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0 

I, 

Oµ;IIH nil IIHTepecHhlx a'crreKTon aµ;na6a'l'n'!ecKoro npeµ;cTanrremrn cn.H
oaiI c ~Ot)HIIKHOBeHIIeM · KalI1I6pOBO'IHhlX rron:eii n Hepell!ITIIBIICTCK:IIX Marro:.: . 

.. II MHOro'!aCTII'IHblX KBaHTOllhlX CiICTeMax B oco6eHH0CTII if CB.lIOit' c ·oTKphl:.. · , , . . . . . / .. 
Tn:eM Bepp1I [1] reoMeTpll'IecKoii aµ;na6aTit'IecKoii <J>aohl. ,I(M1,Heiiwne 0Tanoi: 

1 
• 

patiBIITII}I TeOplIII onpeµ;erreHbl pa6oTaMII BIIlib'IeKa' II 3n [2],. ArapOH<>Ba 
II AHaHµ;ami [3];, BIIlib'IeK 1r 0 3ntnoKaOan:1I, 'ITO Hea6en:enhl 0q><peKTIIBHhle • . 
Karr1I6pono'!Hhle, nolI.H' nooHnKaIOT n. aµ;~a6aTII'IecKoii TpaKTOBKe MorreKylllip-· _: 
m,1£ CIICTeM C BhlpmKµ;eHHhlMII 0lieKTpOHHhlMII COCTO.lIHIIHMII/ Arapmfonu. 

· AIIaHp;aH o6o6~IIr.III II0)l;XO)l; BBeµ;eHneM Heaµ;na6aT1I'IeCKIIX Hea6erreBhlX reo-·• . 
MeTpII'IeCKIIX <pao. 'Oµ;Ho II0 crreµ;CTBIIH no~xoµ;a - BOOHIIKHOBeHIIe B MOlieKy-. 

-lI.llpHhlX CIICTeMax 0<p<peKTOB, 0KDIIDalieHTHhlX 0<p<peKTaM ArapoIIona.:. BoMa 
[4] ii: Xorrrra· [5, 16],· cnepxnponoµ;riM0CTII)IierrIIHeiiHhlx Jinrrtmn:ii; B -qacTHo·.: 
CTR, rrpn HalllI'IIIII'cyrrepcIIMMeTpIIII )l;lI.lI CIICTeM KalI!16pOBO'IHhlX ypanHeHinr · 
OCH0BHOe COCTO.lIHIIe .:. COCTO.lIHite BaKyyMa BhlpO)l()l;eHo H BO0MO)l(Hhl ycrro
BIIlI µ;rrH B03HIIKHOBeHIIJI a<J><f>.eKTon, rroµ;o6HhlX KBaHTOBoMy a<p<peicTy Xorrrra 
II HeCTaHµ;apTHOH CTaTHCTHKII. 

CynepcIIMMeTplI'IHM KBaHTOBa.H Mexamua IIOODOJUieT iiaxo;a;IITb .· To:.iiihle -
peuieHII.H )l;lllI WIIpoKoro Krracca oaµ;a'I, BKlIIO'IM MH<>r1Ie rio Moµ;eri:e:ii, 'norry
'!aeMhlX MeToµ;aMII o6paTHOH oaµ;a'III pacceHHIDI II npeo6paoonaHIIH ,I(ap6y · 
[7, 8]-' · B µ;aHHoii CTaTbe o6cy)l(µ;aeTc'JI 0606~e:a:1Ie cynepclIMMeTpiI'IHo:ii 

·-· · KBaHTOno:ii Me:xaH1IK11'Iia ciicTeMhl Karrn6poB0'IHhlX ypaniieHri [9, 10,•11], 
norry~aeMhlX 'n aµ;·ua6aTII'IeCKOM rrpeµ;cTanrreHHII: IlplI 0TOM IIOy'laeTCJI. no-

' • '< ,' ' . ,· , ' ' f ' •• 

npoc nneµ;eHHJI µ;orrorrHnTerr1,Horo CKall!IpHoro noTem:i;n:arra npn coxpaHeHIIII 
cyrrepCHMMeTpIIII. B O)l;HOMepHOM crry'Iae 2yrrepcIIMMeTprur Il~lilIOCTbIO orrpe~· 

I , \ • ' • 

µ;err.HeTC.lI MaTpm:i;eii cil:aruipHhlX noTeHI:i;HalIOB; T.e. oµ;ecb MO)l(HO CKa0aTb, 
'ITO cynepCIIMMeTpII.lI 'ii Karrrr6ponb'!Ha.H CHMMeTpII.lI He nepeMeWIIBaIOTCH. B · 

' ' • ' ' i 

TO }Ke epeMSI B MHOrm.iepHOM crry'Iae HalIII'IHe cynepCIIMMeTplIII MO)l(eT npn-
BO)l;IITb K BOO~IHKHODeHIIIO reoMe.Tpll'IeCKIIX <pao, KOT0phle no CJTII ~err.a. 6:EJlIII . 
Haiuicam,i A:rapoHOBhlM

0

II Kamepo~ n CT~Tbe' [12], .IIOCBJI~eHHOHII3Y'IeHIIIO · 
BhlpO)l()l;eHIDI OCHOBHoro ~OCTOJIHrur/raMl-1Ilb~~H~aHa ·.·. Ilayrrn, q,~o BIIllb~eKa'n 
3i . [2] II~:O~ Bhlpo~µ;emra YP.OBHeii, pa3lIII"qllhlX TOIIO~OrII'!eCKJIX: a<J><J>eiToB .. · 
Bc>OMO)l(H0 TaK)l(e BO~HIIKHODeHHe miaµ;n:a6aTH'!eCKIIX rebMeTpH'ICC~IIX qiao 
BCliel);CTDHe CIIHrylIHJ)HOCTeH BeKTOp _:, IIOTeHil;HaITa B: TO'IK'ax nepece'IeHII.ff. 

TepM0D .. 8To BTopo:ii acneKT IICClie)l;0DaHII.lI. . __ _;._ ' 



[) 
· Heµ;naroHaJII,Hhle :meMeHThl IIHµ;yn;npoBaHHoro onepaTopa CB.!InHOCTII A . . 

peammyroT nepexoµ;hl Me)Kµ;y cocTO.!IHII.!IMII napaMeTpII'lecxoro, 'l'aK HanhlBa-

eMoro MrHOBeHHoro ra.MlilThToHIIaHa H~ II reHepIIpyroT Heaµ;IIa6aTII'lecxIIe 

<panhl ArapOHOBa-:AHaHµ;aHa [3]. B pearrIICTII'leCKOll IlOCTaHOBKe Tpex'Ia

CTII'IHOll naµ;a'III [13, 14, 15] Heµ;IIaroHaJThHhle MaTpil'!Hhle :meMeHThl A µ;orr

)KHhl 6bITI, IlpIIH.!IThl BO BHIIMaHIIe, TaK KaK 6en HIDC HeBOIJMO)KHO npaBIIJibHOe 

perneHIIe naµ;a"III. Borree Toro,nonrre nepece'leHII.!I yponHeii aµ;IIa6aTII'lecxoe 

. npII6Jill)KeHIIe Hecnpaneµ;rrIIno. IIpII nepece'leHIIII µ;Byx IIJIII µ;a)Ke Tpex ypo

'nHeii BOIJHIIKaIOT CIIHrylI.!IpHOCTII Anm II, KaK . penyJibTaT' BhllJhlBaeMhle IIMII 
, I • 

.,.., .... _,., 

<patlhl. 3To µ;erraeT Heo6xoµ;IIMhlM nneµ;eHIIeii:;eoMeTpII'IeCKIIX Heaµ;IIa6aTII1Ie- · 

CKIDC MaTp~ B IlpIICYTCTBllII CIIHrylI.!IpHQCT_en- A ;Jl;OilOJIHIITeJibHO K <pat3aM 

ArapOHOBa - AHaHµ;aHa. <Panbl Beppu [1] norry'laIOTC.!I n aµ;IIa6aTII'leCKOM 

n:peµ;erre, KOrµ;a nepexO;Jl;aMII Me)Kµ;y pat3lI1I1IHbIMII COCTO.!IHII.!IMll npeHe6pe-

raIOT. 

Krracc TO"IHO pernaeMhlX naµ;a'l KBaHTonoii MexaHIIKII cyiuecTBeHHO pc1_c

rnIIp.!IeTc.!I npII IICilOJII,t3OBaHIIII MeTO)J;OB o6paTHhlX t3ap;a'l pacce.!IHII.!I II npe-

.. o6panOBaHIIll ,I(ap6y - KpaMa - Kpeiiaa [16, 17, 18]. B Hamme pa6oTax · 

[19, 20, 21] npeµ;rro)KeHhl o6o6meHHhle npeo6pat3oBaHII.!I BaprMaHa II ,I(ap6y 

- KpaMa - KpeiiHa, notlBOlI.!IIOIUIIe KOHCTpynpoBaTb B tlaMKHYTOM aHaJIIITII- · 

'leCKOM BIIµ;e HOBble cepIIII IlOTeHI~llaJIOB II COOTBeTCTBYIO~e IIM perneHII.!I 

ypanHeHII.!I' illpeµ;nlll'epa npn nepeMeHHhlX tlHa'leHll.!IX yrrroBoro MOMeHTa l 
II :meprnII E nµ;orr1, npoIItlBOJibHhlX np.!IMhlX JIHHIIii B (..X2 , E) - nrrocx_ocTII 

(..X = l + 1/2). B 'laCTHOM CJIY'Jae l = const OHII nepexoµ;.!IT B o6hl'!Hhle 

Bhlpa2KeHII.!I ;Jl;lI.!I perneHIIll II IlOTeHn;IIaJIOB 6apn.mHOBCKoro TIIna n noµ;xoµ;ax 

rerrb<paHµ;a - JleBIITaHa IIJill Map'IeHKO C BhlpO)K;Jl;CHHhlM .!I;Jl;pOM onepaTopa 

o6o_6meaHoro cµ;m1ra II B npeo6pat3oBaHII.!I Taxoro )KC TIIna npII E = const. 
B 0ToM CMhlcrre noµ;xoµ; µ;aeT o6o6meHIIe TO"IHO pernaeMbIX Moµ;erreii o6paT

Hoii 3aµ;a"III C TCM npeIIMJlUCCTBOM, 'ITO He llCilOJiblJYCT llHTerpaJibHhlX ypa

BHCHIIll o6paTHOll tlaµ;a"III_ II COOTBCTCTBCHHO He IICilOJibtlyeT B .!IBHOM Bllµ;e 

norrn:oTy Ha6opa co6cTBCHIJhlX <pyHKD;Ilii, Heo6xoµ;nMyro µ;lI.!I ee BhlBoµ;a, II 

·e To )f{e BpeM.!I .!IBJI.!IeTC.!I tlaMKHyToii arrre6pan'I(?CKoii npon;eµ;ypoii. Ilorry- . 

