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§1. BaeoeHue 

B peweHHH Bonpoca O BHAC HYKHOH·HyKHOHHblX noTeH· 

:uuanoB HaXOAHT WHPOKOe npHMCHCHHC «tieHOMeHonorH'ICCKHii 

nOAXOA, OCHOBaHHblii Ha HCnOHL30BaHHH 3KCnepHMCHTanLHblX 

AaHHblX no 4ia3aM ynpyroro NN -pacceJIHHJI /Ao :meprHii 

"'400 M3B/ H AaHHblX no ACBTOHy. IlpHMCPOM nony'laCMblX 

TaKHM cnoco6oM peanHCTH'ICCKHX noTeH:uHanoB cny)KaT no

TCH:UHaJILI PeiiAa/ 1/, COACp)KaUUIC HapJIAY c xopowo o6oCHO· 

aaHHblM B MC30HHO:ii TeopHH OPEP -noTCH:UHanoM PJIA KoM·

noHeHT, tlieHOMCHOHOrH'ICCKH OnHCblBalOlllHX B3aHMOACHCTBHC 

Ha MaHblX paCCTOJIHHJIX C nOMOlllLIO BBCACHHJI HHH CHilhHblX 

OTTanKHBaTCHLHblX nOTCH:UHanoB C ManblM paAHYCOM ACH· 

CTBHJI, HHH TBCPAOro Kopa. 

OAHO:ii H3 npOCTblX B03MO)KHOCTCH Y'ICTa KOPOTKOACH· 

CTBYIOUUIX CHn B tlieHOMCHonorH'ICCKHX nOTCH:UHanax JIBHJICTCJI 

HCnOHL30BaHHC MOACHH rpaHH'IHblX ycnoBHii/M.r.Y.j 12 ,3 /. 

CornaCHO 3TO:ii MOACHH, o6nacTL B3aHMOACHCTBHJI ACHHTCJI 

Ha BHCWHIOIO (r•> c) H BHyTpCHHIOI<? o6naCTH (r<c). Bo BHew

He:ii o6nacTH B3aHMt>ACHCTBHC MO)KCT onHCblBaTLCJI cpaBHH· 

TeHLHO npOCTblM nOTCH:UHaHOM, a 34i«iiCKT KOPOTKOACBCTBYIO· 

UUIX CHn, KOTOpble B npHH:UHne MoryT HMCTL BCCLMa CHO)K• 

HblH xapaKTep, Y'IHTblBaCTCJI nyTeM BBCACHHJI npH r = C rpa

HH'IHOro ycnOBHJI AHJI norapH«iiMH'ICCKOH npOH3BOAHOH BOnHO • 

BOB «iiYHK:UHH. PaAHYC rpaHH'IHblX YCHOBHH C H 3Ha'ICHHC 

norapH«iiMH'ICCKO:ii npOH3BOAHO:ii f npH r = C JIBHJIIOTCJI na

paMeTpaMH MOACnH, .KOTOpble AOH)KHbl onpeACHJITLCJI H3 

3KcnepHMCHTanLHblX AaHHblX. 3aMCTHM, 'ITO noTCH:UHan C 

TBCPALIM KopoM J1BnJ1eTcJ1 'laCTHLIM cnyqaeM M. r. Y. npu 

f ➔ 00. )J,nJI HHTepnpeTa:UHH HYKHOH·HyKnOHHOro B3aHMOAeii

CTBHJI C ycnexoM HcnonL30BanacL KaK npocTaJI M. r. y. 6e 3 

BHCWHero noTCH:UHana 12 ·,;t, TaK . H MS. Y. C noTeH:uHa • 

HOM BO, BHCWHC:ii o6naCTH. ' 
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--t3BeAeHHe teuoMeuonoruqecxux uyxnou-uyxnoHHLIX no
TeunuanoB CBJl3aHo C H3BeCTHOHHe0~03HaquocTLIO, o6yc
noBneHHOH TeM, qTo C :nccnepHMeHTanLHLIMH AaHHLIMH B 
npuunune COBMeCTHMO MHoro noTeunuanoB pa3nuquon top
MLI, coAep:>KaUUix AOCTaToquoe qucno napaMeTpoB. ,Uonon
HHTenLHLIM KpHTepHeM OT6opa TaKHX IlOTeunuanoB MO:>KeT 
cnY:>KHTL COilOCTaBneHHe 3KCilepHMeHTanLHLIX H TeopeTH
qecKHX AaHHLIX, KacaroUUIXCJI CHCTeMLI Tpex HyKnOHOB. 
KoppeKTHLle ypaBHeHHJI AnJI CHCTeMLI Tpex CHnLHO B3aHMO
AeicTBYIOUUIX qacTHU 6LinH nonyqeuLI WaMeeBLIM / 9/. Kax 
H3BeCTHO, B cnyqae napHLIX B3aHMOAeiicTBHH JIApa HHTer
panLHLIX TpexqacTnqHLIX ypaBHeHHH WaMeeaa BLipa:>KaIOTCJI 
qepe3 AByxqacTHqm.ie BHeMaCCOBLie t -MaTpHnLI. 3TH ypaB
HeHHJI 6e 3MOAenLHLI Ha TpexqacTHqHOM YPOBHe, TaK KaK ecnB 
H3BeCTHLI AByxqacTBqHLie t -MaTpHULI, TO OHB JIBnJitoTCJI 
TOqHLIMB. CneAOBaTenLHO, B03HBKaeT aonpoc 06 onpeAene
HBB BHeMaCCOBOH t ·MaTPHULI AnJI IlOTeunuanoB, yqHTLIBaro
UUIX KOPOTKOAeHCTBYIOUUie CHnLI no M. r. Y., TaK KaK B 3TOM 
cnyqae ee uenL3JI uaiiTH H3 o6Liquoro ypaBHeHBJI JlunnMaHHa
illBBHrepa. 0AHBM B3 MeTOAOB o6XOAa 3TOH TPYAHOCTB JIB
nJieTCJI BBeAeHBe nceBAonoTe11nuana Bo BHyTpeuHeii 06-
nacTH r < c 16 , IO/ • . 

B pa6oTax 111 •121 pa3BBT MeToA noc:Tpoeu:eg BHeMaccoBoii 
't·-~aTpBULI B M.r .Y., OCHOBaHHLIH Ha TOM, qyo 3aAaHHOe 
3HaqeHBe He 3aBHCJill\eii OT 3HeprBB noraputMuqecxoii npo
H3BOAHOii BOnHOBOH tYHKl:(HH Ha paAHyce rpaHHqHLIX ycnoBBH 
MO:>KeT 6LITL nonyqeuo c IlOMOll\LIO HeKOToporo npeAenLHOro 
nepexoAa MJI noxanLHoro noTeHnuana cnenuanLHoro BHAa, 
AeiicTBYIOll\ero BO BHyTpeHHeii o6naCTH: 

'V(r)='V00(c-r )-c·v1 o(r -c), /I.I/ 

rAe 
0(x)=l, x>O; 0(x)=0,x< 0. 

,ll;ng 3TOrO IlOTeHnBana nerKO HaBTB. B aHanHTHqecKOM BBAe 
BHeMaccoBLie BonuoBi.Ie WYHKUBB 'P ( r, Z) *. IlocneAYIO:. 

u u . p 
UUIH npeAenLHLIH nepexo.n 

:* ,Uanee MJI npoCTOTLI -MLI 6yAeM pace Ma TpHBa TLCJI TonL- · -
KO s -c_OCTOJIHHe, u BHAeKC e= 0 6yAeT BCIOAY onycKaTLCJI. 
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VO ➔ 00 ' ·vi ➔ oo ' C ( V Vo - C ·v I ) = f' /1.2/ 

rAe f - ;KOHCTaHTa, IlOKa3LIBaeT, qyo npeAenLHOe BLipa:>Ke
HHe AnJI BOnHOBOH tYHKUBH 'Pp ( r 'z) YAOBneTBOpJieT 
cneAYIOUUIM rpauuqHLIM ycnoBHJIM: 

'PP(r,Z)=O, r~c_, /1.3/ 

c[ Nr r 'Pp(r ,Z)}r=c = f [r 'Pp(r ,Z)]r =c 
+ + 

/1.4/ 

rAe c+ = c± c , c ➔ O , Z =E ±1ic , E - 3HeJtBJI. YcnoBBJI 
/1.3/ -H /1.4/, KaK IlOKa3aHO B pa6oTax 13 •14/, MoryT 
cny)KBTL BCXOAHLIM MOMeHTOM )!.nJI nonyqeHHJI BHeMaCCOBOH 
t -~aTpBULI B M.r.Y., npuqeM AOilOnHBTenLHO HCilOnL3YIOT· 
CJI ABa cneACTBHJI, BLITeKaIOUUie B3 ypaBHeHHJI JIHililMaHHa
illBBHrepa MJI "HOpManLHLIX" IlOTeHnBanoB: 

1/ AnJI IlOTeHUBana 'V ( r) C KOHeqHLIM 

CTBBJI c BHeMaccoBaJI BonHoBaJI WYHKUBJI 
o6naCTH r ·> c HMeeT BBA: 

'P ( r , Z) = j ( p r ) + i v Z t ( v Z, p ,Z ) h 
0
° > ( r v Z) , 

p 0 

paAHYCOM Aeii
'P (r,Z) B 

p 

/1.5/ 

r.ne j (x) , h ( ~)(x )., COOTBeTCTBeHHO, cwepuq·ecKBe WYHKUBB 
0 ,. 

lieccenJI e raHKenJI nepBoro poAa; 
2/ BHeMaccoaaJI t ·MaTpuna CBJI3aHa c WYPLC·KoMnoHeH-

Toii 'P P ( k , Z ) Bonuoaoii WYHKUBH 'P P ( r , Z ) cooTuoweuu-
eM: 

\ 

t(k,p,Z)= (k 2 -Z)['P (k,Z)- -"-o(k-p)]. 
P 2k 2 /1.6/ 

BLipa)KCHHJI /1.5/ u /1.6/ He COACp)KaT B · JIBHOM BH,ne 
noTeuneana H cquTaeTcJI, qyo ouu cnpaBeAnHBLI u a cnyqae 
M.r .Y. ff3 COOTHOWeHBii /1.4/ H /1.5/ HenocpeACTBeHHO 
onpeAenJieTcJI nonyMaccoaaJI t ·MaTpuna: 

-icyz 
t ( yZ,p,Z) = ce [cospc- fj (pc)]; 

f . .-z 0 
-IC y 

/1.7/ 

5 



TOrAa KaK rrom10CTLIO BHeMaccoBaH t -MaTpuua HaXOAHTCH 

H3 /1.6/ C HCilOJIL30BaHHeM YCJIOBHH /1.3/. IlpeAJIO:>KeHHLIH 
B /13,14/ MeTOA HBJIHeTCH B HeKOTOpLIM CMLICJie "'IHCTLIM" 

MeTOAOM rpaHH'IHLIX yCJIOBHH, TaK KaK OH OCHOBaH TOJILKO 

Ha yCJIOBHHX /1.3/ H /1.4/ AJIH BOJIHOBLIX cl>YHKUHH H B CO

OTBeTCTBHH co CMLICJIOM M.r .Y. He Tpe6yeT BBeAeHHH. 

B HBHOM BHAe KaKHx- JIH60 rroTeHuHaJIOB BO BHyTpeHHeii 

o6nacTH. C 3TOH TO'IKH 3peHHH B /1.4/ B IlpHHUHrre MO:>KHO 

C'IHTa TL rrapaMeTp f 3aBHCH~HM OT 3HeprHH E . OAHaKo 

B 3TOM cnyqae2 KaK nerKO y6eAHTLCH, MaCCOBLie BOJIHOBLie 

cl>YHKUHH ( E = p ) , COOTBeTCTBYIO~He~ cl>H3H'le CKHM COCTOHHH

HM ABYX HYKJIOHOB rrpH pa3HLIX 3HeprHHX, IlpH coxpaHeHHH 

YCJIOBHH /1.3/, 6YAYT HeopToroHaJILHLI. TeM He MeHee AJIH 

3Hepruii E < - Ed / Ed - 3HeprHH CBH3H AeiiToHa/ f Bnon

He MO>KHO paCCMaTpHBaTL KaK HeKOTopyIO IlPOH3BOJILHYIO 

cl>YHKUHIO OT E, TaK KaK MaCCOBLie BOJIHOBLie cl>YHKUHH B 3TOM 

cnyqae He CBH3aHLI C peaJILHLIMH COCTOHHHHMH ABYX HYKJIO

HOB, a Hapywe1rne YCJIOBHH .OPTOroHaJILHOCTH AJIH HHX He 

HMeeT oco6oro cl>H3H'leCKOrO CMLICJia. Bo3MO:>KHOCTL BBe -

AeHHH 3aBHCHMOCTH f OT E AJIH Hecl>H3H'leCKHX 3HeprHii 

6yAeT 6onee 'ACTaJILHO o6cy:>K,AeHa HH:>Ke B CBH3H C Tpexqac -

TH'IHLIMH ypaBHeHHHMH. 

