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DBe.nOHue 

l1cCJIe~OBaUl1lO OC0081lHOC'l'O' noxuouoa (lIY jll\l.um Cl1GTeMU HeCl\OJIhlG1X
 

tzUOTlU.t nOCDflU\E:H1 pH,U PUOO'l.!I •.2 • u lWTOpUX pUCCMUTpl1BUeTCfl IlOlJO,U011l1e
 

pelli9Hl1R BO DOOM lWl1(lJl1ry!)~l1011HOM llPOCTPUI1C'l'lJO nepOM01111UX. JrOI'Q ana


Jill3a ,nOCTUTO'l110 npa l1CIlOJlb30BUIlmi pouo 11 11 It • 11IlUOplHllI'l'llUX 0'1'110CUT0.l1b110
 

TPOXMOpllUX npUll1011l1Lt. OOOOU\0I1l10 3UJ~UqU 11U CJJYIWU J"?- i ( J - I\13U11'1'O


Doe tIl1CJlO yrJlOUOI'O MOMOllTll) UPl1UU;~H'l' It IlOOOXO,1J,I1MOU'l.'i1 pU3JIOJK811l1H
 

. DOJUlOllOU (1JYI1l~lll1 D 0YMMY 110 IWMlI0I101l'l'UM PUIIIUllllJ[ I OlllfOUDllOMUM Dlly'1'p011

Ul1MU nopOMOllllUMl1 3u)~rllm. 1I0311lHWUMlJMI1 or 'l'PUXMOPlIUX D!llI1U~)J1U~t. lJ CBJl

3H ° l)'J:l1M ll!,O,LlC'l'UDJUIOT ocoouu anropoc H:.Jy t10l1l10 OCOOOllllO(;'1'oLl 1I0DO)~0IlHJ1 

ItOMIlOllOIlT PU3JlOJKOIlUIl~ 13 PUOU'l'O 1l1l0HOJlWl.'CJI UllUJIU3 ItODO~OIlHll IWMIlOIlOIIT 

DOJUIOllOU qJYl1l~Ul1 Yl)U1JlIOlIIDl liJVll,I~Ulll'OPU (;l1C'1'OMU '1'pUX llllU'l'Ul~ u 01(1JOU'1'

HOCTH OCOOOllllOCTOU npOCTpUllC'l'DU U11Y'l.'l'UIl11HX 1I011UMOIllIUX :.iL\J.lU'IU. DO~IlH

Itak>I1\1iX npa PO)lYI~UH HCXO,UlIoro YIJllBlIOIIHJI UIPO;Uilll'OllO It 'l'pOXMOpIIOMY C 
'\ 

HCIIOJIL3011UHHOM Cl1Mi0'l'PHl1 TpOXMOp11UX lllJUU\llIlHU. 

B PUOOTOX/:3. 4 OUJl npenxoxon Murl.'O~ Y1IO'l'U Cl1MMO'l'!>Hl1. CDO,l.l.JlIl\UUU11
 

It npe,l.(cTU13JIOUillO lJOJIIIOlJOU (lJYIII~l1H C lWW1'l.'OlJUMI1 'lHOJIUMU 1l0JUlOI'O yI'JIo


aero MOMellTO J Hero npoeiunra IIU OCL 02, pUDUO£! Mt B Dl1,I~O CYJViMU
tw J _ 3- s (I)
TM (S) -rn_.JJ)Hm (d'~jnFn1 (S,n). 

r,ne S - nOJIllUU uuoop nopoeounux TpOX lJUOTm(, SLn. - nnyrpeunae no


peMoUlwo TpOX xacrau, ot j PI '( - yrJIU ::mJIOpU nO,1J,DlUKllOrO penopa, C1311


saunoro ° CHc'fOMol! rpex 'lUCTl1l.{. 1l0JI01KOllliO noimaxuoro penepa onpoue


MeTCR CJIe,nylOllUiM OOpU30M: OCb Or.' p0110pU llU11P8DJIOHG D,nOJIL nepnoa na


pu tzaCTlmi OCb oX' JIOJKWr D nJlOCIWCTlt rpex 'HlCTl1l.( D nOnpODJIOllHH TP0'l'b


an tzUCTHltU i OCL OY' nepllolI.U.iUtYJ1.l1PUU nJIOOIWOTH rpex tIOCTill.{ 11 nanpan


JI0118 TOlUiM OOPU30M. tITOOli OpHeUTl.U4l1R nO;~DIDKllOro H ueuonnaxuoro peno


pu OOlJI1U)tUJIU. ~'l'O'.1' onocoo y IIOTU uUMMO'flHiH oy,l.(O'l' IBUKO llUnU13UTLOJl CHM


MO'l'pHOU l)penTu-XwulOpOUCU. lJU13o,n ypuunouali )I,JIH lWMllOUOUT npe,nCTGBJl8


lIM (I) B ctl!0P0l1,UOJI:bIlUX H I'lfllepcQJopl1 tlOCllliX lt00P.IU1UGT8X llMOOTCII D
 

paOOTax/5, 6/ . .
 
lJ pacore 1Ul1pOlW HC110Jlh3YIOTCJI ~JYIU~Ul1. onpeneaounuo no e110p e Will
 

rpynno rpsxaepuax npUll\OlmU, a TOlOKe COOTIIOlliOIlHJ1. 1l031lHltulOllU1e MOiW
 

000311UtlOIlHLt,
lIl1MH. II .nOJILIiOUlliOM MU ll!>u.ut:)pxauaOM(;.fI onp0,l.(OJlOlll1n 11 npaun-

THX B pa60Te/7/ . HeKoTopHe He06xoWM~He CBe~eHUH ilPMBO~TCH B rrp~o
iit8mlli I. 

B Sa&~~eHUe - KpaTKoe co~ep~aHue padoTH. 

D § I BHBO~TCH ypaBHeHHe illpe~Hrepa B TIpe~CTaBJleHMl1 TIOJIHOrO 

MOMeHTa B ,n;eKapToBoH CHCTeMe KooPMHaT ,Ll;.JlJI BHyTpem-IUX nepeuenaux. 

3Ta c]JopMa ypaBHeHuH y.noona ,n;AA .naJI:DHetl111ero mIa.iTI1Sa ypaaaeaaa llipe.IU'I1I

repa Tpex ~aCT~. 

ITaparpaillH 2 11 3 nOCBHmeHhI aCHMTITOTHKe TIOBe~eHMH KOMrrOHeHT BOJI

HOBoM QJyHKI.J;UII paanoxesna (I) COOTBeTCTBeHHO TIpU R ---+- 0 r,n;e RI 

paccToHHHe Me~ ~YMfl ~aCTH~ill~, pacrrOJIO%eHHW~ Ha OCH TIOABIllKHorO 

penepa OIl (YCJIOBHe l\aTo), 11 npz X--- 0 r.ae X - .nexaproaa lCOOyI 

,IJ;I1H8Ta TpeT:Defi ~aCl'Irrw. D KOop~IWTax nonnaaucr-o pencpa I ocence BUPO);':

,n;eHHe. 06e TO~KII HBJIHIDTCH OCOOillAH TO~KaMH Cl1CTeMhI Tpex ~aCT~, TaR 

KaK B nepBOM cJIYllae He OTIpe,n;eJIeHO aanpaaaenne OCH 0 l. ' • a BO BTOpOM 

- HanpaBJIOHII8. OCH 0 Xl • JIerlw BH,I(eT:O, ~TO .npyrl1X OCOOUX To~eK y CHC

T8MH Tpex ~aCT~ B C~1eTpHH 1peliTa-XlIJIJIepaaca HeT. 

B § 4 BhIBO,IJ;flTCH ypaBHeHHH llipe~IHrepa CUCTeMH Tpex ~aCTHL~ B CWe

pOH,UaJThHHX xoopnaaarax C y~eToM paSJIOJK8HHR BOJIHOBOfr r1ym'JJ;MlI. H8 ~eT

I~ID H He~eTI~ID COCTa~RID~Ie OTHOCnTeJl:DHO rrepecTaHoBKlI ~acTlm. pacrro

JIOiKeHHUX aa OCH 0 l:I rro,n;mDltHOrO perrepa. 