'leHHhle o6o6meHHhle npeo6panonaHII.!I BaprMaHa CB.!In~ c o6o6meHHhlMII 

npeo6panOBaHII.!IMll ,I(g,p6y noµ;o6Ho TOMY, KaK COOTBCTCTBYIOIUIIC IIM o6bl'l

Hhle npeo6panoBaHII.!I CB.!IIJaHhl µ;pyr c µ;pyroM. IIpoBeµ;eHHhle llCCJIC;Jl;OBaHII.!I 

µ;lI.!I ypaBHeHiiii illpeµ;IIHrepa c i::repeMeHHhlMII nHa'leHII.!IMll :meprnn n op6n

TaJibHOro MOMCHTa notlBOJIIIJilI npeµ;rro)KIITb TeXHHKY ~re6pa~~ecxnx npe-

. o6panoBaHlIH BaprMaHa n ,I(ap6y ;Jl;lI.!I ypaBHCHlIH 6orrce o6mero BII~a c <pyH-, 
,,,,, ..... · KD;llOHaJibHOH tlaBIICIIMOCTbIO B npanoii qaCTll ypaBHeHII.!I 

< \ ... : ,,!~,:, 

;·--~ ;1:::·, .~2:,{ "\'_';/'' :i 

I 

· - <fl¢.(,, r)/dr2 + V(R)</J(,, r) = ,2h(r)</J( 1, r), (1) 

HaXO;Jl;.lllUIIX npIIMeHCHIIC i3 aTOMHOH (pIIIJIIKe, TeopIIlI pacnpocTpaiieHII.!I :meK:

TpoMarHIITHhlX BOJIH: aKyCTIIKC, reo<pII~lIKC. II T.µ;. IIpII onpeµ;eJICHHOMBhlfiOpe 

_h(r) npeo6pat3onaHiI.!I_ BaprMaHa n .IJ:ap6y xax µ;rr.!I <pIIKcnpoBaHHhlX :ma'le

Hiiii E lI [ , TaK 'n ;Jl;lI.!I nepeMeHHhlX noliy'laIOTC.!I KaK 'l~CTHhlC crry'lall 3~IIX . 

0606meHHhlX.npeo6panoBirnuii·. · · · 

· 1 . CynepcHMMeTp:u:11 Ka.JIHopoBoqHbIX ypaBHeHHH. H 

reoMeTp:u:qecx:u:e HeaJ(:u:aoaT:u:qecx:u:e <pal3bL 

1.1 CynepcHMMeTpH.H KaJ.IHopoBO"IHhlX ypaaueuu:e: 
' . . ' . ~ 

llHµ;yn;upoBaHHhle xarru6poBO"IHbie noTeHn;narrhl ecTecTBeHHO BonHIIK~l()T 

·rrpn OIIIICaHIUCX l\BaHTOBOMexaHII"ICCKIIX CIICTeM, naBIIC.!IlUllX,TOllhKO ?T MC

µ;rreHHO IIIJMCH.!IIOIUIIXC.!I BHClllHIIX napaMeTpon .. 3To IIMee-:i:· MCCTO BO . MHO~ 

rux pearrbHhlX cncTeMax, rµ;e IIMelOTC.!I Meµ;rreHHhle II 61,1c;p1,1e cTenean · cBO:-

, 60µ;1,1 II Heo6xoµ;IIMO on;emITI, BlilI.!IHIIC Meµ;rreHHOII µ;1rnaMIIK:U 'Ha 6hlCTpyro 

n aao6opoT. Ilorrahl:ii raMIIJII>ToHnaa pan6nnaeTc.!I 'Ha µ;ne cocTaBJI.!IIOID;lle 

H =Hf+ H 8 , rµ;e Hf(R) - napaMeTpn'lec~oe ceMei'1cTBO 61,1cTphlx ;aMIIJib

TOHHaHoB. llcxoMa.!I BorriionalI <pyHKD;II.!I norraoro raMIIJibTOHIIaHa H. npeµ;~: 

cTaBJI.!ICTC.!I B nnµ;e panJIO)KCHII.!I uo co6cTBCHHhlM cpyHKD;II.ll:M cI>n(R;r) MrH~ 

BCHHOro raMIIllbTOHIIaHa HI np,n Ka)Kµ;OM <pUKCIIponaHHOM nHa'ICHIIII MC;ll;lICH~ ' 

_ \HhlX nepcMeHHhlX R 

w(R,r) = I:cI>n(R;r)Fn(R); 
n . 

Hf(R)cI>n(R;r) = En(R)cI>,.(R;r). 

IIoµ;cTaBlI.!I.!I pat3JIO)KCHIIC ( 2) B IICXO;ll;HOC ypaBHCHIIC illpeµ;nHrepa 

Hw(R,r) =_= Ew(R,r) 

(2) 

(3) 

(4) 

.. II ncnorr1,ny.!I cooTHOlllCHII.!I opToroHarrbHOCTII < n I m >= Dnm u. norrHOThl 

I n >< n I= 18(r-r') co6cTBCHHhlX cocTO.!IHIIII I cI>n(R) > raMIIllbTOHIIaHa 

' 
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Hf(R) npn q>nKcnp~BamihlX ::ma"IeHirnx R, norry"!aeM cncTeMy ypanHemrii 

', Karrn6pOBO"IHOro TlIIIa ;IJ;llH KO:lq>q>lID;lieHTOB pa::3lIO)KeHJill Fn 

~ 1/2[v'RJ - iA(R)]2 F(R) + V(R)F(R) = EF(R) , , (5) 

rµ;e F = {Fn} - KOlIOHKa-BeKTop panMepHOCTlI M, I - ep;lIHlI"IHas: MaTpnn;a, a 

, A H V ,-: neKTOpHas: n CKaJIHpHas: KOMIIoHeHThl x:arrn6pono"IHOro noJIH 

Anm(R) =< <I>n I iv'R I <I>m >, (6) 

• ' f ' 
Vnm(R) =< <I>n I H J <Pm > bnm +, 1/2 L AnkAkm 

ki:n,m 
+ < <I>n I ys I <Pm > • (7) 

YpaBHeHIIe (5) o6rraµ;aeT YHIITapno:ii KaJilI6poBO"IHOH ClIMMeTpIIe:ii 

U(M) - rpyIIIIhl. ,I(ira IIOlIHOro Ha6opa <I>n BTopo:ii "IJieH n (7) lIC"IenaeT, II, 

.eclll:I A He HMeeT cJ:IHryJIHpHocTe:ii, MO)KHO Ha:ii:Tn Karrn6ponKy ( "IJ:IcTyro KaJIII-

6ponKy), Korµ;a HaBep;eHHhlH BeKTOp-noTeHD;J:IaJI J:IC"IenaeT. B oµ;HoypoBHeBOM 

npn6lIJ:I)KeHlIII F(R) CTaHOBlITC1£ CKaJIHpHo:ii norrHono:ii qiyii'Kn;ne:ii. 

PaccMoTplIM BHa"Iarre oµ;HoMepHyro nap;a"Iy. Ilpeµ;cTaBIIM raMIIJibTOHIIaH 

H ypanHeHll1[ _(5) B q>aKTopnnonaHHOM nnµ;e 

n- = 1/2Q-Q+ , n+ = 1/2Q+Q- (8) 

C 

Q±=·±D+a(R), D=~R-iA(R). (9) 

OTc10µ;a crre,qyeT 

H± == 1/2{[ - D2 + a2(R)]I + a3(Da(R) - a(R)D)}; (10) 

V+(R) = V_(R) + Da(R) - a(R)D. 

3µ;ec1, 

0-3 = (~ ~1) · 
CyrrepCIIMMeTplI"IHhlH raMHJibTOHliaH (10) B ;IJ;BJXKOMIIOHeHTHOM 06onHa"I~

Hlil:I,IIepeIIH1IIeTC1£ c11e,qy10rn;HM o6panoM: 

(
H+ 0 ) 

H 8 = 1/2{Q-,Q+} = · 0 H- ' (11) 

~ 

4 

,l 

! 

' ' ' -J 

I • 

rµ;e Q- and Q+ onpeµ;eJIHIOTC1£ KaK o6bl"IHhle cynepcnMMeTplI"IHhle nap1lp;hl 

( 0 Q+) ( 0 0) 
Q+ = 0 0 . ' Q- = Q- 0 ' . (12) 

n OHJ:I JAOBJieTBOpj[JOT COOTHOIIIeHlI1£M arrre6phl cynepcI:IMMeTplIII 

Qt= Q2_ = [H8,Q+J = [H8,Q-] = 0. (13) 

EcrrJ:I rrpoIIrHopIIpyeM Heµ;nar0Harr1>Hble arreMeHThl rrepexoµ;a B cncTeMe ypa

BHeHJ:I:ii ( 5), TO IIOlIJ"IIIM ClICTeMy HeCB1£t3aHHhlX ypanHeHH:ii, T.e. ap;I:Ia6aTlI

"Ie~KOe rrpn6rrn)KeHHe. B aTOM crry"Iae cynepcIIMMeTprim,rii raMlillbTOHliaH 

( 11) rreperrII1IIeTC1£ n BI:Ip;e 

H 8 = 1/2{[-D2 + a 2(R)]J + a38Ra(R)}, ,(14) 

rµ;e a(R) cn1£naHo c V(R), KaK o6hl"IHO, ypanHeHHeM PHKaTTlI: a2(R) -
da(R) = V-(R). B rrpeµ;cT~JieHlIII noJIHono:ii q>JHKD;lIII ocHOBHoro cocT01£HU , 

a(R) = dRW norrHOBhle q>yHKD;lilI H+ and H- rrpII nponnnorr1>Ho:ii aHeprlIII 
,, ' . \ 

CB1£t3aHhlIIpeo6panoBaHlI1[MlI 

x+(R, E) = Q+x-(R, E) = [D + a(R)]x-(R, E) 
= Xo1(R)Wn{Xo(R),x-(R,E)}, (15) 

o6o6rn;arorn;lIMlI rrpeo6panonaHH1£ ,I(ap6y-KpaMa-Kpe:ii:Ha. 3µ;ec1, xo(R) - ilorr~ 

Honas: q>yHKD;Ilj[ OCHOBHoro COCT01£H1Ill H-, rrpeµ;cTaBJieHHoro B Blip;e . 
' . 

