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1. BBeµ;eHHe 

Iknorrb□oBaHue c1m CKnpirn npn 1my"lemm cBoiicTB KoirrreKTI:IBHhIX Bon-

6y,1qi;em1i'1 B pa.Mrmx MeTO)l;a. MOMeHTOB 6bmo Ha'!aTO B pa6oTaX [1, 2]. 
8To 6bI1II1 II30CKamipHbie II II30BCKTOpHbie arreKTpH"IeCKHe pe30HaHCbl 

Q+, 2+ II 3-, a. TaIOKe MarHHTHbIC MO)l;bl 1 + II 2-. Torp;a ,Ke B03HII

Krra npo6rreMa onpeµ;erremrn TOKa, peweHHe KOTopoii npeµ;cTaBrrneTcSI 

BmKHbIM p;rr.!I MCTO)l;a. MOMeHTOB. ,IJ:erro B TOM, 'ITO H3-3a HerroKarrbHO

CTII B3U.HMO)];CIICTBIIJI ypa.BHCHIIe HenpepbIBHOCTII cyw.ecTBCHHO MO)J;H

cpmi;upyeTCJI, II03Bomrn: acpcpeKTllBHO Y"IHTbIBaTb o6MCHHbie _acpcpeKTbI 

[3]. IlpocTbIM nepeonpeµ;erreHueM TOKa MO)KHO BepHyTbCSI _K Krraccn'!e

CKOMY Bb1pa:-KeH11ro µ;rrSI ypanHeH1rn HenpcpbIBHOCTH, oµ;HaKo npn aToM 

cyw.ecTBCHHO MeHJIIOTCSI OCHOBHbie napaMeTp11nan;1m IIpIIMeHSieMble B 

Me Toge MOMeHTOB. B µ;aHHOII cTaTbe pacc'-rn:TbIBaro~cSI ::i~eprIIII II_ Be

po.!ITHOCTII B036y,K)l;eHHJI rnraHTCKOro µ;1morrbHOro pe30HaHca _(r,IJ:P) 

II Ha ero npHMepe o6cy,Kµ;aeTCSI cqiopMym1poBaHHM npo6rreMa .. 

2 .- <PopMaJIH3M 

KorrrreKTIIBHOe )J;BU)KCHHC B HalllCM noµ;xoµ;e OlIIICbIBaeTCSI B TepMIIHaX 

Il1IOTHOCTU HYK1IOHOB nq(r, t) (q -IIH)J;CKC, OTrrII"laIOW.HH HCIITpOHbl II 

rrpOTOHbI), IIX cpeµ;He11 c1mpoCTI1 uq(r, t), TeH30pa µ;aBrrCHI:IlI Pqij II µ;py

rnx TCH30p0B 6orree BbICOKOro paHra [4]. ,IJ:I:IHaMU"ICCKI:IC ypaBHCHI:ISI 

µ;rrSI HUX rrorry"laIOTC5I IIHTerpnpoBaHIICM rro IIMrryrrhcaM C panrrI:I"IHbIMII 

BecaMH ypaBHeHI:151 µ;rrn q>yHKll;l:111 BIIrHepa fq ( r, p, t) ; 

a f q 2 , ( fi H • J H J ) -' _ at -hsm 2(Vr ,VP-VP ·Vr) (Hq)w·Jq-0 (1) 

rµ;e (Hq)w - BHrHep-o6pan caMoc'orrracoBaHHoro raMIIrrbTOHIIaHa Hq, 
lIHTerpHpoBaHIIe C eµ;I:IHll"IHbIM Be COM ;:i;aeT ypaBHeHne HerrpepbIBHOCTI:I 

anq .d. ( _, . . (_, _, )) - 0 . at + W HqUq + T/H~_nq, Uq - Uq•. = , (2) 

rµ;e T/ = ';~t , t+ I:I L rrapaMeTpbI cHrr CKnpMa, OTBeTCTBeHHble na He

rroKarrhHyro '-IaCTh B□aI:IMoµ;ei'1cTBII5I. lIHTerpupoBaHue c BecoM p; npI:I-



BognT K ypaBHemuo grrH cpe;a;Hex°1 c1mpocTn: 

