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Pa3pa6oTaHbl TO'IHO pewaeMble MOAe1111 Tpex'lacTH'IHOH 33Aa<111 pacceA

HHA B 3A11a6arn<1ecKOM nOAXOAe Ha OCFiOBe a11re6pa11<1eCKl1X 06O61.J..1eHHblX 

npeo6pa3osaH11i1 6aprMaHa - Aap6y. B 3aMKHYTOM BHAe nocTpoeH Knacc 

ABYXl..leHTpOBblX cqiepOHAallbHblX noTeH1..111a11OB 11 COOTBeTCTBYIOIJ..IHX HM 

aHan11T11<1eCKl1X peweHHH B 33Aa<1ax pacceAHHA AllA 6blCTpOH OOACHCTeMbl 

c napaMeTp11<1ecKoH 3as11c11MoCTbt0 OT aA11a6aT11<1ecKOH nepeMeHHOH. AaHa 

cynepc11MMeTpl1'1HaA TpaKTOBKa 3A11a6aTH'leCKl1X ypasHeHHH Ka11116pOBO'I· 

Horo T11na, no3sonAto1.J..1aA reHep11posaTb HOBl>IH Knacc TO'IHO pewaeMblX 
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Exactly Solvable Three-Body Models with Two-Center Potentials 

Exactly solvable models of the three-particle scattering problem In the 

adiabatic approach are developed on the basis of algebraic generalized Barg

mann - Darboux transformations. A class of two-center spheroidal poten

tials and the corresponding analytic solutions in the scattering problem for 

a fast subsystem which depends on the adiabatic variable as a parameter are 

constructed In a losed form. Supersymmetric treatment of gauge adiabatic 

equations is given which allows generation of a new class of exactly solvable 

models In the three-body problem. Analytic solutions are constructed for 

a slow subsystem of equations. 

The investigation has been performed at the Laboratory of Theoretical 

Physics, JINR. 
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·1. BBe,1J.emrn 

l1IH H3yqeHHH npo~eeeoB B3aHMO,ll.8tteTBHH B eHeT8M8 Tpex 

qaeTHI.{ M .EopHOM O1rno tipe,ll.110lK8HO Meno J!1> 3OBaTb M8TO,ll. a,1J.Ha-

6aTHqeeKoro pa3110lK8HHH[l]. PeweHHH ,ll.ByxqeHTpOBliX 3a,ll.aq MO

ryT enyl!CHTb a,n;Ha6aTHqeeKHM 6a3HeOM f 2 J, no KOTOpOMY pa311a

ra10TeH peweHHH 6O11ee enomrn:X: 3a,ll.aq npH onHeaHHH 6HeTporo 

,ll.BHllC8HHH 11erKoit qaeT H~li B no 118 ,ll.BYX T Hllt81IliX f 3 j • C10,1J.a l!Ce. 

OTHOeHTeH 3a,ll.aqlf O eTO1IKHOB8HHH aTOMOB [4] H M83OaTOMOB [5]. 
rroe11e,1J.HIOIO MOl!CHO paeeMaTpHBaTb KaK npaKTHqeeKH Ba:imwt e11yqall 

6O11ee o6men noeTaHoBKH TpexqaeTHqHott 3a,ll.aqH B r11O6a11bHOM 

a,1J.Ha6aTHqeeKoM no,1J.xo,1J.e f6,7J. B H,D;epHott qJH3HKe eyu1eeTBY-

eT Mace 38,Il;a'tl O KB8HTOBO-f,'J9XaHH'tJ:9CKOM paeeeHHHH B npOH3-

BO1IbHOM aKeHa1lbHO-eHMM8TpHqHoM none, ,ll.1IH KOTOporo ypaBH8HHe 

llipe,ll.HHrepa ,1J.onyeKaeT pa3,1J.e11eHHe nepeMeHHHX B eqiepoH,1J.a11LHHX 

KOOp,ll.HHaTaX [BJ. Bee 3TO ,ll.91IaeT npHB1IeKaT81IbHOlt BO3MOltHOeTb 

Heno~b3OBaHHH pa311HqHliX THilOB a,1J.Ha6aTHqeeKHX 6a3HeOB npH 

pemeHHH npHMOH H o6paTHOil TpexqaeTHqHliX HRH MHoroMepHliX 3a

,ll.aq paeeeHHHH Ii noeTpO8HHH eooTBeTeTBYJOmHx TOqHo pemaeMHX 

MO,ll.81Ielt. B pa6oTe [91 Ha oeHOB8 M8TO,ll.a o6paTHOH sa,ll.aqn B 

a,1J.Ha6aTHqeeKOM IlO,ll.XO,ll.8 paspa6oTaH enoeo6 KOHeTpyHpOOOHHH 

MHoronapaMeTpl,l:qeeKHX ToqHo pemaeMHX MO,ll.8Jielt. 3 TOT' MeT O,ll. MOl!C

HO npHM8HHTb K 3a,ll.aqaM paeeeHHHH Ha aKCHa1IbHO-CHMM8TpHqHoM 



ABYXUBHTPOBOM noTeHuHaJle, B KOTOpOM paCCTO.IIHHe MBJIC,I\Y ABYM.11 

B3aHM0)\8HCTBYIOmHMH qaCTHUaMH, noMemeHHblMH B UBHTpax cqiepon,l\a, 

HMeeT CMl:lCJI a)\Ha6aTnqecKOH nepeMeHHOll. 

B ,l\aHHOH pa6oTe paspa6oTaHl:l TOqHo pemaeMl:le MO,I\BJIH ,!\JI.II 

3a,l\aq pacce.llHH.11 co ~epon,l\aJlbHl:lMH noTeHunanaMH Ha OCHOBe 

o6o6meHHl:lX npeo6pa30BaHHH EaprMaHa - nap6y [I0,11] KaK ,!\JI.II 

CHCTBMl:l 11M8,I\JleHHl:lX 11 ypaBHBHHH [r2], TaK n ,!\JI.II napaMeTpnqecKoii 

"61:lcTpoii" saAa qn c aKcHaJ1nHo-cnMMeTpnqHJ:lM noTeHunaJ10M I 13 J. 
3,1\BCb paCCMOTpBHl:l Ta_Kl!Ce reoMeTpnqecKne acneKTl:l a,I\Ha6aTntl8CKOrO 

nO)\XOAa, CB.ll3aHHl:l8 C YAJIJ'IHBHHBM npOH3BO,I\HOn no pa,I\HaJlbHOH 

M8,I\Jl8HHOH nepe11euaon. no HB,l\aBHero BpeMBHH C reoM8TpH48CKOH 

ToqKn spean.11 [I41 B sa,l\aqax Tpex Ten nsyqaJ1aCh JIHIDb Bpama

TBJlbHa.11 CB.ll3b, B03HHKa10ma.11 B pe 3YJlhTaT e YAJIHHBHH.11 npOH3BO,I\HOH 

no yrJIOBl:lM Me~JIBHHl:lM nepeMeHHhlM [I5J. 
2. ·. !IOCTaHOBKa 3a,l\aqn 

a) CncTeMa pa,I\HaJlbHl:lX ypaBHBHJ'IH 

!IyCTb HCXO,I\HOe ypaBHeHne illpe,I\HHrepa npe,I\CTaBHMO B BH,l\e: 

(n""_µ-=O 

l-½vt + H1(R;?)-i-V(R)11P(R
1
F)= E'450~,~). (I) 

IlpnqeM B3aHMO,l\8HCTBJ'le saBHCHT OT pa,zuiyca-BSKTOpa r' , onpe,l\e

JISIDmero no JIOllteHHe pacce.1rnaeMoll q acTHl.\l:l H · paccT01rnn.11RMel!C,I\y . 
' 

UBHTpaMH 3JIJIHnCOH,l\a_(ABYM.ll T.llllCBJll:lMH qaCTHUaMn), O~HaKO He , . 
saBncnT OT yrJ10B pa.zuiyca-BeKTOpa R. PasJ1o_lltHM, .· KaK B o6uq-