§ 1. YpaBHeHMe lJpelllmrepa B npelICTaBJIeHIDf nOJIHoro MOMeHTa 

PaCCMOTpMM CHCTeMY rpex xacrm; I,~ H 3, C MaCCillJl'H m 1 } 11.12 , m 3 

n sap~aMn l 1 ,:lz, l 3 COOTBeTCTBeHHO. YpaBHeHHe llipe,IU:IHrepa ,II.JIFI 

8TOM Cl1CTeMH B KOOPAHHaTax F1Ko6M liMeeT BM,I( 

HlfJ~E\f' (za) 

r,n;e raMMJThTOHUaH 

H=- /PIt. L1 R -If'J L1p; + V (02 ,t23 , (1.3) j 
(20) 

- - - m2 a R=fz-f1 7 r , (r"3 - (,,)-m;m R j ~2' (23 , Y13 
1 , Z 

- paCCTOflHMn Me~ COOTBeTCTBYIDmHMH ~aCT~aMl1; 

-1 -1 -1 -I ( -1-(fl «rn , +m 2 L/3 =: m 1 + m Z ) +m,3
12 } /"' , 

V('C y; )- l,Z2 ~ 1.2 L3 + 02 . 
12 , 23, Y';3 - 'f:;z Y23 113 

CB~eM C Cl1CTeMOM TpeX ~aCT~ rrO~~HOll penep CJIe,n;yIDmilM 06paSOM: 

OCb Ot' HanpaBlIM B,n;OJTh BeKTOpa R ; ocs OX' paCnOJIOJIOOvl T.aK B 

TIJIOCKOCTM TpeX ~aCTH~, ~TOOli TpeT:Dfl ~aCT~a JIeJKaJIa B BepXHeH no~

IlJIOCKOCTM OX' l' (KOOp,IUIHaTa X' >0 ); a ocs OY' HanpaBlIM nepnea

,IJ;l:IRYJIRpHO nJIOCKOCT~ Tpex ~acTRU TaK, ~T06li coxpaHHT:O OpHeHTaqKID He

nO~HJKHOrO penepa. 3aWMKCl1pyeM Ha~aJIO Koop~HaT nO~HJKHoro penepa 

B TO~Ke ~eHTpa Macc ~aCT~ I H 2, B Ka~eCTBe BHYTpeHHRX TIepeMeHHHx 

3
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C11CT8W 11CnOJIbsyeM nepeaeaaae : R- paCCTOHHHe MeJK,IJy tIaCT~arvrn: I 11 2 
11 ,n;Be HeHYJIeBhIe ,n;elwpToBhI KOOp.IJ;HHa'l'hI nO,IT,BIDKHOrO pen~pa X H 2. 
OTMeTl1M, tITO 11CnOJIbSOBaHUe moooH ,n;py"rOll TOtIKH ua OCH aexropa R B 
RatIeCTBe HatIaJThHoi1 TOtIKH no,n;BHiKHoro penepa, CI{aJReM, TOtIH:M: nepson 
tIaCTHl,.UlI llJniI Cepe.IJ;HlIhI OTpeSKa MeJK,IJy TIaCT~aMIli I H 2, He MeHneT opaen
TauHH nO,IJ;B~HOrO penepa, 11 nepexa,n; It HOBOR 
OUTh BhInOJIHeH nOCJIe OT.n;eJIeH11H yrJIOB 8fiJIep~, 

peHHlIX nepeMeHHhIX. 
B KatIeCTBe npOMe~TOtIHOrO penepa oy,n;eT 

tIeCIGIX xcopzranar , OCHOBaHHhIM na aexrope R 

CHCTeMe ROOp.IJ;HHaT Mo~eT 

8JIeMeHTapHOH sffi~eHoi1 BHYT

HCnOJIhSOBaH penep cwepH
(CM. IIpHJIo1KeHHe I). YrJIhI 

~JIepa rro~B~Horo penepa H penepa CwepHtIeCKHX Koop~HaT paBHhI COOT-
BeTCTBeHHo «, ft,r 11 <, l' I 0 • 0 TOM, KaI< onpenenmorca yrJIhI 31tJIe
pa HS IIOJIO~eHHH rrO,IJ;BM*HOrO perrepa,no.n;poOHO HarrHcaHO B llpRJI01KeHHH I. 

C ypaBHeHM8M 1l.ipe,n;HHrepa (2) CBHsaH BapHauvroHImK clJyHI\lU1oHaJI 

ep (~) = (\f', H\jJ) == f (2);12 /VR~ 12 +2~3 f vr~12+ V(112/;3, ('J)}dR df- , (3) 

crauaonapnae TOtIllil xoropor o HB..'IHIOTCH coOCTBeHHhlMH SHatIeHHHMlI onepa-
Topa TaMHJIhTOHa • Uro rrpe,n;CTaBJIeHHe y.n;OOHO TeM, tITO rrpH saMeHe 
KOOp.n;HHaT HCrrOJIhSYIOTCH TOJIhKO nepBhIe npOIISBo.n;Hh!e, a CRMBOJI BapH~OH

aero q,yHKLUIOHaJIa HeP, ~) ,r.n;e Pi =~~i. - coconeaase HMIIYJThCH II 
qi - oOOO~eHHh!e npocTpaHcTBeHHhIe rrepeMeHHHe, Be.n;eT ceOH KaK CHMBOJI 

KJIaCCHtIeCKOrO raMllJIbTOHHaHa, TaK KaK H TOT, II .n;pyrofi onpe,n;e,n;eJIeHh! 
Ha KOKaC3TeJIbHOM paCCJIOeHHH MHorOOOpasRH npocTpaHcTBeHHhIx nepeMeHHh!x. 

OTMeTllM. lITO nOTe~HaJIbHaH 3Heprna saBHCHT JIMllib 0'1' Bh7TpeHHHX 
nep~MeHHhIX H, CJIe,n;OBaTeJIbHO, nOCJIe OT.n;eJIeHIDi BHelllHllX yrJIOB BXO.n;HT . 

I .. TOJIhKO B .n;narOHaJIbHYIO tIaCTb onepaTopa. 
rrpe~e tIeM nepeHTH K ,n;aJThHemilBMY HSJIO~eHmO, ~anaeM HeCKOJIbKO f 

iSaMetIaHHfi OTHOCHTeJIbHO OOOSHatIeHHM. ITo,n; CKaJIHpHHM npOHSBe,n;eHHeM ,n;Byx 
tilBeKTopOB nonpasyaesaerca CKaJIHpHOe rrpOHSBe.n;8Iill8 B CJ: (a., g) = 

a~g, +a;t2 +a~g3' SBes,n;OtIKOll OOOSHatISHO KOMIIJI8ICCH08 conpmReHHe. Bspa
2J,KeHUe a..~ OSHatIaeT (a. )U :=: f0. 1 / + IQz f2 +/a3Iz . 

C.n;eJIaeM SaN/eHY nepeaeaaax: R- ( R}IX} ;.), r-~ ,r,Ue r;, 
Iwop.n;nHaThI TpeTheii tIaCTIDJ;h!, csaaaaaas C perrepoe CwepHTIeCIGIX lCOOpWI
HaT, Tor.n;a 

- z 
2

(If/) f\f) =f{~1)~k (+ ~~~z)R2 +/t13 (~r;, \f')} RJi n} dR do< of} d.ro , 

.. 
L - oneparop OpOHTaJThHOrO MOMeHTa naps tI8CT}UJ; I It 2 I T - onepa f 

TOp KHHeTHTIeCKOH 3HeprHH. OrrepaTOp L MO~HO npe,UOTODHT~ D B~e 
L= 5 - e ,r,n;e ~ - oneparop noaaoro MOMenTa. a l - onoparop OpOM
TaJIDHOrO MOMeHTa TpST:bSn 'ISOTlID,H OTHOOH'l'8JIbHO I,40U'l'pO Mooe rrepasx 

4 

ABYX tIaCT~. McnO~SYH nOKOMrrOHeHT~O KOMMyTaTHBHOCTL J H l 
( [j~ L]:=: 0 i::::.x L.{ l )t nOJJYtIaeM 

1 , 0 ' I 

(lIJ T'f) =::f[L /Olfl t (J\fl~ _ ~ e)Cf, ~ 41) +of- ( 4) 
, :1,)11;' ?JR. ,z1'1J. R 1)<1~ R 

+ L (V If'l] R.sitt PI d R d« d; d fo . 
~Jh, r; r 

; 
CJIe,nyJO!IU'Ill mar - saaeaa KOOp.n;HHaT: r; -- 0, X J i: ,nepexo,n; K 

nO,IT,B~HoMY perrepy. B 3THX Koop,n;lIHaTax KOMn9H8HThI onepaTopa opOHTa~
Horo MOMeHTa TpeThefi tIaCTllUH OTHOCMTeJlb~O Do,n;BM*HOrO penepa ID~eIOT 

BH,I( 
o' . l a 

-c..x :::::: t: X 7J( 

0' " (. "0
l.if ::: - u l OX 

, . (3
ei~-u7Jf 

a onepaTOp KHHeTMTIeCKOll

.-( f -( .a.::.1; =-JjJ3 ""0'doJ

? 

