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BBE.lIEIDlE 

"5! ew.e He BilOJIHe IlOHHMaJI, 'I.ITO 

TaKoe .zm~peHUHaJII,Hbie ypaBHeHHH, HO 

'I.ITO-TO y:1Ke yranbraan H HCilbIThlBaJI 

BOCTOpr nepen HX BCeCHJIHeM". 

A. JI. CaxapoB "BocnoMHHaHHH 11
• 

B naHH08 paOoTe MbI paccMOTpHM ypaBHeHHH BhlCWHX IlOPHllKOB, 

KOTOpbie He TOJibKO HHTepeCHbI caMH no cede, HO H Il03BOJIHDT 

B3rJIHHYTb Ha OObI't.IHOe ypaBHeHHe llipennHrepa BTOporo nopHnKa KaK 
ObI co CTOpOHbI H TeM caMbIM nyqwe IlOHHTb H era. I1ono6HO TOMY, · 

KaK era peweHHH llJIH npHMoyrOJibH08 IlOTeHUHaJibH08 HMhl H 

npHMoyrOJibHOro Oapbepa npn nepBOM 3HaKOMCTBe c KBaHTOB08 

MeXaHHKOtl BOopy)KaDT Hae Ha BCD naJII:iHeAwyn Jlill3Hb KaqecTBeHHbIM 
IlOHHMaHHeM OOW.HX 3aKOHOMepHOCTe8 CBH3aHHbIX COCTOHHH"1 H 

pacceHHHH, TaK q>H3H't.IeCKOe HCCJienoBaHHe ypaBHeHH8 BbICWHX 

nopHnKOB ecTeCTBeHHO Ha't.IHHaTb C Monenetl, B KOTOpbIX B 

K03q>qlHUHeHThl npH npoH3BOllHhlX pa3HbIX' IlOPHllKOB BBOllHTCH 

B03Myw.eHHH npocTe8we8 q>apMhl. 
Ho npeJK,Ue, 't.IeM.3aHHTbCH 3THM, CKa)KeM HeCKOJibKO CJIOB 0 

TOM, rne B BOJIHOBOH q>H3HKe B03HHKaDT ypaBHeHHH E. ,HX 

nopHllKOB. HanoMHHM, 'I.ITO ~oneOaHHH TOHKOfi ynpyrofi CTPYHhl 

OilHCbIBaDTCH OObIKHOBeHHbIM ypaBH9HHeM llipenHHrepa BToporo 

nopHnKa. YpaBHeHHe KOJieOaHHH CTep)KHH y)Ke 't.IeTBepToro nopHnKa: 

He B TOM JIH 3necb neno, 'I.ITO ycJIOBHH Ha BbIIlYKJIOtl H BOrHyToA 
KpOMKaX CTep)KHH B odnaCTH. nporm:fa pa3JIH't.!HbI (pacTH)KeHHe H 
C:IKaTHe), H B03MO)KH0 coqeTaHHe BOJIH C pa3HbIMH BOJIHOBbIMH 

qncnaMH, HanpnMep, expC±ik x), expC±ik x). KonedaHHH nonoro 
1 . 2 

UHJIHHnpa nonycKaDT y:1Ke 't.IeTbipe THna BOJIH c ±k. Ci = 1, 2, 3, 4) , 
. 1 

qeMY COOTBeTCTByeT ypaBHeHHe 8-ro nopHnKa. 

l(JIH BbIIlOJIHeHHH 3aKOHOB coxpaHeHHH HY)KffbI caMoconpH:IKeHHbie 

onepaTopbI. 3To orpaHH't.IHBaeT Hae nn~peHunaJII:iHbIMH onepaTopaw 

qeTHoro nopHnKa, odw.Hfi BHll KOTOphlX npencTaBJIH9T codotl cyMMY 

't.IJieHoB Bnna: 



. dn ( . dn . ) 
L2n tCx) = axn pCx) a:t' 111Cx) . (1) 

neACTBHTenbHO, npH HHTerpHpoBaHHH no qacTRM, qTodhl ydellHTbCR, 
qTo C~. L2n t) = Cw, L2n ~). Mbl cHaqana nepBhle n CBHeWHHx) 
npOH3BOllHbIX nepedpacbraaeM Ha~. a cnenyDIIJ,He n npOH3BOllHbIX CB 
CKOdKax B Cl)) nepedpacbraaeM Ha CpCx) ~<n>cx)) H no~yqaeM 
Bbipa~eHHe, CHMMeTpHqHoe OTHOCHTenbHO nepecTaHOBKH ~ H 111. 

npyraR B03MO~OCTb nonyqeHHR ypaBHeHHA BhlCWHX nopRllKOB 
B03HHKaeT npH pa3no~eHHH onepaTopa, COOTBeTCTBYD!llero SHeprHH 
B penRTHBHCTCKOM cnyqae CpenRTHBHCTCKoro raMHnbTOHHaHa) B PRll 

A 

no p2 llnR yqeTa penRTHBHCTCKHX nonpaBOK 

/ p 2+ m2c4 = pa+ m2c4 + p4 + ..... . (2) 

YpaBHeHHR tlIIIpenHHrepa ti BbICWHX nopmtKOB B03HHKaDT npn 
OilHCaHHH KonedaHHA nna3Mhl. 

B <pH3HKe KOH.zteHcHpOBaHHbIX cpe.n Hcnonb3YDTCR pa3HOCTHbie 
ypaBHeHHR BbICWHX nopR.ztKOB C KonedaHHR KpHCTannoB, cnHHOBbie 
peweTKH). BbmHWeM .nnR npHMepa pa3HOCTHOe ypaBHeHHe qeTBepToro 
nopRllKa (KOS~HUHeHThl MoryT 3aBHCeTb OT n): 

c w + d w + e 111 + d w + c w = · E w • C 3) n+2 n+1 n n-1 n-2 n 

3THM peKyppeHTHbIM COOTHOWeHHRM OTBeqaeT !IBTI!-.ztHaroHanbHaR 
CHMMeTpHqHaR MaTpHua. CpaBHHM C pa3HOCTHbIM ypaBHeHHeM 

IIIpe.ztHHrepa BTOporo nopR.ztKa CC TpH-,nHaroHanbHbIM 
raMHnbTOHHaHOM, T - onepaTop KHHeTHqecKoA SHeprHH, m = 1): 

1P - 2111 + w 
CT+ V) w = - n+t n n-i + V 111 = E 111 , C4) 

n n 2~ 2 n n n 

rne ~ - war pa3HOCTHoro .ItH~HpeHUHpOBaHHR. Pa3HOCTHOMY ypaBH
eHHD 6-ro nopR.ztKa OTBeqaeT MaTpHua c CeMbD .ztHaroHanRMH H T.,n. 