HOM cqiepnqeCKH-CHMMeTpnqaoM cnyqae, noJIHYIO BOJIHOBYIO qiyHKUHIO 

1/J( F( f) no c qiepnqe CKHM BOJIHaM 

¥CR,F) =-z ·xlt\R, f') Y1M(8,,CP). 
LM ' 

C:L) 

2 

Tor,l\a )\JI.II K03q>q>Hl\H8HTOB pa3JIOllC8HH.ll 
x LM·c R

1 
-P) 

noJ1yqHM ypaBHeHne B qacTHl:lX npOH3B0,I\Hl:lX 

[-h, a; + Hf ( R, f' )+ VCR.)+ u~:.n -I= 1:x:LM(R,F)~o. 
. (3) 

PasJIOXPIM napl\HaJlnHYIO BOJ1HOBy10 q,yHKUHIO )( L lvf ( R, r' ) 

no nOJIHOMY Ha6opy KaHaJ10Bl:lX cocTo.11ann ~- ( R1 yv) , J1BJ1.1110-

iI1Hxc.11 pemeHH.IIMH 3a,l\a qn )\JI.II onepaTopa 61:lCTpO;O ,I\BHllCBHH.11 H fcR F) 
. } 

Xrn(R, r )=J vf c R, P) x /'\R>. 
(4) 

IlO~CTaHOBKa ( 4)_ B (3) H ycpe,I\H8HH8 no 61:lCTpl:lM nepeMBHHl:lM "f. 

6a3Hca 1.f. ( R F) npnBo~nT K cncTeMe paAHaJlhHl:lX ypaBHBHHH 
I J 

C YAJIHHBHHOH ;~OH3BO,I\HOH ,!\JI.II KOSq>q>HUHBHTOB pa3J10llt8HH.II 

Y- (R) = J:./- CR), onncl:lBa10mHx MBAJleHHoe ABHllCBHHe 

qacrnu (ueaTpoB): 

1--1 (a +iA(R))~+ L(L+i) + 1JCR)-P!l.1:X:CR1 P)=O. L ~ R R 12.- -- {5) 

3q>q>eKTHBHl:lll CKaJl.llpHHll noTeHI.\HaJI 

+1J 5(R)- ·0l ( R) · 
AHaroaaJ1nHa.11 MaTpHua. 3J1eMeHTl:l 

co6CTBeHHHMH 3HaqeHH.IIMH - TepMaMII 

MHJlhTOHna.Ha Ht ( R r-') , 

3 

lJ CR) -== 15+ CR.) + 

B.TaKOH nocTaHOBKe -

v- t ( R) COBila)\a!OT C 

G · ( R) MrHoBeHHoro 
l 

ra-



v:f (R) = <'lK(R r)\Ht(f(f'J\'\t(J .. (R,?)7:=G.lR)qJ. (6a) l} l / .. , . ' l .. 

3JieMeHTH A.l'laroaam,aon MaTpmui1 1J g ( R) onpeAeJISIIOTCH cqiepH

qecK.1'1-CH~eTpHqaim IlOTeHq.l'l~Jl-OM B3a.l'IMOAeilcTB.l'llI MeJi:Ay qaCT.l'lqa~ 

MR B qeHTpax 3JIJl.l'IIlC0.1'1Aa 

D;jlR)= < 11'; (R, f) I V(R)I ~ <R, f')/,sV(R)qJ .<eoJ 

· 3AeCL ~cnoJIL30BaHa opToroaaJILHocrL qiyH~.l'ln Oa3Hca' ~ (R f)(I4) 
·1,, ,·... • . I .I 

[8 J. B CHcTeMe ypailHeH.l'lil ·(5) A ( R.) HMeeT CMUCJI paAHam,aon 

qacTH sqxpeKTHBHoro BeKropaorb noTeHitHaJia A (R.) , oOpasciBaHHon 

¢YHKq.l'IHMH OasHca 

Ai} (R) = - i ('\-1\CR,P)la~·\~ (R,.fJ7. 
,"',>' • "· .·•· -:···. 

(7) 

· B OoJiee oO~en nocTaHoBKe, KorAa o.ucrp.un raMHJILTOHHaH 

Ht rrapaMeTpHqecKH sam1cHT OT pa,1U1yca-BSKTopa R, 
B03HHKaeT yrJioBa/I qacn CBII3HOCTH f.. ( R.) , aaanns· KOTcipo·n 

npoBeAeH · B paOoTe [ 151• 

0) ,MHaOaTm eCKHil AByxqeHT!)OBHH Oa3.l'IC 

IlycTI. Hf ( R f ) onpeAeJIReTCII npoH3BOJILHHM aKc1mm,Ho-
1 

C.l'IMMeTpHqHUM IlOTeHqHaJIOM 

V(R r)-= ·9-., a(J)tf, Cz) 
· ' ·R:2,_ c.s 2. - f'J · , (8) 

AOilYCKaD~.l'IM pa3AeJieHH7 nepeMeHHHX B BUTIIHYTUX' c¢epoHAaJI.HHX 

KOOPAHHarax J ==~+r{)/R (l~~<oo), i-;:(r,-r;JIR (-i.~?(i), 
cp = QreJq1 (Y/:x!) C 0~ Lp ~ 2-fi' ) , rAe r; 11 ':z. -
pacCTO/IHH/I qacr11n.u·or qeHTPOB 1 ,H 2, OCL Z HanpaBJieHa OT 

4 

,: 

l 
,1 

~ 

qeHTpa I K qeHTPY 2. Oneparop nannaca C IlOMO~LD K034XPHq.l'leH

TOB IlaMe B BHTIIHYTllX cqiepoHinaJILHHX KOOPAirnarax san.HCHBaeTC/I 

CJieAyD~HM o0pa30M: 

· 4. . { d ( ':. JL + I Ci-ta-JL+ o-i-~.iJ ·~ 1 
Ap -R"CJ"~g.a) (3J l i oJ oJ 7Jt qa._0(1-z:iprp:a f 
IlpeACTaBHM BOJIHOBYD qiyHKqHD AJIII ypaBHeHHlI llipeAHHrepa C no

TeHqHaJIOM (8) 

'if4-p +V(R,F)J?fCR,P)=G(R)'lJ)(R,r) (9) f 
1 . 

B BHAe 
t'm lf 

'¥CR, r)== ~ xr1JY(2) (IO) 

I 

( m = 0 ±.i ±:£. - .a3HMYTaJILHOe qHCJIO); II OACTaBHM (8) B 
I I '•• 

(9). TorAa BCJieACTBHe pa3A8JleHH/I nepeMeHHblX mteeM CHCTeMy 

ypaBHeH.l'li AJI~ KBa3HpaAHaJiiHO~ H KBa3HyrJIOBOH Oa3HCH!lX qiyHK

qHll 

9t;.(~L-i)gK +fK2CR)(j2-j)-a(;)-}F-1)-A}X=D· · 
Lf J (,1 j L (5 - , >(II) 

d__ li- ~ :t)dY. t (K 2(R)(i-2:i)-t(2)-(irn::l,1 :\'.A1y =.O oli di -c::. :1 • , 

(I?) 

rAe K2-(R) = ER1-/2-,E=k~/!l, A - KOHcraHra pas-
.. ) . 

AeJieHHR. CaoncTBa .I'! noBeAeHHe qiyHKuvin X 11 Y , a cneAo

BarenLHo,qiy-HKqHil 1J/(R,?) (IO) AByxqeHrpoBon saAaqH H3yt1e

Hu B [8 ]. PeweHHe 3a,l(allH llirypMa - IlHyBHJIJl/I AJI/I yr JIOB oro 

5 



ypaB~eHHH (I2) npHBOAHT K Ha6opy B8lll8CTB8HHHX C06CTB8HHHX 

3Hatrnmin An rn u coo:rneTcTBYD~Hx co6cTB.eHH1i1x <l>YHKI.\Hh .. · 

Yin (i) , oapa3YlllI!HX IIOJIHYKJ opTOHOPMHPOBaIIHYKJ CHCTeMy Ha 
yn . . 

