICHllC llif C 

;o,rrx crrcTeMhi (pe-e+) paccMoTpeHo.panHhlMn aBTopaMn. B "<IaCTHOCTH, B [22] nony"reHo 

BepxHee orpaHn"'leHHe: Me < 2.20me: a B pa6Jie [23) - HlOKHee orpamttiemre Me >-1.51me 

npii mP = oo. ProynLTaT [24] npH mp = oo rnacHT:Mc 2: 1.57me. B pa6oTe [14] rrorry

"'CHO orpaqerme Mc-2: 1.9me. 

MoJICKYJibi (pe-e+) H (e+e-e+) TaJOKC OTJII-I'laJOTCll TOJibKO MaCCa.Mll IJ03I-ITpoHa H 

rrpoToHa. PaccMoTpnM cHcTeMy (A+e- e+). llpn oHa"'eHnn Macchi A-"'aCTHUhl MA = mp 

cncTeMa HecTa6nJibHa, a npn MA = m~ CTa6nnhHa. YMeHbUian Macey A-"'-IacTnli.hi n,o 

MA = 4.35me, HMCCM U = 1, T.e. CHCTCMa (A+e-e+) CTRHOBHTCH crumaHHOll. B [14} 

;o;nH CI-IC.TCMhi (A+ B- B+) yCTaHoBJieH~ Hl-f)I(Hee orpamPieHne p;JIJI KpnT:wrecKoll Macchl 

-qacTHD;hl A: MA > 4.19MB. 

flpH orrpe)l;eiieHHH 3aBHCHMOCTH 3HeprHH OCHOBHOrO COCTOHHIDI CliCTeM (pe-e+) U (A+e- e+) 

oT Mace qacTHU C H A ycTaHOBJieHhi rpaHHUhi cTa6ll1IbHOCTH, T.e. Bhi"'IUcJieHhloHa"IeHHJI 

KpnTn"'eCKHX Mace ~n:H anrx cncTeM Me = 1.945me H MA = 4.35me. 8nt cncTeMhi 
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paccMaTpnBan:ncb B pa6oTax [14, 22-24], rp;e ycTaHOB;ITeHbl orpaHWICHHH Ha nHa"<ICHI:ur 

KpHTH'9:CCKHX Mace, 

Tenepb pacCMoTpHM MoneKyny (pp_e_) n noa aToMa BOp;opoJ~;a (pe-e-). 8TH cH

CTCMbi pannH"<IaiOTCH TOJILKO MaccaMH MJOOHa H aneKTpoua. Y:senH"<IHBaeM Macey B

"laCTH:o;bi B CHCTCMe (pB-c) . Ilpn ::IHa"<Iemm M 8 = 1.575m.,- )::VBI Macchi B-'-JaCTIIUbl 

napaMeTp U=1 . Ta.KHM o6paooM, p;nH (pB-- e-) :s:pnTWiec:s:oe :JHa"<IeHne Macchi paBHO 

lv.[B = 1.575m.,. B [14,24] p;mr MonexyJlhl (pB-e-) nony'leHbi KpHT:wiecxue oaw-Iemnr 

MaCchi M8 2: 1.57m.,. 

06paTHMCH K cncTeMe (A+ A-e-). B aToM CJiy"<Iae Macchl A-~mcTH:o; yBenn"<InBaeM 

o·T MA = m., p;o MA = mp. IlpH aToM KPHTH"<ICCKrut Macca oKa.oan:acb MA = 2.45tnc. 

ppe 

dt!" 

a 3 =0. 

•. 

6 ~ 7 .. 
. · .. 
.. 

10 9 pe e 

Cl't = 0. 

Pnc.1. '!PeyroJILHHK cTa6HJILHOCTH. CHcTeMa (pe-C+) o6rnma
'9:eHa TO"<IKaMH 1-Mc = 1.51m., , 2- Me = 1.57m., , 3 - Me = 1.9m., H 
5 - Me =· 2.2m.,, a npH Me = 1.945m., - KPY:iKKa.MH c HoMepoM 4. Cn
cTeMa (pB-e-)o15o3Hat:Ieua cooTBeTCTBeHHO TO'IKOHI9- MB = 1.57m.,, 

a npn MB = 1.575m., xpy:iKKOM - 10. CHcTeMa (A+e-e+) OTMe
~teHa TO"<IKoH 7 - MA = 4.19m., , a rrpH MA = 4.35m., Kpy:iKKOM - 6. 
(A+ A-e-) cHCTCMa o6<maa"<IeHa xpy:iKKOM 8- MA = 2.45m.,. · 
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ThKHM o6pa.."1oM.AJJII cncTeM (pB_e_) n (A+ A-e-) onpep;eneHhl 3Ha"':IeHn.li KpnTn

'-Iec:KirX Mace M 8 = 1.575m., u AfA = 2.450m~ . B pa6oTax [14, 24] ycTa.HoBneHo 

orpaHIJ"IeHJie Ha 3Ha'-IeHil.fl KpHTH'-:IeCKUX MaCC 3TllX CllCTeM. 

I)nmnu:a cTa6HJihHOCTU, rroJiy~IeHHasr no ¢opMyne ( 44 ), nuo6pa)f(eHa KPY)J(EaMn Ha 

Pncl. B [14,22-24] ycTaHOBJieHhl orpaHn"'eHna Ha OHa~rcHna KpHTU"<IecKux Mace cucTeM 

(pe- c+ ), (pB- e-) ;;r (A+ c- e+). Haunr penynhTaTbl cornacyiOTCJI c penynhTaTa.Mn ::nux 

pa60T. f'pmutu;a CTa6mlhHOCTH, ycTaHOBJieHI-HIJI B [14], U'306pa:JKeHa TO'<!KaMH Ha Pnc.l. 

BhlCOT<t TpeyrOJ!bHUl\:a K OCli 0: 1 = 0, Ha KOTOpoll mo6a.a MOJieKyJia CTa6HJibHa, HB

JIHeTCJI OCbiO 3apJI):lOBOii: CIIMMeTpiiil Tpex·reJibHOii CHCTeMbl. To~IKH Ha JICBoiJ ~mCTH OT 

OCH CIIMMCT:r}HH OTo6pa:tKalOTCK Ha rrpaayJO 'laCTb TpeyroJibHHKa . I!0:3TOMY iliiHIIJI rpa

HHUbi CTa6nnhHOCTII OTo6paJI\acTCH Ha npaayro '-IaCTh TpcyrmihHHKa. TaKHM o6pa30l'vi, 

BHyTpeHHM '-JaCTh TpeyrOJihHllKa, orpaHIPICHHrui 3TIIMU JIHHIIJIMH, HJ!1:1l.HeTC.fl 06JiaCThiO 

CTa6HJihHOCTII (eM. Ha Pnc.1)1 T.e. MoncKyna, COOTBeTCTBYlOlll.M mo6oii: TO'-IKe ::noli 

o6nacrn 1 .nBmreTc.s: CTa6UJihHOI~i. 

As Tophi BhlpaJKruoT 6naro;c;apHocTb B. B. BemreBy, C.H.BnHJIIJ;KOMY u J1.H.IloHoMapeBy 

oa rroneoHble o6cyJKp;eHIIJI. 
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