0,nHoMepHoe tlypaBHeHHe llipe,nHHrepa ti Bbrcwero nopRJlKa ~ 
!!2 rn BOnHy derymyD ~ O,UHOM HanpaBnemrn C !! Ojlfil!Y ~ 
odpaTHOM: exp [±ikx] B cnyqae CBOdO.ztHoro llBH~eHHR HnH 
exp( ±ikn~) .nnR llHCKpeTHOA nepeMeHHOA X = n ~), KaK OdbJqHoe 

n 
ypaBHeHHe IIIpe.ztHHrepa BToporo nopR.ztKa !!. HeCKOnbKO ~-

2 

" ◄ 

. I 

i . 

HanpHMep, noncTaBnRR B npocTeAwee ypaBHeHHe qeTBepToro 
nopR,nKa C noCTORHHbIMH c, d, e: 

- c iV 4> Cx) - d iV 2' Cx) = CE - e) 1l'Cx) (5) 

peweHHe B BH.zte W = exp [±ikx) , HaXO.ItHM qeTblpe 3HaqeHHR .ztnR 
BOnHOBbIX qHcen 

k = ± -ry, r.ne y = - c ± lc
2 

- 4 a CE - e) 
i,2 2 a (6) 

111m no,ncTaBnRR B ypaBHeHHe (3) 1Jr = expC±ikn~), nonyqaeM 
n 

xapaKTepHCTHqecKoe ypaBHeHHe ,nnR k, B npe.nnonoxeHHH 
noCTORHCTBa KOS~HUHeHTOB C, d, e: 

4 c cos2C~) + 2 d cos(~) - 2 c + e = E 

cos(~ k) = -2d ± I 4 d2 - 16 c Ce - 2 c - E) 
C 

OTKy,na Haxo,nHM qeTbl1)e 3HaqeHHR KBa3HHMIIynbca ± k, ± k 
1 a 

(7) 

(8) 

3HaKH ± B (8) H B BbipaXeHHH .nnR y B (6) BHOCRT ,Pa3JIH't1He 
no Monynn 3HaqeHHA k H k , a 3HaKH caMHx k , k onpe.nenRDT 

1 2 s a 
HanpaBneHHe pacnpocTpaHeHHR BOnHN CBnpaBo HnH BneBo, ecJIH 
nocTpOHTb H3 3THX BOnH naKeTN C yqeTOM BpeMeHHNX <paKTOpOB 
expC-iEt) ). 0TMeTHM eme, qTo npH pocTe E, Mo,nynb OllHOro H3 
BOnHOBbIX qHcen pacTeT, a ,npyroro - ydNBaeT. 

Mex,ny BOnHaMH C pa3HbIMH k npoHCXOllRT nepexo.nN, ecnH 
K03~HUHeHTN ypaBHeHHR He noCTORHHN. HanpHMep, ecnH KaKoA-TO 
H3 K03~HUHeHTOB HMeeT ~PMY npRMoyronbHOro dapbepa, TO 
nocNnaR Ha Hero o,nHy BonHy ·ccneueanbHbIM BN6opoM rpaHHqffbJX 
ycnOBHA), Mbl nonyqHM HeCKOnbKO BOnH OTpaxeHHNX H HeCKOnbKO -
npowe.ztWHX. ~ccnenyR npoHHUaeMOCTb TaKHX dapbepoB B pa3nHqaNX 
K03~HUHeHTaX, MOXHO Ha.zteRTbCR npeodpecTH HHTYHUHD, KOTOpaR 
noMoxeT IlOHHMaTb H odl!J,HA cnyqaA nepeMeHHNX K03~HUHeHTOB. 
Ilone3HO npoBeCTH napannenH c MHoroKaHanbHOA 3a,naqeA, r.ne 
TaKxe B odnaCTH nocTORHHOA M~TPHUN 3auenneHHR KaHanoB HMeDTCR 
HeCKOnbKO He3aBHCHMNX BOnH. 3.necb, KaK H TaM, ecTeCTBeHHO 
ou,naTb 3cp<peKTOB THna ycHneHHR npoHHuaeMOCTH [2] H HapyweHHR 
CHMMeTpHH npoxox.neHHR BOnH qepe3 dapbephl B npoTHBononOIHNX 
HanpaBneHHRX. 
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Bo3MOl!CHO Ha 3TOM nyTH y,nacTCH nyqwe noHHTb CBORCTBa 
HenoKanbHbIX noTeHUHanoB (noKa ,D;OCTaToqHo xopowo H3yqeHN nHWb 
npocTeRwHe H3 HHX - cenapadenbHbie [18]). Be,nb B pa3HOCTHOM 
npH6nHX9HHH HenoKanbHOMY noTeHUHany COOTB9TCTByeT MaTpHua 
B3aHMo,neRCTBHH, qTo B CBOD oqepe,nb, OTBeqaeT KOHeqHo
pa3HOCTHOMY ypaBH9HHD BNCWero nopH.D;Ka. 

