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This work is the continuation of the numerical calculations of the Yakubov
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.lJ:aHHan pa6oTa HBJIHeTCH npo.n;omKeHHeM qucJieHHhlX ::rn:cnepHMeHTOB
16 • 71 

no perneHHJO ypaBHeHHll .flI<:y6oBCKOro ,D;JIH 3a,n;aqu pacceHHHH OAHOll qa

CTHU:hl Ha CBH3aHHOM KOMnJieKce Tpex qacTHU: H OCHOBaHa Ha ucnOJib3OBaHHH 

6oJiee TOqHOll BOJIHOBOll cpyHKU:HH Tpex lJ8.CTHU: CBH3aHHOrO KOMnJieKca <113 , 

onpeneJIHJOIQeii rpattuqHbie ycJIOBHH B ,n;ucpcpepeHU:HaJibHhlX ypaBHeHIDIX 

HKy60BCKOro H paccquTaHHOll HaMH nyTeM perneHHH ypaBHeHHH <l>an.n;eeBa 

,n;JIH Tpex qacTHU: no pa3pa60TattHoii HaMH )Ke nporpaMMe Ha H3hIKe <l>opTpatt • 

.lJ:JIH CJiyqaH 'qeTbipex TO)K,D;eCTBeHHhlX - 6eccnHHOBhIX qaCTHU:, B3aHMO~ 

neiicTBYJOIQHX B s -BOJIHe, nucpcpepeHU:HaJibHhie ypaBHeHHH HKy6oBCKOro 

HMeJOT BH,Il; 
121 : 

[ t.. + E - V ( x) (1 + L ) ] I IJJ > = 0 , 

-3,D;eCh 
,2 
a 

tl.·=·. 2 ax 

-2 
a 

+-.-2+ ay 

-2 
a 

7 az 

IJJ(x, y, z) 
'I' 1 

- ,D;BYXKOMnoHeHTHlUI q>yHKU:HH ( qi ) , 
2 

A [f.11 
L= . 

A21 
L 

1 
A xy 
K 'I' (x, y, z) = ( du -- IJJ (x ' , y' , z') , 

-1 x'y' 

1 
1 

y' z 
K (x ', y', z) = - f d v --'--- 'I' (x ', y ", z") , 

1,2 2 _ 1 y" z" 1,2 1,2 
1,2 1,2 

,. 
P12 IJJ ( X, Y, Z) = 'I' ( y, X, Z) , 

(1) 

(2) 

(3) 

( 4) 

(5) 



x = 4 (x +3y -2v'3uxy) ,2 1 2 2 - } 

2 1 2 2 - • 
y' =-(3x +y +2y'3uxy) 

4 

Y
,,2 , 2 2 

=Y cos a 
1,2 1,2 

+ z2
sin2 a 

1,2 

,,2· - ,2 . 2 2 2 
z 1,2 = y _ sm a1,2 + z cos a 1, 2 

+ vy' zsin2a } 1,2 

- vy' z sin2a 1,2 

al,2 onpe,neJIHIOTCH H3 COOTHOlllemm: 

1 
cos a = - , 
• 1 3 

1, 
cosa 2 = -=• 

v'3 

(6) 

(7) 

(8) 

'P ( x , y, z) n ypaBHeHMHX ( 1) y,noBJieTB0pHeT rpaHHqffbIM ycJI0BHHM: 

'P(0,y,z) = 'P(x,O, z) = 'P(x, y, 0) = 0. (9) . 

B yprumeHMHX (1) o6o3HaqnM 

2 . 
E=-K, V(x) =-v(x) (10) 

2 -/h 
(B qacTH0CTM, v(x) =-ye npM y =1,24186, ,8=0,3906), Tor.ua ypaBHe-

HMe (1) npHHMMaeT BM,n; 

- .... 2 
[ L'I + v { x) (1 + L) - K ] I 'P > = 0 • (11) 

B 3a,naqe Haxo)K.lleHMH .UJIHHhI pacceHHMH a .UJIH npoQecca 1 + 3 ➔ 1 + 3 
K~ eCTh 3HeprHH CBH3H 3-qacTHqffOH MHllleHM M CtUITaeTCH 3a,IJ;aHHOH 
BMeCTe C cpyHKQMeH 3-tiaCTMqffOro CBH3aHH0ro C0CT0HHMH ¢ 3 ( X • y) . rpa
HMqffbie ycJI0BMH .UJIH ypaBHeHMH (11) MMeIOT BM,n; (9) M .U0IT0JIHHIOTCH B 3a
,n;aqe paCCeHHMH aCHMITT0TM'lecKHM ycJI0BMeM 

1 
<x, y, zl 'P> ➔ ( ) ·¢

3
(x, y) (z -a), 

:p ➔ oo 0 
(12) 

'ITO C00TBeTCTByeT pacceHHHIO npM HyJieBOH KMHeTHtiecKOH 3HeprMM HaJie
TaIOmeH tiaCTMQbl. 