HcnoJIL30DaHHe BHeMaCCOBLIX t -MaTpHU, COOTBeTCTByIO

~x M.r .Y., Henocpe'ACTBeHHO B Tpex'laCTH'IHLIX ypaBHCHHHX 

«l>a'AACCBa rrpHBO'AHT K OilPC'ACJICHHLIM TPY'AHOCTHM, o6ycnoe

JICHHLIX TCM, ,ro 3TH ypaBHeHHJI y:>Ke He HMCIOT O'A1103Ha'I

HLIX peweHHH 
51

.rrocJICAHee o6CTOHTCJILCTBO CBH3aHo co 

cneuu<i>H'ICCKHMH CBOHCTBaMH 'ABYX'laCTH'IHLIX t -MaTpHU B 

M. r. Y., H B /IS/ noKa3aHO, 'ITO ua OCHOBaHHH 3THX CBOHCTB 

ypaBHeHHH «l>aAACeBa MOryT 6LITL MO'AHcl>HUBpoBaHLI u rrpH

BeACHLI K ypaBHeHHHM, HMCIOIQHM O'AH03Ha'IHLIC peweHHH. 

B 'laCTHOCTH, AJIH M.r .Y. 6e3 BHeWHero IlOTCHUHaJia 3TH 

ypaBHeHHH npeACTaBJIHIOT co6oii HHTerpaJILHLie ypaBHCHHH 

MH cl>YHKUHH OT OAHOii BCKTopHoii nepeMeHHoii. 

HH)ICC 6yAeT H3JIO:>KeH MCTO'A peweHHH ypaBHCHHH Illpe -

AHHrepa AJIH CHCTeMLI Tpex 'laCTHU C rrapHLIMH B3aHMOACH;_ 

CTBHHMH, OilHCLIBaeMLIMH M.r .Y. PaccMaTpHBaCMLIH MeTO'A. 

OCHOBaH Ha TOM, 'ITO Tpex'laCTH'IHaH BOJIHOBaH cl>YHKUHH. 

AOJI:>KHa YAOBJieTBOPHTL onpe'ACJICHHLIM rpaHH'IHLIM ycno

BHHM, BLITeKaIO~HM H3 YCJIOBHH /1.3/ H /1.4/, KOTOpLIM 

IlOA'IHHHIOTCH 'ABYX'laCTH'IHLie BHeMaCCOBLie BOJIHOBLIC cl>YHK-

6 

UHH B M.r .Y. PaAH rrpocToTLI 6yAeT paccMoTpeH 'laCTHLlii 

cnyqaii Tpex'laCTH'IHOH 3aAa'IH - CBJl3aHHOe COCTOJIHHe 

c HYJICBLIM IlOJIHLIM MOMeHTOM Tpex 6eCCilHHOBLIX TO)K'AecT

BCHHLIX 'laCTHU, B3aHMOAeHCTBYJO~X TOJILKO B OTHOCHTeJIL

HLIX s -c9CTOJIHHJIX. PacCMOTPCHHe 6onee o6~x cnyqaeB 

npHBeAeT TOJILKO K anre6paH'leCKHM YCJIO:>KHeHHJIM nony

qaeMLIX HH:>Ke ypaBHeHHH • B § §2 ,3 6YAYT ccl>opMyJIHpOBaHLI 

He06XOAHMLle rpaHH'IHLie YCJIOBHH AJIJI Tpex'laCTH'IHOH BOJI

HOBOH cl>YHKUHH H 6yAeT IlOKa3aHO, 'ITO Ha OCHOBC 3THX 

ycJIOBHii B YKa3aHHOM BLIWe npocTeiiweM cnyqae Tpexqac -

TH'IHoe ypaBHeHHe IllpeAHHrepa B M.r .Y. 6e3 BHeWHero 

noTeuuHaJia TO'IHLIM o6pa30M CBOAHTCH K OAHOMepHOMY 

HHTerpaJILHOMY ypaBHeHHIO. B §4 6YAYT npHBeAeHLI pe3yJIL

TaTLI 'IHCJICHHOro peweHHH IlOJIY'ICHHLIX ypaBHeHHH H 6yAeT 

paCCMOTpeH B03MO:>KHLIH cnoco6 npH6JIH:>KCHHOro y'leTa Tpex

'laCTH'IHLIX 3cl>cl>eKTOB, TaKHX, HanpHMep, KaK BKJiaA Tpex

'laCTH'IHLIX CHJI. 3aKJIIO'IHTeJILHLiii §5 nocBH~eH o6cy:>KACHHK> 

IlOJIY'leHHLIX pe3yJILTaTOB. 

§2. MooeAb zpaHU'lHblX YCA06UU OAJI cucmeMbl mpex 'lOCIIIUll 

PacCMOTPHM, KaK 6LIJIO yKa3aHo BO BeeoeHUU /§1/, 
npocTeiiWHii BapHaHT TpexqacTH'IHOH 3aAa'IH C napHLIMH 

B3aHMO'AeHCTBHJIMH -" CBJl3aHHOe COCTOJIHHe Tpex 6eccnHHO

BLIX TO)K'AeCTBCHHLIX 'laCTHU. TaKoe orpaHH'leHHe He npHH

UHilHaJILH0 H B TO :>Ke BpCMJI Il03B0JIHCT HaH6onee npOCTLIM 

cnoco6oM H3JIO:>KHTL npeAJiaraeMLiii MeTO'A nony'leHHJI Tpex

'laCTH'IHLIX OAH0MepHLIX ypaBHCHHii B cnyqae, KOrAa B3aHMO

AeHCTBHJI OilHCLIBaIOTCJI M.r .Y. 6e3 BHCWHero IlOTeHUHaJia. 

~JIJI BLIBOAa Heo6XOAHMLIX B AaJILHeiiweM COOTHOWeHHH 

npCAilOJIO:>KHM CHa'laJia, 'ITO B3aHMOAeRCTBHJI Me)K'Ay 'lac

THUaMH onpeAeJIJIIOTCJI no~eHuHanaMH V(r), TaKHMH, 'ITO 

HMCIOT MeCTO KaK ABYX'laCTH'IHLie ypaBHeHHJI JIHnnMaHHa

IIIBHHrepa, TaK H TpexqaCTff:'IHLie ypaBHeHHH «l>a)Ul.eeBa. 

3anHCL IlOTCHUHaJIOB B BHAC 'V(f) IlOAPa3yMeBaeT 3aBHCH

MOCTL B3aHMOACHCTBHJI OT OTH0CHTCJILHOro op6HTaJILHoro 

MOMeHTa napLI 'laCTHU. 

BBeAeM, KaK 06LI'IHO, B CHCTeMe D;CHTpa Mace. KOOPAH

HaTLI J!K06H: 
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➔ ➔ ➔ 

r = R -R 
I 2 3 ' 

➔ 1 ➔ ➔ p =-R + -(R. + R ) , 
I I .2 2 3 /2.1/ 

➔ ' 

rne R i - panHyc-aeKTop 1i -oii: 11acTHl{bl. HapJIAY c KoopnH-
ua'raMH /2.1/ B nanbHeii:weM 6ynyT HCilOilb3OBaTbCJI TaIOKe 
KOOPAHHaTbl r 2 , p 2 H r 3 , 'P3 , nony11aIOUUieCJ1 H3 /2.1/ 
nyTeM l{HKilH'leCKHXnepecTaHOBOKHH,lleKCOB.BonHOBaJ1$yHK
l{HJI CHCTeMbl Tpex TO)K,lleCTBeHHblX 6o30HOB IP (rj •PI) CHM
MeTpH'IHa OTHOCHTeilbHO n106hlx nepecTaHOBOK ABYX 11acn1n: 

wc~.,;1 )=IP <-11•r.)=1JJ<r2,r2>= w <13•P3> /2.2/ 

H Bblpa)KaeTCJI 11epe3 $yHKl{HIO KaHana !p (r, p) / B ,llaHHOM 
cny11ae OAHY /: 

q, (rl , Pi)= "'al ,pl )+ !per;, P2) + 'P (~,P--3 ) . /2.3/ 

B HMnynhCHOM npencTaaneHHH $YHKllHJI Kanana if, (k,q) ynoa
neTBOpJieT HHTerpanhHOMY ypaaueumo <l>aMeeaa: 

(-t ➔) [2 2(k2 3 2 E)]-1 d-',[ (➔k 1 ➔ _., E 3 2) !p K ,.q = 77 + Tq - f q t ,• "I4+q, - Tq X 

/2.4/ 
·'·( ➔ 1 ➔,➔,) (r:> 1 ➔ __,, E 3 2\.,,(➔ 1 ➔ , ➔,)] 

x'f' -q- 2-q ,q + t K,-Tq-q' -Tq ,v, q+yq,q ' 

rne E <0 - 'nonHaJI· 3HeprHJI CHCTeMbl /3HeprHJI CBH3H/, 
t(k-;p,Z) - ,llByx11acTH'IHaJ1 BHe~taCCOBaJI t -MaTpHua, KOTO
paJI, KaK H3BeCTHO, cnenYJOUUIM o6pa30M CBH3aHa C $ypbe -
KOMnoHeHToii: IP P( k ~ Z) nayx11acTH'IHOii: aneMaccoaoii: 
BOIDIOBOH $yHKl{HH: 

e> ·➔ 1 2 ➔ 3 ➔ ➔ 
t (k,p,Z) =-(k -Z)[IJJ__,(k,Z) -(211) o (k,-p)]. 

4 71 p /2.5/ 

IIoncTaHOBKa Bblpa:lKeHHJI /2.5/ a ypaaueuue /2.4/ npHBO,llHT · 
K cnenyromeMy COOTHOWeHHIO: 

➔➔ 1 ➔ ➔ 3 2 
'll(r ,q)= --fdp'll;t(r ,E- 4 q )x 

(211)3 
I' /2.6/; 

[ ( 1 ➔ 3 ➔ __, 1 ➔ 1 ➔ 3 ➔ ➔. 1 ➔] 
x if, - -y-P + Tq' -p- Tq) + if,( -yP - 4q, p- 2q) ' 
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➔ 

KOTOpoe CBJ13LlBaeT 3aBHCHMOCTb OT r $ypbe-KOMilOHeHTbl 
no nepeMeHHOH p 1JJ ( t, q ) Tpex11aCTH'IHOH BOilHOBOH 
$yHKl{HH C 3aBHCHMOCTbIO OT r ABYX'laCTH'IHOH BHeMacco
BOH $}'HKUHH IJJP (r, E - tq 2 ) • 

COOTHOWeHHe /2.6/ nony11e11O, KaK yKa3blBanocb BbIWe, 
" ➔ ,llilJI "HopMailbHblX" nayx11acTH'IHblX noTeHl{HanoB 'V ( r) 

O,llHaKO OHO He conep)KBT B JIBHOM BH,lle 3THX noTeHl{Hanoa. 
B M.r .Y. BHeMaCCOBble nayx11aCTH'IHble BOilHOBble $yHKl{HH 
IJJP(r,Z), KaK noKa3aHo a/ 13 ,14/, O,llHO3Ha'IHO onpe-

neJIJIIOTCJI rpaHH'IHblMH ycnoBHJIMH H aCHMilTOTH'leCKHM BH -
,llOM ,llilJI 3THX $yHKl{HH. B qacTHOCTH, .S -KOMilOHeHTa aon
HOBOH $yHKl{HH BilOilHe onpenenJieTCJI Bblpa)KeHHJIMH /1.3/
/1.5/. llo3TOMY norH'IHO C'IHTaTb, 'ITO B cny11ae, Korna 
B3aHMO,lleHCTBHJI 11acTHl{ OilHCblBaIOTCjl C IlOMOmhIO M. r. Y., 
COOTHOWeHHe /2.6/ MO)KeT 6b1Tb HCilOilb3OBaHO npH nony11e
HHH rpaHH'IHblX ycnoBHH ,llilJI Tpex11acTH'IHOH BOilHOBOH $yHK
l{HH IJJ (r,q) /16. 

