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l.BBEJlEHME 
lipR RCCRBROBaHRR pacupOCTpaH8HRH BORH B CRORCTMX cpenax 

OCW~HO RIIIYTCH K08¢i¢IRUR8HTM OTpalK8Hl!H ll TipOKOlKRBHliH Cl!CT8MW 
CROBB ll onpeneRHIDTCH YCROBl!H B08Hl!KHOB8Hl!H BHYTPll HliK 

ROKaRRSOBaHHWX (CBHSaHHWX) BOSCymneHl!A. B cny~ae oCpaTHWX 

sana~ OTipeneRHIDTCH CBOllCTBa cpen ITO sanaHHWM K08¢i¢iliUli8HTaM 
npoxomneHl!H l!Rll oTpameHl!H. Mw snec1 CyneM KacaThCH TORbKO 
ITpHMMX ll TORbKO Rl!HBAHWX sana~, XOTH l!CITORbSY8MMA M8TOn MOlK8T 
OKaSaTbCH DOR83Hb!M ITpll p8W8Hllll ll H8Rl!H8llHMK, ll oCpaTHbiX 
sana~, ITO KpaAHBA M8p8 TaM, rne CBOllCTBa cpen OTWCKliBaiDTCH 
M8TOnOM ITonroHKll. 

lipliHUl!ITllaRbHMK TPYRHOCTBll B npHMMX sana~ax OCbi~HO HB 
BOSHl!Ka8T. ECRll B ORHOPORHOM CR08 p8W8Hll8 sana~ll l!SB8CTHO, TO 

p8lli8Hll8 sana~l! nnH H8CKORbKliK CROBB DORy~aeTCH ITYTBM Cilll!BKll 
p8ill8Hllll Ha rpaHl!UBX pasnena. Bee TPYRHOCTll HOCHT ~liCTO 

T8XHli~8CKliA xapaKT8p, ITOCKORbKY Cllil!BKa Ha rpaHl!UB pasnena, 
HaiTpl!Mep B cnyqae aKYCTl!Kll, MomeT ITPl!BOnl!Tb K o~eu1 

rpOMOSnKliM BWp3lK8HliHM. 
B naHHOll paCOT8 oCcymnaeTCH M8TOn, B KOTOpOM 

liCITORbSYBTCH CR8nYIDIIIllll ITpllsM: MBlKny CROHMll CROl!CTOll Cp8RM 
BBOnHTCH BOOCpalKa8MW8 C8CKOHequo YSKll8 1118Rll, S3ITORH8HHW8 
KaKOll-Hl!Cynb BOOCp3lK38MOll CTaHnapTHOll cpenoll. B CRy~ae 

3KYCTl!Kll STO MOlKBT CWTb cpena C enl!Hli~HOA ITROTHOCTbiD ll 

snl!Hli~HWMll CKOpOCTHMll ITOIT8p8~HWX ll ITponORbHWX BORH. JlaR88 
paCC~l!TWBBIDTCH MaTpl!UW 3MITRHTYR OTpalK8Hl!H ll ITpODYCKaHl!H 
onuoro cnoH, ITorpymeuuoro B craunapruyro cpeny. llocRe qero 

paC~BT MaTpliU OTpalKBHl!H ll ITpODYCKaHl!H Cl!CTBMbl CR08B 
npOl!SBOnl!TCH HB TIYTBM ClliliBKll rpaHl!~HMK YCROBllll, a C TIOMOmbiD 
peKypp8HTHMX COOTHOlliBHI!ll, B KOTOpMX ¢1Hrypl!pyroT M3Tpl!UW 

aMDRliTYn paSR8R8HHWX CROBB. 
~CITORbSYBMBH TipOUB nypa liMBS T npoapa~Hblll ¢111311~8 CKllll 

CMWCR. BBBR8HHM8 BOOCpalKaBMWB m8Rl!, KaaaROCb CW, YB8Rll~l!BaiDT 

~l!cno rpaHl!U paanena 11 TBM caMwM ycnomHHIDT aana~y. OnuaKo 
ITOCKORbKY B mBRHX HaxonliTCH onHa ll Ta lKB cpena, TO BCB 
rpaHI!~HM8 YCROBIIH npaKTII~8CKII 38BIICHT TORbKO OT CBOJICTB 
naHHOrO CROH. l!pOl!CXOnHT K3K CW paSBH3Ka CBOllCTB COCBnHIIX 
CROBB. llpli~BM DOCKOnhKY BOOCp3lK38Mbl8 menl! C8CKOH8~HO Y3KII ll 



• 
no HHM MOryT pacnpOCTpaHflThCfl BORHW BCBX THnOB, TO BORHW C 
eRHHHqHoA BepOHTHOCTh~ npocaqHBa~TCH (TYHHeRHpy~T) H3 ORHOro 
CROH B npyroR. TaRHM 00pa30M, BOOOpamaeMWe rneRH Ha pemeHHe 

He ORa3WBa!QT HHRaRoro ~HsHqecRoro BRHHHHH. 
MaTeMaTHqecKH me OHH OKa3NBa~TCH oqeHb noRe3HNMH. 