Xo(R) == Pexp{-i jRA(R')dR'}exp{- jRa(R')dR'}, (16) 

u o6o6rn;eHHhlH BJ>OHCKJ:IaH W n orrpeµ;eiui:eTC.ll "Iepeo KOBapllaHTHJIO_ nponn

BOp;Hyro 

Wn =::: {xiDx- -(Dxo)tx...:}, 

P o6onHa"IaeT ynop1l;IJ;O"IeHHyro :lKCIIOHeH,Ty. 
1 

,I(arree, CJiep;y1l [23, 9, 11], Mo)Kio npeµ;cTaBHTb Tpex- lilil:I µ;nyxMepHoe 

o6o6rn;eHHe (8)-(.16) ;IJ;llH,ClICTeM Karrn6poBO"IHhlX ypanHeHHH ( 5), KOTOphle 

OIIlIChlBaIOT Meµ;rreHeyIO ;IJ;llHaMJIKY HepellHTlI_BlICTCKlIX Cl:ICTeM . ( B "IaCTHO

CTlI, Tpex"IaCTH"IHOH ) n cyrrepcHMMeTpllIO p;llH HHX. Bnep;eM cynepnap1lp;hl 

crreµ;yrorn;HM o6panoM: , · , · 

-+ 1 ' + ·', 1 
Q = v'2r+aQ = v'2T+ ;:aµQt j 

Q- - . 1 Q- 1 "'"' Q-', = v'2r_a = v'2r+ 7aµ ;, , (17) 

5 



rµ;e.Q+; q-:- - 6rro'IHhle·2 x ·2 - MaTprrn;hI; cocTanrreHHhle, aHarrorrr~rno (13), 
II:J MHoroMepHbIX, MHOr~KaHaJII,HbIX reHepaTopoB cynepCIIMMeTpIIII q+' , q-' 
Koopµ;rrHaTHhle KOMIIOH~~Thl K<_:>Tophlx onpeµ;erurroTc.H n cooTneTcTBIIII c ( 9): 

Qt= ±Dµ + a,,w, Dµ·= 8µ - iAµ, (18) 

· T± = 1/2(a1±ia2), aµ(µ= 1,2,3) - cnmionbieMaTpIIn;hI Ilayrrrr. Torµ;a cynep
crrMMeTpII'IHhlll raMIIJII,TOHIIaH MO)KHO npeµ;cTaBIITh n nrrµ;e: 

. . 1 -+· _'._ -! (aQ+)(aQ-) . 0 ); 

HS= 2{Q : Q } - 2{ 0 (aQ-)(aQ+) 
(19) 

,Il;onorrHrrTerrbHO K cocTaBJI.llIOill;IIM H+ = ½Q+Q-,iI- = ½Q~Q+, OTBe'Ia
IOII~IIM O)];HOMepHOMY cynepCIIMMeTpII'IHOMY raMIIJibTOHIIaHy ( 8), n H 8 

( 19) 
nonHIIKaeT MaTpII'IHhlll TeHnop . . . 

F'µv = 8µAv - 8vAµ :- i[Av,A~] = f.vµlc Bk, (20) 

: : : OTO)Kµ;ecTnrureMhlll c MarHIITHhIM norreM, II crraraeMble a(v' Rw x P), noµ;o6-
Hhle 'Jmrn -.op6IITaJibHo~ 1cn.Hyn,µ;rur n;eHTparrbH~ nc:irre~ jz8RW(aL) .. [2~) . 
Ilpon;eµ;ypa ( 8) - ( 19) o6o6rn;aeT o6hl'IHYIO npon;eµ;ypy cynepc~MMeTpII'IHOll 
Hep~rurTIIBilCTCKOll KBaHTOBOll MexaHIIKII II OCHOBaHa Ha q>aKTOp1man;IIII IlOJI
HOro raMHJibTOHIIaHa ypanHeHH.H( 5). 0Ha nonnorureT reHepnponaTb_ 6orrb-· 
llIOll '. Krracc TO'IH<>- pelllaeMhIX Moµ;erreii: µ;rur ypanHeHnii: ( 5) n npn:cyTcTnnn 
Gq>q>eKTHB~hlX neKTOpHhI~ noTeJn;uarron. · · ' · ' < i , ' 

. J;lpoaHarrnnHpyeM noµ;xoµ; noµ;po6Hee, HenocpecTneHHO o6o6rn;a.H xopolllo 
: , . ll::l,B.eCTHYIO 31;1)];a'Iy )];Bll)KeHH.H nap.H)KeHHO:ii 'IaCTHIJ;hl CO CnHHOM 1/2 noµ; BO:J-

'-·' ,vi 1 A ' , • ' ! • ; ' O 

' .· 1 µ;enCTBIIeM Heoµ;Hoppµ;Ho_ro Mar_HH;THor~ lnorur,, Hcl;npa:nrrem~oro nepneHµ;Hey-
t , , • .· i· 

1 
.. , . 1 , · 1.1 ··,:.1 .. 1·, ,·: i ,. -t ,: ·r· 

. rurpHo K nrroCKOCTII )];BH)KeHH.H 'IaCTIIIJ;hl, [24, 12);' CyrrepcirMMeTpll.H B 0TOM 
crry'Iae O_CHOBaHa Ha TOM q>aKTe, 'ITO B µ;nyXMepHOM npOCTpaHCTBe raMIIJib
TOHilaH Ilayrrrr 

HP= l/2[-iV.,- eA]2- e/2Ba3 (21) 

~O)KeT 6bI"rb nanucaH KaK Knaµ;paT raMIIJibTOHHaHa ,Il;HpaKa (1i = c = m = 1) 

HP= 1/2(JfD)2, 

HD= ia_3V+~~A. · 

Onpeµ;eJIHM GpMHTOBbI cynepnap.ll)];bl Q; = Q;(x,y) 
. .. 

Qi = 1/2[a1(1rx - 8yW) + a2(1ry + 8xW)), 
Q2 ·=: 1/2[a2(rrx -8yW)- a1(1ry + 8xW)) 

6 

. (22) 

(23) 

•, !-,! 

j 

I 

·1 

! 

c µ;onoJIHllTeJibHbIMII CKaJIJipHbIMll q>yHKIJ;II.HMII 8Wµ no cpanHeHIIIO c KJiaccn:
~iecKoii: naµ;a'Ieii: ( 2i) - ( 22). B MHoroKaHaJibHm,1 'crry'Iae aµ;mt6aTII'IecKoro 
noµ;xoµ;a W ( x, y) n rr µ cn.H:JaHhI c KonapIIaHTHoii: npomJn~µ;Hoii: ~ cooTHOUJe
HIIeM 

rrµ = -iDµ = [-i8µI -Aµ) 

c MaTpIIn;eii: Aµ onpeµ;erureMoii: II:J (6). Cynepnap.H)];hl Q; )'AOBJieTBop.HIOT Ha-
6opy cooTHOUJeHIIii: cynepcnMMeTpn'IHoii: KBaHTonoii MexaHIIKII BIITTeHa 

[Q;,Q;] = 8;;H and [H,Q;) = 0, 

(i = 1, ... ,N). 
(24) 

B paccMaTpIInaeMOM crry'Iae i = 2. KaK 06bI'IHo,nneµ;eM HeapMHTOB~ cynep
::mp.H)];hl 

q+. 

q-

1 I . - y2 -Q2 +iQ1), 

- 11 - y2 -Q2 - iQi). (25) 

MaTpII'IHbie cynepnap.ll)];hl q+ n q- npeµ;cTaBIIMbI KaK 6JIO'IHhle 2 x 2 - Ma.:. . , . 

TpIIn;bI 

q+ = ;,.r+[(irrz +8xW) +(rry-i8yW)) =· ;,.r+[Qt- iQt], 
v2 v2 · 

Q-= }ir_[(-irrx+8xW)+(rry+i8yW))== ~L[Q;+iQ;), (26) 

COOTBeTCTByroi.p.ne ( 17). licnoJib:JY.ll HX, KOHCTpynpyeM cynepcm.1MeTpH'I-:
Hhlll raMIIJibTOHnaH 

H8 = 1/2{Q+,q-} = 1/2 (q+oq- · q-oq+) 

= ½{Q+,Q~} + 1/2a3[Q+,Q:_],
0 

(27) 

a cynepnap.ll)];hl q+, q- )'AOBJieTBOp.llIOT. COOTHOUJeHil.llM arr~e6pbI cynepCIIM-
MeTp~n ( 13). · . · .. · . · . · .. · . · .. , . _· . 

. CynepnapTHepbI H+ =: 1/2(Q+q-) ~ H- = 1/2(q-q+) rar.UIJibT~~IIIaHa 
H8 (27) npeµ;cTaBHMhl crreizyrorn;IIM o6panoM: 

H+ = 1/2[QtQ; +QtQ; + i(QtQ; -QtQ;)], 
H- = · 1/2[Q;Qt + Q;Qt- i(Q;Qt-Q;Qt)]. 

7 

(28) 



llcIIOlll,tlYJI orrpeµ;erre:~IIDI { 26), rrocrre npocThlX ripeo6pimonaHIIII faMJillhTO-
'HIIaHhl H± MO::iKHo rreperrncaTh n JIBHOM 1mµ;e '· · · · 

4- . . • .• 

H+ = 1/2[1r; + 1r~ +. i(1r,,1ry -1ry1rx) + (8,,W)2 + (8vW)2 

+(i1r,, + 1ry)(8,,W + iavivl + 8,,W1ry-8yW1r,,J,, 

-;;:, - ' H-~1/2[1r;+1r;-~i(1l'x1ry:.._1ry1r;)+(8,,W)2'+ 

(8vW) 2 + (-i1r,,+ 1ru)(8,,W -i8vW) + 8,,W1ry~ 8vW1r,,]. (29) 
• • • I • 

IIepeIIIIIIIeM 0TII•COOTHOUieHIIJI B 6orree yµ;o6HOM p;ll.ll aHalIIItla BIIµ;e 

""""I' 

'H+· =1/2[1r+1r- + (8,,W)2 + (8vW)2+ 

. 1r+(8,,W - i8yW) + ~,,W1ry -_8yW1r,,]; 

H- = 1/2[1r-1r+ + (8,,W)2 + (8vW) 2 + 
1r-(8,,w:+i8vW)+ 8,,W;y-8yW1r,,J. (30) 

3hech1 IIpIIIDITO BO 'n11iIMaHIIe. a 6@'IHOe o:ripeµ;en:e:aIIe neapMIITOBhIX ·cyrreptla

p.llp;OB 
7r+ = ( +i?l'x + 7ry) , 11"- = (-i1l"x + 7ry), 

rrpoIItlnoµ;.HLQnx MaTpII''IllhIH ana~or r~MIIllhTO~II~~a· Ila;~II (21) 

HP= 112·{;+ '7r-} = l/~(111r)2 

co CKall.llpHoii rroTeHD;II8:llhHOH MaTpm::i;eii 

Y=Fµ,,113. 

, -~ , . ';. 