F( ) _ auq; nq aTVq " a P7 ;,. 
Uqi = nq-- + --- + L-(-.) + 

at 1H a:t:; s a:r5 m,
1 

_ ajjq acq " · 2 

+nqUq: ax; + a:r; (~ Pqss + 111nqltq) + 

- m - ti2 acq 
+nq(uq-. + Bq) · VUqi - -6.(-a. nq) = 0. (3) 

mq 4m .r; 

3 t - ( t +?C ) . C' - i (t t_ ) . -gecb m•-: ~ - q , m.- MaccaHyI,JI0Ha, q - ::jr,2 +n- 2 11,, , n -

B m (.t - t_ - ) - - - Tl' [r nn + np, q = -211 +nu - 2 nqtlq , nu = 11-nUn + npu1,, ·, q = 'q + 
~

2 

6..Cq . Bhlpa)KeHire ;a;rrn caMocorrracoBaHHoro rroTem~mum U" B~iecTc 

c orrpegerreHIIHMII nq, uq, Pqij II Pqijk 'Iepen fq(17,JJ, t) MmKHo HaiiTir B 
[4]. . 

HHTerpnpyH ( 1) c Becmr JJ;J)j, rrorry•meM ypa-BHeHne grrn TeH:::wpa. 
gaBrremii'1 Pq;;( r, t ): 

a 8 m 
!)Pqij + L ~(-. (Pqijk + PqijUqk) + Bqi•Pqij) + ut k UXk m.q 

[
" ( m auqi aBqk DC'q " 9 L Pqjk -~ + ~) + m,-D L_ (Pqjkk + -ukPqk.i )-

k ni; UXk u.r; .Tj k 
+ 

1;,2 acq)] -(6..uqi + 2v'uqi"v(nq-a .. 
4 2, .. 

IJ 

1i2 a2 jj a2c 
-v(nq( 0 / +2muq

0 
aq ))=0, (4) 

4m X; Xj :r; Xj 

rge [ ... ] ij 0:JHa•meT CHMMeTpnnaumo ITO IIH)];CKCa.M i' j. 
O6bI'IHO TOK orrpe;a;em1eTcn crre;a;y10w:uM o6panoM [3]: 

liw, t) = 2-J .r,,w, ii, t )F dfi m. 

a cpep;HHH crmpocTb CBH:JaHa c HIIM c0OTHOllleHHCM u" = .Jq/n,1. Ypa

BHeHne HerrpepbIBH0CTH (2) Mo:iKH0 rrpIIBeCTH K KJictCCII'ICCIWM,Y Bup,y. 

MogmpnunpoBaB O'iCBII;i:J;HbIM o6panoM orrpep;eJICHIIC TC~Ka: 

, f; = nqiiq + 17n9nq•( ·uq - ·uq,)) = .f,, + 17( nq,.f,, - 11q.f,,1 ), ( 5) 

2 

\ 
n 

I ,•. 

J 
l· ,, 

) 

'ITO, B CBOIO 0'ICpegb, rrpxrno;a;nT I, rrepeorrpegcrreHIIIO 6ecKOHC'IHO Ma

JlbIX CMCIIICHUII, C II0!\10lllbIO K0T0pbIX !\Ibl OillICbIBaeM gBirn,enxrn Ma.JIOx°l 

aMIIJIIITy)l;hI. B. [1] CMew:emrn orrpegeJIUIOTClI KaK l = Uq cit ~. ( .f,, / nq) dt. 
EcTeCTB~HHOi°I 11o;a;nqimm~ueii 6ygeT, CJ'IeBIIi];H0, t; = u; dt = ( J; / Hq) dt. 
Ew:e 0;D;HIIM crrep;CTBUCM rrepeorrpe;o;eJIE'Hl!lI T0Ka. lIBJilieTClI H0B0e Bbipa.