Mol!CHO ycTaHOBHTb H9KOTopyD CBH3b pa3HOCTHbIX ypaBH9HHR 
BbICWero nopH,D;Ka C o6~HOB9HHbIM .D;HcMJepeHUHanbHbU~ ypaBH9HH9M 
llipe,D;HHrepa C HenoKanbHbnl nOT9HUHanoM. B pa3HOCTHOM 
npH6nHZ9HHH qneH C B3aHMO,neRCTBH9M J VCx,x') f(x') dx' 
3aM9HH9TCH Ha CYMMY l V , f , , KOTopyD MOl!CHO paCCMaTpHBaTb 

n' nn n 

KaK pa3HOeTH~ onepaTop. TaK qTo noHHMaHHe ocodeHHOCTe:0 
peweHHR pa3HOeTHbIX ypaBH9HHR BbICWHX nopH,D;KOB MOZ9T cnyZHTb 
MOCTHKOM K noHHMaHHD H H9KOTOpbIX CBOReTB HenoKanbHOro 
B3aHMO,neRCTBHH. 

KaK yxe OTMeqanoeb B [91, npH Henonb30BaHHH · pa3noxeHHR 
BOnHOBbIX g)yHKUHR f(x.~) no nonHOMY Hadopy eOCTOHHHR la(~): 

wcx.~J = E FaCxJ ~aC~J 
a 

(9) 

nonyqaeM eHeT9MY eBH3aHHbIX ypaBHeHHR ,nnH 11KaHanOBbIX 11 g)yHKUHR 
Fa(x), r.ne a MOl!CHO paecMaTpHBaTb, KaK ,D;HeKpeTHYD nepeMeHHYD, 
,D;BHX9HH9 no KOTOpoR onpe,nenHeTCH pa3HOCTHbIM onepaTopoM e 
K03~HUH9~TaMH Vaa,(x) - MaTpHueR B3aHMO,neReTBHH, HenoKanbHOR 
no a CpaenpocTpaHeHHe BonH no peweTKe KaHanoB). 

KBaHTOBaH q>H3HKa eTaHOBHTCSI Bee 6onee MHOroKaHanbHOR 
(npH peweHHH MHOroMepHbIX H MHOroqaeTHqHbIX 3a,naq (2,10]), Bee 
qam,e Hcnonb3YDTeH s<MieKTHBHNe HenoKanhHNe eHnN. PewaeMble 
3a,naqH Bee 6onee yenOl!CHHDTeH. IlpHXO,D;HTCH nepe,naBaTb HX 
peweHHe 3BM, KaK B qepH~ HIIUIK, OTKy,na ,H3BneKaDTeSI OTB9TbI 6e3 
HCHoro npe,neTaBneHHH O npoHexo,nHmeM B KBaHTOBbIX eHeTeMax. 

Heo6XO,D;HM napannenbHbIR npoueec HaKonneHHSI KBaHTOBOR HHTYHUHH, 
KacaDmeRcH, B qaeTHOeTH, ,D;BHX9HH8 BOnH, onpe,nenSleMbIX 
,D;HcMJepeHUHanbHblMH H pa3HOCTHblMH onepaTOpaMH BbieWHX nopSl,D;KOB. 
B ,naHHOR padoTe Mbl npo,nomrn:M paccMOTpeHHe 11KBaHTOBbIX 
KapTHHOK", .nenaDIIUIX npo3paqHee 3aKOHOM9pHOCTH 
BOnH qepe3 6apbepbI B Koa~HUHeHTax ypaBHeHHR 
BNcwero nopH,nKa. 
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npOXOl!Ut9Hlrn 
"llipe,nHHrepa" 

.., 

;, 

l 

0630P PAEOT no YPABHEHlliIM Bb!CIIIEfO ITOP51.llKA 

IlocKOnbKY _pe3ynoTaTN O npHMbIX H oeodeHHO odpaTHbIX 
3a,naqax ,nnH ,nHcMJepeHUH~HbIX ypaBH9HHR BbieWHX nopSl,D;KOB_ 
He,noeTaTOqffQ H3B9eTHN epe,nH q>H3HKOB, Mbl npHBe,neM 3,neeb 
H9KOTOpN9 H3 HHX. 

Ilo,npo6HO odpaTHYD 3a,naqy ,nnH ypaBH9HHR n-ro nopSl,D;Ka 
paeeMOTpen 3.H.He:009H30H (11]. OH BBO,D;Hn n - 1 OAHOPOAHbIX 
KpaeBbIX yenoBH:0 Ck - 1 Ha OAHOM KOHU9 HHTepaana 
HHTerpHpOBaHHSI H n - k - Ha ,npyroM;. k = 1,2, ... n - 1) H 
eOOTB9TeTBYDlllH9 eonpHX9HHN9 3a,naq:e Ha eoOCTB9HHN9 3HaqeHHSI. 8 
OTnHq:H9 OT ypaBH9HH:0 BTOporo nopSl,D;Ka, r.ne HeKoMbl:0 noTeHUHan V 
nonyqaneH HS npOH3BOnhHOrO HSBeeTHOro Vo, s,neeb npHXOAHTCSI 
eneUHanbHO Il03aOOTHTbCSI O Bbidope HSBeeTHO:0 onopHO:0 CHCT9Mbl. 
HaeTCH HeTpHBHanbHOe ·oooomeHH9 IlOHHTHSI eneKTpanbHOA MepbI 
CHCXO,D;Hble ,nmI oopaTHOA 3a,naq:e 11,D;aHHHe pacceHHHSl11 H 
cneKTpanbHNe AaHHHe). IloBHAHMOMY, B oomeM cnyqae n > 2 He 
eymeCTByeT BOnbTeppOBCKHX npeo6pa30BaHHA (TpeyronoHbIX 
onepaTopoa oooomeHHoro cna:era V

0
-+ VJ H HeAdeHsoH npennaraeT 

HOBYD npoue.nypy BOCCTaHOBH9HHSI HeKOMoro onepaTopa no 
cneKTpanbHliM AaHHblM. 