(31) 

KaK crreµ;yeT IItl co'oT:e:orneHIIH ( 26), rrpII W(x,y) = 0 neapMIITOBhl cyrreptla-
1 pKp;hl Q+ II Q- rrepe:x:op;.lIT B 7r+ II 7r ... , a cyrrepcIIMMeTpII'IHhlll raMIIllhTOHIIaH 
·J;27) H8 :a'epexoµ;IIT B Hv; 8To 0KBIIBalleHTIIO' upIIHD;IIrry MlIHIIMallhHOro 
BKlIIO'IeHII.ll · BtlaIIMo;o;eiicTBII.ll c arreKTpoMarHIITHhIM rrorreM KaK c KarrII6po
BO'I~hliI. A.:· EclIII BCKTOpHhlll IIOTeHiJ;naii'A/= o; ~b:c~OTHbllleHIIH (' 23) -
( 27) rrerKo :p:~rry'IaeM ,BlITTeHo~ceyro K(!HCTPY.K~ro. [25] cynepcmri.re-rpWI- · 

'HOil ':ii:BaHT0130ll M~aimKII 13 ~ByMepHOM
0 

rrpocTpaHCTB~' [23] ·' 8To CTaHOBHTC.lI. 
O'IeBII;IJ;HhIM, ecrrII reHepaTOphl i1r; n+iry tlaMeIUIIOTC.H ia'o6M'IHble '"la~Tm.Ie 
npOIItlBOp;Hble n ypanHeHII.lIX (-29),( 30). TaKIIMp6p~oM, COOTHOllleHII.ll ( 23) 

; :-- ( 28) npeµ;cTanll.llIO.T ecTecTBe_HHoe 06061.Qe11ne,nII-i:T~noncKoii KOHCTpyKn;IIII 
~-· ' ; . , ', ~ • . '~,~ ' '~. 

8 

p;ll.ll CllCTeM. KarrII6pono'I~hIX ypanneHIIH n µ;nyMepHOM rrpocTpaHcTBe'.' 'Ipex:' 
MepHa.ll MOp;ellh. cyrrepCIIMMeTpII'IHOll KBaHTOBoii 'MexaHIIKII p;ll.ll CIICTeM. Ka
lIII6poBo'IHhIX ypanHeHIIll rrorry'IaeTC.lI rroµ;o6HblM o6panoM IItl COOTHOUiemrii', 
(17) ;. ( 19). . .; . 
. . IlpII npIIMeHeHIIII TaKoro noµ;xoµ;a K oap.IDKeHHhIM 'IaCTIUJ;aM cc>' CllmIOM · 

1/2 TaK HatlhIBaeMhlll CIIlIH-4llIIIIIII aqiq>eKT IIMeeT MeCTO npII oµ;iionpeMeHiIOM 
IItlMeHeHIIII KOOp;IJ;IIHaTHOll tlaBIICIIMOCTII BOlIHOBhIX q>yHKD;IIH, KOrp;a: reliepa.:. 
TOphl q+ II,Q- ( 25) nepeBO;IJ;.lIT COCTOJIHIIJI _. cynepnapTHepbI ;o;pyr'n ~pyra:. 

. X+ = Q+x_ II X:-. = Q-X+··: 

EcrrII x .:..u3 _. co 6cTnennoe cocTo.iJIIIe '( 27}, To·· 
' ~" ·' ' I , -. . . . ., , , 

. X+u3 =[(ia3(1r,,"--8yW)+(1rv+8xW-)Jx...:u3 ; ··C ~:,(32) 

Hyrrenoe co6cTBeHHOe COCTO.lIHIIe Xo = X-0-3 raMIIllhTOHIIaHa H- p;Oll::iKHO 
_aHHIIrIIrruponaThCJI Q~ .. ,._ .. , ,· ; 

• ' < • ..., .~ I" 

.. ; 9\~o =173 {[82;_-:- i(r!x + 8vl-f,)] + ( -:i8v -Av.+ 8,,iv)fxo ~ q'. ,. ':.J33) 
. . . 

JlerK!) Terrepb' Bnµ;"eTb; 'ITO n aµ;Ii:a6aTII:.iecimM rrpej:~'t:i'aniieHIIII{2}.:( 5) Mhl 
rrpn:xo~IIM K. xoporno. IItlBeCTHOll CIITJaiimr, "ycTaHOBITeHHO~ . [12]:. oa10BHOe. 
COCTO.ffHIIe' raMIIllhTOHIIaHa H..c. ·c 27) Bblpo::iK;o;eno, np~eM "IBCITO iiyrre:al',ric 
Mop; orrp.e;o;ell.lleTc.lI Ii:nµ;e:itcoM i'eopeMhl ATIIa'·_ C:iHrep,{ · · <·: · " ' ' ' ''' 

xo(x,y! = f(x,y)Pexp{-a3 J.f B,,y(x,y)dx~y}, .(34) 

r;o;e MaTpII'IHhlll, TeHtlOp Bxy rrpe;o;cTaBll.lleTC.lI _B BHµ;e : 

13rcv(x,y)~,Fxv(x,y) ~ (~ft i8v)(8,,lf(_x,y)_·; i_avW(x,11)) ''{35) 

Ii q>ynKD;IDI f(x;y) y;o;omieTBop.lle'!' ypanHenmo 

(8,, + ia'38y)f(x,y) = 0. 

Crre;o;onaTelll,HO, B iipIIcyTcTBIIII W ( ~, y) qiy~~IIJI' f ( i, y) - 'n;err~ <l>YH~ 
KD;II.ll (x + ia3y), KaK ~pe::iKµ;e [12] c W(x,y) = 0, II, Kax· petlyllhTaT,· TaK)Ke 
IIMeeM BbipmK;o;enIIe.ocnonnoro coCTO.lIHIIJI; IlpII'IeM KpaTHOCTh BbipO::iKp;eHIIJI 
eyrreBhIX Mop; p;ll.ll 'IaCTIIJ:J;hl, µ;nII::iKyLQeiiCJI ~o BHernneM Kaim:6pono'IHOM none, 
CB~tlaHa C TOIIOlWrlI'IeCKHM ~IIClIOM N, orrpe;o;err:s:e:M'bIM xax: rionep:xiiod:iirii' . 
~Terparr OT MaTpII'IHoro TCHtlopa B,,y(x;y) · ·,· · :,,,, 

ff B,,y{i;'y)dx dy = :21r(N + E), o <' E < 1'. (36) .. 

·9 



.. 
3µ;ec1, N onpep;elL!leT xpaTH0CTb BhlpO)Kp;eHIU[ co6cTBeHHhlX cocTO.S:HIIH Hy- ./ 

, . . 
rrenoii ;meprIIII, a €, no cyTII µ;erra, - reoMeTp1Piecxrur q>ana, xoTopyro MO?l(HO 
Hanna Tb_ q>anoii ArapoHoBa., Kawepa. EcrrII € = o,.-noTox; onpep;elL!leMblH xax 

. panHIIn;a o6bl'IHoro noToxa <l> = J J Fxy(x, y)dx dy 11· µ;o6ano'!Horo CKalL!lpHoro 
· noTeHI:Uiarra <1>-. W = J JBzy(x,y)dxdy, KBaHTOBaH, 11 MO)KHO ronoplITb o 

KBaHTOBOM. aq>q>eKTe Xorrrra lI HeCTaHp;apTHOli CTaTlICTlIKe B µ;nyxaTOMHblX 
ClICTeMax. 

Tenepb TpIIBliallbHO yn11p;eTb m}. ( 34) lI ( 35), 'ITO npIICYTCTBIIe cxa
lL!lpHoro noTeHn;IIarra MO)KeT npIIBop;IITb K YMeHbWeHIIIO IIlIII µ;a)Ke coxpa~e
HIIIO norro)KIJTerr1>Horo lIHp;exca N II, xax peoyrr1>TaT, x cnoHTaHHoMy Hapywe
HIIIO cynepclIMMeTpIIII. Ho q>axT npIIcyTcTBII.lI _IIlIII oTcyTcTBII.lI BhlpO)Kp;eHII.lI 
BCllep;CTBIIe cynepCIIMMeTpIIII He; IICKlIIO'lae~ p;pyrIIX reoMeTpII'leCKIIX q>an, B 
'!aCTHOCTII q>an BeppII, [1] mm Heap;IIa6aTlI'!eCKllX q>ao-Arapomiiia - AHaH
p;~l.Ha (3, 22].· 

1.2 I'eoMeTpH'Iecxue <1>aobl 

: ·. Oco6blll miTepec npep;cTaBlLIIIOT crry'lan nepece'!eHIU[ no;eHD;llallbHblX 
KplIBhlX, K0TOphle IIpIIBOp;.lIT x CIIHrYlLIIPHOCT.lIM xarrn6pOBO'IHOro BeKTOpHoro 
noTean;narra: A. Ilpn HalIH'IIIII CIIHryll.llpHOCTeii A BO0HJIKa:ID,T HeTpIIBIIall~
Hble .· reOMCTplI'leCKIIe_ q>anbl B BOlIH0BblX 4>YHKD;IlllX Xo .. n, crrep;oBaTellbHO, 
x(R, E), onp~p;elL!leMblX npn nponoBollbHhlX aHeprllllX ( 15) 

: o=½ifcA(R)dR. (37) 

3Tn q>anbl p;Oll)KHbl 6b1Tb IIpIIH.lITbl BO BHIIMaHne µ;onOlIHJITellbHO K y)Ke onpe,;.· 
µ;erreHHhlM reoMeTplI'lecxnM qiaoaM. 
. PacCMOTpIIM HeCK0llbKO npocTblX npnMepoB OAHOMepH0li. oap;a'III. Ilpn 

. . 
a(R) == 0 (nrrn, 'ITO TO )KC, W = 0) p;Ba cynepCIIMMeTpll'l1IhlX napTHepa 

. op;HOMepHoii oap;a'III, xax crreµ;yeT II3 ( io), COBnap;aroT B OTlIII'IIIe OT N- -
MepHoii, N ~ 2, T.e. cynepciIMMeTprui B cy~ecTBeHHOM onpep;elL!leTc.s: cxa- · 
lL!lpHbIM noTeHD;IIalIOM a(R).: ·. 

· II~cTb -~( R) ~'. ~iA( R). Torµ;a 

v+(R) = 1/2[-A2 -'- i8RA]; v-{R) = 1/2[-:-'A2 + i8RA] ·. · {38) 

,I(lLII yµ;o6cTBa·~plIH.lITO o6o;~a'leHIIe: f)R = ;Jk. YpanHeHIIe {5} c y:qeTOM (38) 
· nepermmeTc.s: crreµ;yro~HM o6panoM: · .· 

-1/2(8R -iA(R))2x + l/2['..,.A2 =f i8RA(R)]x == Ex, {39) . 