PaCCMOTpHM, HanpHMep, OTpameHHe H nponycKaHHe CHCTeMW H3 
HBYX CROBB. 0003HaqHM aMnRHTYRW OTpameHHH H nponycKaHHH 9THX 
CROBB, B3HTNX no OTReRbHOCTH, qepe3 r 1 ,1 1 H r 2 ,1 2 

COOTB8TCTB8HHO. Torna COBMBCTHNe aMnRHTYRW OTpameHHfl H 
nponycRaHHH r 12 H 112 9THX RBYX CROeB, npHmaTNX npyr R npyry, 
paBHN 

(I I 

me MHOIKHTeRb 
-1 /=(1-r 1r 2 ) (2) 

OnHCMBaeT MHOrORpaTHOe nepeoTpameHHe MeiKRY CROHMH B 
B000pall!a8MOA rneRH, 3TH ~OPMYRN a0CORIQTHO ~H3HqecRH npospaqHN, 
BCTpeqa~TCH BO MHOrHX yqeOHHRaX, H MW BNBORHTh HX He OyneM. 

Ecm1 Obi meRh OMRa He OecKoHeqHo ysRoA, TO BMecTo ~OPMYR 

(1) llRfl aMnRHTYR OTpameHHH H nponycKaHHH HBYX CROeB (Ha CaMOM 
HeRe 3HeCb Mbl HMeeM yme TpH CROfl, TIOCROnhKY npoMeiKYTOK Memny 
CROHMH TaKme MOmeT paCCMaTpHBaTbCH KaK CROA) CReHOBaRO ON 
BOCnORh30BaTbCH HHhlMH ~OpMyRaMH: 

. -1 
a) r12=r1+11e12r2e21(1-r1e12r2e21) 11, 

-1 
b) 112=12e21(1-r1e12r2e211 11, (31 

rne e12 H e 21 - ~YHKUHH pacnpOCTpaHeHHH OT CROH 2 R CROID 1 H 
oOpaTHO COOTBeTCTBBHHO. B CRyqae nROCKOA reoMeTpHH ~YHRUHH 

pacnpOCTpaHBHHfl npencTaBRH~T COOOA nROCRH8 BORHN, a B CRyqae 
C~epHqecROA reoMeTpHH - C~epHqecKHe BORHN B npoMell!yToqHOM 

CR08. 
~OPMYRhl (1) H (3) OnHCNBa~T B8Ch RRaCC paCCMaTpHBaBMNX 

3R8Ch sanaq, CBH3aHHNX CO CROHCTNMH cpenaMH. W ijama sanaqa 
COCTOHT TORhKO B TOM, qTOON noRyqHTh aMnRHTYRN r H I RRH 
ORHOrO CROH. B aKyCTHKe COOTHOWBHHH (1) H (3) BCTpeqaiDTCH, 
HanpHMep, B MOHOrpa~HH opeXOBCKHX/1/, HO npHMeHHIDTCH OHH 
3H8Ch TORhKO K BORH8, TIORHpH30BaHHOA nepneHRHKYRHpHO 
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llROCKOCTH OTpamBHHH, H llpH OllHC8HHH OnHOrO enHHCTBBHHOrO 
CROH. B STOM cny~ae r H t B ~OpMynax (3) npencraBRHIDT COOOA 
CK8RHpHhlB BBRH~HHhl. Mhl llOKameM, ~TO 00R8CTb llpHMBHHMOCTH STHX 
~OpMyn 3H8~HTBRbHO IDHpe. 

B03MOmHOCTb BBeneHHH BOOOpamaeMhlX meneA H 38MBH8 YCROBHA 
CIDHBKH Ha rpaHHU8X pasnena peKyppeHTHNMH COOTHOIDBHHHMH 
HBRHBTCH cymeCTBBHHBRIDHM MOMBHTOM. llpH STOM 8MllRHTYnN 
OTpameHHH H llpOllYCK8HHH MOryT ONTb M8TpKU8MH. B CRy~ae 

H30TpODHNX ynpyrHX cpen STO MaTpHUN 2X2, a B Cny~ae 

HBH30TpOllHhlX - 3X3. C M8·Tp11U8MII T8KOl! pa3MBpHOCTH (llpii~BM OHII 
HMBIDT CTaHnapTHNll BHn) 3H8~11TBRbHO npome pa00T8Tb, ~eM C 
M8TpHU8MH 4X4 HRH 6X6, KOTOphle OONqHQ paCCM8TpiiB8IDTCH nna 
nonoOHoro pona sanaq1i,2/. 

B ll. 2 MN llOKameM, K8K onpenenHTb 8MllRIITYnM OTpameHKH H 
nponycKaHHH rpaHHUN pasnena nByx npoHSBORbHMX ynpyrnx cpen. 
3ra sanaqa xoporno nsBecrna, Ho HaM noHanoOnrca nonyqnrh ee 
pBlliBHIIB UH TOrO, qroOb! nponeMOHCTpHpOBaTb, KaKIIM 00pa30M 
nonyqaiDTCH MaTpHUM Oonee HH3KOl! pa3MBpHOCTH, qeM TB, KOTOpMe 
OONqHQ HCllORb3YIDTCH. B ll. 3 neMOHCTpllpyeTCH BCTBCTBBHHNll 
nepexon K cnyqaro, Korna onHa ns cpen HRH ooe oKaswaarorca 
llmnKIIMH. B n. 4 nonyqeno perneHHe nna onnoro cnoa, 
norpymeHnoro B craHnaprnyro cpeny. B aaKnroqeHHe (n. 5) 

oOcymnaeTCH llpiiMBHIIMOCTb MBTOna nnH onHOMBpHhlX H TpBXMBpHNX 
nepnonnqecKIIX cpen, a raKme nna c~epnqecKoll reoMerpHH. 