B padoTe (81 eqiopMYnHPOBaHa oopaTHaH sa,naqa nnH 
ypaBH9HHSI: 

iv 4 >+ CA iv 1 >J< 1 >+ B t =>..IP (10) 

c OAHOPOAHliMH KpaeBblMH ycnoBHJI_MH Ha KOHUax HHTepBana (0,1]: 

iv n (1) = IP CD = 0, 
iv 2 >c0J + a ivl)COJ - b t CO)= 0, C11) 
iv 3 > CO) + [b + ACO)l iv n CO) + c IJCO) = 0 

BBO,D;HTCSI nae HOpMHpOBOqffbI9 KOHCTaHTN nna HOpMHpOBaHHbIX 
Ha 8AHHHUY C00CTB8HHbIX <pyHKUHA t , OTBeqaDlll,HX eoOCTB9HHl:ilM 
3HaqeHHSIM >.. : 

n 

r =«O>..JH~ =iv 1 >co>..J 
n ' n 'n • n 

(12) 

BM9CTO OXHOA npHBe.D;eHHOA WHPHHH ,nnH ypaBH8HHH llipe,D;HHrepa 
BToporo nopa,D;Ka. PeweHHe oopaTHOA sa,na~f eOCTOHVB-·TOM,. }ITO~--

no HaOopy {>.. • r . ~ } Hyl!CHO BOeCTaHOBHTb q>yBKUHH AH B H n n n , 
5 



IlOCTOHHHble a, B, c. 
0Ka3~aeTCH, MODIC 3anHCaTb ypaBH9HHe renb(pa.H,lla-neBHTaHa: 

X 

KCx,y) + QCx,y) + J KCx,z) QCz,y) dz= 0, (13) 
0 

rne H,llpo Q onpenenHeTcH qepe3 11CB060,llHbl8 11 peweHHH 1It 
0 

OTBeqaDlll,He HyneBblM A, B, a, 
co6CTB9HHblM 'iHCnaM A*: 

b, C H COOTB9TCTBYDIIUiM 

n 
a: 

Q(x,y) = I:{ W(X,A~ i(y,A~ 
o n o n - W

0
(X,An) t

0
Cx,An)}. (14) 

n:1 

B Q HBHO He BXO,llHT HOpMHpOBOqHble KOHCTaHTbI r '~ ' KaK STO 
n n 

HM99T M9CTO B OdbNHOM cpopManH3M9 fenbWaH,lla-leBHTaHa, 
IlOBH,llHMOMy H3-3a pa3HHUbl B Bbldope rpaHHqHblX ycnoBHA 
11CB060,llHOA 11 H B03My11J,9HHOA 3a)laq, a K03~HUH9HT npH BTOpoA 
npOH3BO,llHOA BblpaXB.eTCH KaK noTeHUHan odbNHOro ypaBH9HHH 
IIIpe,llHHrepa: 

ACx) = - 4 ~x KCx,x) (15) 

)lnH B nonyqaeTCH 6onee cnoDlaH CBH3b C. K, H TOnhKO )lnH 
onpeneneHHH KOHCTaHT 11B, c" TpedyDTCH r H ~. 

n n 
OqeBH,llHO, 'iTO B cnyqae COBnaneHHH cneKTpanbHblX ,llaHHblX 

B03MyllJ,9HHOA H 11CB060nHOA 11 3a)laq ,llnH ypoBHeA BblWe HeKOTOporo 
KOHeqHoro n = N, B BblpaXeHHH ,llnH Q OCTaeTCH KOHeqHoe qucno 2N 
qneHOB H C TaKHM BblpOKn9HHblM H,llpOM HHTerpanbHOe ypaBH9HH9 
CBO,llHTCH K TO'iHO pewaeMoA CHCTeMe anre6paHqecKHX ypaBH9HHA -
KaK ,llnH IlOT9HUHanoB 6aprMaHOBCKOro THna (CM.[2]). 

B padoTe (61 paccMaTpHBaeTcH o6paTHaH 3anaqa nnH 
CHMM9TpHqHoA (2p + 1)-,llHaroHanbHOA MaTpHUbl, OTBeqaDm,ea 
pa3H0CTH0My ypaBH9HHD ("lllpe,llHHrepa") 2p-ro nopH,llKa. .llnH 
BOCCTaHOBneHHH MaTpHUbI Tpe6yeTCH (p + 1)-cneKTpOB, OTBeqaDlll,HX 
pa3HblM O,llHOpO,llHblM KpaeBblM ycnoBHHM, nH6o O,llHH cneKTP H p 
nocne,llHHX K0Mn0H9HT co6CTB9HHblX B9KT0P0B (HrpaDlll,HX ponb 
HOpMHpOBOqHblX KOHCTaHT) qTo HanoMHHaeT MHOroKaHanbHOe 

o6o6w.eHHe TeopeMbl "o ,llByx cneKTpax" (71. IlpHdnuxeHHoe peweHHe 
C00TB9TCTBYDW.9A odpaTHOA 3a,llaqH CM. B (5). YcnOBHH cyw.ecTB0-

BaHHH onepaTopoB npeo6pa3oBaHHH TpeyronoHoro BH,lla Co6o6w.eHHo-
. dz dz· 

ro C,llBHra: OXz +A--+ OXz - q(x) - A) CM.(12,15) . 
6 

~ 

~ 

.. 

Jt 

MOJIEJrn 

3neMeHTapHble npe,llcTaBneHHH ,llnH odbNHOro O,llHOMepHoro 
ypaBHeHHH lllpe,llHHrepa o npoxoueHHH BOnH qepe3 npHMoyronoHble 
noTeHUHanbHble 6apbepbI H HMbl, a TaKxe O CBH3aHHblX COCTOHHHHX B 
nocne,llHHX npHCYTCTBYDT npH peweHHH npaKTHqecKH Bcex KBaHTOBblX 
3a)laq (nDdoA noTeHUHan MODIC npH6nH3HTb KycoqHo-nocTOHHHOA 
WYHKUHeA), TaK H Hccne,llOBaHHe oco6eHHOCTeA ,llBHX9HHH 
ynpaBnHeMoro onepaTopaMH 6onee BbICOKHX nopH,llKOB ecTeCTB9HHO 
HaqHHaTb C nono6HblX MO,llenea C npocTeAWHMH <PopMaMH 3aBHCHMOCTH 
K03~HUH9HTOB npH npOH3BO,llHblX pa3Horo nopH,llKa, a He TOnhKO 
noTeHUHanoB - K03~HUH9HTOB npH BOnHOBOA WYHKUHH, KaK B 
06bNHOM ypaBHeHHH lllpe,llHHrepa. 