Tor.ua peweHMe ypaBHeHMH (11) nmeM B BM,n;e 

1 -dz 
.<x, y, z I 'P> = <x, y, z I·¢>+ ( 

0 
) ·¢

3
(x, y) [ z -a(l - e ) ]. (13) 

2 

3,n;ech BhI6op pellleHHH n cpopMe (13) .UHKTyeTCH, c 0.UHOH CT0pOHbl, rpa
HHqHblMM YCJI0BHHMM (9), a c .upyroH CT0p0Hbl, acMMilT0TMqecKMM ycno-

-dz 
BHeM ( 12) . MHO'lKMTeJlh ( 1 - e ) BB0.UHTCH .UJIH C0XpaHeHMH none,n;eHMH 
peweHHH Ha MaJihlX paCCT0HHHHX. B Pe3YJihTaTe .llJIH cpyHKQHM '<ll(x. y, z)' 
nonyqaeM He0.UH0p0.UH0e ypaBHeHHe 

,.. 2 
[ L'l+v(x) (l+L)-K] i<ll>+f = 0. (14) 

113 ypaBHemrn ( 14) MeT0,IJ;0M K0HeqHoMepHOM annpoKCHMaQHH HaX0,IJ;HM 
.ummy pacceHHHH a BMecTe c cpyHKQHeH <ll(x, y, z) . B ypaBHeHHM (14) 

f ( X , Y(, : )]= fl ( X , Y (•: ) - :•f 2}( X , Y , Z ) , 

f 1 K K
1 

_ 

r1 = 
2 

=V(x),..,.. ¢
3
(x,y)z, 

f 1 K2 p 12 

(15) 

(16) 

t:z= [r;]- {td 2

e-dz¢3 (x,y)] 
2 - v(x) 

f2 0 

O6o3HaqMM 

+ f ~ ~1 

)·¢3 (x,y)(l-e-d7)}(17) 

lK2 K12 

,.. 2 
W = V ( X) (1 + L) - K 

tt 6y,n;eM paccMaTpHBaTh ypaBHeHHe BH.Ua 

< ti + w) I <Ii> + If> = o • 

3a,na,nMM onepaTop ti, He BhlilMChIBaH ero HBH0, C00TH0llleHMeM 

- -1 
1'11'1 Ix.>= Ix.>, i=O,M. 

l l 

HmeM perneHMe ypaBHeHMH ( 18) B BM,n;e 

!<Ii> 
-1 M 

w [ l c.lx.> + IC>J. 
i = 0 

ECJIM BbI6paTb 

c0 ix0 > = -If>, 

l l 

3 

(18) 

(19) 

(20) 

(21) 



TO HMeeM 

1·~> 
M 

-1 
w ! Ix.·>. 

1=1 l 

BBOAH q:>yHKUHH I ¢1 > 

lx>=WI¢>, 
i 1 

IlOJiytIHM 

M 

I~>= 2 c. 1¢ >. 
i= 1 l 1 

(22) 

(23) 

(24) 

B ypaBHeHHH (18) npOH3BO,llHM 3aMeHy t,,, Ha t,,, H npoeKTHpyeM ypaBHeHHe 

~ 
(!:J.+W) I~>+ f = 0 

-1 
Ha t,,, I Xe>' e =0, M, nony11ru1 C IlOMOU{blO (20) 

M -1 -1 -1 
2 .< x I !:J. + W I X > c + .< X I t,,, I f > = 0 • 

1= i e 1 1 e -
f=O,M 

IlocpencTBOM q:>yHKUHH I cf, . > nony11aeM 
l 

M 

1:i Ae1 Ci + ue = 0 I 

M 

2 ( u* + .<! I cf, . >) c 
1 1 =1 1 l 

f=l,M ] 