2.0TPAEEH~E ITHOCK~X YITPYr~X BOHH HA rPAH~UE PA3nEnA nBYX 
TBEPnHX TEn 

YpaBHBHHB ynpyrHX BORH B onHoponHoA H H30TpOllHOl! Cpene 
SallHIDBM B Bllne/3/: 

a2u! at 2=c ~hu+ ( c ~-c ~) gradd1 vu, ( 4) 

rne u- cMemenHe, c 1 ,t - npononbHaH H nonepeqnaa cKopocrH 
ynpyrnx Bonn. B onnoponnol! cpene pemenne nmerca B Bllne 
COBOKYDHOCTH llROCKIIX BORH 
u=u

0
exp ( 1kx-1wq, ( 5) 

rne U0 - BBKTOp llORHpH38UHH BORHN, k -BORHOBOR BBKTOp, W -
qacTOTa (W=Cikl ), X- TpBXMBpHNll panHyC-BBKTOp. KoopnHHaTN H 
BpBMH OOOSHaqeHN qepes X II ~. llOCKORbKY 0003HaqeHIIH r II t 
sapesepBIIpoBaHw sa aMnnnTygaMM oTpaMeHHff H nponycKaHHH. 
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B HeonHoponHoA cpene npn Hannquu rpaHHU~ paa~ena pemeHne 
npe~CT3BRfl8TCfl pa3H~Mll nnOCKHMH BORH3MH ITO 008 CTOpOH~ OT 
rpaHHU~, CBH3aHHhlMM npyr C IPYfOM rpaHHqH~MH YCROBHflMH. 
fpaHHqH~e YCROBHH COCTOHT B Tpe00B3HHH Herrpep~BHOCTH CMBWBHHH 
U H ITOBepKHOCTHOfO ~aBnBHHfl: 

o 1 knk=pc~ [ ( nV )u+V (nu) I+ p ( c ~-2c~ )n( Vu), 

2 (L+W )U=O, [
c;~ 

L= 0 
0 

u ero peweHne npencraBHMO 

[

v 1 rexp ( 1k1x)l 
u= v2aexp(1k

1
x) exp(-1w~). 

w ~exp ( 1k
1 
x) 

0 l 0 ' 
c2~ 

! 
B Bnne cronoua 

(6) 

(7) 

(8) 

rne 1• a, ~ - KapaKT8pH3YWT 3MITRHTYIM COOTBBTCTBYIDWHK BORH. 
3aMeTHM, qro raKoe rrpencraBneHne y~oOHo reM, qro BMnenHeT 
CaM~e CYWBCTB8HHhl8 BennqHHbl, KOTOpb!B H3KOIHTCH H3 rpaHnqH~K 

ycnoaun. BeKropa rronapuaauuu ace e~nHnqHwe, ux HarrpaaneHne 
33136TCfl BORHOBhlM BBKTOpOM, KOTOphlA OIH03HaqHQ OITp618Rfl8TCH 
CBOACTB3MH CpBihl H HarrpaBRBHH8M IT316HHfl nepanqHoA CBfl3KH 
BORH, H qroOhl H3ATH 3MITRHTYihl 0Tp8lK8HHfl H nporrycKaHHH, HYlKHO 
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HBliTH TORbKO K09~~HUH8HThl r, a H ~ OTpameHHNX H npomenmHX 

BORH npH sanaHHhlX COOTB8TCTBYIDlliHX K03~~HUH8HT8X B nanaromell. 

TaKHM o0p830M, B8KT0p COCTOHHHH CBH3KH BORH B oOmeM BHne 

HMBBT M8KCHM8RhHYID pa3M8pHOCTb 3. llpH 00NqHOM rronxone BBKTOp 

CBH3KH BORH pa30HB8IDT ITO TpBM B38HMHO rreprreunHKYRHpHMM 

HarrpaBnBHHHM H Kamnoe HaiTpBBRBHHB COCTBBRHIDT H3 KOM0HHBUHH 

BORHOBb!X MOn. llpH 9TOM BBKTOp COCTOHHHH B 001QBM BUB 

OKB3hlBBBTCH HM8IDmHM pa3M8pHOCTb 6. llocKORbKY B CRY.qae 

H30Tp0ITHMX cpen Mona C BBKTOpOM llORHpH3BUHH v1 OTnenHBTCH OT 

npyrnx, ro nna nee sanaqa crauoBHTCH cKanapuoa, a nae npyrHe 

MOnN B OOhlqHOM cnyqae OObenHHHIDTCH B qeTb!p8XM8pHMll 

BBKTOp/l 'Z/, B naHHOll pa00T8 OHH OynyT rrpenCTBBRHTbCH 

nBYM8pHNM BBKTOpOM. 
HallneM pemeuHe B cnyqae, Korna cneaa ua rpaHHUY pasnena 

nanaer rpHnner Bonn (8). rronuoe pemeuHe sanaqn conepmHT 

auanorHqHMll rpHrrner Bonn, orpameHHMX c aMrrnHrynaMH r H 

npenoMneHHMX c aMnnHrynaMH t. YcnoBHH uenpepMBHOCTH u H 

TBH30pa HallpHmBHHll ITOK83MB8IDT, qro COCTOHHHB V1 llORHOCTbiD 

uesaBHCHMO or nayx npyrHx, T. e. nna nero, KBK xopomo 

H3BBCTHO, MOmHO OTnBnhHO 3BllHCBTb 008 YCROBHH HBllpBphlBHOCTH B 

BHne 

1 +r =t ' J. J. 
(9) 