IO 

1 • 

. \ I 

··1 

i' 

'ITO COOTBeTCTByeT ypaBHeHll.lIM 

- l/28kx+ iA(R)8RX =: Ex;, 

.:...1/28kx+ i(8RA(R) + A(R)8R)X == Ex, :{40) .. 

KOTOpbIC npep;cTaBllMbl n q>aKTOpIIOO~aHHOM BIIp;e ( 8) c cynepoap.s:p;aMlI, . 
onpeµ;err.s:eMblMII no q>opMyrraM (9) 

Q- = :-8R + iA(R) + a(R) = -8R;: 

Q+ = +8R - iA(R) + a(R) = f)R - 2iA(R) . .. . {41} 

B op;HoKaHallbHOM crry'lae A(R) 'IIICTO _MHIIMO. Ecrrn xo(R) - ocHoBHoe co-> 
CTO.sIHHC ( 40) raMIIllbTOHIIaHa H-, To Q+(R) ero p;OlI)KHO ymI'ITO)KIITb 

Q+xo = o nrrn (8R - 2iA(R))xo(R) =:o. 

OTcIOp;a·IIMCeM 

R R . 
· {42) xo(R) = Pexp?i j A(R')dR' = Pexp-2 j a(R')dR'; 

. ··R• . · 'R0 ' . 

. BcnOMIIHaJI mipep;erreHIIe KalIII6pOBO'IH~ro rrpeo6paoona~II.ll 

R . 
U(R,,R0

) = Pexp jA(R')dR', 
R• 

Bllp;IIM, 'ITO IlOlIY'IIIlIII npoCTOli_ npnMep TO''-IHO pew~eMOli MOp;emi, Korµ;a Ka
rrn6poBO'IHOe npeo 6panona~me c TO'IH0CTbIO µ;oxoaqiqimi;neHTa COBnaµ;aeT c 

· q>.YHKn;neii ocHoBHoro cocTo.s:H1ur xo(R). · 
Ilpn ll3Y'!CHIUI CB060µ;1_10ro p;BII)KCHll.lI B N,-'MepHOM npocTpaHCTBC B_ ~q>e-. 

prr~ICCK0H napaMCTpII0aD;IIII (Rf X: SN ;-l) BBCp;CHIIC reoMeTpH'ICCKOli q>aO_bl < 
Heo6xo~IIMO- p;lLII y'leTa p;eq>eKTa napa.M;eTp1man;1m · npocTpaHCTBa cq,epu'Ie:.. 

· CKIIMII xoopµ;IIHaTaMII II no.s:BlICHll.lI ncrrep;cTBIIe aToro oco6o:ii TO'IKII·B 11a11arre. ·. 
xoopp;uHaT. YpanHeHIIIO ( 39) oTne'!aeT A(R) = ivH:-1 · (v = (N-1)/2), rµ;e 
B COOTBCTCTBIIII C ( 38). 

v+(R) = v(v - 1)/ R2 
, .Y-(R) ·= v(v + 1 )/ R2• 

<l>aobl onpep;elllllOTC.lI corrracHO CO.OTHOWCHIIIO ( 37) : · · 

· 8+ = (1rv)i2'; ~- = 1r(v+ 1)/2. 

II 



13. TpexqacTJI'IHoii oaµ;a:-ie; paccMaTpIInaeMoii npII rn:nepcq>epII'IecKoii na.:. 
paMeTpno~ npocT:paHCTBa, B TO'IKe Tpoii:Horo CTOlIKHOBeHIIJI BOOHJIKaeT 

-. .; u . \ ., . 

aHaJIOrlI'Im,rn: CIIHrylI.llpHI>III IIOTeH~IIaJI II COOTBeTCTBYIOI..Qall qiaoa, OTBe'Ia-
IOI..QHe v = 5/2. Boo6I..Qe ronopH, cnnrylI.llpHOCTII A(R) He 06.HoaTeJihHO pac

. noJio)KeHI,I n Ha'Iarre xoopµ;irnaT R = 0,II q>yHK~IIOHaJihHall oan_IICIIMOCTh A(R) 
··· MO)KeT 61,1Tb 6orree CJIO)KHOH. HanpIIMep, ecrrn 

A(R) =i[If(R)/(R-ib;) 
j 

(43) 

c ·rrraµ;xoii q>ynK~IIeii J(R), nMeIOI..Qeii aHaJIIITII'Iecxoe npoµ;orrJKeHJie B KOM- · 
nrreKcHyro nrrocxocTh R, TO 

, 8= ;i"f;,f(ib;). (44) 
] . 

Ilpn f(R) = 2R lllIII J(R) = (R + ib;) reoMeTpIIqecxaa cI>aoa orrpeµ;eruieTCH 
. crreµ;yroI..QIIM o6paooM: 8 = 1r '£; b;. Boo6I..Qe ronopH, R µ;orr:lKHo 6h!Th OTMac

WTa61Ipona110 II 6eopaoMepHo. Torµ;a nIIµ;Ho, 'ITO 8 µ;ruI qeTHhIX oHa'IeHIIH b He 
MeHHeT OHaK, µ;ruI He'IeTHhIX MeHHeT, T.e. aTo - HeK0Top1,1ii anarror aqiq>eKTa 
ArapoHona - BoMa. . 

BepHeMcH K paccMoTpeHIIIO 6orree CJIO)KHOH oaµ;a'III, cnHoaHnoii c ypan:e:e
HIIJIMII ( ~);( 6). Heµ;JiaroHaJihHhle arreMeHThl An,m(R) ~< nliV Rim> pearr~-. 
oyroT rrepexoµ;1,1 M'eJKµ;y paollll'9:HI,IMJI co6cTneHHhlMH cocTOHHIIHMH 6blcTporo · 
raMHllhToHIIaHa Hf. IIpn:6llll)KeHIIe aµ;n:a6aTH'IHocTn oµ;ech HerrpIIMeHIIMo, n 
oco6eHHOCTII, n OKpecTHOCTII TO'IK:n: rrepeceqemra TepMOB. IIepermweM Ma
TplI'IHI,Ie aiieMeHThl Haneµ;eHHoro nexTopnoro rroTeH~Jiarra ( 6) n µ;pyroM nnµ;e 

' Anm(R) =i< <I>n{R;r) l8RHl(R) I <I>m(R;r)> 
. . •· . En(R):- Em(R) . ' 

(45) 

· rrorry'IeHHoM B peoyllhTa Te µ;n:<pq> epen~IIpOBaHIIJI ypannenIIJI ( 3) no R n:. n:~-
rioJihO OBaHIIJI CO.OTHOWeHHH opTOH,opMHpO~KlI 6aon:CHhIX qiynxw1ii _<I> . .. 

Brrorrne oqenn:µ;no, 'ITO, xorµ;a TepMhI En(R) rrepecexaroTcH HlllI KBaD!fIIe: 
peceKaIOTCH B HeKOTOphlX ~O'IKax R ~ Rm ' B MaTpII'IHI,IX aJieMeHTax .A~m(R) 
BOOHIIKaIOT cnnryrui:pHOCTII, OTBeTCTBeHHhle oa reoMeTplI'IeCKIIe q>aohl. Yµ;o6no 
nne_cTH MaTpmzy reoMeTpn:qec~n:x qiaoon~x q>aKTopon · · ·-

Sn.~= explm(f Anm~R)dR). - (46) 

B. naweM crryqae norryqaeM 

Sn,m = exp1ri:ERes < <I>n(R;r) i 8RV(R,r) I <I>m(R;~) > 
---. m En(R) - Em(R) 

(47). 
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EcJIJI HeIIOlIHhIH Ha6op, <I>, npIIHHT BO BHIIMaHIIe, BeKTOp COCTOHHIIH onpeµ;e-· 
JIHeTCH na n- MepHoM noµ;npo~TP?-HcTne ( n + m) .= M- MepHoro rJIJih6ep-roBa 
npocTpaHCTBa, BTopoii 'IlleH n ( 7) He IIC'IeoaeT n IIH_~IIpyroTCHHeTpIIBII-

. . . ' J 

aJihHI,Ie KaJIII6pono"IHhle nolI.ll. Torµ;a IIMeeM qiao1,1 ~eppn . 
' n. ._ · n ''. · ; · 

8ii = :E·f Ai;A;i = :Ef < <I>i i 8R I <I>;>< <I>; I 8R I <I>i > (48) 
#i #i . . 

aHaJiorlI'IHO [1]. IloHBlI.llIOTCH TaK)Ke reoMeTpII'Iecxne q>aoLI, CBHOaHHI,Ie C. 
Heµ;n:arOHaJihHhlMII aJieMeHTaMII aq>q>eKTIIBHOH Ma.Tp~ BeKTOp :.. IIOTe~lI
aJIOB .Aii:(R) = Ai;(R)A;k(R) . B aTOM crryqae rryqwe ncrrollhoonaTh reoMe- . 
TplI'IecKyro "S - MaTpn:ey" ( 46) · · · · ·· 

n 
sik = exp 1ri L 

#i,k 
Res 

X 

< <I>i(R;r) i 8RHl(R;r) I <I>;(R;r) > ·· 
. .X 
· . . .Ei(R) - E;(R) 

< <I>;(R;r) i 8RHl(R;r) I <I>k(R;r) > 
E;(R)-. Ek(R) . 

: .. (49) 

B rrocrreµ;HeM . crryqae BOOMO)KHO rrepeceqeHIIe µ;a:lKe Tpex TepMOB B oµ;Hoii' 
TO'IKe. lITax, OTMeTHM, Iiea6erreBCK8.ll, Hea6aTH'Iecxrui',qiaoa IIpOHBlI.lleTC.ll 
µ;a)Ke T<>rµ;a, xorµ;a TOlThKO paµ;HallbH8.ll 08.BlICIIMOCTh ~eeT MeCTO. IIp~'IIIHa. 
oaxJIIOqaeTcH n HaJIH'IHH A(R) cIIHryruipHocTeii.• Kalill6poBo'IHOe ripeo6pa-

R . . . . 
oonaHJie U(R, R 0

) = f A(R')dR' He IICKlIIO'IaeT_ IIX, n OHII rrpoHBlI.llIOTC.S: B 
. R• . ·. ·- . . . , .. 