. 0Tp83Ke [-1..J i] . liHA8KC . .-i = 0' I ,2' •• •. ylta31:il~aeT· QHCJIO 

Hynen y (!?,) BHYT.PH 3Toro 0Tpe3Ka. I{Ba3upa,ItHa~bHHe 4JYHK-
. v nm 

I.\HH /1. nmC.t) , CDOTB8TCTBYJOlllH8 KOHCTaHTe pa3A8Jl8HHR /I.nm, 
-YAOBJI8TBOpRKJT rpamnmHM YCJIOBHRM KOH8QHQCTH IIpH 

li'rn' X ( A J)) C~ 1._i f mh = 1. 
}--i 

1t HMeDT acHMnTOTHKY npH J ~oo 

j:{ 

(13a) 

X <. ~) = (k R ~)-I.sin \-k R ~ + tnm - JI (ntm.)l. tQCf.i) (I3a) 
nm I Q_ f fl . i .· l · 

HopMHpOBKa ~YHKI.\Hll ~~ (10), COOTB~TCTBYKllllHX pa3JIHQHHM 3Ha

tI8HHJIM 3HeprHH H HHA8KCOB, HM88T IIPH 3TOM BHA 

. J 11{:ffi,f;k)~,,_J.R,tJ<~df = ::. 8nn• £'mm• 8Ck~k.') ~ 
OnpeAeJIHM B HeKoTopon ~HKCHpoBaHaon TOQKe aaaH B 
~G~ 

I ec ~)">' = \ 'WtR, r>)'" . 

(l4) 

0 

R=R 

(I5) 

YHMTapHHll 6MJIOKaJibHH.lt onepaTop 11. (R) =' U ( R, R) , 
u+(R) =· u;_! CR.) ocymecTBJIR8T .napaJIJI8JibHl,IH nepeHoc 

• 
penepa BAOJlb aaaH B H3 R B R. 

\'lpCR Y:,)'7= Je(F)> 'U(R R) 
J J 

(16) 

6 

l ,.,, 

{ 

! 

( 

1A (R fo == <e( P) I ?p(RI P)?. 
I 

113 onpe,11;eJieHHR onepaTopa A ( R ) ( 7 ) c noMOlllbll coo:rnome

HH!t (16),(14), IIOJiytiaeM 

A (R) = - l ir1 ( R) aR. 1A ; 
Fi. 

'UlR) ;c ~exp·1 JAlR')dR'. 
~ 

(17.) 

(17.a) · 

Ha reoMeTpHQ8CKOM Sl3l,IK8 3ql<p8KTHBHI,Ilt B8KTOPHlill IIOT8HUHaJI 

A(R) nMeeT CMHCJI nH,11;yinpoBaaaon .cBR3HOCTH B paccJioeHHOM 

npocTpaHCTBe 'jf c aaaon B= R i3 R H cJioeM· %_ , oopaaoBaH

HHM n3 oaancHliX qiyHKI.\Hlt 'lp( R P) aa,11;atm ,11;Byx qiHKC·H-, 
poBaHHliX I.\8HTPOB (9). 

TaKHM odpa30M, HCXO,D;HaR aa,11;aqa pacceSIHHR Ha ,ll;BJXI.\8HTpo

BOM'aKCHaJibHO-CHMMeTpHQHOM IIOT8HI.\HaJie, CIIOCOOHOM ClKHMaTbCH 

H BliTRrnBaTbCR BAOJib oc11 cqieponAa B npogecce B3anMoAeltcTBHR, 

CB8JiaCb K corJiacoBaHHOMY pemeHHKJ ABYX 3aAaq: AJIR CHCT8Ml,I CBH-

3aHHliX ypaBaeHnll (5) c KOBapnaHTHoR npoH3BOAHolt 1) (R) = Op. +iA(R) 
A . 

( P = -t D(R)), omi:c1:ilBa1Jmnx M8AJieHHoe ,D;BHJKeHne geaTpoB, n 

,ll;JIR napaMerpnqecKMX ypaBH8HHlt (11),(12), COOTB8TCTBYDlllMX ra

MHnbTOHHaHy J-/f(R,r) 6HCTporo ,ll;B:lflK8HHH npn Ka~,ll;OM qJMKCHpOBaH

HOM 3HatI8H:lfli M8,ll;Jl8HHOll nepeMeHHo.lt. 

3. Toqao pemaeMlie M0,11;8JIM ~JIH CMCT8Ml,I ypaBH8~Hn 

C y,D;JIMH8HHO.lt npOH3BO,D;HOll 

OomaH ipOpMJJIHpOBKa oapaTHO.lt MHoroMepaon :If TpexqaCTMtIHO.lt 

3a,11;aq pacceJ!HHR,B a,11;na6aTHtiecKoM npe,11;cTaBJieHHM H cnocoo reae

pnpoBaHHR Ha 3Ton OCHOBe TOtIHO pemaeMliX MO,D;eJien ,D;aHH B 
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np,e,I1;wecTBYlllllHX pa6oxax [ 6I7,91 • 3,Il;ec:r, Ml,l HCilOJI:r,3yeM ql{C~O 

aJire6paHqecKHe MeTO.I\li nocxpoeHHR xoqHo pewaeMliX MO,Il;eRelil, 

0606l!lall~He npeo6pa3oBaHHR .Uap6y, EaprMaHa, KaK ,Il;JIR·6a3HCHl,IX 

napaMeTpnqecKHX ypaBH0HHtt, TaK H ,Il;JIR CHCT0M CBR3aHHl,IX ypaB

H0HHR. Ha Kallt,Il;OM 3Tane ,Il;JIR 60Jil»lll0tt RCHOCTH npo6JI0Ml,l 6y,Il;eM 

HCXO,Il;HTl» H3 MaKCHMaJil»HO npocT on CHTyaQHH. 

B ,Il;HaroHaJI:&HOM npH6JiullteHHH 1 KOTopo:e 061,1qHo npnMeHaeTca 

,Il;JIR H3yqeHHR reoMeTpHqecKHX acneKTOB a,I1;Ha6aTHqecKoro pasJio

xeHHJI \141, .cifcxeMa 'ypaBHeHHR (5) pacna~aeTca Ha m (no qHc

JIY KaHaJIOB) H0CBJl3aHHl,IX ypaBH8HH~: 

-3.(o +iA(R))~f(R)+V(R)X:(RJ+ L(L+i) )C(R)==[X(R). 
i R · R:i. (sa) 

TaKoll lite BH,ll; HM8llT ypaBH8HHR. (5a) B" O,ll;HoypoBHe·Bo.M i:tPH6JIHl!C0HHH 

(npH6JIHl!C8HH~ EopHa-OnneHreffMepa) •. 

]JIR KalB:.I\Oro H3. :iacQenJieHHliX ypaBHeHHR A( R). - 061,1qHi.lil 

BeKTopHi.tt noTeHQHaJI, V (RJ- cKanapHi.tt, a caMo. ypaBH8HHe 

(5a) Il0,ll;06HO o6i.qaoMy ypaBH8HHll ,Il;BHllt8HHR qaCTHQl,l B MarHHT

HOM noJie. 

0,Il;HHM _H3 sqxpeKTHBHl:lX ITO,Il;XO,Il;OB K nocTpoeHHIO Toq.Ho pewae

Ml:lX MO,Il;8JI011 RBJIR0TCJl M0TO,ll; cpaKTOPH3aQHH, KOTopi.tt npHM0HRJICR 

K HCCJie~oBaHHIO~BaHTOBO-MexaHHqecKruc 3a_n;aq,HaqHHaR c pa6oT 

lllpe,ItHHrepa (161 ( CM. TaKJB:e (171). CBR3H c.neKTPOB H co6CTB0H-

. Hl:lX cpyHICI.(Hlil OAHOMepHl:lX raMHJll»TOHHaHOB' KOTOp!le ycTaHaBm1BallT

CJl B. M0TOA0 cpaKTOpH3aQim - 3TO npORBJl0HHe KOBapH8.HTHOCTH 

o6HKHOB 8HHl:lX ,Il;HqxpepeHQHaJil»HllX YIRBH8HHR OTHOCHT01!:&HO. npeo6pa-

30BaHnlil .Uapdy - KpaMa - KpettHa [I8}. IIpeo6:i.n 30BaHHJl .Uap6y . 