rne BBnHqHHhl CO WTpHXOM OTHOCHTCH K OTpamaiDmBll cpene, llpHq8M 

• =lw2;c2-R2ll/2 R' =lw2/c' 2_R2J112 
t.L t II I t.l t II ' 

(1 0) 

H 3HaqoK J. npH r H t YKB3MB88T, qro pBCCMBTpHBBBTCH cnyqall 

BORHM, ITORHpH30BBHHOll rreprreunHKYRHpHO ITROCKOCTH OTpamBHHH. 

0003HaqHM qepe3 Z1 OTHOlli8HH8 p' Ct2 /pc~, llpH 9TOM p8lli8HH8 

rpaHHqHhlX yCROBHll ITpHHHM88T XOpOmO H3B8CTHhlll/l7 BHn 

(11) 

B qaCTHOCTH, RjJ. MOmBT OKB3BTbCH MHHMMM, Torna KOMllOH8HT8 v 1 
Oyner ncrrMTMBBTh rronuoe orpameuHe, rrocKOnhKY lrJ.I=1. 

HBa npyrHX COCTOHHHH H800XonHMO OObenHHHTb, llOCKORbKY 

rpaunqHMB ycnoBHH nepeMemHBBIDT HX. B ornnqne or oOMquoro 

rronxona BBeneM nByMepHMll BBKTop 
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<P=[aexp(1k1x)J, 
~exp ( 1k1 x) 

( 12) 

B ROTOpOM a H ~ xapaRTBpHay~T 8MITnHTYn~ COCTOHHHa C 
rronnpaaauaea v2 H w. BBeneM BeRTop n· anonb uopMana, 
uanpaaneuuoa BHYTPh BTopoa cpen~. H BBKTop e B nnocKOCTH 
oTpa!KeHHH, rrapanneuu~a rpaHHUe paanena. BeKTopa v 1 , e a n 
cocTaBnH~T npaayiD TpoaKy. BeRTopa rronHpHaauaa rrana~mea, 
OTp81KBHHOa H npenoMnBHHOa BOnH onH03H8~HO CBH38H~ C B8KTOp8MH 
e, n H BOnHOBhlMH BBRT0p8MH cneny~mHMH COOTHOIDBHHHMH: 
a) v 20=- (11 11 /111 )n+ (11 1"/111) e, b) v 2r=- (11

11 
/11 1 )n- (llh/111) e, 

c) w0=(1l 1"/ll 1)n+(ll 11 /ll 1)e, 

e) v21 =-(11
11
/ll;)n+(ll;";llj)e, 

d) wr=-(ll 1"/ll 1)n+(ll
11
/ll 1)e, 

f) w1=111'1"/ll;)n+(ll 11 /ll;)e, (13) 

rne v2a H wa a=(D,r,t) OTBe~a~T BBRTopaM nonnpasauaa 
nana~mea, oTpa~~teuuoa H npenoMneuuoa aonu, a aena~HHhl 11 co 
IDTpHX8MH 0003H8~8IDT BOnHOBhl8 BBRTOpa BHYTpH cpenhl. 

ITOnHhlB HOpManbH8H un H TaHrBHUHBnbHaH ue ROMITOHBHT~ 
aMnnHTynw Roneoauaa B nanaiDmen Bonue ua rpauaue pasnena 
CRnanhlB8IDTCH H3 COOTBBTCTBYIDIDHX aMnnHTYn oOeHX, npononbHOn H 
llOITiipe ~Ron, MOn, T. 8. OHH paBHhl C OOTBB TC TBBHHO 

a) llo'1=-(11 11 /ll 1 )a+(ll 1 /ll 1 )~. b)u0e=(ll 1 /ll 1 )a+lll 11 /ll 1 )~. (14) 

nnH nanbueamero ynoOHO 3TH ROM0HH8UHH np8llCT8BHTb B BHllB 
npOH3BeneHHH nByMepHbiX B8KTOpOB a

0 , b0 H <j> 0, OnpenenHBMhlX 
paBBHCTBaMH 

a) u0n=a 0<j> 0=1-11 11 /ll1, ll 1 "/ll 1 l[~J. 
b) u0e=b 0<j> 0=ill 1/ll1, ll 11 /ll 1 l[~J. (15) 
B KOTOphlX llpOH3BBllBHHH Bhl~HCnHIDTCH DO 00hl~Hh!M npaBHnaM 
M8TpH~Hoa anreOphl. llpH 3TOM nonuwa BBRTOp CMBruBHHH B nanaiDmea 
BOnHe MOIKHO 38llHC8Tb B BHne 
Uo=a o<P on+b o<l> oe. 

