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1. BBEAEHHE 

noMHMO .,qpy·rlo1X I-IHTepeCHbiX noc.ne,qCTBHi:t nOHRTltle Qla3bl 5epp&.1/l/ 
np1.1eeno K BbiRB.neHHIO caoeo6paaHbiX rononon14€CKI-1X acneKTOB a He
KOTOpbiX aa,qa1.1ax KBaHToaoi1 MexaHio1Kio1,3Ta tflaaa BbJpamaercR 4epea 
3SMKH)ITbl~ KOHTypHbli'i HHTerpan B npocTpaHCTB€ KOM€KTHBHbiX ne
peMeHHbiX or HeKoropqrQ acjJctJeKn1BHoro aeKTop-.noreHL.II-Iana Af..l. • 
CaMo B03HHKHOB€HHe a MHoro4aCTH4HOH aa,qa4e HepenRTHBHCTCKoi1 
KBaHTOBO~ M€XaHHKH CTpyKTyp, KOTOpble 06b1KHOB€HHO lo13y4a~TCR B 
reopHAX nonA, npe,qcraanJ=~eT co6ot1 mo6onbiTHbli1 <!JaKT. B 4aCTHOCTl-1, 
OKa3b1BaeTCR 

12
•31 , 4TO a,qHa6ani~CKOe epauteHH€ A8YXaTOMHOi1 MO

J1€K)IJ1bl 3K,BHBaTleHTHO ABHJK€Hit110 6oae- H.m1 $epMio1-4aCn1Libl 8 BeKTOP

noT€H4HaJ1e HeKOToporo acjJcjJeKTHBHoro MarHHTHOro MOHononR. 8 cny
"'ae aAI-1a6an14eCKio1X poTal.lYIOHHbiX nonce, nocrpoeHHbiX Ha eHyTpeH
HWX COCTOAHI-i.RX _!= 4e!I041-1CJ19HHbiM Cn"1HOM, OOllY469TC.R T6Kio1M o6pa
.30M a6eneea KanH6poeo4Ha.R reopYIA, a e cny~.~ae CYIJ1bHOI1 CBA31-1 
nonoc reop1-1.R y~e Hea6eneea. 

Ecn~-1 npoAO!ImHTb aHanorl-lD c ~aAa~e~ o MarHI-lTHOM MOHonone, 
B KOJl!leKTI-lBHOM apa~eHio1H BMeCTO MBrHHTHOrO 36PRAB nORB!I.ReTCA 41 
npoeK4~A nonHero yrnosoro MOMeHTa k Ha OCb CHMMeTPHI-1 BO!I4Ka. 
Bo3HI-1Kaln no3TOMY ecrecreeHHbH1 eonpoc: MOJKHO !IH o6o6~YITb npa
BYI!IO KB6HT086HYIR aYipaKa Afi.R M6rHYITHOrO ~OHOnO!IR TaKHM o6pa30M, 

--4To6bl nony4HTb Tpe60B6HI.II9 k = :tn."fil2, D = Q, 1, •.. aoKameM, 
4TO 3TO Ae~CTBHTenbHO TBK, nplo14eM, B OTJ1H"'YI9 OT Cfly4a.R CTaH
ABPTHOro MOHOOOtu=J, Heo6XOAHMO .RBHO HCOOJlb30B6Tb 0 2 -CI4MMeTplo110 
3aAa~H spa~eHYIA, "'T06bl nony"'HTb nony4enbl~ cnHH. 

~opManbHO nonbayeMcA ~lo13YI"'ecKoH MOAellbiO apa~eHHA aroMHOro 
RApa. 06~1o1e BbiBOAbl CnpaBeAllHBbl, ecTeCTBeHHO, TaKme AflR 36Aa-
41o1 KB6HTOBO-M9X6HH"'eCKOrO BO!I"'Ka. 

2. BEKTOPHbl~ OOTEHUHAA 
H KBAHTOBO-MEXAHH4ECKHA BOI140K B S2 

BeKTOPHbiH noreH4wan AP so epa~arenbHoH 3aAa4e B03HYIKaer 
C!leAyiO~HM o6pa30M: nyCTb lk> npeACT6BJ1ReT C060~ MHOr046CTH4-
HYIO BOJlHOBYIO $yHKL.t1t110 AectJoPMHPOBBHHOfO f'IAPa lo1 Jz ! k > = kik>, rAe 
J z - npoeKI,llo'I.R oneparopa yrnoeoro MoMeHra Ka ocb z . ,llei1cTBio1eM 
onepaTopa spa~eH~t~R 