Ha OCHOBHOM COCTOJlHHH HCXO,Il;Horo raMHJihTOHHaHa, npe,ItcTaBJieH

HOro B cpaKTOpH30BaHHOM BH.I\e, ,Il;allT ,Il;Ba cynepCHMM9TpHqHl:lX 

napTHepa. 

8 

r 
"'.1 

Ji ~ 

1· 

[ 
( 
J 

HCDOJlh3yeM M0TOA cpaKTOpH3aQHH ,Il;JIR nocrpoeHHR TOqHo 

pewaeMhlX MO.I\0Jielil npH HaJIHllHH noreHQHana, 3aBHCS!l!l0fO OT CKO

pocrn, ,!\J!SI ypa BH0HHlil (5a). C DOMOlllhlO YHHTapHoro KaJIHClpOBoq-

HOro npeo6pa3oBamrn 'LJ (R) (17) ypaBHeHHll, (5a) npe.I\CTa-

BHMhl B o6hl4HOM rrore11Q»an1,HoM BH.I\0 ( L = O ) 

[- i ~~ ~ V'(R)-E1f'(R):::Q. (I8) 

raMHJihTOHHaH 3Toro ypaBHeHHSI H_ (R) 11 ero cynepcHMMeTpHl!

Hhllil naprHep J-1 + (R.) qiaKrop113y10rca 

H_ :: i Q_ Q~ I H4- -= 1 Q+ Q_.,: (I9) 

"'2. J.. +-a - pl- I 

H+ = E. ... - (J.!'CRJ - o J.,,(RJ)= - t Y+ (R) 
- l 2 · ·,.._ 2- - ' · · ~ e -f'CR.) c20) Qi = (~ aR +cLtR)), cL( R) == - UR: n /'- . 

o I . . • . 

BoJIHOBaSI qiyHKQna A (R). - peweHHe ypaBHeHWSI H_X'(R) =· 
0 0 • 

= e:::,.-X,'(R) , He 11MeIOmaa ysnoB. Ilo3TOMY G ~ E0 , r,!\e 
0 

Ee, - :rneprH.fl OCHOBHoro cocro.flmrn H_ • Ilpn~=E0 cneKr-

pi. H _ n 1-1+ coBna.I\aIOr, 3a wcKJIIOl!eHueM OCH OBHoro cocr oR

HH.fl. 11x co6CTB8HHhl.e <pyHKQHH CB.fl3aHhl M8ll!:.I\Y codoll npeo6pa3o

BaHH8M ,Uap6y - l{paMa - l{peli!Ha 

f.../ (R):) = Q/X-_'(R, E) = ; '<.R) w{ X~CR>, X._' (R, E )r; 
I R. . (~I) 

Q v\R)=D x, := -exf' c-J J-CR'JdR',) 
+/-- I 0 

II or eHQnan V+ 1 
( R) , cooTBercr BYKllllttlil f-/ t- , onpe,I\enaerca 

B Bl1,ll;e: 

v+' (R )-= v_' ( R) 
-d2 
dRa, fnX'(R). 

(I9a) 

1) 



Tenep1, nerKo noKasan, qTo raMHJII.Tommn Jl_ ypaB-

11e11HJ1 (5a) c · L-== 0, TaK Ee KaK H era cynepcmv1MeTp.11<ru!:ili 

nap:ruep If~ . npe,u:cTaBHMbl B ¢aKTOpH30BaHHOM BH,ne:. 
I\+' 

Jf_ ~ l O~ Qt 
- ~ . Jf + - 2- Q-1- Q_ ·J 

(22) 

r.ne 

Q+ ::: C+ J) +J..(R)). (23) 

Tor ,na m1eeM 

'Jf t- = l. Di+ l. [d.~CR) ±(Dd..CR))l 
- 2, Q, j. 

B oTJIHqHe oT (20) Q · sanHCblBaKJTCH qepes YAJIHHeHHYKJ npous-

BOAHYKJ 'D(R):= OR. -t i A (RJ. BoJIHOBa.tt <l>YHKUHJI ocHOBHoro 

COCTO.f!HHJl raMHJ!hTOHHalta 1f _ npe.n;CT8BHMa B 'BHAe 

. . R. ·•. , R . 

j. CR)== exp (- j J.(R'JdR.1)-fPexft.1ACR'JdR'. 
0 . fl (24) 

Co6cTBeHHble ¢YHKUHH ";ff· H 'Jr npu npoHSBOJihHOi1 :rnepruH 
+ - • 

CBJISaHbl Me:r,zy codon npeodpasoBaHHeM 

•. X/R,E) = Q+JJR,E) ;= (D+d.(R));{_(R, E) =. 
~ . 0 . 

= tCR) w''.D 1X CR),_Y:- CR, E)}, 
(25) 

o6o6maDmHM npeo6pasoBaHHe ~ap6y, Kpaua - KpeRHa (2I). BpoH

CKHaH WD = ~ (l>t) J_ -X (D x_ ) } onpe,neJieH Ha YAJIHH eH

HOR IIPOH3BOAHOR. OTMeTHM, qTo paCCMOTpeHHaJl cxeMa <paKTOpH3a

UHH ocymecTBJIJleTCJl H B o6meM cnyqae, xor.n;a OTCYTCTByeT 
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cqiep1-1qecKaR cnMMeTpHR no R , T.e. A(R)--r-A(R) 
fr91. KaK 06H'lHO,KaJitt6poBO'lHaR CHMMeTpliR rapaHTHpyeT HHBa

pnaHTH0CTb (5) rrpH o,1rnonpeMeHHOM HSMeHeHHH A - A -i} ,i\ 
0 o 

y~exp(+i'A)J:. ECJIH A(R);; en 'U(R) H 

A ( R )= - i aR en it(R)H He HMeeT ToqeK CHHryJIRpHOCTei1, 

TO rro,no611oe KaJI116poBoqHoe rrpeo6pa3oBaHHe IIpHBOAHT CO0THO

me1111R (22)-(24) K (I9)-(2I). 

ITpoue,nypa (22)-(25) o6o6maeT (I9)-(2I) H rrosBOJI.f!eT 

re11ep1-1p0Ban KJiacc T0'lH0 peuraeMHX Mo,nenen ,nna ypaBHe11Hn 

(5a) rrptt HUJ!l1'lnl1 3tµpeKTl1BHblX BeKTOpH!ilX rroTeHuHaJIOB. PaCC.MOT

p11M rrp0CT on np11Mep TOqHo pemaeMon MOAeJI11, Il03BOJI.f!KJmHH Bbl.n;e

Jll1Th H .f!CHO rrpe,u:cTaBl1Th poJih 3<pqieKTl1BHoro BeKTOp-rroTenuua

Jia. ITycn .I(Jl.f! ypaBHeHHlil. (5a) C ( l. = 0 ) 3<pqieKTHBHblli1 

CKaJI.F!pHbilil IlOTeHUHaJI onpe,neJI.f!eTC.f! COOTHOllieHHeM 

v_ c R ) = f [- A 9-_ + i (c\_ A) 1 . (26a) 

CpaB11e111-1e c (2I)AaeT A(R)= [cl(R). C yqeToM (26a) 

ypaBHeHH.f! (5a) nepeIIHCblBaKJTC.f! cne,nyKJmHM o6pa30M:· 

-f (aR+iA(RJ)~tcR) + \ L-A!l,+ t(oR.A)lX(R) = EXCRJ c
21

) 

HJ!H 

- 'i o ~ ,X: ( R) - i A oR )C ( R) = Er ( R) , 

T. e. noJI11ocnKJ onpe,neJI.f!KJTC.f! BeKTopmrn noTe11uuanoM A ( R) . 
B CO0TBeTCTBHH c (22) rrpe,ncTaBHM ypaBHe11He (27) B ¢aKTOpH-

30BaHHOM BH.n;e: 

II 



'jf_ == i Q_ Q~ ~ fa~ - t A(R)op_ , 

rAe 

Q _ == - o R + l A ( R) + d. ( R) = - OR. -1 i A ( R.) , 

Q+= a.ii+iA(R)+d..(R.)-=aR-. 