)I,CHIIC p;rrlI Ba.pnauxm rrrroTnocTu: bnq = -div(nqt;). ,Il;nna1m'1e_cKI~M 

ypaBHeHIICM g,rn HOBOx°I CK0p0CTII oygeT eCTCCTBCHHM KOM6nnauxrn ypa

BHCHnii: (3): 
F( ttqi) + 17( nq, F(nq;) - nqF( ttq'i)) = 0. (6) 

3. I'HraHTCKHH ;a;nnorrhHhIH pe::JoHaHc 

Corrracno ME'To;a;y 1IOMCHT0B 1::i::rn orrncattn!I ca11hIX rrpocThIX ;a;mi:;,1..:enn11 

cncTeMbI c MYJihTIIIIOllhHOCThK) ,\ = 1 ;o;ocTaT0'IH0 nMeTh ypa.BHCHIIlI 

;a;mrn..:ennn p;JilI_;a;e1rnpT0BbIX TCH:JopoB 1-ro panra, T.e. c:pa.KTII'ICCI,II ;D;JllI 

Imop;a;nnaT UCHTpa T!I)KCCTII CIICTeMbI. PanyMCE'TC.lI, ;o;Birn,enne UCHTpa 

Mace H;o;pa. HC rrpe;o;cTaBJIHE'T IlHTqH'rn. a BOT 0TH0CIITCJibH0C ;o;mrn..:enne 

uenTpoB 1mcc rrpoTonoB n ttei'npottos 110:;.1..:eT C>bITh CBH:JaHo c f',UP. Tpe-

6yeMbie ypaBHCHIIH II0Jiy<Ia.IOTC.lI IlHT<'rpnpnmrnneM ITO Imop;o;nna.TaM c 

e;o;IIHII'IHhIM BeC0M ;D;IIHU.Mll'ICCK0ro ypaBH<'HlIH )];JllI cpe;o;ne11 ,c1wpocTn II 

rrocrre;a;yrow:nu cro_ BaphnpnBamre11. 

Ilpoana.mmnpyeM cHa•1arra BapnanT co cTapbIM orrpe;o;erreHne11 T0Ka, 

T .e. 6y;o;cM IIHTerpnpoBa.Tb II II0T011 BUpbIIp0BH.Tb ypaBHCHlI(' ( 3 ). :Ja

MeTnM cpaoy )Ke, 'ITO IIpll IIHTerpnpoBa.HIIU 06pa.UI<1CTC.ll B HJJih 'IJieH, 

rrporrop~HOHclJihHhIII ti2' T.e. KBaHT0Ba.!I rrorrpaBKa. Pa.BHOBCCHOe :JHa'IC

nne ui0 i II0JIO)KIJM paBHhIM HYJIIO. BcrroMIIHM TUK)Ke [1] , 'ITO bUqi = tqi, 
na.xo;o;nM 

.,, 1· . : 
2 ( 8 Pq v' ;nq, - o Pq, v' ;nq ) ch~+ 

+ j(1./;_'g;P+ VV;n:_ t~V.6.1,1)8nqdr= -mf n,iqdr. (7) 

3;a;ecb 

V' 
: . t •.' : . 

t (l +. ·' /9) + 3 (•) ( 1)(1 + •),. ) o-'2 o . ,10_,..,, 
24

_ -a a - . ...,.1 3 nqnq,11 +. 

+ (a+ l)n"[a(l - ,r:d + 2(2 + :r3 )]), 
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a, to, t3, :r0 , J:3 - napa!\ICTphI SK:1f•. Pq = I:., P9,., P =:= _P,
1
-t-P,

1
,. C:,.H'

~eHn.H HYIGIOHOB C'-IIITaeM He aaBIICfll.J..Ul:MII OT 1mop;i;nHa.T, KHK II B !\IO

;n;em1 ronh;:i;xa6_epa-Terrrrepa.: ~q;{ ;:', t) = Lq;(t ). TpcGnaaHnc Hcno;i;BmK

HOCTII I.J;CHTpa !\IaCC .Hp;pa npIIBO::(IIT K COOTHOI.J.ICHIUO 0//q = -{IJ1,J', II;) 

KOToporo B CBOIO O'-Iepe;:i;h cnc;:i;yeT z,,L,; = -Zq,L,,,;. l{m; BIIilHCl. 