R ((!) ~ exp- iJz ¢exp-iJ Ye exp-iJ z x 

Ha I k> ror,qa onpeA6Il.A€TCA opHeHTit1POB8HHOe COCTOAHr.-16 In, k > = 

~ R((l) I k > • np~4eM 0 o6o3Ha4aiOT yrml 3~nepa ¢. e' X. a J. 
CYTb KOMnOH6HTbl yrflOBOrO MOM€HTa. 0pHeHn1pOB8HHbl6 COCTOAHltiA 

In, k> liiCnOJlb3YIOTCA B .AA€PHO!Ii MHOfO'-Iacn14H0171 reopi·H1 epaw,eHHA B 

K848CTB€ reHepaTOpHbiX COCTOAHirliit, C nOMOUJ.biO KOTOpbiX CTp014TCA 

KonneKTV!BHbliit raMI-1flb TOHHaH I CM. , Hanpi4Mep, 
141 I. 

feOM6TPIII48CKVI Yfflbl 3tt.nepa onpe,qen.AIOT T04KY Ha noeepXHOCTI-1 

S 3 npocrpaHcrea R 4 . B KBaHToaoH aa,qa4e Q>lti3H4eCKHe peaynbTaTbl 
He AOJUKHbl 38BHC€Tb OT yrna BpaUJ,eHitlfl )<' BOKpyr OCH CHMMeTpVI\11 

BOI14Ka, no3TOMy MO>l<HO Bbl6paTb C6KTOpbl x=-¢, )(=+¢, coeepWa.A 

OTOOpa>KeH~e s3 ~ s 2• rge s 2 - ABYXMepHaR ciiJepa .. AHanorH4HaA 
onepa~HA H386CTH8 143 TeOpHH MarHHTHOfO MOHOnOIIA B ¢opMyflHpOB
Ke By H JlHra /5/, B S 2 TOrAa nony4aeTCR COCTORHHe 

I 0(±), k > ~ exp-i(Jz:;: k) ¢ exp- iJY e I k> o 

np~ np~MeHeH~~ nocTpoeH~R 6epp~ I eM 0 TaK>Ke 121 I s S2 noABnAeT
C.A Ka.nl46pOB04Hbli1 noTeHU.Ha.n 

A~>~ 1 < o<±>. k 1 ala¢1 o<±>. k> = k(cose:;: l), 

(±) 
a1ae 1 o • k > = o. 

111 

14 raMH!lbTOHHaH 8 KO.n.neKTHBHOM npOCTpaHCTBe BMe~)O 14Mny.nb~, 
p ~ -i a/af cogep>K~T KOBap~aHTHYIO np0~3BOAHYIO 0¢ ~ p ¢ - A'¢ , 
n~~4eM A(J , A~) CBA3aMbl Kan~6poB04HbiM npeo6paaosaH~eM 

A~) ~A<¢} +iU(¢)a/a¢U-1 (¢), U ~e+ 2 ik¢0 121 

B c¢lep~t~4eCKHX KOOPAHHaTax x = rsinOcos¢, y = rsinOsin¢, z=rcosfl, 
Tpe6yA A.pd¢ ~Adr, ~3 11 I nony4aeM ~asecTHOe BblpameH~e 151 

gnR 

aeKTop-noTeHu.Ha.na MarHHTHoro MOHono.nR: 

~(±) k 
A =- --- (-y, x, 0), (r = l) 

r(z ± r) 

npH4eM k HrpaeT po.nb MarHHTHoro aapRAa. no.nb3Y.FICb aHa.norHeH c 
MOHOno.neM, HMeeM A!lR KOMnOHeHT yr.nOBOrO MO~eHTa /S/ 

<±> "1 · e L• ~ i(sin¢ ala& + ctge cos¢ ala¢)+ A¢ o cos., sm , 

L Y ~ i(-cos ¢ a1ae + ctge sin¢ a;a.p) + A~ o sin¢/ sine, 

L ~ -1a;a.p -k; z 
131 
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npMLJeM cnpaBeAJU1Bbt 06biKHOBeHHble KOMMYTdU,MOHHble COOTHOWeHMFI 

[ L 1, L J l = i< ljk L k· Hcnon•ayR MeTOA reHepaTOPHbiX KOOPA~HaT, Kon
.neKT\IIBHbllil raMHJJbTOHHBH MO>KHO npeo6pa30B8Tb K BHAY 

H eon 

rAe J - MOMeHT HHepu,HH FIApa, a BOnHOBafl ¢YHKU,I-1fl npeACTBBJJReTCR 

a ljlopMe 

(+) .p,-
L,M,k 

(±) 
= N. ®L,M,k (O) <I>M,k (¢) I k > 

IN- HOPMHPOB04Hbllil MHOHU1Tenb/ H nOA41-1HReTcfl ypaeHeHI-110 

1 a a 1- <~-sinO--) -
sinO ao ao 

(±) 2 
(M'-A¢) 

sin2 0 

npl-1 3TOM MMeeT MeCTO ypaBHeHHe 

2 
+ L(L + l) - k ! ®L,M, k = 0. 