Cynepcm.iMeTpt-PrnHn napTHep 1( _ 3amnueTcSI cneAYIODtm.i 

o6pasoM: 

1f+ === i Q+ Q_ = i a~.-iA(R)oR.-t(OllACR)), 

3cpqieKTtfBHblll CKaRSipH~ noTeHnttan, OTBeqaIODttin 1f~, 
npm.ieT BlfA 

Y+ cR) = i l-A~- l a~A ]-

PaCCMOTpeHHbln npriMep YA06eH ARR H3yqeHtISI reoMeTpttqecKHX 

qias, B03HHKaIOll!HX npH Hantfqm1 TOtleK, B KOTOpHx A (R) 
CHHrynHpHO. B [ 9 J npH H3yqeHHlf CB060AHOro ABHJ!CeHHH B 

W -MepHOM np~cTpaHCTBe ( R} X 5A1--!) 

- W-1.l. a 'lf - 02- 'ef - R 2. 6" 'lV = E 'lV 
R ~ ~ R 
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(~66) 

-f 

•• r 
11 

npo.l{eMOHCTPHPOBElHO B03Hl1KHOBeHlrn qiasbl, CBSI3aHHOe C Ae¢eK

TOM BJIOJ!CeHirn cqiepbl gt./-{ B R11 ,10}. 3To ypaBHeHHe 

oTBetiaeT (c.7) c A( R) = -i}) R_-~ ( Y=(}/- f)IJl). 

B COOTBeTCTB1111 c (26a) 11 (266) 

~CR)= V())-1)R-~; 

V+ (R) =-- V ( V+1) R-i_ 

~a3bl orrpeAen~IOTCH cornacao cooTHorneHtIIO 

8_ 
+ 

. . -'R' f riv 
= ~ Jm p A (R')01 ::; l tJT'c))+{). 

BrronHe oqentIAHO, qTo Toq1m CHHryirnpaocTe'n A(R) He 

06H3aTenbHO pacnonaraIOTCH B Haqane KOOPAHHaT, tf qiyHKn110-

H8RhHaH 3aBHCHMocTh A lR) MOJKeT 6b!Tb 6onee cnoimon. Ha-

rrpHMep, rroTeHn11ai1y A(R)=-i(R+i&)/(R-iB) OTBe-

qaeT qia3a · 8 = iflB . MccneAoBaHtie Knacca TOqHo pemaeMHX 

MOAenen C CHHrynHpHb!Mtf ITOTeHnHaRaMH H B MaTptiqHQM cnyqae 

rrpeACTaBnHeT caMOCTOHT6RbHblil tIHTepec tf COCTaBnHeT rrpeAMeT 

OTAenhHon pa60Tbl aBTOpa. 

Ha OCH OBe TeXI!llKtf Bblp0lKAell!ll1X H)lep ARH l1!1Terpanbllh!X 

ypaBH6Hl1n oopaTHon 3a.l{aq11 B 3aMKHYTOM ananHTMqeCKOM Bl1A6 

KO!ICTpy11pyIOTCH oaprMa!IOBCKHe noTeH~HaRhHble MaTpH~bl l1 

COOTBeTCTBYJOIIIHe HM pemeHtIH nocne CBeAemrn CtfCTeMl1 CBH38HHblX 

ypaBHeHtill C YARtIHeHIIOil npotI3BOAHOn (5) K noTeHnttanbHOMY 

BtIAY [9 J: 

I :1 



d'l, m 
- dR~ lij (R,P)+ T' Ut}'(R)1j ,i(R, P)-= P\t;/R, P) (28) 

( P=dlct~ Pj ). 

Ilpe.n;cTaBlfM MHoroKaHaJII,HOe o6o6meHue npeo6pasoBaHHrl 

Jlap6y H no nytieHHe TOtlHhlX peweHJdt CHCTeMhl CB.113aHHhlX ypaB-

HeH Hll (28) des l.fCilOJlb30BaHlrn l.fHTerpaJibHhlX ypaBHeHnlt oelpaTHOlt 

sa.n;at1H. by.n;eM HCKaTb pemeHH.11 f -J<)CHCTeMhl ypaBHeHHlt (28) 

c Hel.f3BeCTHon MaTpMqen B3al.fMo.n;encTBHH U ( R) B B11.n;e 

:X:jj'O(,P) c::: J:H,(R,P)~ 

-1P, lR) $ w ~~CR), f-iJ• c RP)} 
' l {E,'-E,) f (29) 

l l 

0 

r.n;e J ij (R, P) - sneMeHw MaTp~hl pemeH11n Cl.fCT8Mhl yp~BHe-

H11n (28), oTBet1anm11e 11sBecTHolt noTeHqHaJibHon MaTpHqe U-(R), 
B oelmeM cnyt1ae He.n;naroHaJibHolt. Ilocne,n;HHH MoxeT Clh!Tb .n;11aro

HaJibHolt, D tiaCTH OCTH, OTDetlaTb pacqenJielIHOlt CHC!8M8 ypaBH8-

HHlt (I9)' paCCMOTpOHHOlt Bh!!Ile C aHaJI11THlJ8CKlfMH pemeHH.IIMH, 

nnn Boo6me Tol!C.n;e CTBeHHO paBH.IIThCH Hynn. <PYHKqHH 1.{ ( RJ 
o I 

11. 'ifJi (R) -
0

BSKTop1,1 pe!IleHnll cHcTeMhl ypaBH8HHlt (28) AJI.11 

l.J(R) n 1J(.R) cooTBeTCTB8HHO npH HeKoTopoM 

<pHKCHpOBaHHOM sHatieHHH 3HeprHH E = E 1 
, Hanpm.iep, OTBetiaD

meM .n;oelaBJifl8MOMY CB.113aHHOMY COCTOHHHD HJIH H3M8H8HHD 

x) Il!TpHx .n;n.11 pe!IleHHlt Y 1= 'U 'f. CHCT8MH ypaBH8HHlt (28) 

HBO BC8X nocJie.IJ;YDlllHX ~OpMyJiaX AO (37) onymeH. 
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era HOPMHPOBOt1Holt MaTpHIU:l ~ - M 
• m o m o (30) 
~ (R) = T Xi/~P') C j J 1l{ (R)'"t Y-;fR,P')Cj. 
3.IJ;8Cb Cj - H8KH8 HS 38BHC.ffi!lli9 OT KOOp,IU1HaTH M9M9HTH 

BeKTopoB IC"?: cB.11saHHhle c HopMHpoBot1HWH MaTpHqaMH cocTo.11-, ' 

HHll .IJ;HCKpeTHOrO cneKTpa 

M = \C'7 <.cl. 
)lBallC.IJ;hl npo.n;H<p<pepeHqHpyeM (29). YtiHTHBa.11 (30) H (28) .IJ;JI.11 

~ (R) H npoBe.n;.11 npeoelpasoBamrn, · nonytin:M 

~;. ')'.iJ (R,PJ-f, ·u; i' (R)J:j'/~P) + ~•XtJ lR,P)= 

(YI O 0 

== ~ [ 1-ft~, (R) - ~i I lRY\): j •j (R., P)-
J cJ m 

O 
o . (JI) 

9- olR.[~CR)f. ~.CR)}JJ'i (R,P). 

Ma yCJIOBWl o6pameHH.fl npaBOH '!aCTH 3TOro COOTH0ill9HHH B Hy~b 
IlOJIY'I89M O,!J.HY H3 Ci1:CT8M ypaBH9HHH Ha ,n;Be noKa H8li3B9CTHhta 

MaTpHqH lJ(R) n: 1P(R): 

1Ji j ( R > = U";j (R) 1-~R [ '\Jf ( R)~ (Rl} . (J2J 

BTopyD cn:cTeuy Haff.n;eM H3 onpe.n;eneHH.11 (29) npH P'-== P, 
.n;oMHO~HB Ha C j 1 , npocyuirnpoBaB no j' H YtlHTHBa.11 (30), 
a TaK%8 HHTerpaJII,Hoe cooTHomeHHe ~JIR BpoHCKHaHa W: 

1 "fr " R(l>J w •, ~i tR), ripcR1 == j o1 R 'tff: cR~ X.;., cR'J :, 
( E 1 - E i ) a C RJ • 'J (33 ) 

IlOJIYt18HH08 C HCilQJ!I,30BaHH8M onpe,n;eJI8HHR W { 'Q{ j 1 = 
=-'Va J -caR 1/f);. ( OR t =' d X) H (28). IIpe.n;eJil:l 

' ~ ' ' ~ 
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HHTerpHpOBaHHR 3aBHCHT OT Toro, B KaKon ToqKe Q'. HJIH 0 
TeCTHpyeMoro HHTepBana [Cl, b] W oelpaniaeTcn B Hyni.. OKoHqa-

Teni.Ho nocne no,n;cTaHoBKH $3°) B (29) HMeeM 

0 
m Rt8J _ . 