,lJ;nJI npOCTOTbl nanee 6yneM C'IHTaTb, 'ITO 11aCTHl{bl B3aH
MO,lleHCTBYIOT TOilbKO a s - COCTOJIHHH H 'ITO nonHblH op6H -
TailbHblH MOMeHT L CHCTeMbl Tpex 11aCTHl{ paBeH uynro: 
L = 0. B' 3TOM cny11ae Tpex11aCTH11HaJ1 BOilHOBaJI $yHKl{HJI 
IJJ ( t,p} 3aBHCHT TOilbKO OT r , p H yrna Me)K.Ily r H p H 

HMeeT BH,ll: 

' 'll (1 ,p ) = f(r ,p ) + ifJ (r ,P. ) + iµ (r ,P. ), 
II 11 2_2 33 

/2.7/ 

npH'leM pe3yilbTaT B03,lleHCTBHJI V ( r') Ha IJl ( r, p) 6y,lleT 
onpenenJITbCJI COOTHOWeHHeM 

,..➔ ➔➔ 1 d ➔__, 
V(r)IJJ (r,p) ==V(r) - f n ➔ IJJ(r,p) =V(r) 'I' (r,p ), 

4 77 r 0 
/2.8/ 

a $y11KUHJ1 Kauanai/J(r,p) n /2.7/ CBJI3aHa c V(r) '1'0 (r,p) 
cnenyromeM o6pa3oM: · 

tf,(r ,p)=Jr '
2
dr 'f;' 2

dp'G0(r,p;r ',p';E)'V(r ')IJ' (r ',p'), /2.9/ • o O o_ 

. , ,. 4 °"k2-1k"" 2-1 jo(kr )jo(kr ')jo(qo)jo(qo') 
G0(r,p,r ,p ,E)=- 2 f u f q uq . 

77 o o k2 + !q2 -E /2.10/ 

9. 



TaKHM o6pa30M, H3 /2.7/ H /2.9/ cne,nyeT, 'iTO KaK «i>YHK
nHJI KaHana !fr (r, p ), TaK u nonHaJI «i>YHKUHJI 'I' ( r-: p ) 6y,nyT 
O.IJ;H03Ha'iHO onpe,neneHhl, ecnu 6y,neT onpe,neneHo npou3ae
.neHHe 'V ( r) '110 ( r, p ). 3TO o6CTOJITenLCTBO, KaK 6y,neT IlOKa-
3aHO HH:>Ke, BeCLMa cymecTBeHHO npu nony'ieHHH O,IJ;HOMep
HOrO Tpex'iaCTH'iHOro-ypaaHeHHJI B M.r.Y. 6e3 BHewHero 
noTeHnuana, TaK a M.r.Y. npou3ae,neHue 'V(r) '1'

0
(r,p) 

HMeeT BilOnHe onpe,neneHHhlH H 0,IJ;H03Ha'iHhlH CMhlCil. 
YpaBHeHHe ,nng s -KOMilOHeHThl 'l'o (r ,p) nonHoii Bon-

HOBOH «i>YHKUHH 'I' ( r, p ) Henocpe.IJ;CTBeHHO cne,nyeT H3 
Tpex11aCTH'iHOro ypaaHeHHJI IIIpe,D;HHrepa H C y'ieTOM CHM
MeTpHH /2.2/ u COOTHOWeHHJI /2.8/ HMeeT BH,IJ;: 

1 a2 3 a2 
. · . 

--(-.;:y-a +-4 -a 2 +E)rlpl'l'O(rl,pl)=V(rl)'l'O(rl,fl )+ 
rl P1 r I pl • ' 

/2.11/ 

· + l
11 

fd!lr\ ['V(r2)'1'o(r2 •P2)+'V(r3)'1'o(r3 •P3)]. 

lfa /2.11/ cne,nyeT, 'iTO 4>ypLe-KOMilOHeHTa 'l'o ( r, q) no 
nepeMeHHoii p OT 'l'o<r, p) 6y,neT y,noaneTBOpJITL cne
,nyroineMy ypaBHeHmo: 

1 d 2 . 
-[-d 2 + E -V(rl )]rl 'Po(rl ,q)=S(r.I ,q), 
rl r1 q 

/2.12/ 

r,ne 

E = E- l._42 
q 4 ' 

/2.13/ 

,➔ ➔ 

1 . -iqpl 
S(rl ,q)= 411 I d~~l dplc [V(r2 )'l'o(r2,P2 )+'V(r3 )'l'o<r3,P3)]_ 

/2.14/ 

C noMOLQLIO «i>YHKUHH rpuHa H ( r, r ', E ) peweuue ypaaHeHHJI 
/2~12/ 4>opManLHO MO:>KeT 6h1Tb 3ailHCaHO B BH,ne: 

10 

r,ne 

'I' (r,q)= j r' 2dr'H(r,r',E )S(r',q), 
0 0 q 

H(r ,r ~E)= 

-1iy'E 'I' _(r ,E)<I>(r ',E), r <r ', 
yE 

-i v'E <I> (r ,E) 'I' v'E_(r ',E), r •>r ~ 

/2.15/ 

/2.16/ 

ecnH C'iHTaTL, 'iTO H3BeCTHhl ,IJ;Ba nuueiiHo-He3aBHCHMhlX 
peweHHJI O,IJ;HOpO.IJ;HOro ypaBHeHHJI /2.12/ 'l',/E ( r, E) .H 

<I> ( r, E) co cne,nyroineii acHMilTOTHKOH npu r -➔ oo ·: 

- -- -- -- (I) 
'I' ,-(r ,E)- j ( ry'E)+ iy'E t (y'E,y'E,E)h 0 (r y'E), 

y' E 0 

(I) --
<I> (r ,E)- ho (ry'E), 

/2.17/ 

r,ne t( v'E,y'E,E)- s - KoMnoHeHTa ,nayx11acTu<iHoii t -MaT
punhl Ha MaCCOBOH noaepXHOCTH. ,IJ;ng n9TeHnuanoB 'V ( r) c 
KOHe'iHhlM pa,nuycoM ,neiiCTBHJI C ('V ( r) = 0 npu r ·> C) H3 
Bhlpa:>KeHHH /2.15/-/2.17/ cne,nyeT, 'iTO npOH3Be,IJ;eHHe 
V(r)'1'

0
(r,q), • Heo6xo,nuMoe ,nm1 onpe,neneHHJI Tpex11ac

TH11Hoii BOnHOBOH «i>YHKUHH, MO:>KHO npe,ncTaBHTb B BH,ne, 
ue · co,nep:>KaineM JIBHhlM o6pa3oM noTeunuana 'V ( r )': 

r,ne 

'V(r )'l'
0
(r ,q)=g(r ,E

4
)Y(q)+ 

00 

+ 0(c-r) fp2dpj/qp)D(r ,p), 
0 

0(x)=l, x·>O; 0(x)=0, x<O, 

- 00 (I) -. 
Y( q) = 1i v' E4 f r 2 d r h O ( r v' E4 ) S ( r , q) , 

. C 

2 00 -

g (r ,E) = - f p2d p j
0

(pr )t (p, v'E,E). 
7T 0 

/2.18/ 

/2.19/ 

/2.20/ 

II 



B MO,IJ.eJIB rpaHBqHLIX YCJIOBBH ,IJ.ByxqacTBqHaJI t - Ma Tpaua 

B /2.20/ BMeeT, c yqeTOM YCJIOBBJI CBMMeTpBB t(p,y E, E)= 
= t ( v'E,p, E ), BilOnHe onpe,IJ.eJieHHOe 3HaqeHBe /1. 7 /, Il03TOMY 

6y,1J.eM cqaTaTL, qTo COOTHOWeHBe /2.18/ HMeeT MeCTO H B 

cnyqae, KOr,IJ.a B3aBMO,IJ.eHCTBHe qacTHU OilHCLIBaeTCJI M .r. Y. 

TaKBM o6pa30M, 3a,IJ.aqa HaXmK,IJ.eHHJI TpexqacTBqHoii BOJI• 

HOBOH cl>YHKUHH B M.r.Y. 6e3 BHewHero IlOTeHUHana CBenacL 

K onpe,IJ.eneHBIO 0,1).HOMepHOH cl>YHKUHH Y ( q) B ,IJ.BYXMepHOH 

cl>YHKUBH D ( r, p ). YpaBHeHBJI ,IJ.JIJI 3THX cl>YHKUHH MoryT 

6LITL nonyqeuLI Ha OCHOBe COOTHOWeHHJI /2.6/ H rpattuq

HLIX ycJIOBBH /1.3/ H /1.4/ ,IJ.JIJI s ·KOMilOHeHThl BHeMaCCOBOH 

,IJ.ByxqacTHqHoii BOJIHOBOH cl>YHKUBB/ 
17 

/, cornacHO KOTOPLIM 

AilJI s • KOMilOHeHTLI IJlo<r, q) TpexqacTBqHoii BO~HOBOH cl>YHK· 

UBB 6y,1J.eM BMeTL: 

IJl0 (r ,q)=O, r :::. c_, /2.21/ 

c [ dd r IJIO(r ,q)] -
r r -c + = f (Eq)[r IJI (r ,q)]r=c+' /2.22/ 

r,IJ.e JIBHLIM o6pa30M yKa3aHa B03MO:>KHaJI 3aBBCBMOCTL no

rapa$MHqecKOH npOH3BO,IJ.HOH f OT 3HeprHH E /2.13/ ,IJ.JIJI 

tte$H3HqecKHX · 3Haqettuii Eq • YcnoBBe /2.21/ ~O:>KHO 3anu

caTL B KOOp,IJ.BHaTHOM npe,IJ.CTaBneHBB, B TOr,IJ.a B3 /2.11/ 
cne,1J.yeT, qTo npu r 

1
< c 6y,1J.eT BMeTL MecTo cne,1J.y101.Qee 

ypaBHeHBe: 

V(r I )IJIO(r I ,pl)+ _1_ f d nt [V(r2 )IJI o<r 2 •/'.Ii) + 
411 I 

/2.23/ 

+ 'V(r3 )IJl0 (r3 ,P_J )] = O. • 

3aMeTBM, qTo ecnH B o6naCTH r < c BLIIlOJIHeHO ypaBHeHBe 

/2.23/, TO 3To c neo6xo,1J.HMocTL10· npeBO,IJ.HT K TOMY, qTo 

'Po ( rl' P1 ) = 0 B 3TOH o6naCTH, TaK KaK OTJieqnoe OT HYJIJI 

peweHHe 0,1).HOpO,IJ.HOro ypaBHeHHJI /2.11/; KOHeqHoe npe 

Pi ➔0,HeCOBMeCTHMO c rpaHHqHLIM ycnOBHeM npe p 1 ➔"" • 

IIepBoe ypaBHeHHe ,IJ.JIJI cl>YHKUHH D ( r ' p ) H y ( q) cne -

,IJ.yeT H3 /2.23/, ecnH BLipa3HTL ·v ( r) IJI o<r, p ) c IlOMOI.QLIO 

/2~18/ H HCilOJIL30BaTL JIBHoe BLipa:>KeHHe ,IJ.JIJI g(r,E), KO· 

12 

Topoe, cornactto /2.20/ H /1.7/, HMeeT cne,1J.yIOIUHii BH,IJ.: 

-ic v'E 
g(r,E) =-¾- c _ [f (E)o(r -c)+ co'(r -c)], /2.24/ 

f (E)-!iC v' E 

qTo npHBO,IJ.BT K pe3yJILTaTy: 

0(c-r1 )D(r 1 ,p1) + J
11 

f df!r'
1
0(c-r1 )[0(c-r2)D(r2 ,p2)+ 

+ 0(c-r3 )D(r3 ,PJ)1=-0(c-r
1 

}F(r
1
,ri), 

/2.25/ 

"" 
F(r I ,pl)= 2~2 J dn;. l q2dq[ g <r2 ,Eq)jo(q/'.li )+ 

/2.26/ 

+ g (ra ,Eq)jo(qpa )]Y(q). 