(5)2)
- xt7 Z ' 

8HeprHH TpeThei1 iacTH~ 
2 

+.L ° ( IJ) 0 } (6)X 'Ox X'Ox +~ 

PaCCMOTpHM IIO,Il,pOOHSe CKaJIHpHOe npoasnenenne ( Jlf) i tf ). 
B KOOp.n;HHaTax nOAB~Horo penepa OHO sanHChIBaeTCH 

(5'f, llf)=: (J:Lf/(e~\f)+ (f+1lft(e't{tp)T(i-{tfJ)~(t-{lf)? 
'n'+-t -{ c"'/ "rtf) !j'-1 __1 (J' + L'J')r,n;e :.J = - ,m Jx - L J 't ' - VI x ~.? 

'to( -I , v2 " 0') 0'-1 L ce; + . eI )
a ~ =-Vi. (ex - &L~ ,(. == Vi x I.- ~ , KOHTpaBap118HTlIhl8 
I..\MKJIHtIeCKlle KOMnOHeHThI onepar opos J H e B xoopnnaarax nonaaaaoro 
penepa . .D.eficTBHe oneparopcs j/+f H j'-f na 9;JyH.KI.Ulli l3HrHepa 
OIIpe~eJIHeTCH COOTHOmeHHHMH 

Itt !lit -{ V---------., 11(
:J ])Mm (oI,[!J,O)=±vr J(J-tf)-m(m:!:.1) DMm:t-t (c;{/~JO). (7) 

HI ,
OnepaTop Jz HBJIHeTCR Z KOMnOHeHTOM

u 

nOJIHOrO yrJIOBOrO MOMeHTa H 
n08ToMY pasea e~ ,TaK KaK ]~ =L~ + e~ H L '"I. == 0 • TaKl1M oopa-
SOM, ft. 

( - - [ '0~ IJ. "{ ( Iof.-( )*[ r. " 8--'y::' 1J1.f 04-']J If, elfl) = '0 6" - Vi J lfl x t: "'00 - ('J '0 X - x,~~) - (8 ) 

k (J'-flfY[-~i ~~ -(l~~ -x~~)]. 
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I10.n;CTaBJI.IIR aupaxenna (5), (6), (8) B aupazenze sapaauacaaor-o 

WYHIClJ;11OHaJIa (4), rrOJIY~ULvl .nJI.fI BO.J1HoBoll QwHKIJ;11n C KB8HTOBblM lIl'ICJIOM yroro
aero MO:.1eHTa ':J 

)-S{_.-I l'Olf ,:1.,+ ] (':1+1) .s:_ L{04i{2+ l"/t}4-'12(~,To/ - if11.- '0 RI 2Jill R:z. J.jl,z R2r 'O'{ XZ () 0 + 
( 9) 

+ Il~~ -X~tI2]+{j71Jl'2R~(J(:1~f[f(i~~)-(l~~ -X~~)Jt 

+ . - , (1 1
- f Ift [-t (L ~) - (l ~ - X~~) ] + 

+2~J -;. I~~ /2 t I~H + I~~ nJR'xsin!' olRolo< dj3 olr oIx d: l 

.00JIHOBaR <lJYHKI~HR CllCTeMbl B rrpe,n;CTaBJIeUYm rrOJIHOrO MOMeHT8, HMeIO

uiaa ItB8HTOBble ~IHCJIa rrOJIHOrO MOMeHTa:J 11 ero npoexuaa na OCl:> 0 ~ , 
paBHOH M. npe.n;CTaBJI.fIeTCH B Bll.n;e 

1:;* JlfIJ (R r):::. L D (cc 6 rJ F (R)( z)	 (10)
M ) m::-J HfT1 '{' m ), • 

I1o~cTaBJlHR rrOCJIe~HIDID WOPMYJIY B (9) H,HHTerpl1P¥H rro yrJIaM 3fiJIepa, nO

JIYlIHM sapaanaoaaaa i1JYH.KI.(HoHaJI .nJIH ypaBHeH11H iJipe,IJ;lmrepa B npecraaneaaa 
nOJIHoro MOMeHTa: 

r.( /{)F. J 
j2 [J(J+1)-m 

2 
Z2 m2> ]/ J2S~ 

( Y", H'f ) = ~ :.,P 12. ?J; + c.)'Il R7. t -xz- 2f' Il R:l. Fin I + 

ll 
_1_ t'irJ/2+ [J(Jtf)-m(m+f)f rJff[L(m+/) FJ + (II) 

+ If'a R1 m ~J11Z R1 rm x m+1 

.P c J ] [J()+1)-m(m-'OFtr rjf"[~(. ~ Jr.] _.I FJ_ ] ~
 
t rIv r intI + ~ )1IZ R:1. rm X m 1 m-t o'v m 1
 

p. 2.	 J Z 18][ z ()
+-!!!- +V(R X l)fF. f - df\ dx d s , 

. ~}h 'I tn 2)+1 ' :J 
1Y () .L r: m / :1/2 f()F!n /2+ form j.t.

r.ne CIv::: ;l~x - X'O'l.' fTl ~ -x:r- Fm 1" "X 'i'1. )
 

111 z. I, to ~..t IJ S.. !!!.!..V(R,X)) = R + [Xl. (1.+ (1-S)R)2J1/2 [x2 +( l - rfR)1] 1f2 1 m,~n?Z' 

Onepar op lllpe.nHHrepa Cl1CTeMhI KOMMYTHpyeT TalQiW C npaoopaaosaaaea 
lIeTHOCTIl . l 2/ : 

~ ~ (R1 r) -- (-R. , - r ) . 

JleficTBl1e oneparcpa lIeTHOCTII aa cpyHKIJ;1m Dnruepa orrpe.n;eJI.fIeTCH COOTHOille

Hl1eM 
:J J J-m J 

~ D/1rn (c(,j3,~):::DH{I1 (d.fJL/fl-PJL-O)=(-f) D"',_m (et,p,'O } (i~) 

-2 
If, CJIe.n;OBaTeJIbHO, C06CTBeHHhIe q;yHI<LJ;~m oneparopos :J} J l }I p). npezt-

CTaBTillIDTCH B Bll.ne

:'}. [2 J t 1 ]~[ ') J-J71 J ] ( 13) rt!Jf1m(ci,F,'o)= 10.712i1+5_n) ])Hm(q,ft,o)t)(-f) DH_m{a:,f,O> 

11 l1MeIDT MeCTO CJIe.n:yIOmU8 paBeHCTBa 

j.t£)Jil = 'Y(]+1)flJ Y;' ; J ~.J)' =: _M1/J.
Hrtl Hm l Mm 11m 

J>. J).
P.I\ ~ = A~ jA.I 

'"1m MI'l'l .
 
tt f~ u ~~ 7~'
fad- 0 &-inp eli f dO' [~Hm .~ M'm']::: ~j' • 8,.1M'· brtlm , ftA 1 • 

JA /5/
'J?yHI<IUUl: ~ M"", HCl3HBaIOTCH C11MMeTpll30BaHHblMl1 (I;YHKLUIRMl1 1311rHepa • 

Terrepl:> MhI ~o~eM BhIllllC8Tl:> HBHO 38BIfC11MOCTl:> OT yrJIOBblX rrepeMeHHhIX 

peilleHMR ypaBHeH11H illpe~Hrepa, XapaKTep113yIOmerocH KBaHTOB~~ll ~}ICJIaMll 

rrOJIHOrO MOMeHTa D , ero npoexnaa tv! aa OCl:> 0 Z • a TaKlKe rrOJIHOM 

lI8THOCTII ~ , 

'J) -. _ \ :J CT\ 1).11- ) D). 
tp (R r J := ~ d.J u (o(,f~' L .{:.", (R x Z) (14)

M ,	 L.J I",n! r r t I' • 
m= 0 

HCIIOJIb3yH rrpe.nCTaBJIeHlle (I4)~noJIY'tIHM OKOHlIaTe~bHoe Bblpa~eHl1e ~ 

Bapll~OHHoro illYHI~OH~a. 