KpOMC TCH30pa rrepBoro paHra (,; B (I) BXOJ;IIT Tm,;Ke T('H:Jop BTO

poro paHra fiPqss· OH ITOflBJifleTC11 3::(CCh TU:IhKO II:J-:Ja HC':IOKH;IhHOCTII 

B3aIIMO;rJ;CIICTBII11 ( 'I;ICHhI, rrporropr.u10m1:rhHhH' t +, f_) II ;:i,o.T,I,C'H nrpa Th 

He60JihllIYIO ponh. Ero Birna;ri; Mo:tKHO ;lOBU:IhHO TO'-IHO 01.l;CHIITh. ,J:,rn 

3Toro Hy:-KHO rrpoaaphIIJ)OBa.Th ypa.BHCHIIC ( 4), IICKJIIO'IIIB II:J Hero TCH

nop TpeThero paHra Pqijk• B penynhTnTe oP9 Bhiptu-:aeTcn •1epe3 Lq;: 

8Pq = ~ --2- -P,/Vsnq+-'v.(Pqnq) + (
-mt_ [l 1 ] 

L:: 2h 3 2 

+ t;'vs(nq'vn) - 2nq'v.u,,) Lqs + 

+ - L 2 L 'vjnq · 'v1 + .6.nq 'v.(Cq - Cq, )L,w h

2 

[ l 2 s j 
(8) 

PaC'IeThI IlOKH:JhIBHIOT, 'ITO Birna;ri; fiP,1 rrpeHe6pe;KIIMO Ma.JI. 01mH'Ia

TeJihHa1! cpop!\1yrra. ;D;JI.H n;eHTpon;n;a. 3Hcprnn r,;:i;P nueeT Bnµ; 

2 -4r. ti2 J D E = ------ K 2 3A m · Dr ( n + qn ) ·; 
2 

dr, ( 9) 

r;n;e 

K = 1J._ oP + V . Dn _ t_ b.6.n. 
2 Dr Dr 4 Dr 

Mhr IICITOJihnyeM rrpu6mr:-KeHne Tm.rnca.-<f>elJMII ;n;rr11 TCH3opa p;a.arremrii: 

Pg( r) = canst · nq( r ) 513 II <f>ep:Mn-pacrrpeµ•~JICHIIC )];JI11 IT1IOTHOCTII C rra

paMeTpaMH H3 [9]. KaK BII)l;HO, rrraBHh!•,~ 'IJICHhI B ITO)J,hIHTerpaJihHOM 

Bhipa:iKCHIUI ( C to II t3) cop;ep;,rmT ( ~; /. 8To 03Ha•rneT' 'ITO IIHTC

rparr IIMCCT 'ICTKO Bhipa:-KeHHhlll IlOBf'pXHOCTHhlfI xapa.KTep II /IOmKeH 

6h!Th nporropn;IIoHa..'IeH R2 = r5A2l 3
• oTicyµ;a cneµ;yeT, 'ITO E ~ A-116

• 

PenyJihTctThI pac'IeTa npeµ;cTaBrreHu Ha. pIIcyHKe nyHKTIIpHon Kpirnoii. 

Y'IeT bPq rrpnaoµ;uT K HII'ITmKHhI'L II3MeHCHII11M B rrpeµ;errax TonmnHhI 

JIHHHII. 