Ilpu nonyq,eHBB ypaBHeHBJI /2.25/ 6LIJIO HCilOJIL30BaHo co-

OTHOWeHBe 
0 (c-r)g(r,E) ,,,Q, 

. .. 
KOTopoe cne,1J.yeT H3 Toro cl>aKTa, qTo B M.r.Y., cornactto 

/2.20/, /1.7/ e /1.4/. B BLipa:>KeHHH /2.24/ ,IJ.JIJI g(r,E) c 

cne,1J.yeT noHBMaTL KaK c+ = c+c , c ➔ 0. 3aMeTHM, qTo npu 

BhlBO,IJ.e ypaBHeHHJI /2.25/, a TaK:>Ke e ycnoBHJI /2.22/, co

Bepwenuo He B03HBKaeT Bonpoca O KOHKpeTHOM paCCMOTpe

HHH IlOTeuuuana V ( r) B o6nacTB r < C ' a HCilOJIL3YIOTCJI 

TOJILKO rpaHHlfHLie YCJIOBBJI /1.3/ e /1.4/ ,IJ.JIJI BHeMaCCOBLIX 

,IJ.ByxqacTHlfHhlX BOnHOBLIX cl>YHKQHB. 

BTopoe ypaauettee ,IJ.JIJI D (r, p) e Y ( q) nonyqaeTcJI H3 

rpaHHquoro YCJIOBHJI /2. 22/, e CJIH IlOJIHYIO BOJIHOBYIO cl>YHKUHIO 

BLipa3BTL qepe3 cl>YHKQHIO KaHaJia cornaCHO COOTHOWeHHIO 

/2.7/. B COOTBeTCTBHH c /2.18/ H3 BLipa:>KeHHB /2.9/ H 

/2.10/ cne,1J.yeT, qTo B HMilYJILCHOM npe,IJ.CTaBnenHH cl>YHKD;HJI 

Kattana ¢ (k,q) HMeeT BH,IJ.: 

13 



ifr( k,q)=- Arre coskc-f (Eq)jo(kc) -ic vf4 

k2 + lq2-E f (E )-1ic yE- c Y(q)-
4 q q 

/2.27/ 

,➔k ➔ ➔➔ 
1 l r + iqp 

Arr(k2+tl-E)fdrdpc 0(c-r)D(~.p). 

OKOH'laT_eJibH0 nerK0 noKa3aTb, 'IT0 ycJI0BHe /2.22/ npn-

1 B0,I\HT K CJieAyroUleMy ypaBHeHHIO: 
'i 
l',l 
1, 

Ii 
1,: 

lt-

:rj 
,!! 

1,, 

-iC\/E 
c qY(q)--c-fdq' cosplc -f(Eq')jo(P1c) 

772 q2+q'2+qq'-E X 

-ic y'E , 
. q 

-[cos p2c -f (E
4 

)J 0(p2c )]e , 
X -- -- Y(q )+ 

/2.28/ 

,L(E )[ f (E )-.ic v E ][ f (E ,)-1ic y E , ] q q q q q 

+ 
1 

c 1L(E
4

)[f (E 
4
)-.ic yE q ] 

d O> I c[-rlJl
0

(r ,q)] _ 
d r r -c+ 

. (l) . 
-f (E- )[r lJl

0 
(r ,q)] l = 0, 

q r = c+ 
rAe 

➔ - ➔ .1_➔ , ➔ - L ➔ ➔ , 

Pi- q + 2 q ' P2 - 2 q + q' 

'L(E) = 1 [ f (E) + 1ic y E- -e 2ic yE-
2ic vE f (E)-:ic ✓E- ], 

14 

q/~>(r ,q)= - ~ f dr\dp1 K0
(r ,r 1 ,E

4
)j o<qp

1 
)-)< 

(4 77) . 

x [ 0 ( c - r 1 ) D ( r l'p 1 ) + 0 ( c -r 2) D (r 2 ,p2 ) + 0 ( c -r 
3 

) D ( r 
3 

, p
3 

) ], 

K
0

(r ,r ',E)= 2._ /\2dk i 0(kr )j 0(kr ') 
rr o k2-E 

AJibTepHa THBH0e BT0poe ypaBHeHHe ,I\JIH D ( r ' p ) H 

Y(q) M0:>KH0 Il0JIY'IHTb H3 C00TH0WeHHH /2.19/, ecJIH, KaK 

H npe>K,D;e, 'V(r) 'Po(r, p) Bblpa3HTb c Il0MOUlbIO /2.18/ 
H HCil0Jib30BaTb Bblpa:>KeHHe /2.14/ AJIH S(r,q). 3To_ ypaB

HeHHe HMeeT BHA: 

e -icyE~ Y( ) - c f d ➔' coc;plc -f (Eq,)jo (pie) 
q -z q 2 2 X 

TT q+q'+qq'-E 

4 

cosp2c -ic vE~ io<P2C ) 
X ---=----....__---=....._--

. ,/E , 
-IC V q Y(q')-- e 

f (E , )- tic yE-, 
q q /2.29/ 

.iy'Eq e -icyE;Jlf'1dr10(rl-c)h~l)(rl vE;)io(qpj)x 
( 411) 2 

x [0(c-r2 )D(r 2 ,p2)+ 0(c-r
3 

)D (r
3 

,p
3

)1~ 

15 



§3. Oo110Mep11oe ypae11e11ue 

YpaBHCHHH /2.28/ H /2.29/ CO.D;Cp)KaT HCH3BCCTHYIO 

.D;ByXMepuyio <liYHKIJ;HIO D (r' p) ' KOTopaH B CBOIO oqepe,IJ;L 

Y.D;OBneTBOp.HeT ypaBHCHHIO /2.25/. B pa6oTe1181 * 6Lino 

IlOKa3aHO, 'ITO B cnyqae TBep,IJ;oro Kopa ,D;nH 3TOro ypaBHCHHjl 

MO)KHO HaHTH TO'IHOe aHanHTH'ICCKOe peweHHe. C IlOMOIIJ;LIO 

MeTO,IJ;a, npe,IJ;IlO)KCHHOro B/lB/ ypaBHCHHe /2.25/ MO)KCT 6LITL" , 
peweHo aHanHTH'lecKH H ,D;nH 6onee o6inero cnyqa.H Mo.D;enu 

rpaHH'IHLIX ycnOBHH I 17 /. 3To o6CTO.HTem~CTBO COBMCCTHO 

C BLipa)KCHHe /2.26/ Il03BOn.HeT TO'IHLIM o6pa30M, 6e3 

KaKHX- nu6o npH6IlH)KCHHH, npHBCCTH .D;ByxMepHLIC ypaBHe

HHJI /2.18/ u /2.29/ K O.D;HOMepHbIM ypaBHCHHHM .D;Il.JI O,!J;HOH 

<},yHKIJ;HH Y(q); 'ITO JIBilJICTC» xapaKTepHOH oco6eHHOCTLIO 

TpexlfaCTH'IHOH 3a,IJ;a'IH B cnyqae .D;BYX'laCTH'IHblX B3aHMo

.D;CBCTBHB, OilHCLIBaeMLIX C IlOMOIIJ;LIO M.r.Y. /lS,l 9/. 

IIpaBaJI lfaCTL ypaBHCHHJI /2.25/ cornaCHO /2.24/ u 

/2.26/, HMeeT BH,IJ;: 

1 0( c-r 1 )F(r 1 ,p 1) = - -- 0 (c -r 1 )x (R) -
rl P1 /3.1/ 

C 1 1 
r1P1 0(c-rl )[o(-yr1+P1-c)-o(l2r1 -pl 1-c)]cp(R), 

r,IJ;e 

x (R) = ..!_ j q: d q Y( q) b (E ) F O ( q, R) , 
TT O q' 

¢ (R) = j_ j q2 d q Y ( q) b ( E q ) j 
O 

( qp 
O

) , 
TT 0 

-ic y'E 
b (E) = e _ 

f (E)-ic y'E 

/3.2/ 

/3.3/ 

/3.4/ 

* ABTOP pa60TLI / 18/ B.E<},HMOB /HJI<I>, JleHHHrpa,IJ;/ -
O.D;Ho<liaMunen O.D;Horo H3 aBTopoB /B.H.E./ ,IJ;aHHoii pa60TLI. 

16 

i 

2 

Fo(q,R)=f(Eq)jo(qpo)- ·43 _g_£._j1(qpo), 
. Po 

2 2 A 2 
R = r I+ 3P1' 

2 .,3._ 2 2 
Po= ,4 (R -c ), 

/3.5/ 

npH'ICM <},yHKUHJI Fo ( q ,R) OTilH'IHa OT HynB TOilLKO B o6na -

CTH 

·1 1 I 1 -r -p < c < - r +p . 
2 1 1. 2 1 1 /3.6/ 

B COOTBCTCTBHH c /3.1/, peweHHe ypaBHCHHJI /2.25/ 6y.D;eM 

HCKa TL B BH,IJ;e: 

1 0(c-r)D(r ,p)= 0(c-r )--A(r ,p)+ 
r P 

+ 0 ( c - r )-c -[ o ( ...1. r + p - c )- o ( I j_ r -p I - c ) } cf> (R) , · 
r p 2 2 

/3.7/ 

r.D;e <},yHKUHJI A(r,p-) B o6naCTH r <c Y.D;OBilCTBOpJleT HHTer

panLHOMY ypaBHeHHIO: 

I I --r+p 

A(r ,p )+ 2 
2 J ~0(c-r ')A(r ',p')= x(R)-2c¢(R) G(r ,p), 

I p 1-r -pl 
2 

/3.8/ 

½-r +p 

G ( r , p ) = f d ~ , 0 ( c - r ' )[ o ( .!_ r '+ p ' - c )- o ( I -1 r ' - p ' I -c )} , 
I.Lr-pip 2 2 . 

2 

/3.9/ 
R2 =r2+ _i_/, p'2= 2-(R2-r ,2), 

3 4 

17 



KOTopoe 6y,n;eT O,D;HOMepHLIM, eCJIH R paccMaTpHBaTL KaK 

ci>HKCHpoBaHHLIH rrapaMeTp. 

Bee,n;eM ,n;anee, KaK H B pa6o'I'e
118: HOBLie rrepeMeHHLie 

a H a': 

r = R sin a , v3 p= --R cosa, 
2 

, R . , , .13R , r = sin a , p = :L::._ cos a , 
2 . /3.10/ 

2 2 4 2 ,2 4 ,2 
R =r + 3-:-p =r + 3 p. 

B 3THX rrepeMeHHLIX ypaBHeHHe /3.8/ H BLipa)KeHHe /3.9/ 
rrpuo6peTaIOT eu,n;: 

. (77 277 ) min - + a,-- - a 
3 3 

A{R,a) + 4 f da'O(c-Rsina')A(R,a') = 

v3 !~-al 
3 /3.11/ 

= x(R)-2c ¢{R)G(R,a), 

• ( TT 277 ) mm -+a,-- -a 
3 3 

G (R, a ) = :_ f d a' 0 ( c -R sin a' ) I o [ R 0 ( ~ - a ') x 

v3 !E--a! 6 
3 /3.12/ 

x sin ( a '+ ~) + R 0 ( a ' - ..E._) sin ( k - a ' ) -c ] - o [ R sin I ~ - a '1-c] h 
3 · 6 3 3 

B 3aBHCHMOCTH OT 3Ha'leHH.H -rrapaMeTpa R B ypaBHeHHH 

/3.11/ BC.ft o6JiaCTL r<c ,n;eJIHTCJI, corJiaCHO /3.10/ H /3.6/, 
Ha pJI,n; o6nacTeii, H306pa)KeHHLIX Ha puc. 1, B KOTOpLIX 

KaK rrpaeaJI 11acTL /3.12/, TaK H rrpe,n;eJILI HHTerpupoeaHHH 

B /3.11/ HMCIOT pa3HLie 3Ha'leHHJI. IloJiy11aIOIQHCC.H ypaBHCHH.fI' 

OTJIH'laIOTCJI OT ypaBHCHHH pa60TLI / l8✓ TOJILKO rrpaBLIMH 

18 

r 

4 
C ,__c::::::'.""""-~,.,..----------r-----

1 

- .lp 0 ~ 5 

Puc. 1. 06.11ac111u onpeoe.11eHUJ1 ¢YHKllUU A (R, a). 