'J :1), a e zZ Z
 
lf) ) -J~ [_-f j££n../+ ')fJ+1)-m .j.~ m IF'JlI J2
 eT}Hlf' - L "2f'12 'OR 2U2R2 'm + 

m=Jl().) / I
 

.A II
 

1 I J).J2 Ym me! .J)' [z .7..1 jJ J).] (15)
+2}'IzR2. i Fm -+- ~)I:2 R2. Frt1 X(m+1)Prnf l + lvPm-» t 

2 
O,"~ n* a> :)). ] p+ m.m-t F. [1.. (m-t) F. - iF' _ + m +

2 JA 12. RZ m	 X m-1 m 1 2. )..l3 

+ v (R". x, Z) / F;/ /2 } RJ-x d R d x d z ; 

r.n;e 

rrpll A = (-1)
J 

,P(A}=. {Ol 
1, rrpl1 A=- (-1)J" 

.... 
I6 



) f[1 + SmoJ (-1/] ['] ('J+ 1) - m(mt- O]} 1/2 1~m,m+1 

. J
A (1- D ) [ [1 t bm1). (-1) ] [ J {J +1) - m (m -1)] ] 1/2 ; 

Om,m-1 om 

2 2 J) 2 JA 2 
m() xL p'2 =m jr..:J.A j, + {'OFm I + ~ '0 F I .i z: 1- - ':\ m F m s» I (31.. )'Ox 01. 

-1 -I -1 -1 -1-1
?12. =m1 -rmz. ? !'3 = (rn,+mz) +m 3
 

VC R X ) - Z1 1 2 Z,z l3 + 1.., l3 , D=~
} }Z: - R T [xl.+{~-oRfJ'/l [Xz+(l.j.(1-S)r<~?Iz.-) 1111 trYl2 

COOTBeTcTByromee BapH~HOHHOI~ WYH~HoHa~ (15) ypaBHeHHe Qpe~H
repa B HOBHX KOOPAHHaTaX HMeeT B~ 

'J 
~ ])
L (Hmml - Omm' [ ) Fml :=. 0, m =J;/fA» ... > ~ ; 

m'=jA (A) 

H -{ { -I (J ( 2 ()) -1 2 (16) 
m,m = 2 f112 - R2 8 R R'OR - RZ [i + f t] + 

-I 2.] pZZ+7[i [:J(J+1)_m 2 +?m] + 2;3 -/- VCR,x,t.); 

vJ . 
~ [~ J?]

J--{m, mt1 2jA12 R'l. X (m i: 1) t. ~ 

H Hm m' = 0 npz I m - rn I I ~ £ 

B 3aI~~eHHe CKa~eM HeCKO~KO C~OB 0 ~yrHx wopMax yqeTa CHMMeT
pHil ypaBHeHHH illpe~Hrepa OTHOCHTe~HO rpynITH TpeXMepHHx Bpame~. 

/ B/ IIpe~cTa~eHlle, aHa~or~Hoe BUllie H3~o~eHHOMY, HcnO~30BaHO B . 
OCHoBHoe OT~~e COCTOHT B TOM, ~TO OCb al' nO~~Horo perrepa HarrpaB
~eHa rreprre~KY~pHa rr~OCKOCTH Tpex ~aCT~, a OCb OX' B~O~b OCH ~acT~ 
I H 2. O~HaKo STO cymecTBeHHo yc~o~eT BHBO~ TEeXMepHHX ypaBHeHHM, 
Tor~a KaK BemeCTBeHHHe KOMTIOHeHTH rrpe~CTa~eH~ IcoBna~aroT C TO~HOCTbID 
~o 3HaKa C cooTBeTcTByIDmnMM KOMrrOHeHTaMH rrpe~CTa~eHHR (14). 

Eme O~HO npencrasaeaae, OCHOBf1HHOe aa ]) -®"HItmUIX B,rHepa H 
pacnpocrpaaeaaoe aa CHCTeMY N T18CTHIJ;, nOJl'Y'IeHo B pa6oTe/9 .onaaxo 
aBTopy He H3BeCTHO HH O~Horo BapH~OHHoro pac~eTa, BHno~HeHHoro B 
paaxax naaaor-o npe.uCTaB~eHIDI CHMMeTpHH. 

HaH6o~ee pacrrpOCTpaHeHHaH wopMa ~~eTa C¥~MeTpHH OCHOBaHa Ha 
pa3~OEeHHM BO~HOBOM illYH~ rro' 6HnOAHpHW~ rapMOHHKW~ 

\ IJ:J (- -) - ~ fy. e y.} F ( (17)
't'M r1 , ('2. - tJ2. 01 62 1M d1jz 11,Y'Z ,9tz ) , 

i1 + j2;=' J , npa ;1=(-1)J H j1 +j2:= J 7- 1 , npn ~==_(_;l)J 
/ IO/ OHa 6H~a npezcroxeaa lJ1Ba'p~eM B . IIpHBJ18I{aT8J1bHOCTb aroro paanoxe

HIDI B TOM, ~TO BO~HOBaH mYH~HH A~ P-COCTOHHMH CHCTeMU sanHcHBaeTCH 
oco6eHHO npOCTO: 

(I7' )l.fJ-1 (P1,r':z-) = GG (f;Ji/J,z) +r;. G:z. (r"."r;., BIz) .n;JlFi ;1 =- .( j1 

If'~(P1 Pi) =[r, xr,.J· G1 (11 ,r,t,·f}11.) )])IR ):::1,, 

IIpH STOM oco6eHHOCTH KOMnOHBHT pa3~OEeHIDI (rn (npa Y1 H fi. CTpeMH
IQHXCH K HY~) yEe yqTeHli B npe~cTaB~eHHM (17'). ~c~eHHHe p'ac~eTH 
HCrrO~3Y1OmHe ~aIlHYIO WOPMY rrpe~CTa~eHMH, HMeIDTCH B pa6oTax7I I ,I2,f31 
H MHorHX APyrHx. 

OTMeTHM, HaKOHe~, pac~eTH, OCHOBaHHHe Ha nOJIHOM pa3~O]KeHID'I 

BOJIHOBOH q,yHlO.um: no UHIIOJLqpHHM rapMOHMKaM

lfI: (r" )1) :: t [VJf ~ 'Yjz J ~1jt. (f1,Yi ) ; (18)1M 
d181 

3~eCb CYMMHpoBaHHe Be~eTCH ~~ BO~HOBHX qWH~HH C ~eTHOCTbID 

}. = (-1)J ... , no j 1 +J.t =J., ~ -t: 2? ... , a,Il).UI IWHKIUiH C ~eTHOCTbK> 
A-=;- (- 1 )..1 no Jf + j:t = .J+ 1 , ::J + 3, . .. . lli'o paanoaeaae ycneunro 

npHM8HRAOCb npn paCQeT8 sHeprnfi CBH3R Me30Mo~eK.Y~ dt;U B pa6oTe/I4~ 

§ 2. ACHMnTOTHKa BO~HOBlIX dwHKI.1HH nm! R-- O. 
~ rrO~eHMH aCHMllTOTKqeCKOrO rrOBe~eHHH BO~/OBOH IWH~HH 

npa R. - 0 , aocnozssyeaca COOTHOllieH.r.:eM 'IeHra-\IlaHo 151, CBH3UBaIDmHM 
6HllOJIHpHHe I'apMoHMKH C IWHKUHHMM BI1THepa, 

{ YJ, ® ~Jz J"M (()1, Cf1 , f}z ,tfz ) = (19) 
~ ::lm J).f 

=Vii L 2. ~ MI'I'1 (c.f'''1 8,) 1ft,- )- YJ2. m (13a , 0) ?G-d1AmEo 

3,IJ;eCb 8." <.P1 H 82.) tf~ - cwepWieCIllie yr~ BeKTopOB R. 11 r 
COOTBeTCTBeHHO, a fYn H Cft2. - c<iJeplflIecKHe yr~ aexropa P OTHOCH
Te~HO penepa cweplflIeCKHX Koop~HaT BeKTopa R ; KBBHTOBce ~c~o 
qeTHOCTH A == (--1) d1 +d2 COOTBeTcTByeT ~eTHOCTH CTO.ffil!eH cassa OHIIO

~PHOH rapMOHMI\M; KO~IDJ;MeHTH G?rr: . HaXO,I4.91UHeCH non 3HaKOM• d1 d 2 
I 

• 

CYMMH, onpe~e~TCH ~epe3 Ko~~eHTH fC~e6illa-rOp~aHa 
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G~~ =: [(_Jv_). (~)J1h i;
0' al H bom :L 'j + 1 Cj1 0 jl m 

B ~a~HeijrneM MU oy~eM paCCMaTpHBaTb TO~KO C~all C ~eTHOCTbID 

.Ii == (-1)~ . C~aH C npOTHBOnOJIOjKHOM lleTHOCTbID M01lw'r OUTb paCCMOT

peH aHaJIOrHllHO. 
COOTHOW8HHe (19) nOSB~qeT BupaSHTb KOMnOHeHTH BOJIHOBOll mYHRqilH 

B npe~CTaBJIeHHM (14) llepes KOMnOHeHTli paSJIOjKeHHR no OUnOJIHpHUM rap

MOHUKaM (18): 
JA 00 J".