-1 
+<flt:J. It>= o 

rne 

-1 
Ae 1 = .< ¢ e I w t:J. w + w I ¢ t >, 

·1 
u e = < ¢ e I w 11 I r> , 

4 

(25) 

(26) 

(27) 

(28) 

B cny11ae 

if>=if1>-a\f2> (29) 

HMeeM 

•1 Up = f3e - a Yp • 

H H3 (26) Bb!BO,llHM ypaBHeHHe ,llJIH napaMeTpa a. TiocKOJihKY (29) eCTb 

,J JIHHettHaH q:>opMa OTHOCHTeJihHO a, a Bbipa)l(eHHH B q:>OpMyJie (26) CO,llep)l(aT 

eme 6tt}1HHeHHYIO q:>OpMy OTHOCHTeJibHO a , TO ypaBHeHHe ,llJIH onpE:.D.eJ.IeHHH 

AJIHHbl pacceHHHH a nonytJaeTCH KBanpaTHblM ypaBHeHHeM H HMeeT BH,ll 

., M M 
~· -1 -1 

a [ :£ ~ ( y * ➔ < f · ¢ > ) (A ·) y - <f ! 1~ ; f >] + 
i =1 f"" 1 f 2 f f i i 2 2 

M M -1 -1 
+ a I - 2 :£ ( y* + f i ¢ >) ( A \ . /3. + ( {3: + < f : ¢ 0 >) (A . )0 . Y. ] + 

i = lf= 1 f 2 f I l l I 1 I I l l (30) 

-1 -1 M M . ·-1 
+ <f

2 
! t,,, I r > + < r : !'!. I f > I + 1 2 ( /3 * +- <f : ¢ > ) ( A ) 0 /3 
' 1 1' ' 2 . fl · fl I . . i= l f = l I 1 I l l 

-1 
-<f1 '. /Ii \f

1
> = 0. 

Tipo6Hbie q:>yHKUUH rf\ B pa3JIO)l(eHUH (24) ,llJIH perneHHH <ll ypaBHeHHH 

(18) BbI6epeM B BU,lle 

cf, (x,y,z)=<ll (p)cb (x,y,z), 
i i . p ii 

i i 

-a_p -a.p 2!1.1-l 
<ll (p) = e l ( 1 - e l ) I ' 

1 

2n 
</; 

0 
= 2 c

0 
P O ( cos /3) sin 2 n a , 

Lil rn 2L+1 

2 
Cy n = 

( 4e + 3 ) (2 e - 2 n + 1 ) ! 

11( 2 P + 2 n + 1) ! 

m 
P - npucoe,llHHeHHhie MHoro1mettb1 Jle)l(att,llpa. 
r 

I 2 2 2 p=yX +y +z • 
5 

(31) 

(32) 

(33) 

( 34) 

(35) 



X=pcosf3 l 
y = p sin /3 cos a· 

z = p sin /3 sin a 

(36) 

JlJIH npo6HblX cpyHI<UHH <!\ a ( 31) onepaTop W HMeeT HBH0e Bbipa,KeHHe 

W!¢1 > = [v(x) -K 21¢/x,y,z) + 

lm. 
e1. L 

1 c e.) nn.· 1 

+·v(x) <ti. (p) I ( 
2 

1 
) 

1 n = 1 L mi ( e . ) 
nn. 1 

I 

¢P.n (x, y, z). 
1 

(37) 

MaTpHtIHble 3JieMeHTbl onepaTopa L B ( 2) onpe,neJIHIOTCH cne,nyIOll(HM 
o6pa3oM: 

e 
11 1 f f TT 

L , ( e) = (1 + - '\ , ( a 1 ) ) I b ,, b , ,,A ,,( -
6 

) , 
nn 2 n "= 

1 
nn n n n 

12 1 e e e TT 

L ,U) = - A , ( a ) I b ,, b , ,, A ,,( - ) , 
nn 2 n 2 n "= 1 nn n n n 6 

(38) 

21 1 ' II 
L , ( e) = - ( - 1 )° +n + 1 bi , A ( a ) , 

nn 
2 

nn n 2 

22 n+n' + 1 e 
L ,(0 =(-1) b ,. 

nn nn 

-1 
H,npo onepaTopa I),. , HJIH era cpyHI<UHH rpHHa g, HMeeT BH.r( 

( , , , ) 1 I [ ( , ) 2 ( , 2 ( ') 21 -112 g X, Y, Z, X, y, Z = - -;; X - X + y - y ) + Z -z . -

2 2 2 -1/2 2 2 2 -1/2 
-[(x+x') +(y-y') +(z-z')] -[(x-x') +(y+y') +(z-z')] -

2 2 2 -1/2 2 2 2 -1/2 
-[(x-x') +(y-y') +(z+z')] +[(x+x') +(y+y') +(z-z')] +(39) 

2 2 2 -1/2 2 2 2 -1/2 
+[(x+x') +(y-y') +(z:1-z')] +[(x-x') +(y+y') +(z+z')] -

2 2 , 2 -1/2 
- [ (x + x ') + (y + y ') + (z + z ) ] I. 