Kor,lla HanHcaHbI ,llH~peHuHanbHble HnH pa3HOCTHble ypaBH9HHH 
H 3a,llaHbI COOTB9TCTBYDUUi9 ·rpaHHqHbie ycnOBHH, MODIO COCTaBHTh 
nporpaMMY ,llilH 3BM H nepenoJKHTh Ha Hee sadOTbI O qffcneHHblX 
pesynhTaTax. Ho xenaTenbHO HM9Th KaqecTB9HHYD KapTHHY, 
OJKH,llaeMblX pesynbTaTOB. IloSTOMy nyqwe nononHHTb HaWH 
npe,llCTaBneHHH HarnH,llHblMH MO,llenHMH. B padoTe [3] Mb1 

paccMaTpHBanH MO,ll9Ilb 11CB9WHBaDw.erocH CBepxy" (H3 BepxHeA 

3anpeTHOA 30Hbl) 6apbepa )lnH pa3HOCTHOro ypaBH9HHH IIIpe,llHHrepa 
BToporo nopH,llKa,- snech w o6cynHM cneuHWHKY nono6Horo 
HBneHHH ,llnH ypaBH9HHH 4-ro nopH,llKa. 

PacCMOTpHM CHaqana CTPYKTYPY 30H B cnyqae IlOCTOHHHblX 
K03~HUH9HTOB B ypaBHeHHHX. Pa3peweHHblM 30HaM OTBeqaDT 
neACTBHTenbHble BOnHOBble qHcna k. .llnH ,llH~peHuHanbHOro 
ypaBH9HHH (5) O,llHa H3 rpaHHU (o6w.aH )lnH Bcex k) pa3peweHHOA 
30Hbl sanaeTCH HyneM (ToqKoA H3MeHeHHH 3HaKa) IlO,llKOpeHHOro 
BblpaxeHHH B "y", B <PopMyne (8): 

dz/4c ~ CE - e) (16) 

)IpyraH rpaHHUa ,llnH k npH 3HaK9 "-" B. 'iHCnHTene "y" B (8) 
1 

onpenenHDTCH HyneM SToro qHcnHTenH CnycTb d < 0, c < 0): 

E > e C17) 

.llnH pa3HOCTHOro ypaBH9HHH 4-ro nopH,llKa (5) npH 
c = d = e = 1 nonyqaeM odw.yD HHDIDD rpaHHUY nnH hByx "soH 
npoBO,llHMOCTH 11 E = - 1.25~ H pa3Hble B8pXHHe rpaHHUbl: E = 1 ;tJIH 
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k HE= 5 AnR k . 3TH 30Hbl noKa3aHbl Ha pHc.1. 
1 2 

E 
///!/(!////////// ~///////// PHC 1. Pa3peweHHble 30Hbl AnR 

~ ( t I 1 ~ t ~ ~>., I , l t . t t I , , , I l ( 

K2. 

Kl 

cnyqaR ypaBHeHHR BTOporo nopRAKa 
C IlOCTORHHbIMH KOSqipHUHeHTaMH H 
ABYX BOnHOBblX qHcen k H k 

1 2 

,, 

X" l 
////(/llll//l////l///1/!lll ~ 

BepXHRR rpaHHUa 6onee Y3K08 30Hbl npOBOAHMOCTH AnR k OTBeqaeT .1 
1 

pa3HblM 3HaKaM qneHOB B qffCnHTene npaBo8 qacTH (8), a AnR k -
2 

OAHHaKOBblM. Ba,mo TaKxe, ~o Ha BepXHHX rpaHHUaX CBOHX 
pa3peweHHblX 30H CAHO H3 BOnHOBblX qHcen AOCTHraeT 3HaqeHHR 
n/~, a Apyroe o6paw,aeTCR B Hynb (TO eCTb OAHO H3 peweHH8 
HMeeT TaM MaKCHManbHYD qacTOTY, a Apyroe - MHHHManbHyD). 
Ha HHXHe8 rpaHHUe k H k cpaBHHBaDTCR, a IlOA Hea CTaHOBRTCR 

1 2 

pa3HblMH, HO KOMIIneKCHblMH. JlBe BeTBH Kone6aHH8 ck H k MOEiO 
1 2 

paccMaTpHBaTb KaK npOAOn:&:eHHe OAHOR ApyroD B pa3peweHHOR 30He. 
HeKOTOpaR aHanorHR 3AeCb HMeeTCR C aKyCTHqecK08 H OilTHqecKoR 
BeTBRMH Kone6aHHR peweTKH, COCTaBneHHOR H3 qacTHU AByx 
copTOB, COeAHHHeHHbIX npyDHaMH (Ha ~o MHe yKa3an B.IlpHe3xeB, 

J 
', 

;'i', 

CM. KHHry n.3aRMaHa [18] H [19]). \ 
I 

EcnH BHeCTH B03M}'lll,eHHe Ha KOHeqHOM HHTepBane H3MeHeHHR :\ 
apryMeHTa B nocTORHHhlR KosqipHUHeHT npH w (Ha rnaBHOR \ 

AHaroHanH MaTpHUbl KOSqipHUHeHTOB CHCTeMbl C 3) ) B BHAe . l' 
"noTeHuHanbHOR" RMbl, TO IlOA ee B03AeitCTBHeM B03M0"1ibl nepeXOAbl \ 
Apyr B Apyra BOnH C pa3Hb1MH k. Ha PHc.2 noKa3aHO HCKUeHHe :~ 
rpaHHU 30H IlOA 
BblCTynoB-6apbepoB, 

AeitCTBHeM B03M}'lll,eHHR - B03HHKHOBeHHe { 
CBeWHBaDlll,HXCR B pa3peweHHble 30Hbl H3 

BepXHHX 3anpe111,eHHblX 
nopRAKa [3]). 