F: (R, r-, B1l ) =V2i' I=. ~, A2 . Yd'1m (Bt 2 I 0) FJfJ ' 2 ( RI r) (20) 
d' i.\Z ) 

j2~ml d1=!J-jz.I,IJ-Jz/+2, .,. 
Iloncraanaa B (20) COOTHorneHHe (I8) us ITpM01KeHVJ1I .2, xor opoe OnpeAeJIH

eT B WHOM. BH;J;e nosenenxe tPYHKI.J;llR ~f j2 (R I r) npz R--- 0 , H cyril-

MupyH no J1 ,noJlY1lliM . 
:J.-1 00 Jf j2 m 

t; (R1r1tJ,Z) =: J;m R r ~2.fn(t;z,O)HJ1J1. (R1r), (21) 

L=I~-Jd, 
H ~HKUUu HJj1 (R,r) orpaHlilleHli. BUpaJKeHHe (21) onpe~e~eT HBHYID 

SaBHCHMOCTb p;A OT BHYTpeHHero yrJIa 8/2 
ACHMnTOTHlJeCKo8. nOBe~eHue BOJIHOBOll ~HKqHH'MOMHO nOJlY1JHTb H 

npHMo HS (20), B~eJIHH llJIeH C aCHMnTOTHKoll. O(RO) : 

F~A (R , rJi12 ) z: V2i G~~ r:T ~ m(B12 ,o)HoJ (R,r) 1- 0 (R1
) . (22) 

3TO COOTHorneHHe nOJIeSHO TeM, llTO OHO oTKpliBaeT CBHSb Me~ KOMnOH8H

TaMki C paSJllilIHw.rn: SHalleHRf.IMH m npa R - 0 • 
rrO~8HHue Blip~eHHR ~ KOMnOHeHT BOJIHOBOM ~HKUKll HaKJIa~aroT 

cymecTBsHHue OrpaHHlJeHHH ~a BliOOP BHYTpeHHRX nepsMSHrillX npH nocTpoe
HHH Bapki~HoHHoro MeTo~a, TaK KaK HaJrnlIHe HBHOR yrJIOBOM saBHCRMOCTki 

KOMnOHeHT npa R- 0 rpeoyer BOSM01KH;0CTH ~eTa STOR SaBHCHMOCTR B 

paMKaX BHYTpeHHRX ~OOp~HaT CHCTSMH. TaK, BOJIHOBUS ~HI~, Bup~eH

Hile B nepSMeHilllX XIVIJIepaaca ( Y'1t., rz:3 n r13 ) wrn B nepanerpa
lleCKHX xoopnaaarax, He 11MeIOT yrJIOBOM 3aBHCHMOCTH npa R-= 0 (V1z = R. ) 
H HS MoryT OUTb KoppeICTHO ncnonsacaaas ~JIH paCllSTOB TPSX1l8CTHllilllX 

CHCTSM B ~aHHOM npe~CTaBJISHHR C~STpHn. HanpOTRB, BO~OBlie ~IlliUHH, 

BlIpaJKeHIIhle llepes cepepOH,naJ.IbHHS/5 H rHnspc<l>spHlJSCKHS/6 ItOOP.IU1H8TH, 

MOryT C ycnexoM McnoxbSOBaTbCH npH peweHHH ypaBHeHHH llipe~Hrepa B 
TIpS~CTa~eHHR CHMMSTpRH Epe~Ta-~epaaca. 

OTMeTHM OCOOo CJIYllaM, Kor~a llaCT~U I II ~ To~eCTBeHllli. Tor~a 

ypaBHeHHe illpe~HHrepa 06JI~aeT CllMMeTpneH OTHOCllTe~bHO nepecTaHoBKH 

STHX llacT~,H,CJIe~OBaTeJIbHO, BOJIHOBaH mYH~HH ~omKHa OliTb ;nIOo ~eTHoM, 

JIHOO He~eTHoll OTHOCHTe~bHO nepecTaHoBID1. ECJIH BO~HOBafl WYH~llH HelleT

aa, TO OHa paBHaHYJIIO npz R=O~ H,CJIe,n;oBaTeJIhHO, 

.....),"1 .cz: [J-1:Jm(., /'"111 RJ r,8/2) = V2Jf. R r ~J-1' ~-1m (qz,O) H1 ]-1 (R,T)_of" 
(~3) 

:JH J m . y ] t+r 611"+1 :rf1m (~110)·H1j+1 (l2,r) + OrR),~ 
npa m.=: o} 1 , . " ,1 R. --- 0 . , JA 
0TO COOTHOilleHue nOJI8SHO TaKlKe npn pas611eHHll IWMIIOHeHT Fm aa 

lleTH,YID H HelleTHYID COCTaBJIHIOmMe OTHOCMTeJIbHO nepeCTaUOBKH llaCTHU I II 4, 
llTO YAOOHO npH rrocTpoeHHH BapH8UHoHHoro MeTo~a Ha OCHOBe cwepOll~a~b

HliX Koop~HHaT. 

CK81KeM HeCKO~KO C~OB 00 yCJIOBHll KaTo ~ KOMnOHeHT IIpe~CTaBJle-

HHR. I1pH STOM oy,n;eM npsnnoaaraes , 'ITO F;: (R I r, ()1Z.) i= 0 ,npH 

R- 0 • COOTHOIlleIU18 er9) HS ITpMOJKeHI1.fi 2 npanoznrr K 

JA ( e .rs:» [J i-. \/ / Cl h(0) ( z, 'fz. )Fm R,Y"", 1Z)= v~J[ r GOJ Y'jml012,O)' 0T 1+-;;-;;-R. fo 

J-1 Y (e )h(O) o r« V h,(OJ]. 2+Rr J-1,rtl 12,0 OJ-! -+ <r f]tl,fI1 (~2 ,0) Ojtl T 0 (R ), 

H, CJIe~OBaTe~HO, 

J[ :J). 

m LJ 
.Jrn [7,2. 10 '0 R . -dtn (7/2 /2 =: m I / 12. ,(LJ ) '0 F (R,r,e,l) . dB 7

- I 1 2. F. TA (R r f)) (~4)JY )"2 
o npa R---0. 

' O ) t. (0)

ECJIH llaCTRUli 1 ;!J: 2 TOJK,neCTBeHHH, TO hOJ-1 H n pasaaOI f l 

hJ~,H yCJIOBHe ycpe~HeHHH no yrJIY gl2 (~4) MOJKeT OUTb onymeHo, TO eCTb 

'OFm
J),.