O6o3HatJHM 3JieMeHT o6'heMa d n = dx dy dz . BenHtJHHbl Ae i B ypaeH~ 
HHH (27) HMeIOT BH.r( 

6 

\ 
l 

!, 

I 
I 
I 

i) 
I 
I 

2 

Ap_ i = Jd!ld!l 1g(x, Y, z, X 1, y1 , z 1) I [(v(x) - K2)¢. (x, y, z) o + 
m= 1 1 . mmi 

e1 
mm 1 2 (40) 

+v(x)<ll1 (p) I L 00 (e.)¢
11 

(x,y,z)][(v(x )-K )¢ (x ,Y ,z )o + 
n= 1 1 1 ri n 1 j 1 1 1 mmj 

e. 
J mmj 

+v(x 1) <ll.(p1) I L (t) ¢
0 

(x
1
, y

1
,.z

1
)] + B

1 
., ,·· 

J n=l nln. J i.n J 
1 J J 1 

'> 
2 - -B.. =<¢1 IW!¢.>=Jd!l¢ (x,y,z)[(v(x)-K )¢ (x,y,z)o + 

lJ J 1 j m. m. 
I J 

ej mimj (41) 
+·cti.(p)v(x) I L

00 
(f.)¢e (x,y,z)]. 

J n=l j J • jn 

m 
B cpopMynax (16), (17) BeJIHtJHHbI f i HMeIDT BH.r( 

1 . 1 1 xyz . 
f (x, i ~ z) = .!... v(x) J d v f d u ---- ·<IJ (x ', y") z ", 
.1 2 -1 -1 x'y"z" 3 1 1 

1 1 
2 1 l xz 

f 1(x,y,z) =-v(x) fdv-,-,-·ctig<y,x;)z;, 
2 -1 X 2z 2 

1 2 -dz 
f 2(x, Y, z) = v(x) [-d e ·<IJ

3 
(x, y) + 

1 1 ,, 
1 xyz -dzl 

+ -2 f d V ( d U --- '<ll g{x ', y ;') ( 1 - e ) ], 
-1 -1 x'y"z" 

1 1 
2 1 1 . xz -dz2 

C (x,y,z)=-v(x) fdv--'<ll
3
(y,x

2
')(1-e ), 

2 2 -1 X' Z' 
2 2 

1 2 2 r,; 1/2 
x'=-(x +3y -2y3uxy) 

2 
, 1 2 2 r,; 1/2 · 

Y = 2 (3x + y + 2 y 3 U X y) 

Y,, 1 ( , 2 B 2 4 r;,2 , )1/2 
1 = - Y + Z + y,:, Vy Z 

3 

z~'= ..!..(8y'2 + z2 -4y'2vy'z)112 
3 

x2 = [ ; (x
2 

+ 2z 2 + 2/2 vxz) ] 112 

z' = [ .1.(2x2 + z2 - 2/2 vxz)] 112 
2 3 

7 

(42) 

(43) 

(44) 

(45) 

(46) 



OcTanhHbie tLJieHhl, BX0,D,HIUHe a cpopMyny ( 30) ,D,JIH BbltJHCJieHHH ,D,JIHHhl 

pacceHHHH a , HMeIOT cne,nyrom1rn Bhipa,KeHHH: 