4 

I~ ((} 

I 

.i{ 
q 

<f>opuy,m (9) ITOITJ'IeHa µ;JI11 cTaporo onpe;n;enemrn TOim.''l!To6hl BhI

'-IIICJIIITh am:-prnro rrpn HOBOM orrpeµ;erremm TOKa, Haµ;o nponHTerpnpo

BaTh no 1mop;:i;1rna.TaM C eµ;nHII'-IHhIM Becm.1 ypaBHCHIIe (6) II npoBaphII

. poBaTh pe0yJihTaT. <f>opuyna µ;n11 aHepruu norry'IaeTcn cy~ecTBCHHO 

cnm1rnce, 'IC~I (9). Orryci-:a11 '-IJICHhI c bP m,reeM 

2 -41r ti
2 J ( ~ . ) G )) on 2 E = ----;;-- K · (1 + rp1 - 'I'/· ( q + Gq, -

0 
r dr, 

3n n1 r 
rµ;e 

Gq = 11 
oUq + mP DC9 _ n2 

onq o2Cq _ n-2 DC9 .6.n 
q Dr 9 Dr 2 Dr Dr2 4 Dr q 

+ 
1 D 

9 
1 mt_ Dn9, 

--
0 

(Pq · (1 + -mC9)) + --2 Pq-
0

. 
3 r 3 4fi. r 

(10) 

PenyrrhTa.ThI pac'-IeTa. rrmrnaanhr Ha pIICYHKe cnrrol.J.IHOI~I Kp1-rnoi°r. Om1, 

!(al( BII)];HO, HC O'ICHh CII1IhHO OTJIU'-W.IOTCll OT rrpeµ;hrp;y~ux II HCMHOro 

JIY'-II.J.IC corrracyIOTC.H C 3KcrrepIIMCHTaJihHhIMII µ;aHHhIMII. 

40~---------------~ 

--:> 30 
('J.) 

~ 
----

- - - - ~ ~ 20 t .. _ ~c;.. ________ ,. ___ • •....•......• ! , 1 i 

■ • -..=:--
" 

10 ~· I I I I I I I I, I J 

0 50 100 150 200 
A 

fl;eHTpOII)l; r11raHTCKOro )];IIITOJihHOro pe:JOHaHCa. IlyHKTHpHa11 I,pIIBa11 

- CTapoe orrpeµ;erreHne TOKa, CIT1IOI.J.IHa11 KpIIBa11 - HOB/JC onpeµ;erreHIIC 

Torm. To'-re•rna11 KpHBa11 - Mop;errh )KIIp;Kofr Karrm1, E ~ 70A-1l3 MaB. 

81-:cnep11:MeHTa.1IhHhIC µ;aHHhIC II3 [8]. 
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,II;n.H pac"!eTa B(El)-q>aKTopoB MbI npn11em1eM BapnaHT Tcoprm nn

Hei'moro OTKm~rm, npe;a;rro,KeHHbIII Jiei'moM [5] - npamma ero llCTIOJib-

30B~Hirn B MeTo;a;e MOMeHT~B onncaHbl B [1] . Cnegyn nnrrmKeHHOiI Tal\1 

npo:u;e;a;ype norrrraeM: 

9 h2 Z · N , . l 2 2 
B(El) = ----(1 + 1711)E e · fm , 

87r m A. 

r;a;e n = ¼ In z di. 
Brmag penoHaHca B npaBnrro cyMM nonrraeTcn y1rnmKeHne11 ::lToro 