C cpaBHH co cnyqaeM ypaBHeHHR 2-ro 

B 30He npOBOAHMOCTH, OTBeqaDw,ea BOnHOBOMY qHCny kz, BepXHRR 
rpaHHUa BblWe H CBeWHBaDlll,HitCR 6apbep He AOCTHraeT Bb16paHHOR' 
~HeprHH E,H IlOTOMY npeoAoneBaeTCR 6e3 TYHHenHpOBaHHR. EcnH 
BOnHa exp Cik x) naAaeT cneBa, TO pe3KHA KpaA dapbepa 

1 

8 

cnocodCTByeT TpaHCQ)OpMaUHH BOnH H ycHneHHD npoHHuaeMOCTH. 
EcnH xe BonHa exp C-ik

1
xn)naAaeT cnpaBa, TO npaBhlR nonorHA 

CKnOH dapbepa cnado B03M}'lll,aeT p~weHHe H BOnHa BbIHyz;neHa 
TYHHenHpOBaTb qepe3 dapbep CcpaBHH AByxKaHanbHO~ 
TYHHenHpoBaHHe [2]. 

,,,r/,,,,r~~,_, ,,, 
__ , ·- -- - -- ► / , ,, 

a.} 

E V 
• -➔ 

e'K~.l(n 

~.rt 
., I I 

7~,1 .. $) 

PHc.2,neg)OpMaUHR 30H (ycnoB
HOe H30dpaxeHHe) npoBOAH
MOCTH npH BBeAeHHH aCHM
MeTpHqHoA "noTeHuHanbHOR" 
RMbl B KOSqipHUHeHT npH W B 

n 
ypaBHeHHH illpeAHHrepa-4. IlpH 
SHeprHH ELABHXeHHD BOnHbl B 
COCTORHHH C kl npenRTcTByeT 
6apbep, CKB03b KOTOpblR Hyx
HO TYffHenHpOBaTb,(CBHCaDlll,Hit 
H3 BepxHea 3anpeTHOit 30Hbl), 
a B COCTORHHH C kz TYffHenH
poBaHHe He TpedyeTCR. Ha 
pHC. d) 30Hbl AnR BOnH Ck 

1 

H k H306paxeHbl OTAenbHO. 
2 nnR BOnH C kl dapbep nerqe 

npoHHuaeM cneBa, a c k
2 

-

cnpaBa. 

PaCCMOTpHM Tenepb B03Mylll,eHHe (THna npRMoyronbHOA RMbl HnH 
dapbepa) B KOScM>HUHeHTe d npH wn±1 , TO eCTb Ha 60KOBOR 
AHaroHanH, COCeAHeR C ueHTpanbHOit B MaTpHue KOSqipHUHeHTOB, 
OTBeqaDw.ea anredpaHqecKHM ypaBHeHHRM (3). 3aMeqaTenbHO, qTQ 
sqipeKT OT 3aMeHbl nDdoro KOSqipHUHeHTa Ha KOHeqHQM 0Tpe3Ke 
Apyroa KOHCTaHT08 CBOAHTCR K H3MeHeHHD rpaHHU 30H. Ha pHc.3. 
H30dpaxeHo H3MeHeHHe 30Hbl npoBOAHMOCTH B cnyqae, KOrAa 
C = e = 1, a KOSqipHUHeHT d BbldpaH KycoqHo-nocTORHHbIM 
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Cd =0;0.5;1;1.5;2;4) 

E 
JO 

'ii 

~ ½ /j 
~ 

S 1/_r--
~i/)//~ H,,. 

////2 
d=O~ i 1,SI 2 

o K1 

Wt 

s 

4 

PHc.3. necpopMaUHg 30H npH 
CTyneHqaTOM H3MeHeHHH K03~
~HUHeHTa d B pa3HOCTHOM 
onepaTope illpenHHrepa qeT
BepToro nopgnKa C3). 

IlpH d = 4 OCTaeTcg TORbKO onHa 30Ha. IlpH H3MeHeHHH 3HaKa d 
KapTHHa CHMMeTpHqHQ npononJKaeTcg BneBO. IlpH d = 0 ode 30HN 
nng k H k COBnanaI>T. EcnH Ha KOHeqHQM~yqacTKe c =d = e = 1, 

1 a 
a BHe ero d = 0; c = e = 1, TO nonyqaeTcg KapTHHa, 
H300paxeHHag Ha pHC,4. 

E 

~(Ll///4 

~1//#j W//////;{ 
s 

E- -
i 

-•- - ~ 

o n 

1///~-f7/////J;71///ll/t 

PHC. 4, CTpyKTypa 30H, 
ycHnHBaDmaR npOHHuaeMOCTb 
dapbepa BORHO~ ck, 6naro-

• 1 
napg TOMY, qTQ B o6nacTH 
dapbepa TpaHccpopMauHg B 

_BORHY C ka no3BOnReT H30e
JKa.Tb TYHHenHpoBaHHg, 

BnHgHHe BenHqHHN K03~HUHeHTa "c" npH lp + B pa3HOCTHOM n-a 
onepaTope illpenHHrepa qeTBepToro nopgnKa C3) Ha soHN noKasaHo 
Ha pHc.5. Cd= e = 1). IlpH c = 1/4 OCTaeTcg TORbKO onHa 30Ha. 
3HaqeHHe c = O ~ngeTcg cHHryngpHoa ToqKoa CodmaH rpaHHUa 
30H onycKaeTcg npH C =+OB - 00, a npH C = -0 nonHHMaeTCH B 
+ oo), IlpH OTpHUaTeRbHbIX, "c" nopHnoK rpaHHU 30H nepeBopa
qffBaeTcg: odmag rpaHHUa 30H OKa3NBaeTCH He CHH3Y, a CBepxy. 

10 

I 

E 
z/llJ 1 'l//l/4.r--. PHC. 5. necpopMaUHH 30H npH 

11111 . &111,,1 CTyneHqaTOM H3MeHeHHH "c" -
lW< '///;r/,1/! . K03~HUH9HTa npH 11tn±2 B C3). 

-- _ :1 t i J..S 2. 
I ~- IlpH nono.mTenbHbIX "c" HHX-

C- 2 1 , 1/'f Y2. } HgH rpaHHUa odmgH nng soH. 

r I L<i. . K IlpH OTPHUaTenbHbIX "c" donee 
0 I t 
TTTTTT,· ///ll//1--.....,..~~ ysKaH soHa npoBonHMOCTH pac-

-~ W7 
'//llif0. 