EcnH nanaiDru8H BOnHa OITHChlB8BTCH llBYMBpHhlM 
B8KTOpOM-CTOn0UOM <j> 0, TO 0Tp81KBHHYID H npenOMnBHHYID BOnHy 
MOIKHO COOTBBTCTBBHHO 38UHC8Tb B BHllB BBKTOpOB 
<Pr=rii<Po• <Pt= 111<l>o• 
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r1e r H I - KB31p3THMe M3TpHU~ 2x2, H 3HaqoK U YK33~BaeT, qro 
paCCM3TpHB38TCH Cnyqal!, KOrUa ll31310Jil3H BORHa IIORHpH30B3H3 
rrapaRReRbHO IIROCKOCTH OTpameHHH. 

YCROBHH HerrpepMBHOCTH liD OTieRbHOCTH H HOpM3RbHOl! H 
TaHreHUHanbHOl! KOMIIOHBHT KOnedaHRll Ha rpaHHUe paanena 
llpHBOIHT K ypaBHeHHHM 
a) a 0+arru=a 1t", b) b0+brru=b 1 t", 
rne 

a) 0 o=l-ku 1•t••J.1kl), 

c) a.=-lk"lk 1,k 1.1k1 ), 

e) a 1=1-kul•i·•;./•;1. 

b) bo=l•t.1•t••u 1•JI' 

d) b.=l-k 1/a·1,a"/a 1 ), 

(16) 

( 17) 

B llpHHUHIIB, ada ypaBHeHHH (16) cnenoeano dbi YMHOmHTb . Ha <jl 0 
cnpaBa, H rom a Mhl HMenH dbi IBa qHCROBMK ypaBHeHHH. 01HaKO 
ITOCKORbKY KOMITOHeHThl a H ~ Y BeKTOpa <jl 0 rranaiOJilell BORHM 
rrpOH3BORbHM, TO ypaBHBHHH (16) CIIpaeennHBbl UH 
BeKTOpOB-CTpOK. 

YpaaaeHHH (16 1 conepmar ecero •er~pe nHHeliHhlK 
anredpaHqecKHK ypaBHBHHH, rorna K3K liORHOe qHCRO HeH3BeCTHMK 
B MaTpHUaK r H t paBHO BOCbMH. llnH paapelliHMOCTH ypaBHeHHll 
TpedyiOTCH eme qerwpe anredpaHqecKHK ypaBHBHHH. 0HH H3KOIHTCH 
H3 ycnoBHH HenpepbiBHOCTH aanpameHHH (6 I Ha rpaaHue paanena. 
ITDCKORbKY IRH llpOH3BORhHOll BORHM, COCTOHIIlell H3 IBYK MOl, 
aMIIRHTYIY KOnedaHHll MOmHO npeiCTaBHTb B BHie U=a<jln+b<jle, TO 
Bhlpame&He (6) nepeiTHChlB3eTCH cnenyiOJilHM Odpa30M: 

o 1 knk=nlpc~2(nV)a<jl+p(c~-2c~)l(nV)a<jl+(eV)b<jlll+ 
+epc~l (nV 1 b<Jl+ 1 ev )a<jll =pc~ (nl2 ~a(nV )+ 11 -2s 1 1 a (nV 1 +b ( ev 1 J l+ 

+e~ lb(nV)+a(eV) l l )<jl, (18) 

me 
2 s=(C 1/c 1) , (19) 

ITOICTaBHB B (18) B KaqeCTBe <jJ BeKTOp (12), TIOnyqHM Ha rpaHHue 
paanena cneiYIOJilHe ypaBHeHHH HerrpephlBHOCTH IRH COBOKYIIHOCTH 
ITalaiOJilell, OTpameHHOl! H rrpenoMneHHOl! BOnH: 

A A 

a) la 0k 0.+(1-2~)b 0a" l+la.• •• •l1-2~)br•u lru= 
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' 
=Z[a 1 1!'1 .+(1-2~' lb 111 1 lt 11 , 

b) {(b 0k0.+a0ll 11 )+~(brkr••arllu )r 11 =Zt' (b 1k;.•a1 11 11 )1 11 , (20) 

[

ll' 
C) k' = IL 

IL 0 ~. l' lL 

(21) 

Yp8BH8HHH (16a,b) ynodHO 3BITHCaTh B enHHOM MaTpH~HOM BHne, 
38ITHCBB CTpORH npyr non npyroM. AHanorHqHy~ ROMdHHBUH~ MOmHO 
nponenarh H c ypaaHeHHHMH (20a,b). B pesyn1rare rrony~HM naa 
MBTpH~HUX ypaBH8HHH: 
a) e+ar 11 =bl 11 , b) E+Ar

11
=ZBt

11
, (22) 

me 

a= [ar l = r-1111/llt -RlL//ll l a) 
llll/lll ' br -RIL/lll 

c) e= [aj = r-llll/llt Ill/Ill l 
a ll 1./ll1 llll/lll ' 

[at] r-llll/llt b) b= = 
bt ll;./llt 

(ll~-2~ll~)/llll' 
-2~/llLI!II/lll 

II' Ill'] l L l 
llll/ll'l ' 