11aCT.JIMH, H ,D;Jl.11 HX peweHH.H BIIOJIHe MO)KHO HCIIOJIL3OBaTL 

MeTO,D;, rrpe,n;JIO)KCHHLIH B / l8/. 3TOT MCTO,ll; 3aKJIIO'laeTCJI 

B IIOCJie,D;oBaTeJILHOM ,D;ByXKpaTHOM .n;acl>cl>epeHUHpOBaHHH HC

XO,ll;HLIX ypaBHeHHH H B IIOCJie,n;yIOIQCM HCIIOJIL30BaHHH 3THX 

)Ke ypaeHeHHii: ,D;JIJI ~CKJIIO'leHH.H ci>YHKUHH A ( R , a) H A '(R, a) 
OT C,ll;BHHYTLIX apryMeHTOB a . 

IlpHMeHeHHe H3Jl0)KCHHOH BLIWe rrpone,n;ypLI IIPHBO,ll;HT K 

peweHHIO ypaBHeHHJI /3.11/, KOTopoe ,ll;JIJI pa3JIH'IHLIX 06-

JiaCTeii 1-6, H306pa)KCHHLIX Ha puc. 1, HMCCT BH,n;: 

A1 (R, a)= 0, 

A/R,a)=B(R)sin(y-; ), 

A (R,a)= C(R)sin(y- ~), 
3 4 

A 
4
{R, a)= A £8,a)=D{R)sin 4a, 

r,n;e 

/3.13/ 
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I • 

B{R)= _ X (R) 

sin(y +.::._) 
0 4 

y3 1 , 4 C 
C(R)=-==- -·-[x (R)s1n4K 0 + -- ¢{R)cos4K

0 
], 

2y 2 Q(R) Rcosa 0 

v'3 1 . 4 4c 4 
D(R)=- - --[x{R)s1n---==Ko + _ ¢(R)cos-=-Ko], 

2 Q(R) y 3 y3 Rcosao v'3 

sin (4 + _4_) 
Q(R)= y'J- Ko 

' (4 _i_)KO 
S10 - V' 

4+ _4_ 
..rr 

4 
y = y3 ( a - : ) ' 

• C 
a = arc s10 -, 
o R 

4- ..L 
y'3-

4 
Yo= -(a - .!!_)· 

✓3- 0 6 ' 

TT 
K=-.--a 

0 2 O 

B o6nacTH 6 peweHHe A(i(R, a ) ypaBHCHHH /3.11/ 6yAeT 

HMCTL BHA: 

AiR,a) =F(R)sin4a, /3.14/ 

rAe F (R) - npoH3BOilLHaH <i>YHKUHH R. HanH'lHe TaKoro npo

H3Bona COOTBCTCTByeT yKa3aHHOMY B pa6oTaX 1 lS,l 9 /4>aKTy, 

'ITO B M. r. y. TpexqaCTH'lHaH BOilHOBaH <i>YHKUHH onpeACilH -

CTCH HCOAH03Ha'lHO. ,ll;nH ycTpaHeHHH 3TOH HCOAH03Ha'lHOCTH 

B 3THX pa6oTax BBOAHTCH AOilOilHHTCilbHOe YCilOBHe, COAep

>Kamee cymecTBCHHO Tpex'laCTH'lHblB napaMeTp, npH'lCM 

BBeAeHHe Taxoro napaMeTpa oxa3i.rnaeTcH Heo6xoAHMblM 

TaK>Ke H AilH npocTeiiweii Tpex'laCTH'lHOH CHCTCMbl - CHCTe -

Mbl Tpex To~eCTBCHHblX 6o30HOB/l9/. OAHaKO B 3TOM cny-
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qae H3 YCilOBHH /2.2/ CHMMeTpHH IlOilHOH BOilHOBOH <i>YHK

IUIH cneAyeT, 'ITO B /3.14/ Heo6xOAHMo nono>KHTL F(R)=O, 
KaK 3TO IlOKa3aHO B pa6oTe/18/, ecnH M.r.Y. C'lHTaTL npe

ACilbHblM cnyqaeM IlOTCHUHana /1.1/ npH BblilOilHCHHH ycno

BHH /1.2/. TaKHM o6pa3oM, ypaBHCHHH /2.28/ H /2.29/ 
coBMeCTHO c cooTHOWeHHeM /2.27 I OAH03Ha'lHO onpeAenHJOT 

BOilHOBYJO <i>YHKUHIO CHCTCMbl Tpex TO>KACCTBCHHLIX 6o30HOB 

6e3 BBeAeHHH KaKoro-nH6o AOilOilHHTeilLHoro YCilOBHH HilH 

napaMeTpa. AHanorH'lHble coo6pa>KeHHH npHMCHHMbl TaK>Ke 

H K CHCTeMe Tpex HYKilOHOB, AilH KOTOpoii KOMilOHCHTbl Bon

HOBOH <i>YHKD;HH B cny'lae 3apHAOBOH HHBapHaHTHOCTH HACPHLIX 

CHil o6naAaJOT onpeAeileHHOH nepecTaHOBO'lHOii CHMMeTpHeii. 

3aMeTHM, 'ITO yKa3aHHaH BLIWe HeOAH03Ha'lHOCTL peWeHHH 

/3.14/ B o6naCTH 6 COBepweHHO HeCylD;eCTBCHHa, ecnH 

3HeprHJO CBH3H BLl'lHCil~TL C IlOMOlD;LIO anLTepHaTHBHoro 

ypaaHeHHH /2.29/. IlOA06HaH CHTyau;HH 6yAeT HMCTL MCCTO 

H npH onpeAeneHHH aMUilHTYA nepeXOAOB. HeoAH03Ha'lHOCTL 

AOil>KHa 6L1TL ycTpaHeHa TOilLKO J3 TOM cnyqaef ecnH c no

MOlD;LIO /2. 7 / H /2.27 /. OTLICKHBaeTCH aonHoBaH <i>YHKUHH. 

YpaBHeHHH /2.28/ H /2.29/ c IlOMOlD;LIO /3. 7 / H HBHLIX 

BLlpa>KeHHH /3 .13/ AilJI <i>YHKUHH A (R, a) MoryT 6hlTL 3anH

caHLI B BHAC: . 
!/J (q)- ~ f q'

2
dq'[T ... (q,q')+ V1(q,q')l!/J(q')=0, 

TT 0 
/3.15/ 

!/J (q)- l_ fq'2dq' [T2(q,q' )+'V2(q,q')] ii, (q') =0, 
TT 0 

/3.16/ 

rAe 

-icyE · 
!/J(q)=e '1 Y(q), 

+l [cospc-f(E ,)j (p
1
c)][cosf!

2
c-f(E )j

0
(p

2
c)] 

C l tJ O q 
T

1 
(q,q')= -- f dx _ x 

L(Eq)-1 [f(E )-.icyE ][f(E, )-icy'E ,] . q q q q 

. . . . . -1 
x (q2+q'2-qq'x-E), 

/3.17/ 
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:1 

,! ,, 
I 

C X 
T2(q,q')= f(E , )-,icv,Eq, 

q 

+1 r cosp1c-f(Eq- )fo<Pi. c)Hcosp2c-.icvE ~ <Pie >l 
xf& . q 
-I 42 +q'2-qq'x -E 

2 2 l ,2 , 2 l 2 , 2 , 
p 1 = q + 4 q - qq X ' p 2 = 4 q + q - qq X 

JIBHble Bblpa:>KeHHH ,n.JIH . 'VI ( q, q, ) H 'V2 ( q,q,) 
B llpUAOJICeHUU. 

/3.18/ 

npHBe,neHbl 

§4. Bo3MOJICHbri1 cnoco6 y'lema ·mpex'lacmu'lHbrx cu.11. 
Pe3yAbmambr 

B a,npax ypanHeHHii /3.15/ H /3.16/, onpe,nenaeMblX 
Bblpa:>KeHHHMH /3.17/, /3.18/, H /II.5/, /II.11/, napaMeTp 
f, BXO,n.11mHii B rpaHHqHoe ycnOBHe / 1.4/, paccMa TpHBaeTCH 
KaK l),lyHKD;HH :meprHH. KaK 6LinO yKa3aHO BblWe, BBe,neHHe 
3aBHCHMOCTH f OT E B /1.4/ npH coxpaHeHHH ycnOBHH 
/1.3/ npHBO,nHT K HeOpToroHanLHOCTH BOilHOBblX iliYHKD;HH, 
onHCblBaromHx COCTOHHHH ,nnyx HYKilOHOB npH pa3nHqHbJX 
:meprHax. O.nHaKo ,nna :meprHii E < - ( d / ( d - 3HeprHa 
CBH3H .neiiToHa/ f BnonHe MO:>KHO cqHTa Tb 3aBHcamHM OT 
E' TaK KaK TaKHM 3HeprHHM He 6y,n'yT COOTBeTCTBOBaTb 
l),lH3HqecKHe COCTOHHHH .nnyx HYKilOHOB. 3TO o6cTOHTenLCTBO 
(j,)OpMailbHO yqTeHO B YCilOBHH /2.22/, qTo MO:>KHO cqHTaTb 
B03MO:>KHbIM cnoco6oM yqeTa ponH TpexqacTHqHblX 31),ld,leK
TOB~ TaKHX, KaK Tpe.xqacTHqHble CHilbl. ,D,eiiCTBHTenbHO, e_cnH 
B cHcTeMe Tpex qacTHD; cymecTBeHHyro ponL HrparoT Jlbex -
qacTHqHble CHilbl /cM. no 3TOMynono,ny, Hanp., pa6oTy / /, 
TO KaK ypaBHeHHe illpe,nHHrepa /2.11/, TaK H ypaBHeHHe 
<l>a,n,neena /2.4/ ,non:>KHbl 6b1Tb BH,nOH3MeHeHbl . C yqeTOM 
3THX CHn. B 3TOM cnyqae Henb3H y:>Ke 6y,neT nonyqHTL Ha 
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OCHOBe /1.3/ H /1.4/ rpaHHqHbJX ycnOBHH .nna TpexqaCTHq
HOH BOnHOBOH l),lyHKD;HH THna /2.21/ H /2.22/. Hcnonb30" 
B8.HHe 3THX ycnoBHH C f=const. H TaKHM :>Ke, KaK H B /1.4/, 
COOTBeTCTByeT nomIOMY npeHe6pe:>KeHHIO ponLIO TpexqaCTHq
HblX 31),ld,leKTOB. Ilo3TOMY BBe,neHHe .nna E<-(d 3aBHCHMOCTH 
f OT E, He 3aTparHBaromeii OpToroHanbHOCTH B0ilH0BblX 
l),lyHKUHH peanbHblX COCTO.IIHHH .nnyx HYKilOHOB, M0:>KHO pac
CMaTpHBaTb KaK npH6nH:>KeHHblH cnoco6 yqeTa TpexqacTHq• 
HLIX 31),ld,leKTOB Ha H3b1Ke napHbIX B3aHMO,neiicTBHH. TaKoii 
no,nxo.n HanoMHHaeT MeTo,n, HCnonL3yeMblH B TeopHH KOHeq
HLIX l),lepMH·CHCTeM, Kor,na .nna napHbIX B3aHMO,neiiCTBHH 
BBO,nHTCH ,nna THna KOHCTaHT - BaKyyMHLie K0HCTaHTbl H 
KOHCTaHTbl B:J.µ.HMO,neiiCTBHH B cpe,ne 12_11. KoHKpeTHO 3aBH· 
CHMOCTb f OT E npH E<-( d 6panacb B BH,ne: 

c3 
E f (E) = c 1 + c2 ( - - ) • 
f d /4.1/ 

,D,na E ·2_ - ( d napaMeTp f Heo6xo,nHMO cqHTaTb noCTOHHHbIM, 
a ero 311aqe11He BMecTe co 3HaqeHHeM c B /1.3/ H /1.4/ 
onpe,nenHTb H3 3KCnepnMeHTanbHblX ,naHHblX ,nna ,nnyx HyK
noHOB. B qacTHOCTH, ,nna TpHnneTHOro COCTOHHHH H3 3na
qeuHii 3HeprHH CBH3H ,neiiTona ( d = 2,225 M3B H ,nnHHbl 
pacceaHHH a t • = 5,42 <P cne,nyeT: 
. # 

f = -Q,253, C = 1,095 <1'. 