3AKJOO-IEID1E 

11//////~ nonoxeHa cBepxy CBepXHHH 
rpaHHUa odmag nnH nByx soH). 

Karna sTa padoTa dNna yxe saKoHqeHa Ho ee pesynbTaTax 
dNno nonoxeHo Ha KOH<pepeHUHH no odpaTHblM sanaqaM CMoHnenbe, 
neKadpb 1990), WKone ~H3HKOB CKHeB, 1990), Ha ceMHHapax B JIT~ 
Olliill H ~11AH C 1990), H odpaTHncg K B.H. K>Kanosy, cnenyH 
npaBHny: odcynHTb TO, qTo BhlgCHHn, C B03MOXHO donbWHM qHcnoM 
~H3HKOB, KOTOpNe MoryT HM9Tb XOTb KaKoe-HHdynb OTHOW9HHe K 
naHHOMY npenMeTy. 0 neacTBHT9nbHO, g ONn B03Harpax.neH 
coBepweHHO Heo.mnaHHblM coodmeHHeM ~ ero pesynoTaTe, 
nonTBepxnaDmeM B onHOM qacTHOM, HO npaKTHqecKH HHTepeCHOM 
cnyqae npencKasaHHNa snecb 3~KT ycHneHHg npoHHuaeMOCTH 
dapbepoB sa cqeT nepexona OT BOnH onHoro THna K BOnHaM 
npyroro THna CC pa3HblMH BORHOBbIMH qHcnaMH k H k , ~o 

1 2 

B03HHKaeT npH noBNW9HHH nopHnKa ypaBHeHHH nBH%9HHg), He 
nHWHee RH 3TO yKa3aHHe Ha none3HOCTb TaKHX OOnbWHX 
nadopaTopua KaK JIT~: y Hae CTORbKO pa3HOOdpa3HbIX cneuHanHCTOB 
- Bcerna MOXHO nonyqffTb ueHHYD KOHCYnbTaUHD npaKTHqeCKH no 
nDdOMY Bonpocy). 

B.0. K>KanoBblM [14] paccMaTpHBanHCb ypaBHeHHH 4-ro 
·nopgnKa nnH onHcaHHg pacnpocTpaHeHHH MaKcBennoBcKHX H 
cnHHOBbIX BORH B MeTanne. B nycTOTe pacnpocTpaHgDTCH 
sneKTpoMarHHTHhle BOnHN CypaBHeHHH BTOporo nopHnKa), HO nanaH 
Ha napaMarHHTHYD nneHKY, OHH ONCTPO 3aTyxaDT BHYTPb MeTanna 
CsanpeTHaH 30Ha), B03dyxnag B TO xe BpeMB cnHHOBNe BORH~ 
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(KOTOpble, HaodopOT, BO3MOEibl TOJibKO B cpene, rAe oda THna 
BOnH onHCl:maDTCH ypaBHeHHeM 4-ro nopHAKa), 3aT}'XaDlllHe 
3Ha'tll!:TeJibHO cnadee H cnocodHble Ha Apyroa cTopoHe nneHKH 
npeodpa30BaTbCH CHOBa B sneKTpoua.rHHTHYJ) BOnHY 

ABTop dnaroAapeH ~.B. AMHpxaHoBy, TepnenHBOMY 
codeceAHHKY no noBOAY Kax,noa CTyneHbKH Moero nOHHMaHHH 
KBaHTOBOR TeOpHH, P.ErHKHHY, B.A.3arpedHOBY, A.f.3aCTaBeHKO, 
M.M.ManaMYAY, E.B.IlnexaHoBy, B.B.IlpHe3xeBy 3a none3HYD 
HHq>opMa.IJ,HD. 

.fl no3BOnD cede 3AeCb eme HedOJibWOe 11nHpH'tleCKOe 
OTCTynneHHe". HeAaBHO OAHH cneIJ,HanHCT no KBaHTOBoa TeopHH 
nong BbICKa3an B decene co MHOR MHeHHe, 'tlTO B TeopHH HApa yxe 
peweHbI Bee npHHIJ,HnHaJibHbte npodnew H no3TOMY BO BCeM MHpe 

HA9PlllHKH yxoAHT B ApyrHe odnaCTH HCcneAOBaHHR. Ha CaMOM nene 
B 3~aqe MHOrHX Ten, K KOTopoa CBOAHTCH B 3Ha'tll!:TeJibH08 
cTeneHH HAepHaH ~H3HKa eme oKeaH HepeweHHbIX npodneM no 
cpaBHeHHD C Kannea yxe peweHHbIX (BKnD'tlaH CDAa H pe3yJibTaTH 
HOdeneBCKoro paHra). Iloxanya, MOEIO dbIJIO dbl cornacHTbCH C 

TeM, 'tlTO CHTyaIJ,HH B snepHoa ~H3HKe HH3KHX 3HeprHA 
KPHTH'tl9CKaH. Ho, MHe npencTaBnHeTCH, 'tlTO HOPMaJibHOe pa3BHTHe 
HayKH npOXOAHT qepe3 3Tanbl HaKonneHHH oTneJibHbIX cpa.KTOB, 
M9TOAOB H T.n., a Karna nocTHraeTCH 11KpHTH'tleCKaH ua.cca" 
HHq>opMaiJ.HH, TO npOHCXOAHT ecTeCTBeHHW Ka'tleCTBeHHW CKa'tlOK -
ododmeHHe HaKonneHHoro MaTepHana . .fl He cornaceH c oueHKaMH 
A.M.BanAHHa O COOTHOWeHHH 3Ha'tlHMOCTH padoT no cdopy nepBHllHOA 
HHq>opMaIJ,HH H ododOLaDlllHX padoT CnponopUHH IJ,9HHOCTH 3A9Cb BOBCe 
He nponopIJ,HOHaJibHa OTHOWeHHD od~eua OXBaT1:maeMHX ~OB, 
AOCTHraDmero BenH'tlHHbt B MHoro nopHAKOB). IlOBHAHMOM:y npHHUHil 
3KOHOMHH MHWneHHH npHBOnHT Hae qacTO K OWHdO'tlHOa nepeoueHKe 
TaKHX ododm.eHHR (~THWH3M}' reHHaJibHOCTH), CHHXaH aKTHBHOCTb 