CKaJIHpHOM IIOTeH~HaJie aHaJIOrlI'IHO Hen:cqeoaroI..QeMY BIIxpIO BeKTOpHoro no- . 
Ten~n:arra B N - Mepno,~ rrpocTpaHCTBe Meµ;rreHHhlX rrepeMeIIIlhlX. · 

Ilpn:. cneµ;eHIIII MHOrOKaHaJihHOH ClICTeMhl KaJIH6poBO'IHhlX ypanHeHri. x 
CIICTeMe·lIO KOHe'IHOro 'IlICJia MO:lKeT 6bITh,IIOlIY'IeHa ClICTeMa HeCBHOaHHhlX 
a<p<peKTIIBHI,IX ypannenn:ii (26] nn:µ;a 

{µ(R) d~µ-,- 1(R) fr+ µ(R)(P2
- V(R))}w(R) = ~. (50) 

c neHyrrenoii µ;IIaroHaJihHoii cn.s:oHOCTLIO 

.J = diagA(R) = i/2µ(R)fR·µ- 1(R);· "•--

rµ;e 

µ....:l(R) = 1- (2M)-1 ~- Ai;(R)Aji(R) · · · · · ·· 7' Ei(R) _:EJ(R) 
_ (51) . 

. . ' .. 

BrroJIHe O'Ienn:µ;na IIplIMeHIIMOCTh oµ;ecb q>OpMJlI ( 48), ( 49). 
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I1 pH ()_TCYTCTBlilI ClIHryruipHoro IIOBep;eHrur µ- l ( R), "'IT~ cnpaBep;rriIBO B p;arru 
.o.T nepece-qeIIB.H TepMoli; ypaBHenrni ( 50) c·110MoII(bIOiipeo6p<i:JoBaHrur Jlny
BIIlIJIH IIpep;CTaBlIHIOTCll B Blip;e ( 1) 1 lI )J;lIH HlIX, KaK lI )J;lIH ypaBHeHrur ill pe

-']J;lIHrepa, MO)KH<> K<>HCTPYIIPOBaT.& To"'!Ho pernaeMLie Mop;errn, crrep;oBaTerrLHo,· 
.• norry-qaTL perneHrur B :JaMKHYTOM aHaJilITlI'IeCKOM Blip;e. 

2 Oooo~eHHhie anreopaH'1:eCKHe npeoopaOOBaHH.S: 

'BaprM~~a . .:.· ,IJ;apoy 

. Ocyrn;ecTBlIM arrre6pan"<Iecxne npeo6pa:JQBaHrur ,Il;ap6y - KpaMa - Kpe:uii:a 
· n BaprMaii:a p;lIH ypaBHeHlIII 6orree o6rn;ero Bn:µ;a ( 1), "<IeM ypaBHemra Illpe

·- µ;nnrepa, 

- d21jJ(r) +V(r)?/J(r) +~(l 11)1/J(r) = E?jJ(r). 
dr2 . · . r · . (52) 

CooTBeTCTByIOrn;IIe arrrr6palI"'!CCKIIe npeo6pa:JoBaHII1[ p;lIH ypaBHeHlIH illpe
)];lIHrepa KaK C IIepeirnHHhlMlI :JHa"<IeHllilMII :meprIIll E II op6lITaJILHOro MO:-

. ~~H~a i'. T'a'K .II C . q>lIKCIIpoBaHHhlMII E lI 1 ecTecTBeHHhlM O 6pa:JOM norry'Ia- .. 
·ioT~.H xax -qacTIThie c~y-q~ npII. onp~µ;erreHHoM -Bhlfiope perylIHpHoii :Ja IIc- · 
KlIIO'IeHIIe~ TO'IKlI r = 0 q>yHKQlIII h ( r) .' • ·· ·· · · · . 
-;. . ' . .. ' -· ' ' _ .. 

2.1 ' Ilpeo6paooBaIIH~ ,Il;ap6y . 

Byp;eM IICIIOlIL:JoBaTL TexHIIKY, npeµ;cTanrreHHyro B pa6oTe [20). PerneHIIe 
ypaBHeHrur ( 1) c .• HeKOTOphlM nepBOHa'IarrLHO HeII:JBeCTHhlM '. IIOTeHQIIalIOM 
V(R)6yp;eM ncxaT.b 'Iepe:J II:JBeCTHhle perneHrur.ypanHeH:rui: ( 1) c II:JBeCTHhlM 
IIOTeHQlI8.lIOM V 0 (R) B TaKOM 2Ke BIIp;e 

¢(r,E,>.) = y(r)W{y0 (r),¢0 (r,!J,>.)}, (53) 

rµ;e W{y0 (r),¢0 (r,E,>.)} - BpOHCKIIcm q>yHl(QIIH,Y0 II ¢0
: 

W{y0 (r),1>0 (r)} = y0 (r)d¢_0 (r)/dr:.... dy~(r)/dr ¢0 (r), 

xa~ II p;lIH o6I,I-q:Horo ypanneH~ illpeµ;rirepa ( 52). \To111,xo Tenep.h q>YHKQIIII 
y(r) II y0 (r) yp;oBrreTBop.HIOT ypaBHCHIIIO ( 1) c V(R) II V 0 (R), COOTBeT- ·, 
CTBCHHO, npn HeKOTopoM Bhlp;err~HHOM :JHa"<IeHIIll 1 2 = ,'2, KOTopoe Mo2KeT 
~;BC'IaT.b CB.ll:JaHHOMY cJ~TO.llHIIIO·. B ypa~HeHIIII ( 1). , 2 IIMeeT CMhlClI 0HCp-

- rIIn c KO:lq>q>IIQII~HTOM h(r), :JanlIC.ll~IIM OT xoopµ;nnaTHOH nepeMeHHoii. IlpII 

14 

I 
~~ 

0TO}d q>yHKQllil h(r) )J;OlI2KHa yp;oBrreTBOp.llT.b o6rn;IIM Tpe6oBaHrurM, npep;'.b.ll
BJIHeMhlM x noT~HQIIaJI.hHOH q>yHKQIIII n TeopnII pacceJIHrur [27). ,Il;oMH02KM 
ypanHeHne ( l)p;ll.ll y0 (r) C II:JDeCTHhlM IIOTeHiiIIaJIO¥ .V0 (R) Ha </>0

(,, r) -·q>yn
KQIIIO 'npri npon:J~OlI.bHOM 'Y, a ypanHeHIIC p;lIH </>0

(,, r) - Ha y0 (r) II,Bhl"'IIITM 

pe:JylI.hTlipYIOrn;IIC Bhlpa2K~Hrur, IIOliy-qIIM 

dW(r)/dr = h(r)(,'2 - 12)y0 (r)¢0
( 1,r). (54) 

Haiip;eM BTopyro npon:Jnoµ;Hyro d2¢(,,r)/dr2, ncnom,:JyJI_onpeµ;errenIIe ( 53) 
II COOTHOilleHIIC ( 54)? . 

d2</>(,,r) _ d2y(r)W{ 0 ( ) <Po( )} + (. )d[h(r)y0 (r),¢
0

('.Y,~)] . 
dr2 - dr2 y r ' 1 ' r y r dr 

+ 2d~~) h(r)y0 (r)J0
( 1 , r). ·• 

IlpIIHIIMM BO BHIIMaHIIe ypanHeHIIe ( 1) p;ll.ll y(r) lI ocyrn;ecTBlIH.ll _Heo6xoµ;n-, 