141 

14 'I 

11, "I 

PeweHMe B BH~e /4/ HapywaeT CI-1MMeTplo1~ OTHOCMTenbHO o6pa~eHio1R 
apeMeHI-1, BbiAe.nRR cocTORHY!e I k > BseAeM noaToMy o6pa~eHHoe no 
epeMeHH BHyTpeHHee COCTORHI-1€ 

J I k> = - k I k > z 
1 - 0 

~ ~cnonbayeM cnHHoaoe npeACTaaneH~e lk> ~(o l, lk>= ( 1 l. Ka-

n~6poa04HbiH noTeH~~an 11 I TOrAa np~o6peTaeT a~A A(~= k(cos/1 + 
+ l)a z, a KOMnOHeHTbl yr.noaoro MOM€HT8 /3/ TBK>Ke CTBHOBRTCR Cni-1-

HOPBMH, B 48CTHOCTH 

151 

HHeapHaHTHOcTb BHyTpeHHero raMMnbTOHHaHa oTHOCHTe.nbHO Ri o3Ha

LJaeT /8/, 4TO nonHBR BOnHOBBfl £l>YHKU,HR He lo13M€HHTCR npH noaopo

Te KonneKTHBHoro npocTpaHCTBa aoKpyr ocH y Ha yron rr c nepe

XDAOM cocTORH~R I k> a I k >: 

/6/ 



(-) 
~ EJL,M,-k(O) ~ BMeCTO /4/ C nOMOWbiO /6/ n0Jly4~M C~M-

MeTpV131o1pOBaHHYIO BOm-mByiO ¢yHKL.4VIIO 

N (+) 
'I' ---!® (el· eiM'¢ ·lk> + 

L,M - ..;T L,M,k 
171 

"'(-) (O) iM'¢ -2ik¢ . 8 i(M+k)" 
+ oL,M,-k ·e ·e I k >I. 

MHO>KI-ITe!lb e-
2

ikej6 80 BTOpOM 4IleHe rapaHTHpyeT, I..IT06bl BblnOJlH.A

JlOCb cooTHOWeH~e L z'~'L,M ~M'I'L,M c Y48TOM <I>OPMYJlbl /5/. Ycnoe~e 
OAH03Hdl4HOCTVI OTHOCI-lTeJlbHO c/J BOJlHOBOH ¢yHKU,VIH 'I'L, M /7/ 

'I'L,M (0,¢) ~'I'L,M (e, ¢ + 2rr) /8/ 

npVIBOAIIIT K Tpe6oeaHVIIO e-
2
ik

217 = 1, TO eCTb 

k ~ 0' ±1/2 • ±1 '... (11 ~ l) 191 

a H3 KaJlH6poao~omoro npeo6paaoaaHVIR /2/. VIMeeM 

/10/ 

CooTHoweH~R /9/ ~ /10/ npefcTaenRIOT ycnoe~e KBaHTOBaH~R A~paKa 
a ¢opMyn~poaKe By VI HHra 15 . B sa,qa4e MarHVITHoro MoHonon.A oHo 
BbTpamaeT KBaHTOBaHHe noToKa, HAYI1.\ero 4epes noeepxHOCTI-1, npH
MbTKai011.\He a S 2 

K 3KBaropy c cesepa 11 c 10ra. Tpe6oaaHMe o,qHo-
3Ha4HOCH1 /8/ raKme npVIBOAV1T K TOMY, 4Tp M~ AOJUKHO 6b1Tb u,e
IlbiM 41<1C!lOM, VI nocKOJlbKY M = M"- k TO)f(e KBaHroeoe '-H1cno M, 
reM caMbiM 11 L .ABJlRIOTCR nony~eJlbtMH HllH ~e!lbiMH, a aaaHCHMOCTH 

OT k . HaKOHe~, <!>a308bl~ MHO>K~TeJlb exp i (M + k) 17 80 BTOPOM 4Jl8He 
<t>opMyJlbl /7 I o6ycnoen~eaeT ~aeecTHbli1 "'HTep<t>epeH~~oHHbli1 3<l><l>eKT 
8 poTa~HOHHbiX nOJlOCaX, 8 4aCTHOCTI-1, ,QJ1R nOJlOCbl C k = 0 He4eT
Hbl€ 3Hd4€HHR l ltiCK11104aiOTCR. 