(23) 

(24) 

H d~no HCIT0Rh30BBHO COOTHOill8HH8 ~llt=ll~. 3BM8THM, qro MBTpHUW 
a H b HeaupomneHhl, rrocRonhRy 

2 deta=-(ll 11 +ll 1LI!IL)/ll 111 1 
H 

detb=-(11 2+11' II' )/ll'll' 
II l.L t.L l t 

HHROrna H8 MOryT OdpaTHThCH B HOnh. C npyrott CTOpOHhl, MBTPHUhl 
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A II 8 MOryT O~Tb B~pomneHN, ITOCKOnhKY 

d t 2 2 2 2 2 
a) e A=-t 1111.-lnl +41nl 1.•1.l/ltl1 , 

b) detB=-'' 21(1' 2-12)2+4121' I' l/1'1' 
' IL n n IL 1L t 1 (25) 

MOryT oOpaTHThCH B HOnh. B qaCTHOCTH, rrpu p=O ypaBHBHHB (22b) 

ITpHBOnHTCH K Buny Btn=O, II HMBBT pemeHI!e numb Ilpll YCROBIIII 

det8=0. 3TO ycnOBIIB MOmeT O~Th B~IIOnHeHO TOnbKO IIpH MHIIMNX 

•i. H •; •• r.e. rrpononhHaH 11 rrorrepeqHaH BOnHN 3aryxaror BrnyOb 

BemecTBa. CoorBeTCTBYromee pemeHI!e rrpencraBnHeT coOoA 

IIOB8pXHOCTHYID paneeBCKYID BOnHy. OHB COCTOHT 113 nBYX MOn, 

KOTOpNe oOnanaiDT BliHHNM BOnHOBNM BBKTOpOM In H CKOpOCTbiD 

CR=W/In. CKOpOCTb IIOBepXHOCTHOA, T. B. paneeBCKOA, BOnHN 

orrpenenHBTCH 113 ycnOBIIH det8=0, KOTOpoe IIpHBOnHTCH K XOpOWO 

H3BBCTHOMY ypBBHBHHID/3/ 
(2-X) 4=16(1-X)(1-X/t') (26) 

nna x=(cR/cjl 2. 
PemeHHB nBYX MBTpl!qHNX yp8BHBHHA (22) paBHO 

a) r =a-1 (ZBb-1-Aa-1 )-1 (E-ZBb-1e), 
n 

b) tn=b-1 (ZBb-1 -Aa-1 )-1 (E-Aa-1e). (27) 
MomeT cnyqJ!ThCH TBK, qTO MBTpi!UB D=ZBb-1-Aa-1 OKBmBTCH 

BNpomneHHOA. 

(11'12~2:··~)/~'1][ ·:~'··1 .. 
2C 11.1n111 -•t. 11t 

(28) 
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YCROBH8M BNpomneHHH, KOTOpoe paBHOCHRbHO yCROBHID 
B03HHKHOB8HHH ITOBepXHOCTHO~ BORHN Ha rpaHnue paanena nByx 
cpen, HBRHeTCH 
detD= 

(R 1 LR~Ida+ZR;Lnl 21db)(k 1 Lk~lda+Zk)Lkl 21dbl+ 
+n 2 t~llll -ll 12 -n 2 J/d -zr Ilk' -n· 12-ll' 2 Jid J2 =o. 1291 II,.. l.L tJ. 1 a l.J. tl. 1 b 

' OOoaHaquB kn=wlc u paanenuB oOe 
2 2 s 

qacTH 3TOrO BNpameHHH Ha 
Z ll

11 
, ITOnyquM ypaBHeHue nna OeapaaMepHO~ ITepeMeHHO~ 

X=(C IC 12: 
B t 

I z~re 1 xld (xI+~' re;x· ld (x' ) l I z~re 1 xld lx l+r re'
1
x' ld (x' 1 l-

lz~l (re -re 1 2+~xl/d(x)-~' I Ire' -re' 12+'' x' Jld(x') 12=0 1 t ' 1 t ':> ' 
rne 

x·=~x. ~=IC/c;1 2 , 

re 1 =-11-~x. 

Z=I/Z=~(p/p' ), 

130 I 

~3 001lJHX COOOpameHH~ oqeBHnHO, qTo CKOpOCTb ITOBepXHOCTHO~ 

BORHM Ha rpaHuue paanena nByx cpen nonmHa ONTb MeHbme 
HanMeHhruen ua cxopocTen ITOITepeqHMX BORH ITO ooe ee cTopoHw, 
T.K. B ITpOTHBHOM cnyqae B onHOR H3 cpen KOneOaHHH rpaHHUN 
OynyT coanaBaTb yxonamue BOnHw, xoTopwe ITocTeiTeHHO yHecyT BCID 
SHeprHID, 33KnroqeHHYID B ITOBepXHOCTHNX KOneOaHHHX. 

nna oiTpeneneHHOCTH Mw OyneM cquraTh cpeny cneBa oT 
rpaHHUhi paanena MeHee ITROTHon, rorna Bee ITapaMel·pu u perneHue 
X, OTBeqarome e ITOB8pXHOC THOR BORHe, M8Hbllle enHHHUhl. 
llpHBeneHHWe ~OPMYRM ITOK83NB3IDT, qTO CKOpOCTb ITOBepXHOCTHOR 
BORHbl 38BHCHT OT OTHOlli8HHH !JnOTHOCTeR H OT CKOpOCTeR 
ITpononbHMX u ITOITepeqHbiX BORH ITO ooe cropoHN rpaHHUN paanena. 
8TO naeT B03MOmHOCTb M8HHTb C

8 
ITYT8M H3M8H8HHH CBORCTB onHOR 

ua cpen. 