Bbipa)J(eHH.H Ha E. C ;a;pyrmr CTOpOHbl Bbl'IIICJiflfl p;Bofmoii: KOMMyTaTop 

;a;1morrbHoro onepaTopa c raMIIJibToHimHOM Haxo;a;nM npammo cy11M 

9 h2 z. N - z . 2 
S(El) = ----(1 + 17n) e · fm., 

87r m A 

KOTopoe OTJIH"IaeTCJI. OT KJiaCCH"!ec1mro MHO)l(IITeJieM (1 + 1711), B03-

HHKaIOlll;HM ·1m-na tterroKanbHOCTH BnaIIMo;a;eii:cTBirn ( TaK HanbrnaeMbIII 

qmKTop ycnrreHHH [6]). KaK BIIP,Ho, 1mrraeMbIII HaMn pe~om1Hc IIC'-Iep

TibIBaeT TIOJIHOCTblO npaBHJIO cyMM. <PaKTOp ycmiemrn MCHflCTCJI OT 1.25 

npu A = 20 ;a;o 1.42 npu A = 240 II O'-ICHh naMeTHO yny"IUiaeT cornacue 

Teopim C 3KC_nepHMCHTOM [7]' XOTfl 6bIJIO 6bI Jly-"Illle, eCJIII 6hI OH 6bm 

uecKOJibKO MCHbUie (MeHJIJICJI 6bI, CKa:a,eM, OT 1.1 ;a;o 1.3). BcrrH'-IIIHa 

B(El) <paKTopoB HeMHoro MeHneTcn B ::mBHClIMOCTII OT onpe;a;erreHirn 

TOKa, HO OT)];aTb npe;a;no"!TeHIIC KaKOMY rrn6o 113 _HUX cpaBHIIBM 'Teo

pn10 C 3KCnepIIMeHTOM B ;a;aHHOM crry'-rae HCJih3fl, TaK KaK ,mcnepnMeH

TaJibHO II3BeCTHbl ITIIlllb TIOJIHbie ce"IeHirn, KOTOpblC nponop:u;uouarrbHbl 

npammy cyMM, a oHo OT onpe;a;erreHirn TOKa He ~aBIICIIT .. 

4. 3aKrrro~eiiHe· 

IlpoBe;a;eHHhIH aHaJIII3 nooBorrneT cgena.Tb BhIBOP,, 'ITO MeToµ; · MOMeH

TOB qiynKrimt Bnruepa ;a;aeT xoponiee om1caH1i:e rno6arrhHbIX CBOIICTB 

r,n:P (n;eHTpon;a;a aueprrm II npamma cyMM). Ilpn"IeM ;a;ocTnraeTc.sI :JTo 

BCCbMa npoCTbIMII cpe;a;c1;'BaMII, He3aBIICIIMO OT crrm1rnocTU B3aUMO)];CII

CTBll.H. HerroKaJihHOCTh B;JU:IIMo;a;eikTBim npnBop;nT K HeK0Top1;1M npo-

6rreMaM, CBfl3aHHhIM c ueo6xoµ;nMocTbIO Bh16opa onpe;a;erremrn TOIW. K 

6 

~ 

C'-IaCTbIO, !-.ICTO;:l; B 3TO!-.I C!-.IblC"JIC mrn:)bIBllCTC-fl. ;J;OCTllTO'-IHO JCTOII'-III

Bhll\I - ucnTpoug r,UP cgBnraeTcn npu nep<'onpcgcncmm ToKn Hc::rna

'-IIITCJihHo, a npam1:10 cyu:-1 OT Hero BOOUll.W HC naBIICIIT. Ha;::i;o ;JR~IC

TIITh, '-ITO 3Hepnrn pcnoHaHca I\Hl:IO 'IJBC"TBIITCl.IhHa K He:r01rn:rbH01i 'Ia

CTII u;:inuMo;:wii:cTnun. Tm..:, pac•rc.'T c· f+ = L = 0 (B 3TO~I cny,rnc o6a 

onpc;:i;cncmrn TOKa COBilR)lHIOT. T.K. ,, = 0) ;:i;acT pc;:iy:rhTaTbI, npaKTII

'lCCKII conna;::i;aror.u.nc co cn:rornHoii r..:prrnoi·i Ha pncyHKc. TaKII?-.I oGpa

no?-.I, ?-.IO;.r,Ho C;:lC'.'IllTb BbIBOil. 'ITO BhIOnp onpe;:i:c:1eH1rn TOKa HC' II~IeeT 

TI}>IIHUIITIIIa.'lbHOro :JHcl'H'Hil!I II ~Io;I,('T OhITb c;:i:e:raH n:1 coo6pa;r..:eHnt1 
yp;o6CTBa. 
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