-1 
2 

m 
<~11'1 \f?=fd0d0 1g(x,y.z,x1'y1'z 1)i fi(x, y,z)f.(x1'y 1,z 1), _{_47) 

m=l J i, j =1,2 

-1 
'131--= <cf\ I W L'1 I fl> = 

2 m 
·~fdOdU

1
-g(-x,y.,z,•sx

1
,y

1
,z

1
) I. f 1 (x

1
,y1 ,z 1 )[l\nm(v(x) -

m=1 i 

2 e. mm. 
- K ) cf; ( X , ':/ , Z) + V ( X) ¢ . ( p) i L nn 

1 
( f . ) cf; . ( X, y , Z ) ] , 

i 1 n=1 i 1 fin 

-1 
y =<cp IWL'1 If>= 

i i 2 

2 m 
= fdOd0

1
g(x, y, z, x , y , z ) !. f

2
(x, y, z )[cS (v(x) -

1 1 1 m=l 1 1 1 . mm1 

2 f i mmi 
-K )cp_(x ,y,z) +v(x) <ll_(p) !. L (e. )¢ (x,y,z)], 

1 1 n = 1 nni 1 e. n 
1 

mi 
<fki¢

1
>=fd0f (x,y,z)<ll.(p)¢ (x,y,z). 

k 1 eini - . --
k= 1, 2; 1=1,M 

(48) 

(49) 

(50) 

. Ourn6Ka annpOKCHMaI.Um BbltJIICJIHeTCH c II0M0lllblO cpyHKUIIOHanOB oueHKlI 

F1 

F 

~ 2 
<<lllt1-t11·<11> 

<·<Ill t1 I <11>2 

M ~ 2 
!. < c/J. I t1 - t11 ·<11 > 

i= 1 
1 

· 

M 2 
!. < ¢ . I t1 1 ·<11 > 

i= 1 
1 

Heo6xo,nIIMhie Bhipa,KeHHH 3,D,ech IIMeroT aII,n: 

M 

<¢el1'1\'<ll>=- !. <c/JelW\cp_>c. -<¢elf> f-1 M. 
i=1 1 1 - • 

8 

(51) 

(52) 

(53) 

M M M 
<<lljti-1'1i'<ll>= !. :£ c*cp<¢.!1'1+Wi¢p>+!. c.*<d>.lf>. 

i=1 f= 1 i 1 i= 1 1 1 

IlpIIHUIIIIIIaJibHaH 6noK-CXeMa nporpaMMhl npe,D,CTaBJieHa Ha plICYHKe. 

C"tJ::1Tr1Baime c ;\J1 T30JI,m; 
B 0'& 

J,r-r;:c.wmre :ae.n.r·{:rn, lie 
sam:Gnii!HX OT Cl i. 

BBo~ oqepe~ttoro tta6opa 
.------.-1 napaMeTpoB 4., · 

i18"tJ:3'i'I, 

(54) . 

.3a'"tJ:IICJI~~ne ::i.neMeHT03 ~.m7- I j I 
r-~H/ At_j 

II8ll3TI, 

HST 

.,,r 

BwmcJiemrn .n:murn pacceHHIUil "" 
A 

.31f{!IICJ18HH8 3H8'tl8HH;i qJyHK-
- I .,,1 

UHOH8JIOB ouettrui: r 

~a 

· "· ·· 0GT8H0B 

9 

HC1IepnaHH 
Bee HaCfopH 

l.l. · 2. 
' I. • 

~·~- ;;.\t-·· 
~ 

Il8'tl8TI, 

neqaTI> 



3HatteHttH <(;\ iW,¢j>3a;:i;aHhI cpopMynoii: (41),a 

00 a <ti a <ti 
. I fd [ 2 i j <¢1 : ti ¢. > = - 0 00 0 0 p p - -- + 

J mi mj ti r j ni nj O a p a p ( 55) 

+2(ei +1)(2Pi+J) <l\<llj]. 

CTapbre proynhTaThr -' 7 '. 

al a2 a3 A(l~ q:>M F A (2), q:>M F 

. 
0,3 0,6 1,2 56,2 0,14 0,51 0,12 

HoBbie pe3yJ1hTaTbI: 
0,3 0,6 1,2 18,4 0,96 . 0,71 1,1 

0,4 0,6 1,2 15,6 0,95 0,81 0,96 

0,5 0,6 1,2 12,9 0,947 0,92 0,95 

19 I 
11MeIDI.I.UieCH )];aHHbie no 1 + 3 ➔ 1 + 3· · pacceHHHIO (peweHHe ypaBHeHHH 
}h<:y6oBCKoro ;:i;pyrttfy.lH MeTO)];aMH) ;:i;aIDT 3HatteHHe A- 9 q:>M. HawH YT0llHeH
Hbie proynbTaTbI He npoTHB0pettaT, otteBH)];H0, HMelOJ.UHMCH pactteTHbIM 
)];aHHbIM. 
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