qHcnennoe pewenHe ypanneHHii /3.15/ H /3.16/ CBH3aHo 
C onpe,neneHHblMH MaTeMaTH1-IeCKHMH Tpy,nHOCTHMH, 06ycnoB
ne1111blMH Me,nneHHblM 3aTyxanHeM a,nep 3THX ypaBHeHHii. 
Ilocne,nHee o6CTOHTenbCTBO He no3BOnaeT npHMeHHTL .nna HX 
peweHHH npaMoii cnoco6 TpaHcl),lopMau;HH 6ecKoHeqHoro irn
Tepnana HHTerpHpoBaHHH B KOHeqHbJH C nocne~yromHM HC· 
IlOilb30BaHHeM raycCOBCKHX Y3IlOB. HaMH 6blnH HCnOilb30Ba
Hbl .nna MeTo,na peweHHH ypaBHeHHH /3.15/ H/3.16/. IlepBbIH 
MeTo,n OCHOBaH Ha pa3nO:>KeHHH l),lyHKD;HH jo ( 4Po) H 
j 1<4Po), BX0,nHmHX B a,npa 'V{q,q ') /cM. llpUAOJICeHue/ 

H B F0(q,R) /3.~(• B pa.n no nonHoii cHcTeMe opToroHanL-
HblX (j,)yHKD;HH q/n (pO )( f = 0, 1) • IlapaMeTp p O MeHHeTCH 
B npe,nenax O <p0 < a , · a= 3/2 c, H ,nna nonyqeHHH _Heo6-
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XOAHMOro pa3JIO)KeHH.II HY)KHO BBeCTH «l>YHKUHH ¢~f)( p ) , 
YAOBJieTBOP.IIIOIUHe YCJIOBHIO OpToroHaJibHOCTH H HOpMHpOBKH: 

j P2 d P ¢ (f) ( P ) if>, ( P ) = o , 
0 

n n nn /4.3/ 

TaKHe «i>YHKUHH, 06pa3ywmue IlOJIHLie CHCTeMLI, Bcer.na MO)KffO 
IlOCTpOBTb, eCJIB BX Bhl6BpaTb B BH,ne IlOJIBHOMOB. «l>yHKUHH 
¢<0~p) H ¢0 (p ), YAOBJieTBOp.1110mue ycJIOBBIO /4.3/ H 

y11'kTLIBa10mae &eTHOCTb H IlOBe,neHHe npH p ➔ 0 jo ( qp) H 
jl (qp ), npocT'LIM o6pa30M CB.113aHLI C IlOJIBHOMaMH JIK06H 
H onpe,nen.1110Tc.11 cne,nywmHM o6pa3oM: 

rp(~)(p) = (4n-l)l/2 
2 n-l 3/2 

a 

n (O) p 2v-2 
!. a (-) , n=l,2,3, ... 

v= I nv a 

1/2 
(I) _ (4n+l) n (I) p 2v-l 

¢n(p)- n-1 3/2 v~I an)a-) ,n=l,2,3, ... 
2 a · 

r,ne 

(0) n+v (2n+2v -3)!! 
a = (-1) 

nv ( 2 v -1 ) ! ! ( v-1) ! ( n-v·) ! 

a(l) = (-l)n+v (2n+2v-1)!! 

nv (2v +l)!!(v-l)!(n-v)! 

/4.4/ 

/4.5/ 

Pa3JIO)KeHH.11 j J qp 0) H h (qp O) COOTBeTCTBeHHO no 
«i>YHKUHJIM /4.4/ H /4.5/ .HMeIOT BHA: 

. (0) (0) 
J/qpo) = ~ C n (q) 'Pn (po), 

. (l) (I) 
1 1(qpo )= ;Cn(q)¢n(po), 

/4.6/ 
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r,ne 

(0) n+ I 3/2 1/2 1 . 
Cn(q)=(-1) a (4n-1) xJ2n_1 (x), 

(1) n+ I 3/2 1/21 
Cn(q)=(-1) a (4n+l) xj2n(x), X=qa. 

HcnOJib30BaHBe pa3JIO)KeHHH /4.6/ C KOHe'IHhlM 'IHCJIOM 
N cnaraeMLIX B /3.5/, /Il.6/ - /Il.9/ H /Il.12/ - /Il.13,/ 
Il03BOJI.lleT npHBeCTH .11,npa VI (q, q ') /Il.5/ H V 2 (q,q ') /II.11/ 
ypaBHeHHH /3.15/ H /3.16/ K BhlpO)K,Q,eHHOMY BHAY /2N cena
pa6eJibHLIX CJiaraeMbIX/. ,ll;JI.11 TaKHX .11,nep JierKO HaXOA.IITC.11 
pe30JibBeHTbl, B B pe3yJibTaTe BMeCTO HCXOAHLIX ypaBHeHHH 
/3.15/ u /3.16/ MoryT 6b1Tb HanacaHbl HOBLie ypaBHeHH.H 
C nepeHOPMHpoBaHHblMH .H,npaMH, K KOTOpblM BilOJIHe npHMe
HHM CTaH,napTHLIH MeTOA HCilOJib30BaHHJI rayccOBCKHX Y3JIOB 
.n,JI.H KOHe11Horo HHTepBana BHTerpepoBaHe.11. 

BTopoii MeTOA pemeHB.11 ypaBHeHBH /3.15/u/3.16/ocHo
BaH Ha pa36BeHBB BHTepBaJia BHTerpepoBaHB$1 Ha .n,Ba y<IaCTKa 

qo 
qtf, (q) = 1- f qq'dq' [ T(q,q') + V (q,q')]q'tf, (q')+ 

77 0 . 
4 

+...!. f qd(q'
2

)[T(q,q')+V(q,q')]q'tf,{q') 
77 q 

0 

B Ha BBe,neHBB BO BTOPOM BHTerpane HOBOH nepeMeHHOH 
x=q' 2 -q~ e 4>opMaJibHoro Beca e-ax, B pe3yJibTaTe 
qero ypaBHeHBJI /3 .15/ u /3 .16/ npeo6peTaIOT BY.A: 

qo 
q tf, ( q) = .2... f q q , dq' [ T ( q, q' ) + V ( q, q ')] .q 'tf, ( q ') + 

77 0 

/4.7/ 

1 00 -ax d [ --2 ✓--2)] .--2 -2 
+-;-J qe x T(q, yx+q 0 )+V(q, x+q0 yx+q0 tf,(yx+q 0). 
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Ilpu KOHe'IHLIX a ,n;n.H peweHH.H ypaBHeHH.H / 4. 7 / MO)KHO 
npuMeH.HTL CTaH,n;apTHLIH MeTO.D; HCilOJIL30BaHH.H rayccoBCKHX 
Y3JIOB /Bo BTOPOM HHTerpane - y3JILI .D;JI.H Beca e -ax /, 
a peweHH.H ypaBHeHHH /3.15/ u /3.16/ 6y.n;yT COOTBeTCTBO
BaTL npe.n;eny peweHuii ypaBHeHHii Tuna / 4. 7 / npu a ➔ 0. 

H3JIO)KeHHLie BLIWe ,n;Ba MeTo,n;a 6LIJIH HCilOJIL30BaHLI 
HaMH npu peweHHH ypaBHeHHH /3.15/ u /3.16/, npu11eM 
ypaBHeHHe /3.16/ pewanoci. nepBLIM MeTo.n;oM, a ypaB11eHHe 
/3.15/ - c IlOMO~LIO BToporo MCTO,D;a. YpaBH"eHH.H 6LIJIH 
peweHLI .D;JI.H c = 1,095 <P u .D;JI.H c 1 = -0,253, C2= 0 
B /4.1/, 'ITO COOTBeTCTByeT M.r.Y. c TpHnJieTHLIMH napa
MeTpaMH /4.2/, He 3aBHC.H~HMH OT 3Hepruu. ,D;n.H 3HeprHH 

CB.H3H 6LIJIO nonyqeHO 3Ha'leHHe E O = 7 ,70 M3B, KOTopoe 
3Ha11uTeni.110 0Tn1111aeTC.H OT 3Ha11eHH.H E O = 18,4 M3B, 
nony11eHHoro BI 191 ,n;n.H TOH )Ke Mo,n;eni.Hoii 3a,n;a11u u .n;m1 
TeX )Ke napaMeTpoB. Beci.Ma cy~eCTBeHHLIM tl>aKTOM .HBJI.H -
eTc.H TO, 11To .n;Ba ani.TepHaTHBHLIX .ypaBHeHH.H /3.15/ u 
/3.16/ npu npuMeHeHHH .D:BYX pa3JIH'IHLIX MeTO.D;OB peweHH.H 
npHBeJIH K O.D;HOMy H TOMY )Ke 311a11eHHIO Eo. B .n;eiiCTBH
TeJILHOCTH, o.n;HaKo, HMeeTC.H pa36poc L'1 E = ±0,2 M3B, 
KOTOPLIH MLI npunHCLIBaeM orpaHH'leHHOH TO'IHOCTH BLI
'IHCJienuii, CBJl3aHHOH C TeM, 'ITO B nepBOM MeTo,n;e 6LIJIO 
orpaHH'leHO B pa3JIO)KeHH.HX /4.6/ 'IHCJIO tl>YHK.UHH /4.4/ u 
/4.5/(N::; 8),a BO BTOpOM MeTo,n;e B ypaBHeHHH /4.7 / 6LIJIH 
orpa11u11eHLI 311a11eHH.H a (a·:::::. 0,01). O.n;HaKo na6mo.n;aeMLIH 
pa36poc He3Ha'IHTeJieH H He npe.n;npHHHMaJIOCL cne.uuaJILHLIX 
yCHJIHH .n:m1 ero yMeHLWeHHJI·, a COBna.n;enue pe3yJILTaTOB 
/B npe.n;enax yKa3aHnoro pa36poca/ MO)KeT cny)KHTL yKa3a
HHeM Ha a,n:3KBaTHOCTL KaK ypaBHeHHH /3.15/ u /3.16/, Ta.K 
H HCilOJIL3yeMLIX 'IHCJieHHLIX MeTO.D;OB. 

l:13 .D:BYX ypaBHeHHH /3.15/ u /3.16/ no .D:BYM 06cToJ1-
TeJILCTBaM oco6Liii HHTepec npe.n;cTaBn.HeT ypaB11e11ue /3.16/. 
Bo-nepBLIX, npH HCilOJIL30BaHHH 3Toro ypaBHeHH.H .D;JI.H BLI
'IHCJieHH.H 3HeprHH CB.H3H E O COBepweHHO He Tpe6yeTC.H 
paCCMaTpHBaTL 06JiaCTL 6 /CM. puc. J/, TO eCTL e.D;HH
CTBeHHYJO o6naCTL, KOTopa.H, cornacHO /3.14/, MO)KeT 
BHeCTH Heo,n;H03Ha'IHOCTL, ycTpaHHMYIO TOJILKO C npHB.neqe
HHeM .D;OilOJIIIHTeJILIILIX coo6pa)KeHHH. BTopoe o6CTO.HTeJIL -
CTBO 3aKJIJO'laeTC.H B cne.n;yro~eM. EcJIH B t -MaTpH.ue, co
OTBeTCTByro~eii M.r.Y. H HMero~eii BH.D; /14/ 
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$' 

C 

t (k,p, Z) =t(p,k,Z) = -(p 2 -2) f r2drj
0

(pr) \) (kr) + 
0 

cos kc - f j o ( kc) . . 
+ C • [ COS p C -1 C y' 2 J ( p C ) ), 

f - .lC y' Z 0 

/4.8/ 

oT6pocHTL nepBoe cnaraeMoe, To nony11HM 11eK0Topoe tl>aKTo
PH30BaHHoe npH6JIIDKeHHe: 

t ( k' p, Z) = c cos kc-f ~ (kc) ["cospc-:ic v' Zj O (pc)]. /4.9/ 
f -:icy'Z 

,ll;JI.H npH6JIH)KellHOH t -MaTPH.ULI /4.9/ He HMelOT MecTa co
OTHOWeHH.H, H3 KOTOpLIX cne.n;yeT Heo.n;110311a1111ocTL ypaBHe -
HHii <l>a.n;.n;eeBa/ 15/. Henocpe,n;CTBeHHa.H no.n;cTaHOBKa /4.9/ 
B ypaBHeHHe <l>a.n;.n;eeBa .n;mi: Hawero Mo.n;eni.11oro cny11an 
npHBO.D;HT ero K OJJ;IIOMep110My HHTerpaJILIIOMY ypaBHeHHIO 
c .H.D;pOM /3.18/, TO ecTL tl>aKTH'leCKH K ypaBHeHHJ0/3.16/ 
c 'V2 (q,q')=0, KOTopoe .n;aeT 3Ha11eHue E0 = 12,7 M3B. 