MhlC npeo6pa:JoBanrur, norry'IIIM · 

d
2
~~~,r) = [V(r)-,'2h(r])y(r)W{y0 (r),¢0

( 1 , r)} 

. +2d[y(rJ;°(r)] h(;)<Po(,, r) +d~~) y(r)yo(r )<Po(,, r). 

+h(r)y(r)W {y0 (r), ¢0
( 1 , r)}. 

Hcnorr.h:Jy.ll onpeµ;erreHIIC ( 53), nepe_IIIIIlICM 0TO COOTHOilICHIIe B Bnp;e ' . 

d2 
(dr2 - V(r) + h(r),2)¢(,, r) = 

2h(r)dy(rJ;,°(r) </>0
( 1 , r) + y(r)y~(r)d~~)</>0

( 1 ,r). (55) 

BnorrHe o"<IeBnp;Ho, ycrronIIe o6parn;eHrur npanoii -qacTH To2Kp;ecTna ( 55) H HYlih 

d Id 
dr Iny(r)y0 (r) = 2 dr lnh(r) (56) 

IipIIBO)J;IIT K TOMY · q>aKTY, "'ITO fPYHKQllil </>( 'Y, r), OIIpep;eJIHe~a,H COOTHOilIC- , 
HIICM( 53), yµ;onrreTBOp.HeT ypaBHCHII~ ( J). YclIOBIIC ( 56) C,OOTBC'J:'.CTByeT. 

1 
y(r) = Jh(r)yo(r) 

(57). 

· Torµ;a c y-qeTOM onpeµ;erreHrur ( 53) pernemre ypanHeHrur ( 1) npn npou:Jnorr.h

HOM :JHa"'!CHIIII , 2 :JaIIIIIlICTC.H crreµ;yrorn;nM o6pa:JOM: 
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'P(?~ r,) ~ . . 1 ·. . ·. . ·; . \ 
· · Jh(r)yo(r) W{~ (r),<P~(-y,r)}: (?8) 

Haii:AeM Tenep1, B fil!HOM nn;a;e Bblpa)Kemie ;D;llll IlOTeHI~narra V(r) 'Iepe~ .~o~' 
BecTm.ie q>y:ax~ 'h(r),y0 (r), V 0 (r). Ilcnom,oyeM COOTimuiea:ne(57) n ypa-: 
BHemm ( 1) ;D;llll q>ymm;nn y( r) · · · · 

. ! '. 

V(r) = iPy(r)/dr2 +h(r)-y'2 == 2(dy0 (r)/dr)2- d2y0 (r)/dr2 
· · y(r) • · · y0 (r) · y0 (r) 
;dy

0

(r)/dr dh(r)/dr + hy2 _ 1 d2h(r)/dr2 ~(dh(r)/dr)2 
y0 (r) · h(r) · 2 h(r) + 4 · h(r) · 

Ilpeo6pao0IihlBruI 'aTo B~pa)KeHne C y'leTOM paneHCTB ' 

2(dy
0

(r)/dr)2...,. <f2y0 (r)/dr2 = _,. 2(dy0 (r)/dr)' + d2y0 (r)/dr2 
yo(r) . . yo(r) yo(r) yo(r) , 

d2y0 (r)/dr2 _ vo( ) _ h( ) ,2 
() 

- r r 1 , yo r 
. norry'IIIM OKOH'la Te]II,HO 

V(r) = V~(r)-2Jh(r)dd[ ~dd lny0 (r)} +·Jh(r)d·<fl2 J 1 . (59) 
.· · •. · · · · ·. r yh(r) r r h(r) 

Jie;~o· Te~ep1, noxaoaT1>, I(aK cooTH'orne~Rll ( 58), ( 59) nepexop;.llT n co-
·.OTBeTcTnyio~ne COOTHOllleHII.ll [20) ;D;llll npeo6paooBamra ,I(ap6y B (.\2,E) -
nrrocxocTn. B crryqae, xor;a;a ::ma'leHII.ll :meprnn En op6nTarr1>Horo MOMeHTa 
l noMeH.llIOTC.H n;a;o111, npon:3no111,HblX np.RMblX rrnHnn: n ( .\2, E) - nrrocxocTn 
( X = l + 1/2), .T.e. BblIIOIIH.lleTC.R ycrronne · 

· aE +bl(l.+ 1) = aE0 +bl0 (1° +1) =0 

co~si, (60) 

· 'pa;a;narr1>Hoe ypanHeHne IIIpe;a;nHrepa .( 52) .. MmI<:eT 61,1T1, oanncaHo n nn;a;e 
[31): · . 

. d2 l0 (l°+l) 
. --:- [dr2,+V(r) + . r2 . -E0 }1/J(r,E,l) = -y2h(r)1/J(r,E,l). .,. (61) 

3;a;ec1, E 0 II [0
~ IICK~TOpble. q>IIKc'iipo~~e 'oHa'leH~ :nieprn:II II op6IIT~- . 

Horosyrnonoro MOMeHTa. Jlerxo nponepIITb, 'ITO.IIpII 0TOM _cnpanep;nIIBO pa-
'• BeHCTBO 

-y2_h(r)·= (E;...; Eo) + ,Xo2-: ,X2_, 
r2 . · '(62)' 
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· IIoiiaraJI 

· ··:, h(r) = a+br2 · ar2 , · 

···.i:' 

(63) 
·;•t ,:·;..> / ,;~, 

IIO COOTHOllleHlIH ( 59) II ( 58) TOT'l1tC IlOlIJ'laeM aHaITIITII'leCKl:Ie COOTHOllle-
HII.R CB.ROll · 

, ·r 
¢(r, E,:.\). = yo(r)J,1 + ar2 W~~~-~)'. ?o(r, •• ~,,.X),}i:. 

. ' , ... 
(64). 

, v( r) = V0
( r} .- 2J"r~: 1 

:: !J r,r;~1 ! lny~(r )h ;~;:~,;;: /65} 

c.ri == b/a. Ik~on1,oy.ll.( 63)•II (60) n-( 6i), -y2,Mo)KH~-np~~~;r~IITb IIlIII 
KaK q>YHKD;IIIO E' IllIII KaK q>yHKD;IIIO .\2, B oannCIIMOCTII. OT Toro, :KaKa.R ,Il3 

,I ,, •••• ' & 

nepeMeHHblX n1,16npaeTc.R a:eoanIIcnMon: Ha np.llMOII n ( )..2, E) - nnocKOCTII, 

: onp~;a;eiµr~MOII napaMeTpaMII a ,II b . . 
, ' • , . . , ' • I , ,~ •. ·, 

12(E)=(~-Eo)%; 'Y2()..)::=:().~2'""",X2)'. ·.r ; · (66) · 
' , I_ ', J , '

0 
• r • • , , • •, • :, ; • > • ••, ~ \ / ; • ,--:• • ,• 

B cTaT~.RX [29}, [30] <pyHKD;Il.ll h(r) onpeµ;erreHa n_nIIµ;e: . , · . 

h( ) - a +br2 
r - r2 . '(?7) 

Torµ;a, xax cne;a;yeT IIO (62), 
: • f / ~ 

. ' ~;(E) ~ (E-E 0 )};. ,i(~) ~ (->.~2·_-;2)¼-· 
0KoH'laTe111,HblII peoyn1,TaT, oµ;Haxo, He_ oanIIcII; OT n1,16op~ h(r) n mi:µ;e · . 

::( 63), (67) Illlll 
h(r) = a +br2 

br2 ' 
ecnII nponeµ;eHo cornaconanIIe c ( 62) II. { 60). , 
. . Pac_CMOTpIIM crry'lan: <plIKCIIpOBaHHoro l, ).. 2 · = ).. 02 • Ifo cooTHorneHII.ll. ( 62) 

'CJie~e~,pasen~~BO , 2h(r)'= '(E-:E0
). ·cpa1nih~rui 'ero C nep,n~ R3 ( 66), 

'fl{)~y':.iae11 h(r) ~ b/a =:= canst.' c· TaKIIM h(r) B:hlpa)KeHII.R';a;rui IlOTeII~iurn II 
p~rneHillI ( 59) II ( 58) nepexoµ;.RT B COO~HOIII~HII.ll · . . .... '' . '' 

d2 . 
V(r) = V0 (r)..:. 2-lny0 (r): · dr2 . • ·-

. \ ', . 1 . ' . ,,'. ';. 
¢(r,E) ~ yo(r) W{y 0 (r);¢~(r,E)}, 
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npII a = 00 II YClIOBlIII, y 0 (r) -:/= 0 Ha OTpeaKe a < r < b, norry'IeHHI,Ie Htl 
o6bl'IllhlX npeo6pa:JoBaHIIii .D:ap6y - KpaMa - KpeiiHa. B crry'Iae <J>xnccIIpo
Bamrnii aHeprlIII- E = E 0 ,h(r) = 1/r2. IIop;cTaBlllUI 0TO h(r) B ( 59) II ( 58), 
llOJIY'IaeMnpeo6pat30BaHIDI.Il:ap6y . 

V(r) = vo(r) -i[frr fr lnyo(r)]' 

</J(r,>.) = yo(r) W{y0 (r),</J0 (r,>.)}, npII A-:/=).' 

)];llil ypanHeHWl illpep;IIHrepa npII E = const._ 

(70) 

(71) 

KaK 'IaCTHhle ClIJ'IaII patllIII'IHoro Bhl6opa h(r) MoryT 61,1T1, paccMoTpeHhl 
BapIIaHThl npeo6pa30BaHIIH npII HaJIII'IIIII KylIOHOBCKIIX CIIll II KYlIOHOBCKOH 

. KOHCTaHThl cnsmII "C". Ilorraras: npn l= const, HanpHMep h(r) = (a+br)/r, 
npII yclIOBlIII 

aE +be= aE~ + bc0 = const, 

II3 ,COTHOllleHIIii ( 59) II ( 58) TOT'IaC norry'IaeM aHaJIIITII'ICCKIIe Bhlpa)KeHII.H 
CB113II )];llil llOT~Hn;IIarra II pemeHIIii. 

Ilorraras: h( r) = r-1, norry'!aeM TO'IHO pemaeMhle Mop;elIII, IIccrrep;onaHHhle 
B, (28), C nepeMeHIII,IM arreKTplI'IeCKHM 3ap11p;OM npII q>IIKCIIpoBaHHhIX yrrroBOM 
MOMCHTe II aHeprlIII. 

2.2 Ilpeo6paoonauRJ1 BaprMaHa 

'· Byp;e~ IIcKaT1, pemeHfil ypaBHeHII11 ( 1) B 6orree o6m;eM no cpaBHeHIIIO c 
( 53) BIIp;e: , 

·M 

¢(,, r) = ¢0
(,, r)- LYµ(r)W{<p0

( 1µ, r),¢0
( 1 , r)}, (72) 

µ 

rp;e <pyHKD;lIII 

Yµ(r.) = y(r,,µ) ~ Cµ</J(,Ji,r). 

, . IIaiip;eM Y~lIOBfil, npII , KOT<>phIX <pyHKD;fil ¢(,, r), orrpep;eruieMas: ( 72), 
. yp;onrreT~op11eT ypanHeJIIIIO ( 1). · Ilpon;ep;ypa aHarrorlI'IHa rrpep;rro)KeHHoii B 
[19, 21] . .Il:Ba)K)];hl npop;mp<pepeHD;IIpyeM ( 72). Y'IIIThIBall ( 54), IIOlIY'IIIM 

' ' . ,,,· ' 

· ... iP¢(,,r) 
~ 

iJ:l<jJo(,,r) _ ~{iflyµ(r)W{</Jo(,µ,r),</Jo(,,r)} + 
dr2 ~ dr2 

( ) d[h(r )</Jo( 'Yµ, r )</Jo(')', r )] + 2dyµ(r) h(r)</Jo( 'Yµ, r )</Jo( 'Y' r) }. + Yµ r dr dr 
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Ilpeo6pa3yeM 0TO Bhlpa)KeHIIe C y'IeTOM ypaBHeHilll ( 1)· )];llil·Yµ(r) II orrpe~ 
p;erremra ( 72) 

iP . . . 
(dr2 -V(r)+h(r),2)¢(,,r) = 

. M. . . 

-2I;: { h(r) dyµ(r~</Jo( 'Yµ, r) 
µ. dr . 

[-V(r)+ V0 (r)]¢0 (,,r) 
. o .. ' dh( r) 

0 
• 

+ Yµ(r)</J (,µ,r)-----ar}</J (,,r). (73) . 

<l>yHKD;Illl ¢( 'Y' r) Y)];OBlleTBOp1IeT 'ypaBHeHIIIO ( 1) rrpII O 6pam;eHIIII npanoii ' 
'IaCTII IIOClle~Hero _COOTHOllleHilll B HYllb. 3To YClIOBIIe 0KBIIBaJieHTHO: 

V(r), = V~(r)- ~{2h(r/Yµ(r)!;(,µ, rY+ Yµ(r)</J 0 {,µ, ~l~~)}. 