= 1:1r.,1. FT }. 
rrpR R--o . (25)oR )hz m 

§ 3. AC:mv1l1T OTHKa BOJIHOBUx" d!yHK.I.UW. npH X -- 0 
OceBoe Bupo¥lleHHe 

PaccMoTpRM ypaBHeHue (16). IIpH STOM B COOTBeTCTBHH co CXSMOll, 

npe~OJKeHHOli B IIpRJIo1KeHHu~, oy~eM HCCJIe~OBaTh ypaBHeHlle Ha MHorooopa

3H}! R ~ E. > 0 . oUnHCUBaH CHCTeMY YIl,aBHeHHit OTHOCl1TeJIbHO rrepeaea

HOM X H OCT8B.JIIDI TOJIbKO rJIaBHYIO -qaCTb oneparopa ~JIH ~arOHaJIbHHX . 
ll~eHOB ypaBHeHHH, RMeeM 
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2 [2_1:._, + _1_ '\ _ L _:LL + m:1. Eo 
{(2f'lzR 2)/3) 'Oxz X s« )(~ ] + D } Fm + 

(~6) 
+ Amm-H [f (m+1) + (l;)( -x~)] Fm +1 + 

+ Amm -1 [f tm-1) - (l';x - x':r ) ] Fm-1::' 0 ~ 

rn == 0, 1, ... r J } 
K'~ mf~ . e 

r.n;e Am rrH1 ~ 2jAJ'l. R • 3 sa CHMBOJIOM]) CKphIBaeTCH OCTaBllI..WI
CH lIaCTb onepar opa.' 11H,JJ;eI\Cb[ '1 11 A Y KOMIIOHeHT BOJIHOBOll cPYH.Kl~11:I'I 

s.n;eCb 11 .n;aJIee MhI .n;JIH rrpOCTOTH onycKaeM. 

rJI3BHaH lIaCTb ypaBHeHl1H (~6) p3cna.n;aeTCH Ha_C11CTer~ He CBH3aH
HHX MeJK,IJ;y COOOR ypaBHeHJiIll C x3paKTep11CT111IeCKHM ypaBHeH11eM 

2 (~7)- p CP - '1) - f + m =0 , m ::: 0, 1 > .,. } 'J • 

KOPHHM11 ypasaenaa (27) HBJIHK)TCH F: ±m • l1P11 m e o peaeaae , COOT
B6TCTBYlOmee xopmo f::.-m , IDVleeT nOJllQC B TOlIKe X=-O 11 rr08TOIVJY He 

Mo~eT OblTb BKJIID~eHO B oomee perneHHe/I / . ITP11 n1=O oomee pemeHHe pac
na.n;aeTCH Ha ~Be KOMIIOHeHThI 

Fo = C1 + C1. £n.X , 

11 arcpoe cxaraeace He orpanaxeno npa X- 0 , noaTOMy OHO" TaMe He 

Mo~eT rrp11cyTcTBoBaTb B OOmeM pemeHl1l1. TaKHM 06pasOM. H3 rJIaBHOll ~aCTH 

yp3BHeHl1H (24) CJIe~eT, lITO aomee psweHRe ypaBHeHl1H (16) Mo~eT OblTb 
3an11caHO B BlUe 

Fm(R/x,z)=XmGm (R,x,Z:) , m-=o,f,.,,/J; (28) 

r.n;e G- /'Y1 (R / X, 1:. ) - np011SBOJIbHhle orpaaasenaae B npOCTpaHCTBe clJy~11I1. 
AJIfl Toro ~TOObI yOe.n;11Tb CH , ~TO npe.n;CTaBJIeHHe (28) BepHO .n;JIH 

11cxo.n;Horo ypaBHeHI1H (~6), HaM HeOOXO.n;HMO BblrrOJIH11Tb no.n;CTaHOBRy (28). 
3T0 np11BO.n;RT K C11CTeMe ypaBHeHHll: 

1:,2 1 '\ ['(j2. ~ m r! (7] E.} ( 
{ ( 2f'ttR1 +~)h, J - '0 x'- - -X- 'Ox «D G-m R/, 'l) + 

(~9) 

+ArrI m+,[21.(m+1)+X{l~x -xg-z.)] G-m+,(R,x.,~) t 
J 

+ Am I n1-1 [- f (l$x - X$~ )] G-m-« (R., x,1: ) := 0 ,
 
m=(),(J ..• ,J;
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B nOCJIe.n;HeM CJIaraeMOM ypaBHeHHIT (~9) nOHBJIHeTCH HOBblM lIJIeH, 
BXO~H B rJIaBHYID lIaCTb. AJIH Toro, lITOObI yo e.n;11Tb CH , -qTO OH He .n;oOaB

JIHeT JIOrapRWM~ecKKX ~JIeHOB B aCllMTITOT11I{J KOMnOHeHT BOJIHOBOll QWHI~1111, 

BOCrrOJI:bsyeMcH R~~efi TIO ra , rrpR aTOM oy.n;eM paCCMaTpHBaTb TonbKO 
peryJIffpHHe OrpaHErqeHHHe perneHllH. 

IIp11 m=O BHeMarOH3JILHblM ~JIeH rJIaBHOH ~aCTll ypaBHeHIDI OTCyTCT-

ByeT,11 rr08TOMY aCllMllTOTllKa Oomera perneHllH ~o (R 7 X, l J CCOTBeTCTBeH-
HO paBHa 

o6-0 (R,X,"if = ~JO) (R,~) + o(i ) 

IIyCTb yTBe.PJK,IJ;eH11e ,n;OKasaHo.n;JIH GM-{ (R ,X, Z) , .n;OK~eM ero 
.n;JI.fI G- M (R 1 X, 1:) .)lJm erorc rro.nCT3BlIM B lVI-e ypasaeuae (2 9) oomee 

pellleH11fr .n;JIH G-M- f (R, XI l) . ::tra 1l0.n;cTaHOBKa onpeneaaer C11CTeMY 
ypaBHeH11H.n;JIff m = M} M+1~ .,. ,J} 11 rJIaBHaH ~aCTb ypaBHeHHIT C HOMepOM 

MHe y~eeT BHeMarOHaJILHblX ~~eHOB. CJIe.n;OBaTeJILffO, 

GM (R,X,~) =:'~~)U<,l) rO(XO). 

OKO~aTeJlbHO nOJIy'IaeM, lITO nee KOMIIOHeHThI Gm (f<,X, 'i. ) coxpaaanr 
csoe 3eHMrrTOT~eCKoe rrOBe.neHlle 9~} (1<.,1.) + 0 (x·) , H, TaIa1M 00

paSOM, KOMllOHeHTH .BOJIHOBOH ~H~l1l1 rrpe,n;cTaBJIeHI1H (16) rrp11 CTpeMJIeHl1l1 
X K Hy"JIID B8.IJYT ceoa RaK 

F (R,X,:;.) == x'" ~;,) (R,-;.) + o(X 
rn) 

, (30)m 

~TO R TpeOOB3JIOCb .n;OKaS3Tb. 

§ 4. YpaBHeHHe illpennHrepa B cWepOnnaJIbHHX KoopnlluaTax 

B 8TOM naparpaW9 ~YAeT 1l0JIY~eH HBHblll B11.n; yp3BHeHHH illpe.n;HHrepa 
B cWep0H.n;aJIbHblX Koop~HaT3x C y~eToM ~eTHoM 11 He~eTHoll COCTaa~mHX 

BOJIHOBOll W,yH~l1l1. 

KaK yEe OTMe~aJIOCD B § I, HalIa~bfrJID TO~KY nO.nB~HOrO perrepa, 

CBHsaHHoro e c11cTeMoH Tpe~ ~aCT~, MO~HO rrepe,n;B11raTb B.n;OJIb ocn ~ac
Tl1U I 11 2 11 nOCJIe OT.n;eJIeHRa BHemH11X nepeMeHHblx - yrJIOB ~epa. EAR 
8Toro BBe.n;eM sm~eHY rrepeMeHHhIX: 

' R' I ex: R 'R = ,x = X , 't = J.~ - ~ p (3Ij 

'0 '"npH 8TOM onepaTopH ~R 11 ~ rrpeoopa3YIDTc~ KaK 

l. -...a.- _ ~ ..:£.. ; - pI + ?!.. 1<.' [I (3~)oP.. - '0 R' J- B.'t: , "lv - 1v ;l. !(fi' 
P I I d , 0 

n 1v::: l 'Ox' - X '2'~' 
mcm«Ilpa 'de =' m 4- m« Ha~3JIO IIo.n;BIDKHoro penopa nonanaer B Cepe.n;.I1Hy 

OTp6SK3, Coe.n;munomero ~aCTill.Ul I 11 2; npz ~ =_Zmz Ha~3JIO penepa 
, 

" ~~m~ 

COBnap,aeT C rrOJIOEeHMeM lIaCT~ I. . 
ITO.n;CT8BJIRR (31) II (32) B Bblp~eH11e W,y~OHaJIa (15) 11 olr.rcKaH 

mTpHXJ{ y HOBHX nepeMeHHHx, rrO~M' 
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J [ ;I.. r/f ~ IIO,I(CTaBJIR.iI (34) 11 (35) B (33), IIO;ry'IHM BHpa,iKeUI1:e AM WYH.K.UMoHa
( 4'H'f)=S '" {~1 IaFm/ - ~ (~. 'OF,., + or"" . dFm ) t

L ,lUll '0 R ~ '01:. 0 R 0 f( IJz JIa B cWepoM.na~HHx KOOp,I(HHaT8X: 
m=f/(},l "I 

(YJ,HtII) =S~ {T:", +Tm~m -ro':",'+1 T,."mti + (36) 
m-p(~' . 