JI.n;po T
2 

(q,q ') /3.18/ ypaBHeHH.H /3.16/ 011e11i. npo
cToe H .D;OCTaTO'IHO 6LICTPO y6LIBaeT, 'ITO .n;aeT B03MO)K
IIOCTL HCilOJIL30BaTL .D;JI.H peweHH.H /3.16/ IlpH y11eTe TOJILKO 
T 2(q,q') CTaH,n;apTH!>IH MeTO.D; raycCOBCKHX y3JIOB .D;JI.H KO

He'IHLIX HHTepBaJIOB. 3HaJI t -MaTpH.UY, MLI MO)KeT cornacHO 
/1.6/ onpe,n;eJIHTL BOJIIIOBLie «i>YHK.UHH, COOTBeTCTBYIO~e 
npu6JIH)KeHHOMY BLipa)KeHHIO /4.9/. TaK, .D;JI.H MaCCOBOH 
BOJIIIOBOH tl>YHK.UHH 6y,n;eM HMeTL: 

'P ( r , p 2 +,i O) = 0 , r < c , 
p 

ipr 

'I' ( r, p 2 + i 0) = j (pr ) + t ( p, p, p 2 + i 0) _e __ , 
p o r 

/4.10/ 

r.n;e t(p ,p,p 
2 

+iO) 
KaK B o6naCTH r < c 
HyJI.H H HMeeT BH.D;: 

onpe.n;en.HeTC.H cornacHo /1. 7 /, Tor.n;a 
BHeMaCCOBa.H tl>YHK.UH.H OTJIH'IHa OT 
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ic,JZ 
q, (r,Z)=j

0
(pr)-e [cospc-icy"Zj (pc)]j (ryZ)./4.11/ 

P O 0 

TaKBM o6pa30M, nepexo,IJ; OT T011HOH t -MaTpBULI /4.8/ 
a M.r.Y. K npB6JIB:>KeHHOH /4.9/ COOTBeTCTByeT cornacHO 

/4.10/ B /4.11/ nepexo,IJ;y OT noTeHnuana /1.1/ a ero 
npe,D;eJILHOH «l>opMe /1.2/ K HeKoT·opoMy KBa3BilOTeHnBany, 
,IJ;eHCTBYJOJ.UeMy npB r =C. 3TOT KBa3BilOTeHnuan ,IJ;aeT TY :>Ke 
aMilJIBTY,IJ;Y pacce.HHBJI, 11TO H M .r. Y., HO B COOTBeTCTBBB 
c /4.11/ B /1.3/ He CO,IJ;ep:>KBT KOpa a o6nacTB r< c •. Cne,IJ;o
BaTeJILHO, nepexo,IJ; OT perneHBJI ypaaHeHBJI /3.16/ TOJILKO 
C O,IJ;HBM T2 ( q, q ') K perneHBIO 3Toro ypaBHeHBJI C y11eTOM 
T2 (q, q ') . B ·v 2 (q, q ') 6y,IJ;eT COOTBeTCTBOBaTL nepexo

,IJ;y OT KBa3BilOTeHnBana 6e3 Kopa _K npe,IJ;eJILHOH 4>opMe 
noTeHnBana /1.1/ C 6eCKOHe11HLIM. OTTaJIKBBaTeJILHLIM KOpOM 
npB r < C. O11eBB,IJ;HO , 11TO TaKaJI npone,IJ;ypa MO:>KeT TOJILKO 
·yMeHLlllBTL 3HeprBJO CBJl3B E o, 11TO IlO,IJ;TBep:>K,IJ;aeTCJI HalllHMH 

pe3yJILTaTaMB. C 3TOH T011Kll 3peHBJI pe3yJILTaT pa60TLI I19I 

Ka:>KeTCJI, Ha Halli B3rJIJI,II;, HeCKOJILKO CTpaHHLIM, TaK :>Ke, 
KaK B pe3yJILTaT pa6oTLI/22I.,L(eiicTBHTeJILHO, B pa6oTe I23I 

pacc11HTL1BanacL 3HeprHJI CBJl3H TpHTHJI ET ,IJ;JIJI noTeHl{Ha
na 

"°• r<c, 
V (r) = 

, -{3(r-c) 
-V0 e , r>c, 

/4.12/ 

M.H 3Ha11eHBii pa,IJ;Hyca Kopa c = 0;0,4, B 0,6 <P. IIapa
MeTpLI IlOTeH·nuana /4.12/ BLI6HpaJIBCL a COOTBeTCTBHH c 
3KCnepBMeHTaJILHLIMH ,IJ;aHHLIMH ,IJ;JIJI ,IJ;BYX HYKJIOHOB. Pe3yJIL
TaTLI pa60TLI 1231 yKa3LIBaJOT Ha MOHOTOHHOe yMeHLllleHHe 
ET c yaenu11eHHeM c B ,IJ;aJOT ,IJ;JIJI c = 0,6 <P ET= 6,78 M3B, 
11TO HeCKOJILKO MeHLllle 3Ha11eHBJ1 ET= 7 ,OS M3B, nony11eH
Horo B /22/ ,IJ;n.8 npe,D;eJILHOH 4>opML1 IlOTeHI.{Hana / 1. 1/ 

I 
C 6oJILlllBMB 3Ha11eHBJIMB C / C = 1,095 <P H 1,283 <P, 
COOTBeTCTBeHHO, ,IJ;JIJI TpBnneTHoro H CBHrJieTHOro COCTOJI
HBH/. rpy6a.H 3KCTpanOJIJll{BJI ,IJ;aHHLIX pa60TLI 123/ Ha 3Ha -
11eHBe C:::: 1 <P npHBO,IJ;HT K 'VO ::: 90 <1'~2 B /3 ::: 8 <P- 1 •. 

IIpH TaKBX 3Ha11eHBJIX napaMeTpOB IlOTeHnBan /4.12/ 6y,IJ;eT 
MaJIO OTJIH11aTLCJI OT npe,IJ;eJILHOH «l>opMLI IlOTeHnBana /LI/, 

28. 

ecnB y11ec:rL o -o6pa3HLIH xapaKTep /II/ «l>YHKUBH e-/3(r-c) 
IlpB /3 C'>>l .O,IJ;HaKO Il0,IJ;06Ha.H 3KCTpanOJIJll{HJI pe3ynLTaToaI23I 

,IJ;aeT E 'F 3 M3B npu c :: 1 <P, 11TO He cornacyeTCJI c pe3ynL-

TaTaMB pa60TL11221. 

Ilo no~o.IJ;y pa60TLI/I
9

/ MO:>KHO c,IJ;enaTL cne,IJ;;JOJ.Uee 3aMe-
11aHue. HcnOJIL3yeMLie B 3TOH pa6oTe ypaaHeHHJI CO,IJ;ep:>KaT 
napaMeTp WO , HMeJOJ.UBH CMLICJI 3HeprHH H BBO,Il;HMLIH ,IJ;JIJI 
ycTpaHeHHJI HeO,IJ;H03Ha11HOCTH npH onpe,IJ;eneHHH Tpex11aCTH11-
HOH BOJIHOBOH «l>YHKUHH B M. r. Y. Ilo CMLICJIY 3TOT napaMeTp 
npOH3BOJieH /15/ ,O,IJ;HaKO a 1191 HCCJie,IJ;OBaHa TOJILKO o6nacTL 
ero 3Ha11eHHH w O < -( d H IlOKa3aHa cna6a.H 3aBHCHMOCTL 
3Hep'ruu CBJl3H Tpex 11aCTHU OT WO. ,L(n.H IlOJIHOTLI Heo6xo
,IJ;HMO 6LIJIO 6LI pacCMOTpeTL TaK:>Ke o6nacTH -c .J < W o< 0 H 
W0·> 0, TaK KaK BLI6opW0 B 3THxo6nacT.Hx 6y,IJ;eT cymecT
BeHHO MeHJITL BH,IJ; ypaBHeHHii~ 

H3 JIBHLIX BLipa:>KeHHH /3.18/ H /II.11/-/11.13/ ,IJ;JIJI 
Jl,D;ep Ti (q ,q ') H 'Vi q ,q ') ypaBHeHHJI /3. lo/ BH,Il;HO, 11TO 
T iq ,q ) nponopnuoHanLHo c , V 2 (q ,q ') - c · • TaKHM 
o6pa30M, OTHOCHTeJILHLIH BKJia,IJ; B Eo' CBH3aHHLIH C y11eTOM 
a /3.16/ V2 ( q, q '), 6y4eT yMeHLlllaTLCJI c yMeHLllleHHeM 
c. B Ta6nune 1 npe.D;cTaaneHLI pe3yJILTaTLI pac11eT0B E 0 

,IJ;JIJI pa3HLIX C. IIpH 3TOM f C11HTaJIOCL KOHCTaHTOH /He 
3aBHCHIUeii OT :rneprBH/ H aapLBPOBaJIOCL, a C onpe,IJ;en11-
JIOCL H3 · ycnoBHJI c = - f / 0,231 <I> , 11To 06ecne11uaano ,IJ;JIJI 

4 
pa3JIH11HLIX Ha6opoa f H C DOCTOJIHCTBO 3HeprHH CBJl3H 
,IJ;eiiToHa c_.J = 2,22 M3B. B 111a6A. 1 npuae,IJ;eHLI TaK:>Ke 
3Ha11eHHJ1 E ,nony11a10muecJ1 npu y11eTe a /3.16/ TOJILKo 
.H,npa T2 (q,q ~- H3 111a6A. 1 BH,nHo, 11To ,nn.H acex 3Ha11eHHH 
f H c E 0 Bcer.na MeHLrne E 0 , To ecTL y11eT V2 (q,q ') a 
/3.16/ acer.na npHBO,IJ;HT, KaK 6LIJIO CKa3aHO BLillle, K yMeHL
rneHHIO 3HeprHH CBJl3H, a OTHOCHTeJILHaJI BeJIH11HHa nonpaBKH 
yMeHI,lllaeTCJI C yMeHLllleHHeM C. 3aMeTHM, 11TO pe3ynL
TaTL1 .nn11 E· 0 011eHL 6JIH3KH K pe3ynLTaTaM pa6oTLI 1241 . 
B 111a6A. 2 npHae.neHLI 3Ha11eHHJI 3HeprHH CBJl3H E O ,IJ;JIJI 
3aBHC.HJ.Uero OT 3HeprHH napaMeTpa f (E) / 4 .1/. BH,IJ;HO, 11TO. 
3Ha11eHHJI E O CHJILHO 3aBHCJIT OT xapaKTepa IlOBe,IJ;eHHJI 
f(E) npH E<-cd. TaK, ecnH npH E ➔ -oo f(E) ➔ +oo, TO 

nony11a101.UBeCJ1 E O MeHLllle 3Ha11eHHJI E O• COOTBeTCTByJO
mero f= Const., a ecnu npH E ➔ - 00 f (E) ➔ - 00 > TO COOTBeT
CTBYJOI.UBe 3Ha11eHHJ1 E 0, Hao6opoT, 6onLrne 3Ha11eHHJ1 E O npH 
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f =Const .IlpHBeAeHHLie B 111a6.11. 2 3Ha•rnHH.H E
0 

nonyqeHLI 

npH OAHOM H TOM )Ke c = 1,095 <P. 