~lR)=~(R)~i*"f \ l'lifiCR
1H~dR'1

1 (34) 

a CFO 

YqHTHBan (34) B (29) H (32), nonyqaeM npeoelpasoBaHHe (29) 
B HBHOM BH.n;e, CBH3blBaDniee pemeHHR ~HCTeMbl (28), KOTOpble OTBe

qam noTemwam,HHM MaTpm\aM · lJlR) H lJ(R.), OTJIHqav-

~1MCR Jm6o Ha 0,1\HO CBH3aHHOe ,COCTOHHHe, JIHClO HOpM~pOBKaMH 

o.n;Horo HS COCTOHHHn. IlpH pacnpoCTpaHeHHH HHTepBaJia [ a, f;] 
Ha [ 0 00) HJIH Ha BCI) OCl, (-oO aa) COOTHOill8HHH (32)' (29)' 

J I 

(34) Cly;zyT OTBeqaTl, COOTHOmeHHHM oelpaTHott saAaqH npH BblpOJK'AeH-

HblX n,n;pax Q (R., R1
)., K ( R, R 1). a no,n;xo,n;ax reni.cpaH,n;a-

- IleBHTaHa HJIH MapqeHKO B saBHCHMOCTH OT Bblelopa rpaHllqH~X 

yc~OBlln [20]. OTMeTHM O,JJ;HaKo, qTo s,n;eci. npH llX BblBO,n;e He ClblJIH 

HCilOJil,30BaHbl HHTerpaJil>Hble ypaBH8HHH oelpaTHon sa,n;aqu, a npo

Be.n;eHbl numi. anreelpauqecKue npeoelpasoBaHHH [12} JTe·rKo santtcari. 

oOoelnieHHe 3Toro no,n;xo,n;a npH KOHCTpyHpOBaHHH B SaMKHYTOM aHaJIH

THqecKOM Bu,n;e noreHnHaJIOB H pemeattn, OTJIHqalll!1HXCH }I CBH

SaHHWH COCTOHHHHMH. B 3TOM cnyqae npeoelpasoBaHHe (29) oOoel

lllHM cne,n;yDUIHM oel_pasoM: 

fjf l_R, P) = Xjj' lR, P) -

f 
., 0 

~1_1/1:(R I~\)~ w 1P;lR,ii>.),f-1J,1(R,P)}, 
/\ J I 

l ( f. 11 - E, ) (35) 
I l 

r,n;e l'lf(~ i )(Ju \"PCR,idf ))7 - B6KTOPbl pemeHHn (28) npH 

sa.n;aHHblX 3HaqeHHHX 3Heprttn H3MeHHeMblX COCTOHHHn ,JJ;HCKpeTHOro 

16 

cneKTpa. IloBTopn~ anreelpauqecKyD npone,n;ypy BHBo,n;a cooTHO

meHHn (32), (34), nonyqHM ,JJ;JIR MaTplll\bl IlOT8Hl\HaJIOB lf(R) 

u BeKTopoB pemeHun l'lf 7 cne,n;ynniue Bupax:eHHH : 

0 ot ~.f"' . ,~r ~ ~/R>= U-t/-R) + i olR)~i (R,1XJ 't'i (R, 11;/, c36) 

r,n;e 

. JI " P..(oO). -! 

~ tR,iX)==t 1Vc~i1p)t8,,i\ 1-f fdR'i'j cR:111)1ifcR;i1l 
· O(~J (37) 

OTMeTHM, qTo npH KOHCTPYHPOBaHHH TOqHo pemaeMblX MO,n;enen 

Bblelop cneKTpaJil>HblX xapaKTepHCTHK cne,n;yeT no,n;qllHHTl, ycJIOBHHM 

Ha ,n;aHHble p'acceHHHH, npe.n;'T>HBRH8MblM K HHM cneKTpani.Hon Teop11en 

onepaTopoB [2I 1 

4. OeloelnieHHble npeoelpa·soBaHHSI .EaprMaHa - Jlapely .n;nH 

aKCHaJil>HO-CHMM8TpllqHl,IX ,lJ;BYXI\eHTPOBblX_ IlOT8Hl\HaJIOB 

3a,n;aqH TaKoro po,n;a npe,n;cTaBJIHDT caMOCTOHT8Jil,Hbln HH~ 

Tepee ll MoryT ClblTl, HCTTOJil,30B8Hbl B a.n;HaelaTHqecKOM no,n;xo,n;e 

B KaqecTBe Cla3HCHblX. B ,n;aHHOM naparpacpe Ha OCHOBe oelcelmeH

HblX npeoOpasoBaHHn EaprMaHa - J{apely II01 KOHCTPYHPYDTCH ce

PHH TTOTeHnHaJIOB O(y) , ,n;onyCKaDUIH8 pemeHHH B 3aMKHYTOM 

aHaJIHTllqecKOM BH,n;e ,n;nn KBa3Hpa,n;HaJihHblX ypaBH8HHn (II). AHa

JIOrHqHo MOJKHO KOHCTPYHPOBaT~ noTeHI\Hanu b (2) ,n;nn KBa3H

yrnoBux ypaBH8HHn (12). IIpaB.n;a, ,n;nn ypaBHeHHn (12) Cloni.me 

no,n;xo,n;nr oelpaTHble sa,n;aqH lliTypMa - IluyBHJIJIH npH sa.n;aHHblX coel

cTBeHHHX sHaqeHttnx A nm H HX HopimpoaKax. 

Ii 



C noM0ill:&D npeo6pa30Bamrn y. ~ J l_ ir 112cpG) 
ypaBHeHtte (II) M0~H0 sanucaT:& B Btt,D;e: 

d2-1Pl'i-J + [ K2.( R)- a CJ) - m'l.-i - __l_ 11.f ~)=O 
d f :i. j ~- i lr"·J)a. J :z._i t.r .(3s) 

a) O6o6meHHl:ie npeo6pasoBaHtt.fl EaprMaHa - ]apdy B 

( k7 A. ) - nJiocKocrtt 

IlocrpottM npeo6pa30BaHHe nptt qlHKCHPOBaHHOM 3HalleHHH HH

,D;eKCa m H nepeMeHHl:iX J\._ H I( 2-: 

l..P(l}.. k)=-Lp(~ 'A k)-f YU=) w{°tP(y).J',k_,'(~ltJclll,,,k)}csg) 
I RJ 'j J 1\ 1 / ,)C j, , 

(i\,,- A.r-) . 
3ro npeo6pa3oBaaue CBH31:iBaer pememrn 'tf (j) u l.p( y) 
ypaBHeHH.fl ~38), C00TBeTCTBYDillHe H3BeCTH0MY noTeHnttaJiy al}) 
H HeH3BeCTH0MY nepB0HaqaJI:&H0 a(y) • 'PyHKUHH Y.,...u (j) = 

= Y(t A.I"',~) y,11;0BJieTBop.flRJT ypaBHeHHIJ (38) 11 coBnaAaDT c 

T0llH0CT:&IJ ,11;0 HeK0Topoll, He 3aBHC.fllllett OT J K0HCTaHTl:i Cf' C 

od111MM peweHtteM c.p (~ fl n, k) nptt /\ n = t\. .I" ,, k 4= k)-

~ (j) ~ C .I' 1P(J=, ~' ~), (40) 

0 

Ey,11;eM CllHTan,, llT0 qiyHKUHH 1,V(}=) - HeK0T0p!:ie npott3B0JILHl:ie 

pemeHH.fl (38) C H3BeCTHl:iM noTeHUHaJI0M Q ( J ). B. tiaCTH0CTH, 

3T0 MoryT 61:iT:& peryJI.flpHHe pemeHH.fl, YA0BJieTB0P.flDIIIHe rpaHHll

HHM JCJI0BH.f!M (13 a) 

{im 1.f'(l::J..E)lt:2-_!.{112-m/.u -i 
'r: Ti , l ->~i ' 

!im ipc~ ri E)(f=-tt'1.2.-ml.iJ_ { 
f_,,..1. 51 I . _ I 

(41) 
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t-· 
HJIH peweHtt.fl Uocra {-:(}), onpe,I\eJI.fleMHe ycnoBtteM 

. . 