(74) 

PemeHIIe Yµ(r) C IIOTe:Hn;IIalIOM (,7 4) orrpep;ell1IeTC11 II3 ( 72) C IICIIOllbtlOBaHIICM 
CB113II yµ(r) = Cµ¢(,µ, r) 

'' ' . M .. 

Yµ(r) = E C11</J0 ('Yv, r)P;,}(r), . 
1,l : :, : l,: ·,t-75) 11 

II 

rp;e 
f Pµ'{(r) =,= Dµ 11 +C~W {¢0 {,µ, r ), ¢ 0

(,~, r)}. 

Ilop;cTaHOBKa ( 75) B ( 74) II ( 72) IIO3BOll1I~T p;aTb orrpep;elleHII11 IIOTeH:QIIalla II 
cooTBeTCTByrom;nx eMy pemeHIIH 'Iepen II3BCCTHhle <pyHKn;nn h( r) II peiueHfil · 

. t~?'. r) : .. ' 'i .', 
,· I,,' 

't 

V(r) == V 0 (r) ~ '2Jh(r)dd [ ~dd lndetP(r)] ·, (76) ' 
r yh(r) r . , 

MM 
¢(1, r) = <p0

( 1 , r) - EEC11</J0
( 111, r)P;,}(r)W {¢0 {,µ, r), ¢0

(,, r)}, (77) 
µ II 

JierKo Terrepb, I1CllOllb3Y11 o6m;ne <J>opMyllhl ( 76) II ( 77) )];ll11 ypanHCHIIB 
. ( 1), 'iiorry'IIITb rrpeo 6pan·onamra 6apn,rnHoBcKoro Tuna · 

J(l + ar
2

) d [· r d lndetP(r)]; 
V(r)=V

0

(r)- 2 r_ dr J(I+ar2)dr · (78) 
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¢1(r,E) - ¢1(r,E) 
MM . 
LLCv¢0 (r, Ev, ,\v)P;-µl(r) W {¢

0

(r, Eµ, ,\µ), <p
0

(r, E, ,\)} 
µv ~-& • 

(79) 

µ;llll noTC~aJIOB ,II peweHn:ii ypaBHCHWl illpeµ;IIHrepa ( 52) II ( 61) c ~epeMCH

m,n,m ::ma'lCHllilMH :meprIIII II op6IITaJibHOro MOMCHTa Bµ;Ollb npom3BOllbHbIX 

Ilp11MbIX ITHHmi B (."2 ,E) - nrroCKOCTII [19), (21) . .Il:llll 3Toro µ;ocTaTO'lHO 

npmra~1, B ( 76) II ( 77) h(r) II3 ( 63). IIpeo6pa3oBaHlI.ll 6aprMaHoecKoro 

Tlma KOHCTpynpoBa.JIIICb TaK2KC B pa6oTax (29), (30). B nepBOH II3 HIIX, 

. KaK II B (19), (21) ocy~eCTBlICHbl an:re6paH'ICCKIIC npeo6pa30BaHllil, BTOpaH 

OCHOBaHa Ha o6~eii: q>opMyrrIIpOBKe 'o6paTHOH 3aµ;a'IH [31), [32] npII nepe

MCHHbIX l II E. Tax )KC npocTo, q>IIKc11py.ll yrrroBoii: ~oMeHT l 111111 0uepi:;mo E, 
norryqlITb II3 cooTuoweHIIii: ( 76) 11 ( 77) Bblpa)KCHllil BaprMaua µ;rr.ll 3aµ;aq c 
q>lIKCIIpOBaHHbIMII l 11 E, norrarrur h(r) = b/a II h(r) = 1/r2, COOTBCTCTBCHHO • 

Iloµ;xoµ; rellbq>aHµ;a - JleBIITaHa llllll Map'IeHKO C BblpO)Kµ;CHHbIM .llµ;poM 

onepaTopa o6o6~euuoro cµ;B11ra. K(r, r') norryqaeTC.ll np11 uaµ;rre)Ka~eM Bbl-

6ope rpaHII'IHbIX· ycrroBn:ii. B noµ;xoµ;e rerrbq>aHµ;a - JleBIITaHa, pa3pa6oTaH

HOM µ;llll peryllllpHbIX peweun:ii, BpOHCKIIaH B.ypaBHCHII.llX( 76), ( 77) Bblpa

)KaCTC.ll crreµ;yro~M o 6pa3oM: 

r 

. W{¢0
( 1µ,r),¢0

( 1 ,r)} = (,i-,2
) f.h(r)¢0

( 1µ,r')¢0
( 1 ,r')dr'. (80) 

O• 

B iioµ;xoµ;e Map'leHKo, 1Icno111,3yro~eM peWCHllil MocTa, BpOHCKIIaH 3an11c1,1-

BaCTC.ll B BIIµ;e 

00 

W{f 0 (,µ, r), !°(,, r)} = (,i- 12) j h(r)f°(,µ, r')J°(,, r')dr'. (81) 
r 

Y'llITbIBaJI COOTHOWCHII.ll ( 80) llllll ( 81) B ( 77), norryqIIM 

¢(1 , r) = ¢0
( 1 , r) . 

MM ·· ~ • . 
LLCv¢0 (,v, r)P0}(r)(,i- 1

2 ) j h(r)¢0
( 1µ,.r')¢0

( 1 , r')dr', 
µ V . OW 

(82) 

rµ;e Pvµ(r) TO)KC nepeIIIIWCM B HHTerpan:bHOM BIIµ;e 
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r 

" ,, 

t:~, 

r(oo 

Pvµ(r) = bvµ,+Cµ(,i ~,2
) I h(r)¢0 (,µ,r')¢ 0 (,,r')dr'. 

O(r) 

Tenepb BnOlIHC 0:'fCBIIµ;Ho, 'ITO B COOTHOWCHII.llX (72), ( 75) - ( 77) noµ;¢ noµ;-. 

pa3yMeBaIOTC.ll lII06ble peweHII.ll: peryll.llpHble, HOCTOBCKIIe, 3aµ;a'lll illTypMa

JI11yBIIllllll, B o6~eM, IIpOII3BOllbHbIC µ;o TeX nop, noKa He Bb16paHbI onpeµ;e

lICHHble rpaHII'IHbIC ycrrOBII.ll 3aµ;a'III. 

3aKJIIO'qeHHe 

.IJ:auo o6o6~eHIIe TCXHIIKII an:re6paH'ICCKIIX npeo6pa30BaHIIH µ;llll ypaBHC-' 

HIIH ( 1) C q>yHKD;lIOHallbHOH 3aBIICIIMOCTbIO OT KOopµ;HHaTbl B crraraeMOM C 

3HeprIIeii: µ;onolIHIITCllbHO K nOTCHD;IIaJibHOH q>yHKD;IIII. B 3aMKHYTOM BIIµ;e 

nolly'ICHbl COOTHOWCHII.ll CB.ll31I µ;llll nOTCHD;llaJIOB II COOTBCTCTByro~X HM 

pewem1ii:, 0601:.u:aro~IIe cooTBeTcTnyro~e q>opMy111,1 6aprMauoBCKorb 1:10µ;-. 

~oµ;a. "9:acTHble crryqaH TaKoro . noµ;xoµ;a - npeo 6pa30BaHllil. c nepeMeHHbIMH 

II q>IIKCIIpOBaHHbIMII 3Ha'lCHllilMH 3HeprIIII, op6IITallbHOro MOMCHTa II eyrro

HOBCKOH KOHCTaHTbl CB.ll3II. 

IIorry'leHHbIC B paMKax cynepCIIMMCTpII'IHOro noµ;xoµ;a COOTHOWCHllil µ;llll 

ypaBHeHIIH c Kan:II6poBO'lHbIM noTeHD;IIaJIOM no3BOllllIO; reuepIIpoBaT~ · Ho

BbIH Krracc TO'IHO pewaeMbIX Moµ;erreii:. Oco61,1ii: HHTepec npeµ;cTaBllllCT pa3~ 

BIITIIC npeµ;m>)KCH~IOro noµ;xoµ;a µ;llll KOHCTpyIIpOBaHllil Moµ;erreii: C CIIHryllllp.:. 

HbIMII noTCHD;IIallaMII II HCTpIIBIIaJibHbIMII TonorrorII'lCCKIIMII q>a3aMII. 

PacCMOTpCHHbIH noµ;xoµ; OTKpbIBaeT HOBbIC B03MO)KHOCTII µ;~ nocTpo~, 

CHWl TO'IHO pewaeMbIX MOp;erreii:, norre3HbIX p;llll IIHTepnpeTan;IIII oco6eH

HOCTCH noB,ep;eHlI.ll noTCHD;IIaJibHbIX KpIIB1,1x; CB.ll3bIBaeT IIX c conpeMeHHoii: 

reoMeTpII'IecKoii: TpaKTOBKoii: TeopIIII pacce.llHII.ll B TepMHHax paccrroeHHbIX 

rII111,6epTOBbIX npocTpaucTB. X0Terroc1, 61,1 oTMCTIITb, 'ITO np11 HaJIII'lIIII cy- . 

nepcIIMM~TpIIII p;llll CIICTCM KaJIII6pOBO'lHbIX ypaBHCHn:ii, OIIIICbIBaIO~ MC

µ;rreHHYIO p;IIHaMIIKY KBaHTOBOMCXaHII'lecKIIX CIICTeM, nooHHKaIOT reoMeTpII

'lCCKIIe q>a3b1 II B03MO)KHl,I TonorrorII'lCCKIIC 3q>q>CKTbl. Heap;IIa6aTH'lCCKIIC re

OMeTpII'ICCKIIC q>a3bl, µ;ono1IHIITe111,Hble K q>a3aM ArapoHona, AHauµ;aua no3..: 

HIIKaIOT II3-oa cIIHryll.llpHOCTeii: HHp;yn;IIpoBaHHoro onepaTopa CB.ll3HOCTII A 
B TO'IKax nepeCC'ICHllil TCpMOB. 
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Cy3bKO A.~. P4-92-367 

Cynepc~MMeTp~R, reoMeTp~YecK~e ttea~~~6aT~YecK~e 
¢a3~, a~an~T~YecK~e peweH~R 

's ABYXaTOMH~x C~CTeMax 
. . 

BBOARTCR HeaA~a6aT~YeCK~e reoMeTp~YeCK~e ¢a3~ AO~ 
nonH_~TenbHO K ¢a3aM ArapOHOBa · - AHaHAaHa, 8O3H~Ka~~e 
BcneACTB~e C~HrynRpHOCTe~ HeA~arottanbH~X .sneMeHTOB Ha
BeAeHHOro onepaTopa CBRiHOCT~ B TOYKax nepeceYeH~R 
TepMOB. ~ccneAY~TCR ripo6n~M~ cynepc~~MeTp~~ c~cTeM Ka-_ 
n~6pOBOYHblX ypastteH~~' CBR3aHHblX C BBeAeH~eM CKanRpHbl_X 
rioTeH4~anoB -~ reoMeTp~YBCK~M~ ¢a3aM~. Pa3pa6aT~Ba~TCR 
o6o6~eHH~e anre6pa~YecK~e n~eo6pa30BaH~R 6aprMatta, 
na~6y. . 

Pa6oTa Bb1nonHe_Ha B na6opaTOp~ii, TeopernYecKo~ ¢~3~
K~ o~sm. 

IlpenpHHT Om,e;uwemwro HHCnnyra 11;:iepHblX HCc.,e;ioaaunii. ,lly6m! 1992 . 

nepeBoA·asTopa 

Suiko A.A. P4-92-367 
• Supersymrrietry; Geometric Nonadi abati c . 

Phases, E~act Solutions in Diatomic Systems 

It is shown that the nonadiabatic geometric phases 
are generated.in addition to the Aharonov ~ Anandan · 
.ones. The extra geometric phases are produced by A- · 
'singularities of the nondiagonal elements of the con
. necti on operator A ari s-i ng ·due to crossing of potenti -
_,al curves. The problems are jnvestigated of the super~ 
'.symmetric extension fo~ the system of gauge ·equation~ 
connected with intr"oducing and··changing scalar and 
vector pot~ntials and geometric phases.-Generalised 
Bargmanri~.Darboux algebraic transformations are el~~ 
borated. · 

The investigation has been performed at the Labora
tory of Theoretical Physics, JI NR: · 
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