<£! ()l + 'J(n1)-).m~JF 1\.1.- (z2+X1.l'r/ jc 12. I.lr J~)] (33) +o~,~-~ Tm,m-r+V(R/~,1)/Fml!J 8[-(Sl_tJd R. d sd 2 
+/jrm R'L m R.2. x" r-ar v.r» + r,I(e 

rrG'" ,f r/dFm /2! [oF*!J( .:l, )'r:oFm (, .( OF"..)
Im,m = )"fl''J. Fl[ - R{f L 2'" J 7J7f \tf -l .5 ~ + l1-? )?~ -t: 

'£ [z 2/ 12. (OF: ; *" oFm)JI J 
t 2.fJl2. R x'- rT7 Fm f I ?i"i< ",Fm + ?v Fm 'Ox + 'll of* ()F.~) 'OF. J J(Jt{) -).m 2.. t+ (~:t-1)5~t(1-ll)?%f ~ + {)2.. • J FMI +

J ( 

+- I;;;;; F; [(~(rn"JF",,,+-lFm,,)+ ~ R('::' F,." + tI~,:,,)] + , (!~+1(-1+'df'-) p2.. ] ./- .i: p~ 
+ 4 I'n 2)h m ' 

(" *"[(l Ie) ac (171-1 _ '()Frn-I)]L-+ ~m-I:t F X (m-1),m-1 - 1m-I + -x R X F"'H 9X + rpOC __ ~ f_ 1 [dF; (.2 7JF}TJ ( 2 OF"') 

R
.2JIllR rTI 

I "",rT1 - :If''Z i. I< {f1.- ylJ 7i7["""" t. (S -1)P '0 s + 1-? )J 'O'? + 
l 

+ :;')A J + V(R,X I l) !Fm I~} R2
X d R of X cI s. . (36' ) 

t ((S':.1)~ ~:i +(.f-1~)3 °tf )~:R + ~:tV{ p';] , 
3,I(eCb t~/m±1 t f' (A) t i Ii P; OIIpe,I(eJImOTCH TaK xe , KaK 1:1 

B qJoPMYJIe (15) § 1. HaiiOMlllIM t 'ITO :vUI,IJ;eKCbl:J. 11 A y KOMIIOHeHT BOJIHO
(j i:lC 

BOH ~HKURH F~A Mb! ,I(JI.fI IIpOCTOTbl onycKaeM. Tm , l77 t l = Tm,m±~ + Tm,l"n'tl , 

ilo;ry'IeHHaH ~opMa ~~HK4HOHaJIa y,I(06Ha B Ka~eCTB8 IiCXO,I(HOll IIpM 

IIO;ry'I8HMM HOBblX QJOPM ypaBHeHIDI B paSJlli'IHhIX KpMBOJlliHeMHhfX KOOp)U:1HaTax. r::'mf1 ::: .z.;13,R.3. F': ['sf Ctn:£-1)Fm:: 4±l,Fm u ] , 
IIOJIOiKIDIJ at:.::: ~ n nepe¥.AeM K cwep0ll,Il;aJIbHhlM KOop,IUIHaTaII1:

m,+mz 

·rr'Cl! _ 1!:. FJi- [ffl't{ +? (~_ -a) ]! :: (V;;::;w;;f + W+-(1-Rb.Jl') / R , (34) lm,mtl - ).jJlzR2. m -,- F,..,!~ - J.t._~t ~'d"S ~o~ Fm t:1 , 

~ = (VX2.-+-(1..J.Rj2)1.. - VX$.~U.-R/.()~\) If( 
VCR~ n)= 2 1Z", +~ 1.2. 2" (5 of~~ C:~-'2)OCHOBHhle onepaTopbl B HOBblX KOOp,IUIHaTaX ¥~eIDT B~ 

''>'( R R.(S;z,.-~;z,.) 

~ -.1.- _ f _[( <. ,0 ( 2. 'd ]'OR -'OR. «(f2_'{2.). 5 -1Jf'O¥ + 1-~ )?~ .dOJIHOBYIO ~HiW..mo CllCTeMhl rpex 'IaCTillJ; lfJ (r\ f.z, G ) MOJKHO pa3
JIO~Tb Ha ,I(Be KOMIIOHeHTbl, CHMMeTpM1lHYID M aHTMCllMMeTpH1lHYID OTHOCMTeJIb

HO nepeCTaHOBKM 'IaCTV~ I H ~::Q..._2.-.P [0 '0 J (35)ax - R !:L_~2. 5'05 -?-of . ' 
41 (~ J~ /~ )= tJ1S (r; , ~ ,G ) + t(C~ ( ~ , ~ , ~) , 

(37) 

Q l 1 [( J. ) d (' .z 'e ~ ] fh tfl S (r, /2 I G) = \fJ 5 U~ ~ , f, ) = tpS (~ I -G, G)) 
Ff::1: ~ S -1 ?oJ+ 1-2 h'O~ 

Q--- 0...--- Q.--'\~ P/2 LfI (y:; , r;. I Y3 ) :: tp ( G, 

I 

r; ,r"J ) = - Y; (r: I T2 ,(j) . 

.P ['d 0] KOMnOH8HThl BOJIHOBOll ~IW,ID'I F; (R, ~) ~ ) TaKiKe MO.iKHO pa3JIOUT:b aai z: 5:1-~'- 18f -! !JI( , <1\ 
,I(Ee COCTaBJIHromHe, 'IeTHYID II He~eTHYID OTHOCMTeJIDHO nepeMeHHOH ? : 

Pi :::_4_ [m l 
(5 Z- ?l) IF. (+ (~~1)I'OFm /~ (i-yo).) (OF"" f1. ] . r: (R,s,'l):o r: (R,!)'Z)+ F;;' (R,s)~» 

rn Rt(s'--~2..) r m 05 '{ 7J? ' 
P'l F';; (R, 'f,~)= F': (R, s)-1)=: F': (R 3,'Z) , (38) 

I 

rne ? ='VC'J2.- 1)(1- ~t) I OTMeTHM TaKJKe t 'ITO X =: fV(Jt-1)(1~ == ~ f . P2 F",,"": (R, "i/O == F; (R, 3,- ~ ) =- F';' (R, 3, 2) . • 
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Pas~o*eHRH (37) R (38) CBHsaHH Me~ COOOM c~e~omm~ o6pasoM. ilyCTb 
SCl. (;l,S 7t. f_).,_ [( :l. ,\ (R~ +- '0 ) +

FytI (R, '3 , It) == F;J R,5,rL) + Fmet. (R, 's) ~ ) - paanoxeuae KOMTIOHeHT BOJ1HO Hrn,m=Hm,m==;'jl1'- (R 1 (sJ. _'( :t) X-il? 'ORo,! 'C1 
BOM illYH~RM B COOTBBTCTBRM C (37), Tor~a 

.t ( 'O.t' d J? r: J
S (.;It''? s(R~ ) t (1- ~ ) 5 R'd}( '0 ~ -I- 'Oi2 ) + T mRz F (R, S)~)::: -.f J FWI )3,~,m 

P?F~ (R,s,2)= (_1):J+J7H1 F; (R.,5,~). 