Cim r\y},k)exp(+ikj)==fim · 1rt,\k)exp(tikl:) (42 ) J--7CO t . j--,.oe . )' • 

Hatt,I\eM ycnoBtt.fl, nplt Koropux qiyHKUH.fl <f (jJ il n, k) i 

onpe,I\eJI.fleMa.fl npeodpasoBaaneM (39), .flBJl.flercH pemeHHeM ypaB

HeHH.fl (38). ]0MH0~a.fl KBa3Hpa,I\HaJU,H0e ypaBHeHH0 (38) ,!\JI.fl 

<p(f, A.I', k)') Ha (f ('j, A,,, kJ-CA n - jl .,'-I )-i · H Bl:illHTa.fl 

11s pesy JI:&Tara ypaBHeHne (38) ,11;11.fl ('p ( j, i\ 11 , k) , 

,D;0MHo:a:eHHoe Ha Cf ( ,r, A.)-<J k.l") (i\h - il,µ )-iJ 

nony11aeM 

d - ? 0 
-d j w lp(i ~\., I K,µ), ip CJ, i\~ ,k) J (tlll - 7l of' ) - L = 

=~E.,..-E> + _L.] lf'(r A k) -Qlc~ A k) 
l(Jt n - ,i\./J (f'-- i) h '-.)' J r;µ fi "' • 

lBa~,11;9 npO.IlHqiqJepeHUHpyeM (39), HCn0Jl:&3Y.fl (43) 
• < ' .1:. Cf(f),,ic)= ~;. ~CJ),.,/<) - · 

-11;2, ~c_p wf1cJ.i)l,~\ lf(J, A11 ,k)}-O-H-~rt 
/' 

(43) 

-- . 'J,; 1y ~ (~){(EJ'-E)/(A,,-~) r (f-i>-1] v.et,~)~Y(J,tn,k) 
)I' < ,., • 41 . 

J Y_,JJ) j, KE,. -E)/(,1..-7',.) 'ffe'-1.tfl · ..Pc1, il_,,,k.,.) wp. k~ 

IIpHHHMa.fl BO BHHMaHHe ,ypaBH8HH8 (38) )lJl.fl y.l" ( f) 1 

Il 0 JIJllHM: 
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g:_ )+f1E- (R)- ~- (m'-U _ ~ 1 in( )
cl fl 4>(5,An,k ~ (}2-i) (~1_{)2. (~':.i)J.--r ~,t.mk -

= [ UC}=)- at~)} \f(~,i\h, k) -
l~:i.-L) 

J/ f J " 1 f~E ~ E ). !. \ " 
- 27 d~ Yl'(1) tf(f,il/11~) \( ,fn- ,-,tt) 4-c~2.-o 11-(>~)\,., k)-

-j- l ~Y (lZ~ ~;J ~~t,,_u)1 Y_, er J 1P Cf J,, ~) 1Pc~,A.,k l. 

HeTPYAHO y6eAHTbCR, aHaJIH3HpyR 3TO B~pa~eHHe, qTo 

cpyHKQHR <f(},~y
11
k). YAOBJieTBopneT ypaBHeHHll (38), ec1m 

al~}= ci(})-ic~~-i)fl-.4. :✓.c~)1P(r.A k)f(f4>+..i._ )t 
./4 a, '/If 7,)', "1\J,\-~ (J2--?44) 

M'\of (!E -E) i ' " · 
+ 7 l dy [(-7>< +~:l.-i)J ~ ( ~) '-P(f., i'L.r, k/') I 

IIycTb /\
11 

H E H3MeHRIOTCR He npoH3BOJII»Ho, a B cooT-

BeTCTBHH C COOTHOWeHHeM 

( E - E )I ( i\ - fl ) = ft,-= CJJn.st , 
tiTo cooTB&cTByeT ycYJioB11<: •· _ 
· a,ft81'.,,=J,;:;co11sf ~ r,~6/a. 

(45) 

BocnoJII»3yeMCR OilJ>eAeJieHHeM (39) AJIR ~ q:), 
3YR CBR3I, Y (§") c tp() /\.", k") (40), r II ' ✓ ., 

. ~(~)= :;, CJA 4JCr,A_l(,,~.)Y:~CJ), 

HCilOJib-

(46) 
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l: 

rAe 

~l ( ~) == o,r1 -t- C r·W 1 ~(~,AJ',,~·)/P(~)",1<,r)J-_ (47) 

YqeT Y.,. l ~ 'I ( 46) B cooTHomemrnx AJIR noTeHrimrna ( 44) 11 

COOTBeTCTBYillllHX eMy pemeHHRX (39) IlO3BOJIReT npeACTaBHTI, liX B 

3aMKHJTOM BHAe qepe3 ;3BeCTH~e cpyHKQlili Q (~) li l'.p (t: /1. k -)• -
- --------..--..1 .------. , . r, l'-, l'- • 

Utr) == at~)- ~1.,Bl;~i)+f d \Y,~'--l) I 61 def PC~)]. 
{f'2.-i) df l fo lfl:..i)t! - ' (48) 

4'(j, i\h,k) = .1'Pl¥)\; k )-'-. 

-f :f C 1P(!Ffl ,k ,)P~L~) w{"lfJ(~)_,11)~),1PC;).n,k)l_ 
/< /f' ::,<" I :_J(, ')' /J' - ("' - - ft. ) 

1 '- n ~ • (49) 

COOTHomeHHR ( 48), ( 49) eCTb He llTO liHOe, KaK oelo6meHHUe 

npeo6pa3OBaHHR EaprMaHa - )lap6y [ro 1 AJIJI aKCliaJibHO-CHMMeTpHll

HOff MumeHu. )lJIR aHanora TOqHO pemaeMUX MOAenen B IlOAXOAe 

rem,cpaHAa - JTeBHTaHa [2?) B KalleCTBe 4lYHKnun lp .u t1> 

B~cTynanT perynnpH~e pemeHHR, ·onpeAeJIReM~e rpaHHqHuMu ycno

BHRMH (41), AJIR aHanora B MeToAe MapqeHKO, B KaqecTBe lp 
. ,0 

u LP Heo6xoi11Mo ttcnoJII»3OBaTI» cpyHKnttu flocTa (42). llHTerpH-

poBaH11e (43) B nepBoM cnyqae ocymecTBJIReTCR B npeAenax OT I 

AO 5 , BO BTopoM cnyqae - B npeAeJiax OT 7 AO oo. 

3To AaeT cJieAYDIIlee BHpa~eHtte AJIR W: 

w 11f (y,i\.l',~~ \p(f,i\,i,k))/ c Ah -i\_;,) = 
- 1(00) J3 (~' 1-i)ti O \ ' ' 

- (~•.t-i) tP(~)\J',~)1/>(~,An,kJdi , 
i(J=J 

yqeT KOTOpor6_B COOTHomeHHRX .(48), (49), H (47) npHBOAHT K 
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npHBUqHoMy BH.ItY c BHpOJE:,IteHHHM Jl,ItpOM onepaTopa o6o6meHHOro 

C.ItBHra K (~, ~ ') • PaccMoTpHM tJaCTHull cJiyqall !f = 0 , qTo · 

cooTBeTCTByeT k 1 =- cons+ • lI3 coOTHomeHHJl ( 48) HeMe.It.JieHHO 

cJie,ItyeT . 

aC~)= aC~J-;;2._i) ;~[vc~2._ 1-)'fndd PCy)1; C5o) 

lp(yt\n)e-((>(~{I )-
, ' n ;cro) 

f. f_ CJ( lf>(~1-)")Pu,~1F)·j (f.>li~ !)ti) i(~' Al') lF(l7t )d"' (5I) 
./ .I"' ✓ ,1 l1'l--1) , r, l'I r. 