§5. 3 a K .1110 'I e Hue 

PaCCMOTpeHHLIH BLIWe MeTOA nonyqeHH.H OAHOMepHoro 

ypaBHeHH.H An.H TpexqacTH'IHoii BonHoBoii 4>YHKUHH B M. r. Y. 
OCHOBaH Ha pemeHHH ypaBHeHH.H IllpeAHHrepa /2.11/ 'Ail.H 

Tpex 'laCTHU C HCilOilL30BaHHeM rpaHH'IHLIX ycnOBHH /2.21/ 

H /2.22/ 'Ail.H TpexqaCTH'IHOH 4>YHKUHH H Toro 4>aKTa, 'ITO 

B M.r.Y. BilOnHe onpeAeneHa ABYX'laCTH'IHa.H t -MaTpHna. 

B 3TOM OTHOWeHHH OH CyIQeCTBeHHLIM o6pa30M OTnH

qaeTc.H OT MeTOAa, HCilOilL30BaHHOro B pa6oTax /IS/ H oc

HOBaHHoro Ha MOAH4>HKanHH ypaBHeHHH cf>aAAeeBa C yqeTOM 

cnenH4>H'leCKHX CBOHCTB ABYX'laCTH'IHOH t -MaTpHULI 

B M. r. Y ·. XapaKTepHoii oco6eHHOCTLIO npeAnO)KeHHoro Me -

TOAa .HBn.HeTC.H TO, 'ITO npH BLI'IHcneHHH 3HeprHH CB.H3H 

/HnH aMnnHTYA nepeXOAOB/ c IlOMOIQLIO ypaBHeHH.H /2.29/ 

He B03HHICaeT Bonpoca 06 OAH03Ha'IHOCTH 3Toro ypaBHeHH.H. 

Bonpoc 06 OAH03Ha'IHOCTH B03HHKaeT IlHWL npHonpeAene

HHH TpexqaCTH'IHOH BOnHOBOH 4>YHKUHH H, KaIC 6Lino IlOICa-

3aHo, Ail.H P.HAa TpexqacTH'IHLIX CHCTeM MO)KeT 6LJTL pemeH 

C HCilOilL30BaHHeM C006pa)KeHHH, KaCalOIQHXC.H CHMMeTpHH 

IlOnHOH BOnHOBOH 4>YHKUHH, 6e3 BBeAeHH.H AOilOilHHTenLHoro 

napaMeTpa. IIpeAnO)KeHHLiii MeTOA H MeTOA, HCilOilL30BaH

HLIH B pa6oTe /l
4
/, npeACTaBn.HIOT co6oii eAHHLIH IlOAXOA 

IC pemeHHIO 3aAa'I ABYX H Tpex 'laCTHU B M.r.Y., OCHOBaH

HLIH Ha HCilOilL30BaHHH rpaHH'IHLIX ycnoBHH Ail.H BHeMacco

BLIX ABYX'laCTH'IHLIX 4>yHKUHH. 

0TnH'IHe nonyqeHHoro BLIWe 3Ha'leHH.H 3HeprHH CB.H3H 

Tpex TO)l{AeCTBeHHLIX 6030HOB OT pe3ynLTaTa pa60TLI/19/ 

yKa3LIBaeT Ha TO, 'ITO, no HameMy MHeHHIO, Heo6XOAHMLI 

AanLHeiimHe, 6onee AeTanLHLie, pac'leTLI C HCilOilL30BaHHeM. 

ICaK nony'leHHLIX BLIWe ypaBHeHHH, TaIC H ypaBHeHHii pa-

6oT / 
15

~ B paMKax BLIWeilpHBeAeHHLIX ypaBHeHHH npeAnO)KeH 

IlpOCTOH CilOC06 yqeTa B03MO)KHOH ponH TpexqaCTH'IHLIX 

3'1>4>eKTOB, TaICHX, KaK TpexqacTH'IHLie JI.AepHLie CHnLI. 

B JaKnro'leHHe aBTopLI BLipa)KaroT rny60Ky10 6naroAap

HOCTL B.E.Een.HeBy, P. BaH BareHHHreHy, IO.A.CHMOHOBY 
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i 
1. 

i 

'i 
'i 

Ta6irn~a 2 
3aBHCHMOCTb 3HeprHH CBH3H Eo OT xapaKTepa hOBCACHHH 
f(E) npH E < -f ,1 , onpeAenseMoro Bblpa)KeHHeM /4.1/. 
fipHBCACHHble . 3HR'ICHBH E O COOTBCTCTBYIOT C = 1,095 <1' 

C I c2 c3 E 0 ( MsB ) 

0,506 0,253 0,3 4,30 

0,506 0,253 0,2 5,16 

- 0,506 0,253 0,I 6,50 

0 · - 0,253 0 7,70 

0· - 0,253 0,I I0,34 

0 - 0,253 0,2 I5,64 

0 - 0,253 0,3 26,77 
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H ,lJ;)K. A. THOHY 3a PHA BCCLMa none3HblX H nnOAOTBOPHLIX 

~CKYCCHH. 

llpuAoxeuue 

JIBHLIH BBA VI (q,q') B 'V2 (q,q'), COOTBCTCTBCHHO, B 

ypanHeHHHX /3.15/ u /3.16/ nerKo nony'IBTL, ecnu B /2.28/ 
H /2.29/ IlOACTaBBTb D(r ,p) B BBAe /3.7/ B BOCnonb30-

BaTLCH Bblpa)KCHHHMH /3.13/ AnH A(R, a). JierKo BBACTL, 

'ITO npu BBCAeHBH nepeMeHHLIX /3.10/ qneH c b ( r ,p) a 
/2.28/ npuo6peTaeT BBA: 

1 

c·L(E )[ f(E )-ic y'E ] 

d OJ 
lc[cfrr'l' 0 (r, q)]c+ -

q q q 
/IT.I/ 

(I) 
_ f (E q)[r'l' 0 {r,q)]c+ I= 1 

iqc vEq L(E'I ) 

v3 
f 4 I o ( q) + 11 ( q) l -

-J •2 {q), ,, 
rAe 

2c a() 

I ( q) = J R dR J d a G (R , q , a ) r p D ( r , p ) , 
0 0 0 I . /Il.2/ 

min(2:+a .~-a! 
2c a 0 :1 3 

I
1
(q)= J RdRJ daG

1 
(R,q,a) J da'0(c-Rsina')rp'D(r',p'), 

0 0 I TT , . 3 -a I 
/Il.3/ 

.(TT 2TT ) TT mm 3 +a,--a 
2c ·r 3 

l2(q)= J RdR J daG2{R,q,a) J da'0(c-Rsina')rp'D(r',p'), 
C a 

o I; -al /II.4/ 
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'GI(R,q,a )=[e iyEq(c+Rsina) 

i_y Eq (c-R sin a) ] sin ( v' 3 qR cos a)•, 
-e 2 

'G2(R,q,a)=e iyEq(Rsina-c) 
sin( v' 3 qR cos a). 

2 

IIO'ACTaHoBica B /II.2/-/II.4/ BLlpa)KeHBH /3.7/ H /3.13/ 
H BCilODL30BaHBe C00TH0WeHBii /II.1/, /3.2/ H /3.3/ IlPHB0-
'AJIT K cne'AYJOUleMy BLlpa)KeHHIO 'ADJI 'VI (q,q') a /3.15/: 

1iy3UI(q,q') 4 l 
VI(q,q')=[ - +-Uiq,q')] --

2cqy'E •L(Eq) q f(E,) -:icy'E, q q q 

uI (q,q ') = u~
0 

(q, q ') + J:>c q,q '); 

2 
(I) \13 C 

UI(q,q')= f RdR{FI(R,q)F
0

(q',R)+ 
C 

/II.5/ 

/II.6/ 

+ Rc:sa
0 

[GI(R,q,ao- 3 )+'G I(R,q, ~
11 

-ao)]jo(q'po)I, 

(2) 2c 
UI (q,q')= f Rd.R[F2(R,q)Fo (q:R)-. 

2 -c 
ff 

c 'GI (R,q, !!_ - ao)jo(q'po)]; 
R cosa O 3 
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/II.7/ 

, . {I) a (2} 
U2(q,q')=U2 (q,q')+U2· (q,q'); 

2 
-c 

3 u<O(q,q')= - 8 
2 

\( 3 F3 (R ' q) [ . ·4 ( , R ) J R dR ---':.a-__ s10 K
0 

F 
O 

q , + 
C Q(R) 

:4c /II.8/ 
+ ---- cos4 · ( Rcosa

0 
Ko lo q'p0 )], 

u~>(q,q')= fcRdRI v'46 F4(R,q) Fo(q:R)+ 

2 sin ( y + .
4
11 ) --= C 0 y3 

/II.9/ 

[ ..lL§_ sin y O ( , ) c . ( , )] l + F5 (R,q) . . --_;,._-Fo q,R - ---Jo q Po • 
4 sin(yo+'t) Rcosao 

AuanorH'IHO nerxo Il0ICa3aTL, 'IT0 'IJieH C D (r' p) B /2.29/ 
HMeeT BH'A: • I 

:iy'E,. -icy'Eq ➔ ➔ (I) - . 
--...... e fdr 1dp 1 0(r

1 
-c)h

0 
(r

1
y'E )J

0
(qp

1
)x 

(411 ) 2 q 

x[0(c-r2 )D(r2 ,p2)+0(c-r
3
)D(r

3 
,p

3
)] = /II.1O/ 

2 2c J 
= - f RdR daG2 (R,q,a_) f 

q C U ·111 ·.1 0 - -a 
3 

TT 
·c" 211 > min -+a,-- -a 

3 3 

da '0(c-.R sin a') x 

x r 'p 'D ( r ',p ' ) . 
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ff3 /Il.10/ H COOTHOWeHHH /3.7/, /3.13/, /3.2/ H /3.3/ 
cne,l\yeT, 'ITO B ypaBHeHHH /3. 16/ ·v 2 ( q ,q ') BLlpruKaeTCJI 

cne'AYIOUUIM 06pa30M: 

') w (qq')] -1 -
'V (q,q')=[WI(q,q + 2 ' . [f(E )-,icyE ,] 

2 q q' q 

/II.11/ 
2 -c 

3 V3 sin4Ko 
W (q,q')= -

2
- f RdR F3 (R,q)[--- F (q', R) + 

I. C • Q(R) 0 

+ 
4c cos4 K 

Rcosa
0 

Q(R/ j 0(q'p0 )1. 

/II.12/ 

W2(q,q') = Jc RdR l F (R ,q)[ y6 sinyoFo(q',R) -
2 5 1T 
-c sin(y + -) 
y3 o 4 /II.13/ 

4c j (q'p )]+ y'6FiR,q) F (q',R)I. 

R cos a o o o sin( Y + .!!.. ) o 
o 4 

B BLIWenpuBe,l\eHHLIX BLlpa)KeHH.IIX BBe,l\eHLI ciiYHKUBB F j , 

HMeIOU\Be BB,!\: 

2 1T 
---a 

3 0 ao 
F

1 
(R,q)= J da'G

1
(R,q,a), F/R,q)= J daG (R,q,a), 

TT l 
°o~ ; 3-ao 

1T 

F
3 

(R ,q) = 
2-
f d a 'G 

2 
( R , q, a ) sin 

4 
( ~ - a ), 

ao v3 2 
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1T 

F4(R,qJ= l 
. 2 1T 
--a 

3 0 
. 21T 

d a 'G
2 

( R , q , ~ ) sin 
4 

( . 
2
". - a) , v3 · 

--ao 
F (R,q)= 3f da'G2 (R,q,a ). 
5 a 

0 
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