OCHOBHOR MaCCbI HCCneAOBaTeneR. 
lllHpoKoe none A9HT9JlbHOCTH 3AeCb H nns MaTeMa.TH'tleCKOR 

~H3HKH. 0AHO H3 BbICOKHX ee Ha3Ha'tleHHa 3aKnD'tlaeTCH B 
"nepeBOAe" MHOrO'tlHCneHHbIX pe3ynbTaTOB Ma.T9Ma.THKH Ha H3HK 
~H3HKH (HaCbllll9HHH HX ~H3H'tl9CKHM COA9PXaHHeM), -npHAaHHH HM 
MaKCHManbHO AOCTynHo8 q>opMH. IlpH 3TOM MOryT OTKpl:maTbCH 
HHTepeCHbte <paKTbI, 0 KOTOpbIX He nOA03peBanH HH MaTeMaTH,KH, 

12 

HH 

~H3HKH. A noxBanbHble cnoBa TaK08 A6HTenbHOCTH nycTb npHBneKyT 
K H6H HOBbIX 3HTY3HaCTOB, KOTOpbie HaRAYT 3A6Cb H rnydoKoe 
MOpanbHOe YAOBneTBOpeHHe, H dnaroAapHbIX ueHHTeneR. 

IIPIDIOJKEIDiE: ~YHKUHH BeccenH JaCz) £ uenw HHAeKcoM a ~ 
BOnHOBble 9?YHKUHH CBH3aHHbIX COCTOHHHR Ha peweTKe a ~ ~ 

nHHeRHoro IlOT9HUHana V(a) = a/Z. 

B pa6oTe [3] 1991r. 6bIJI OTMeqeH H90EiAaHHW <paKT, 'tlTO, 
ecnH B. KaqecTBe KOOPAHHaTbI paccMaTpHBaTb He z = kr, a 
AHCKp6THW HHAeKC a (HOMep ysna peweTKH), TO Ja OilHCl:maDT 
BOnHy, 3aKnDqeHHYD MeJ[Jly CKnOHOM nHHeRHoro noTeHIJ,Hana 
V(a) = cvz H HeBHAHMOR rpaHHuea BepxHeR 3anpemeHH08 30Hbt 
(HaKnOHHbte WTPHXOBbte nHHHH Ha pHc.6), HO PHCYHKH 3THX 
CBH3aHHbIX COCTOHHHR npHBeASHbI He 6blnH. 3A6Cb OHH AaHbt: 

.,_ 
, , 

£ PHC. 6. BonHOBble 4>YHKUlll{ CBH3aH-
l'l J}l\l~. / ..,. 

X '!"" .,.j • 

:I. 

• 
' 

2 

et) 

..... 

HbIX COCTOHHHR Ha CKnOHe nHHeRH-
bIX IlOT6HIJ,HanbHbIX rop Ca, 6, B): 

VCa) = a; a/2; a/4 C AHCKp6TH08 
nepeMeHHOR a - 3TO 4>YHKUHH Bec
ceng Ja o_T uenoro HHneKca. 3Ha
HHH 4>YHKUHR ycnoBHO COeAHH9Hbt 
nyHKTHpHOR KPHBOR. 3AeCb napa-

~ MeTp z Hrpae yxe He poJib Koop

AHHaTbI, a perynHpYJ)T KpyTH3HY 
noTeHUHaJibHOrO CKnOHa. qeM non
axe HaKnOH, TeM rym.e 3KBHAHCTa-

/ 

J/2)lf, • __ ,.,., 
I _,. ' 

~ ,-,., \. 

I • \ 

HTHW cneKTp CBH3aHHbIX 
COCTOHHHR E . ~YHKIJ,HH n 
BCeX 3THX COCTOHHHR AnH 
naHHOro VCa) HM6DT onu
HaKOBYD 4>0PMY, TOnbKO 

/. ·•, - co cnBHHyTbtM Ha uenoe 
I ,, 

_,,~--'--.-:._..,.....-,H::....-----r--.------•---'tll!:cno aprYMeHTOM. IlpH 
,. 2 3 -°' 

I 
\ I ,., ~) 

13 

_ HeuenoM a, HO c uenNM 

E" 

waroM peweTKH, 4>YHKUHH 
Beccens - He~H3HqecKHe 
COCTOHHHH, paCTym.He no 
MOAYnD BneBO, 
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3axapbes 5.H. P4-91-127 

. "Ypai:3HeHl-1R WpeAHHrepa'' BblCWero (> 2-ro) no~RAKa 

' ·o6Jop pa6or, noneJHblX AflA noH1-1MaH1-1R · "ypasHeH1-1i1 WpeAHHrepa 

BblCWHX nopRAKOB". MocrnK K ocsoeHl-1~ Henoi<anbHblX noreHL1"1anos. Pa3-

Hble rnnb; 6ap6epos (B K03q>cpl-1L\"1eHrax np1,1 np~l-13BOAHblX pa3HblX nopRA-
• •• • ' ' 

4
' ' • e 

kos) • BJaHMHaR rpaHccpopl'JiaL11-1R so.nH .. c paJHblMl-1 sonHOBblMH y1,1cnaM1,1 

. 1,1 pa3HblM"1.Cnoco6HOC~RM~ TyHHen1,1posaTb np1,1 OA~OH 3Hepr1-11,1, HapyweH~e·. 

C~MMerp~H npOHl-1L\aeMocrn 6apbepos. noxsanbHOe cnoso MaTeMaTWleCKOIA 

.• cpl-13"1Ke. rlp1-1110>1<eH1-1e: cf>yHKL\1-11-1 5eccenA. J . KaK CBR3aHHble COCTOAHl-1R , . . . . . . . a 
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