H}J 
6) AJire6paHqecKHe npeo6pa3oBaHHH B (ml- A) - nJIOCKOCTH 

I 

IlpH X -=CD~fnocTpOHM npeo6pa3oBamrn 

lP(¥, /\nm) -= cp( ~, A nm)-

-?-m. Y(1, A n1m1)W7 '$(f)·n•mJJ 41(~,i\,) J/Ci\m ').n•m.) , (52) 

KOTOpoe CBJl3!,IBaeT peweHHJl Cf(_r) H · v ( ~) , OTBeqaIOmHe 

H3BeCTHOMY fl(~) H HeH3BeCTHOMY Q(;) IlOTeH[IHaJiaM 

COOTBeTCTBeHHO. <PYHKUHH Y(p /1. 'm• ), TaK JKe KaK H 1/{r i\ ), , n r, nm 
Y.JtOBJieTBOpHIOT ypaBHeHHH) (38) c a(~ ) npH H.eKOTOpux BH6paH-

HUX 3HaqeHHJlX HH,IteKCOB 11 = n '. , m = m 1 , OTJIHqaJlCI, TOJILKO 

KOHCTaHToll C (/\ n• m•) , He 3aBHcmrtell oT Y • Ilo3TOMY, HcnoJI.&-

3YJl COOTHomeHHe (52) npH tl ~ n' ' m = rn', 
MOJE:HO 3ailHCaTL B BH,Ite: 

qiyHKUHH) Y Cy)\n'm,) 

. V (~/'n•m•) = ~ .,lp(~,. 1\"m•)P,/~u/F) G(An•m•), 
II'/ ffl, '111 . 

(53) 

r.1te p ( ~) - MaTpHua C 3JieMeHTaMH 
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~/~}=' ~p + C11Wf ~0;~ lpp(~)}A1-1'-r.P). . (54) 

E~JIH ypaBHemrn (38) .ItJIH. Cf C ~
1 
f\ n'") YMHOJmTJ. Ha 

lP(t An, ,)/(/\ - '}. )-!. H Buqecn H3 pe3yJinaTa ypaBHem,i:e 
"' \' Jim h'm' 'o · 

(38) .ItJIR (f u·- '}.. 1 ) , YMHOJE:8HH08 ~a l.p(~ An ) · . .,, 11 m' ,. m 
O·nm-·An•m•)-!~ . TO BupaJE:emre ,ItJIJl BpOHCKHaHa v ·· 

3anHmeTcn 

d o o - W {'lf>(~ J,,n•m•),lp(~ 'Atim)"\./ (lt nm-_ "n'm') == d~ . I ' • I ) . 

r { ! (m2.-m•2-) 1 0 p 

= ll~~- i) + (~t~nt(/1.nm-?in'm•) 1P~ln•n,,)1P(tAm,r (55) 

.naaallTe m H n OT6Hpan B COOTBeTCTBHH c COOTHO

meHHeM 

lm~- rri.' 2 )/('Anm-J..,,,,,,J=. rl,., 

llTO OTBeqaeT am2.-1- {,Jlh,,,,-=Cl)l'lgf-;ol; d...=~/a 
(56) 

Tor.1ta pemeHHJl ('3 8) 6y.1teM noJiylla_n B.ItOJIJ. npm.wx JIHHHR B 

(m~A)- IlJIOCKOCTH. AHaJiorHqHo npe,ItH,ItynteMy Hail,IteM YCJIOBHJl, npH 

KOTOPHX qiyHKUHJl, Y.ItOBJieTBOpHJJntaJI npeo6pa30BaHHD (,52), 6y,IteT 

pemeHH8M (38). 3TH yCJIOBHJl Il03BOJIJlT HaM BHpa3HTJ, IlOT8HttHaJI 

Q ( ~) qepe3 3apaHee H3B8CTH!le U. (I:) H lp(I: fl >; H8H3-., ~ ,,,,, 
BecTHue pememrn Y ( ~, 'An•rn•) H lP(~ Anm) - qepea H3-

a 
B8CTH~e {P(~ 

1 
i\nn,) : 

· o c J- iwI+J' fl r(°'f 2-i> _, en th.l PC)Jl (51) 
a(~) ::o ct ~ c ~2.-0 d' Y1'--i+J, j, 
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lp(5,~t1rn)::::. LP(~, ~nm)- (58) 

_ 5 .z_ c '1'°n(~ 1 ,rri. (~) vl{ti'{W.i\»1m')1 "4'(fr~llm )) . 
£- n'm' I jj /\w1 nll"';.11...n I I l'). '} ) n'm' h'' rnn ' " m ,, m n rn ,, nm - ,, n• rn1 

HHTepeCHO paCCMOTpen c.nyqail cL = 0 , IIOCKOJibKY STOMY 

cooTaeTcTayeT )< 'l-= consf H, KaK cJie.n;yeT H3 (56), m = con,d· 
J 

T. e. rrpHMep, IIOJIY4eHHhri1 B ( k: A) - IIJIOCf\OCTH rrpH m == cons-l 
II k:z.=consf no .n;pyrHM qiopMyJiaM (48),(49). IlpH cL=O 
II3 COOTHOl!leHIIH (47) IIOJiyqaeM Bhlpal!CeHHe )(JIH IIOTeHI.(HaJia 

a.(~)~aCF)- ~ cl \-V(;-'--i) ende-t PC~)l 
Vif.t.e- 0 c(~ l , (59) 

IIOJIHOCTI,!O 3KBHBaJieHTHOe (51).·neilCTBHTeJibHO, IIOCKOJ!bKY q>OpMy

Jlhl )(JIH BpoHCKHaHoB ( 43), (55) rrpu · .fo·O ( E.I< = E) , oL =- 0 
tm..,.rn') coBria.n;aIOT, To coBrra.n;aK>T uMaTpHI.ll::l P(}), qe

pes KOTOphle orrpe.n;eJIH!OTCH IIOTeHI.(HaJihl II pellleHHH B o6oux CJiyqa

HX. BIIOJIHe Otl6Blf)(HO, KaK MOJICHO IIOCTpOliTI, MHOJIC6CTBO .n;pyrHX 

TOtlHO pel!laeMhlX MO)(eJiell. 

3aKJII04eHHe 

B .n;aHHOil pa6oTe B 3aMKH!TOM Blf)(8 IIOJiytleHl::l COOTHOl!l6HIIH 

CBH3H )(JIH )(BYXI.l6HTpOBl::lX IIOT6HI.lHaJIOB If COOTB6TCTBY!OlllHX perne-. 

Hull, o6o6!JlaD!Jllfe cooTBeTcTBYIO!JlHe qiopMyJil::l 6aprMaHoBcKoro rro.n;

xo.n;a. KoHCTpyHpyK>TCH aJire6pautleCKHe rrpeo6pa30BaHHH If )(JIH CHC

TeM CBH3aHHl::lX ypaBH6HHil C y.n;JIHHeHHOil IIPOH3B0,ll;HOil. IloJiytleHHl::le 

B paMKax cyrrepCHMMeTpUtlHOro rro.n;xo,n;a COOTHOlll6HlfH )(JIH ypaBHeHHll 

C KaJiu6pOB04HhlM IIOT6HI.llfaJIOM II03BOJIH!OT reHepupOBaTI, HOBl::lll 

KJiacc TotIHO pernaeMux Mo.n;enen. Oco6utt HHTepec rrpe.n;cTaBJIHeT 

pasBHTHe rrpe.n;noxeHHoro rro.n;xo.n;a )(JIH KoHCTpyHpoBaHHH Mo.n;enen 

C CHHrynHpHhlMK IIOTeHI.llfaJiaMH II HeTpHBHaJibHhlMH TOIIOJIOrHtleCKHMlf 

qiasaMn·. 
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