3.0TPAmEH~E OT fPAH~UH PA3nEllA TBEPllOE TEllO - m~llKOCTb 

Ecnu BTOpaH cpena mHnKaH, TO B HeR, BO-ITepBNX, CKOpOCTb 
c1=0, a BO-BTopwx, ITpononbHNe cMemeHHH Ha rpaHuue paanena He 
ITepenaroTcH, T. e. ypaBHeHue (16b 1 cnenyeT ua paccMoTpeHHH 

I 0 



HCRniDqHTh. ITOCROnhRY mHnROCTh He OR83~BaeT conpOTHBneHHH 
TaHrBHUH8nhHOMY CMemeHHID, TO npaByiD qaCTh ypaBHeHHH (20b) 
cnenyeT nonomHTh paBHoa Hynw. (ITpaBna, ecnH yqecTh BH3ROCTh H 
DpHIIITI8HIIB mllnKOCTH R TIOBepXHOCTII TBepnoro Ten a, TO H8 
rpaHHUB cnenyeT BBeCTH llHCCHTI8UHID nnH T8HrBHUH81hH~X 

CMemeHHa, HO M~ 3llBCh BTOrO yqHT~B8Th HB DyneM.) Bee BTH 
ODCTOHTenhC.TBa MOlllli))HUIIPYRlT ypaBHBHIIH (16) H (20), ROTOpwe 
TipHBOllHTCH R BllllY 

' ' 
c) b0&0,+a 0&11 +(brkr,+ark 11 )r 11

=0, (31 ) 

np11qeM 

a) a1=(0,&;,;&;), ' [0 0 l C) k't,= O k' • (32) 
!L 

6onee Taro, caMa MaTpHua nponycRaHHH rpaHIIUM paanena HMBeT 
Blln 

t - [0 0 l 
11 - 121 122 • 

llocnenHee TI03BOIHBT npeo6pa30B8Tb ypaBHeHIIH (31a,b) R BllllY 

a) (k'/&;,) (a 0+arr 11 )=t 11 , 

' ' " 
b) {[a 0&0 ,+(1-2Ub 0&

11
l+[ark""+(1-2()brk 11 lr 11 

J/&'1Z=t 11 , (33) 

£llB BBBllBHa llBYMBpHaH BeRTOp-CTpOKa 

lu=(t21' 122). 
Ha ypaBHBHIItt (33a,b) cnenyeT 

' ' 
Zk'1,a 0-[a 01l 0,+(1-2()b 01l 11 l={[arllrL+(1-2()brll

11
l-Zil;,arJr 11 • (34) 

CKOMDIIHIIpyeM, K8K II paHbllie, ypaBHeHIIH (31C) H (34). B 
peaynbT8TB nonyqiiM ypaBHBHIIB 
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2hnhz,1hz J 
2 2 , • 

~~ (ht, -h" 1-Zhz,hz, 1/hl 
(35 I 

-1 PemeHRB YEaBHBHHH (35al paBHO rn=D F. llOICTaBHB ero B (31al, 
ITORY~RM tn. YCROBRBM B03HRKHOB8HHH llOBepKHOCTHOa BORHM 
HBRHBTCH detD=O. llORy~aromeeCH UpH 3TOM ypaBHeHR8 IRH CKOpOCTH 
DOBepKHOCTHOa BORHM C

8 
OpHBOIHTCH K BHIY 

(re~+l 1 l~(re~+l I+Zrejre 1 l-2re 1 12Cret+Zre'1 1=0, (36 I 
riB llpHHHT~ TaKRe me 0603Ha~eHHH, qro H B (301. 

ECRR DO ode CTOpOH~ OT rpaHHU~ paaneRa MOryT 
pacnpOCTpaHHTbCH TORbKO OpOIORbHM8 BORH~, TO aana~a OTpameHHH 
H npeROMR8HHH CTaHOBHTCH ~aKTHqeCKH CKaRHpHon, H MM 8ID 
aaHRMaTbCH He 6yneM. DocraroqHo cKaaarh, qro B aroM cRyqae 
ITOBepKHOCTH~e BORHbl B03HHKaTb He MoryT. 