3. 3AKJ1104EHHE 

B 3TOH pa6oTe Mbl ,QOKa3dillll, 4TO yCilOBHe KBdHTOBaH~t~R ,a1o1paKa 
B03HHKaeT €CT€CTB€HHbiM nyTeM npt-1 (J>OpMyllHpOBKe 3a,qa4H Bpaute-

2 3 2 HH.A BOJ14Ka B S , noMHMO npoeK~Io11-1 8 ~ S CYL1.\€CTB€HHbiM MOM€HTOM 
AilA ero nony4eHI-1R RBilAeTCR Tpe6oeaHHe, 4T06bt nonHa.A aonHoaaA 
(J>yHK~HR He H3M€HI-11ldCb npH COBM€CTHOH onepa~HH BPall.\eHHR KQJ1-
J1€KH18HOro npocTpdHCTBa BOKpyr 001 Y Hd yr011 T7 H OTpa>KeHH.A 
BpeMeHH. npH 3TOM nOilHa.A BOilHOBa.A (J>yHK~H.A npeACTaBJl.A€TCA KaK 
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Cynepnoa~~~R peweH~~ ~3 ABYX ceKTOpOB, C00TB8TCTBY~~~x npOeK-

4~RM X=+¢ , ~ Tpe0oaaHH8 O,qH03Hd4HOCT~ npVIBe,qeT K nOIIY48IIbiM 
VIIl~ 48IlbiM 3Ha48HIIIRM Cn~Ha, lriHTepeCHO OTM8TI4Tb, YTO B nOil8.BbiX 

T80pi4RXI 7• 81
ronOilOrHY8CK08 KBdHTOBaHH€ cn~Ha, KOTOpOe np~ao

AIIIT 111 K nony~en~M 3HaYeH~RM cn~Ha, rpe6yer aae,qeHHR e narpaH

mHaH TdK,Hd3~Bd8MO~ dHOMdiiVI~ Becca - 3yMHHO, KOTOpaR VIM88T 

BHA r A¢c;6dt. Haw no,qXOA, OTJ114YaiOW.VIt1CR Har.nfiAHOCTbiO, AJ1R aa,qa-

414 apaw.eHHR 3KBHaaneHTeH y4~Ty 4.neHa Becca - 3yMVIHD. OrMeT~M 
ABDRKYIO POIIb KBaHTOBoro YHCila k: C OAHO~ CTOPOHbl, OHO onpe

A8Ilfi8TCR YCIIOBVI8M KBdHTOBdHVIR .QHpaKa /9/, C ,qpyroi'! CTOpOHbl, 

3TO me KBaHTOBO€ YVICilO ,qaeTCfl MHOr0$8PMVIOHHOi'! ~14CT8MOH 48p83 

ycnoe~t~e Jz i k> = kjk>. CVITYd4VIR 3A8Cb HanoMHHaer nonomeHV!e a 
CKHpMVIOHHOH 3dAd48 lgl, rAe CnVIH 6~Vt0Ha, C OAHO~ CTOPOHbl, on
pe,qenReTCR KBdHT08dHV18M MOHOnOIIR I I, a C ,qpyrolil - B03HVIKd8T 

~3 KBapKOBOH CV1CT8Mbl, noCKOIIbKY CK~PMIIIOHHdfl MOA8IIb RBIIR8TCR 

p83YIIbTdTOM 6030Hlll3d4111111 QJepMHOHHOt1 CVICT8Mbl, 

Aarop o-mraer caoHM npli!RTHbiM ,qo.nroM no6naro,qapV!Tb P .r .Haa
MVITAVIHoea 3d niiOAOTBOPHbl8 AVICKYCCI-11-1, a TdK>Ke BbtPd3~Tb npV13Ha

T8J1bHOCTb li.A.CMopo,qVIHCKOMY V1 B.r.Ka,qblweacKoMy sa VIHTepec, 

npORBJ18HHbtt1 lt1MVI K P83YIIbTdTdM AdHHOH pa60Tbl, 
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