4.0TPAEEHME M ITPOITYCKAHME CROff TOnmHH00 L 

OnpeneRRB pacC8HHH8 Ha OIHOn rpaHRUe paaneRa, MM de a 
TPYIB onpei8RHeM OTpameHR8 H nponycKaHHe CROH TOJ!Ilji1HOil L. 
DettCTBHTeRbHO, 0603HaqHM MaTpHUM orpam8HHH OT rpaHHUM pa318Ra 
npu naneHnH ua nepBoa cpenw qepea r+' a npu naneHHH ua Bropon 
cpenM - r _. u aHaRoruqHbiM me odpaaoM nocrynuM c aMnRRTY naMu 
nponycKaHRH rpauuuw paaneRa. Torna Marpuuw orpameHHH u 
npODYCKaHRH CROH TOnmuuott L · aaUHCMBaiDTCH CReiYIDruHM 
o6paaoM' 41 : 

-1 -1 r1=r++t_(l-gr_gr_l gr_gt+' t1=t_(l-gr_gr_l gt+' (371 
rl8 MaTpHUM r + II t+ laiDTCH BMpameHIIHMH (27 I, MaTpiiUbl r II t 
noRyqarorcH 11a BwpameHua (27 1. nyreM nepecranoBKII MecraMII 
ruTpiiKOB"aHHMK II H811ITpHKOBaHHbiK B8nllqHH, a MaTpllua g 
nuaroaaRbHa u paBHa 

g=[exp(ih;,LI 0 ]· 
1381 

0 exp(1hj,LI 

!JiOpMynM (37 I, (381 DORHOCTbiD peiiiaiDT aanaqy, U03BORHH Tenepb 
UORy~aTb MaTpHUM OTpameHHH II npOUYCKaHHH UpOH3BORbHOrO 
KOnuqecTBa CR08B. 

llYCTb, HanpiiMep, Y HaC 11Me8TCH n CR08B. Torna MaTpHUM 
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OTpameHHH H nponyCKaHHH n C~OeB BMpamaiDTCH qepe3 MaTpHUhl 

OTpameHHH H DpODYCKaHHH n-1 C~OeB: 

(39) 

5. OoCYlKilEHIIE 

~OPMY~M THDa (39) oqeHb yn06HM n~H HCC~enoBaHHH onHOMepHhlX 

DepHOnHqeCKHX Cpen. JleliCTBHTeUHO, eC~H y HaC HMeeTCR 

DO~y6SCKOHeqHaR CHCTeMa, COCTOHrnaH H3 nBYX C~OeB, H Be~HqHIIhl 

r 1 , t 1 OTHOCRTCR K OnHoll nape C~OeB, TO, yqHThlBaR, qTo nnR 

6ecKOHeqHoll cHCTeMhl ocTaBmaRcR cpena nocne ormen~eHHH onHoll 

naphl C~OeB HHqeM He OTRHqaeTCR OT DepBOHaqanbHOll, ~erKO 

no~yqHM ypaBHeHHe n~R M8TpHUM OTpameHHR roo OT nony6eCKOHeqHofi 

nepHonHqecKoll cpenw: 
-1 

roo=rl+tl(1-roorl) rootl. 

3HaH OTpameHHe OT llO~y6eCKOHeqHOll Cpenhl, 6e3 

OTpameHHe H nponycKaHH8 nepHOnHqeCKOl!: CHCTeMhl 

n~HHhl. CoOTBeTCTBYIDrnaR npouenypa rro~HOCTbiD 

KOTOpaH HCDO~b3YeTCH n~H perneHHR aanaq 0 

KBaHTOBO-MexaHHqecKHX qaCTHU B rrepHOnHqecKHX 

( 40) 

Tpua HaxonHM 
cnoeB KOHeqHoll 

8H8nOrHqH8 TOll, 

pacrrpoCTpaHeHHH 
ITOTeHUHanax/ 4/. 

Bee BbirnenpHBeneHHbie qJOPMY~hl Kaca~Hcb rr~ocKHX 

sanaHHhlM BO~HOBhlM BeKTOpOM H qacTOTOl!:. EcnH y HaC 
BOn II c 

HMeeTCfl 

HCTOqHHK llell~OCKHX BOnH, TO He06XOnHMO BOCllOnb30BaTbCH 

i))ypbe-paanomeHHeM, H TOUa BCe qJOpMynbl HymHO HCDOnb30B8Tb 

COBMeCTHO C i))ypbe-MHTerpMpOBaHMeM. 

~OPMYRhl (37) cnpaBeUHBbl He TOnbKO B DnOCKHX reoMeTpHHX, 

rne i))YHKUHH pacnpOCTpalleHHH HMeeT BHn (38). B padOTe/ 5/, 

HaDpHMep, DOK83aHO DpHMeHeHHe 8HanorHqHhlX BbipameiiHll H B 

cl))epHqecKHX reOMeTpHHX. 

HaKoHeu, cnenyeT eme oTMeTHTb, qTo npen~araeMhlll Me·ron 

HBRHeTCH llO~e3HblM He TOUKO DpH paCCMOTpeHHH onHOMepHMX 

sanaq, 0H DpHMeHHM T8KlKe H K T8KHM aanaqaM, K8K nHI))p8KUHH 11a 

pacCeHBaTB~HX, pacno~OlKeiiHbiX yrropRnoqeiiHO B TpexMepHOM 

llpOCTpaHCTBe. ITpHMepoM MOlKeT C~YlKHTb nHI))p8KUHR Hel!:TpOHOB 11a 

TpexMepHOM I<pHcTanne/6 •71 . CoBepmeHIIO a11anorHq11y10 aanaqy 

MOlKHO Ci))OpMy~HpOBaTb H nnH 8KYCTHKH. 
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