ITo~c~aBI~ pa3~o~eHRe (37) B (36); Tor~a ~ ORnHHeMHHX ~OPM, 

BXO~JIlU}IX B- (36), MM9IOT MeCTO COOTHOlIJeHRH 

fT: rn (F~ F': )dV := Sr~m (F::', F~ ) d V=:O} 
I I 

ST:m (F~ I F~ )d V=Sr:,,,, (F:, F:: )d V= 0) 
(~9) 

Sr:, m~1 (F~) F:1:1)dV::: 5r:,rnH (F:, F~t1) olV= 0, 

Sr::m±-I ( P:) F~ t .,) d V == STm~m!1 ( F; J F:' ±{ ) elY=0 , 

sV(«J S/~) F~:t F; d V =: SV( R, SI ~ ) F:* F~ cIV= o, 

GOOTHOlIJeHllH (39) n03BO~T ynPOCTRTb BH~Rc~eHRe ~H~OHa~a 

npM RCnO~30BaHRR BOft-HOBOH w.rH~HM B rrpe~CTa~eHRR 

:r), - :J JA'" r J">'s T)..",",]
lfIM (RJF)= L ~Mm (d ]3,O)LFm (RJ,2)+F", (R,S,f() , (40)

J 

"':jJ(~) 

R nOJlY~RTb ypaBHeHHe llipe.I:(llHrepa B OrrepaTOpHOM ~OpMe C y~eToM CRMMeT
P~HOtt n aHTRCRMMeTpRqHOM KOMnOHeHT 

:J ttl tf
L L (Hmm, - 5mm , %eE ) -: =0 (41) 
1'7J'=fI{A) t.'qS,aJ 

m e- j-d)") , ... , J, t E { S, a 1 ; 
ttl 

onepaTopH Hmmf ypaBHeHRH (41) onpe~eAHIO~cK c~e~~RM oopa30M: 

SS 
::::.' aa _.i: L o~ _ d +:l r (, Ii z., '0Hmm Hmrn-;l.j),2. L 'ORz '-7iR RZ(~Q.-rl)l(g -1)5 (R()R'~! + 'd s ) + (41') 

+ (.f-~2)~(R;;'a? +~)]+~(5t+~2._1fX1)P~ +](J+1;2m~ J+ 

.{ :l. 

+ r2.jJ3Pm + V(R,5 '?) 

"ss _ _ { [ J '2 -I- + f] . a.o.. 
Hm,m-t-l -Hm/f(lt.j- .7.fl'1R.l T (rn-1) -"J-v ).. 

I Sa. _ . _ ~ rm t.( +.p (L:... l)] ',as 
1 Hm I rM"l - H1'Yl , /?1 :! 1 - ~ flu R'-'- J - fC~ ~ '5"0 5 ? '(}It )

fl' Hmm' =' 0 , npn Im - f71' t ~ ~ ; snecs 

2- 1.( [ ft/).(st- r/> () I. 1- _L (1- 2. 3-J .
PI?? =R'-(s.l._'(2j 5'£ -idf{} -1)()'~ ()rz 7) 0'1. , 

or -.:= P'I, -1"12. ,a oneparopa l R V(R 3 t) OIIpe~e.r.l.flIOTCH B 
, tyI', +YY1'l. ) J L 

(36 ). 
KaK BImHO R3 onpe~e~eHMH MaTpR~HHx MeMeHTOB (41'), ypaBHeHRH 

(41) XOpOlliO rrpMcnOCOO~eHl:l ~~ a~RaOaTHqeCI{RX CRCTeM Tpex ~aCTHU, KOr

~a ~Be T~e~e ~acTHUH oopasYIOT OCb O~I R TpeTbH ~erKaH ~acTHUa Bpa

~aeTCH BOKpyr OCR. B 3TOM c~ae npRBe~eHHaH Macca TR*e~X ~aCTRq 

)Aft MHoro OO~lIJe rrpRBe~eHHofi MaCCH TpeTbeli ~aCT}~ ;U3 ,M uapaMeTp 

111 ==)13/)1'12. HBJmeTCH napaaerpoa a,IU1a6aTHqHOCTH CRCTeMH. J3He,IU1arOHa~L

HHe ~~eHH ypasaeaaa (41), CBH3HBaIOIIU:le KOMnOHeHTbl C paSJIWIHHMR m R 

paSJIWIHOM CHMMeTpReil OTHOCRTeJffiHO rrepecTaHoBIDI THiKeJIhlX ~acTIm,MaJThI. 

TaKMM oopasoM, c~e~eT o~aTL, ~TO O~Ha RS KOMrrOHeHT pas~o~eHRH 

(40) ~eTCH ~OMRHRpYIDmeM. 

ITpMOJIteHHe I 

KBAHTOBAH TEOPVlH yrJIOBOrO NIO;vlEHTA 

MaTepRa~ ~aHHoro npMOJIteHliH 'SaHMCTBOBaH R3 paoOTH/7/ R R3~ara
eTCH B COOTBeTCTBHR C rrpRHaTHMH TaM oOo3Ha~eH~IR." 

I. CWepHqeCKHe KOOpnllHaTH. 

Ee~HHH 

r' = /x~+~'J..+'J;~', 0 ~ r « 00, 
(I) 

e = aJU.C&$ (l / .;xJ- + ,/- + I 1..' ) , 0 i- f) ~ JL, 

If :::: evu~ (x / VXl.f'J.t.' ), 0 ~ cf !:,fl;:7E, 

HaSHBaIDTCH c~ep~eCKaMR Koop~HaTaMR TO~IDI B TpeXMepHOM npOCTpaHCTBe. 
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C HID~H CBHSaH penep C~epH~eCKllX KOOp~HHaT:	 '0 . '0 CO<Jo( EJ ]

j x =t [ct~ f-> ~ ot or/. + sen: ot()} - ·fin.l 7) '0 
- (7 - « » - 1 d 
-ty- =-or	 ) eo == r Be ' e·t.p =' 'fJin f) oLf . d 'd -jin.d a ]

~~ == i [ et9 P sen: d ()cX - 00":,0(. ZJj3 - ~il1.l 7if ? 

~. UMKAffqeCKMe KoopnMHaT~. llpH nocTpoeHHH KOMnOHeHT onepaTopOB 
.(j

yr~oBoro	 MOMeHTa y~o6HO HcnO~b30BaTb ~H~~ecKlie Koop~HaTH, KOTopHe "J1:, = -U'Oo'o ' 
onpe~e~TcR COOTHOilleHHHMH 

B KOOp~IIHaTaX HenO,1J;Bv.J)KHoro penepa , M 
X+-1 =-(x+i~)lfi?	 (in I -_'f d. L _ coA'! 0 ]Jx - 1.1ct~ 1> co,~ '0'Of +Jilt r'op .&in f> ~
 

Xo =:l
 ) I	 I . r .L • () • d sin. r () ]
J~ = (.LC~~f-' Sln.OU - ~rtr~ - fin f ~ )'4!iX-'I :: (x - i~) I fi , 
III . (;)

B cJIY~ae	 KOBapHaHTHHx xoopnnsat , H CooTHOlpeHltID/IH J l :: - v 1)t ' 

x:' =-(x- i~)/vr;; >	 B Koop~HaTax no,n;BRmHOrO penepa.(.2' ) 
x0 =. 1:: Oneparop oponr aasaoro MOMeHTa B KOOp,n;UH3THOM npencraaneaaa 

onpe,n;e,;rmeTcRx' = ()( +i~ ) I VT 
B cJIY~ae I{OHTpaBapH3HTHhlX icoopnaaar . L z: -L [ PxV] ; 

:3. !I'Jill 0iIJ1epa. nO~O.IKeHUe nO~BIDKHoro penepa MO.lKeT 6HTb onpeneae
HD yr~aMM 0~~epa, COOTBeTCTBYIDmID~ll nOBopoTaM BOKpyr Koop~HaTHHx oceM L x=:- i (~~ l - it ;~ ) ? 

(5) 

penepa:	 . (8 '(1HenO~BY~HOrO 
/.;~ =:.-iJ J: fJ X -x fJ 1. )a - noaopor aonpyr OCH 0 l aa yro~ '( (0 ~ '( <J.7l) • 

5 - noncpor soxpyr OCM OV aa yrOJI P (0 ~ j!> ~ 'A) , L l =- i. (x ;~ - ~ ;x ) 
b - nOBopOT aoxpyr OCH 0 l:. na yro~ a( (0 £ 01. .(:l.:J[ l.. 

COBOI~nHOCTb 8THX nOBopOTOB, BhlnO~HeHHHX B yKasaHHOM rroprou<e, nepeBD 5. EenpHBolIlIMlle Tefrsopu. HenpIlBO,n;XIMHM TeHsopor./ pain-a J MH 
~T Heno~BM~HHM perrep B rro~BIDKHhlli.	 6y,n;eM Ha3HBaTb Ha60p BeJIWIHH { .Yr1 JM } ~"'-J , onpeneneaaux 

4. OnepaTophl yrJIOBHX MOMeHTOB. OnepaTop nO~Horo yrJIOBOrO MOMeH B KOHWHrypaLUloHHoM npocTpaHcTBe, KOTop~e y,n;OBJleTBOpRIDT C~e~mHM KOM
Ta Orrpe~8.JIHeTCH M3MeHeHHeM rrpoMsBo~HoM BOJIHOBOH ¢.yH~MM ~ npll rrOBO MYT~HOHHHM COOTHOilleH~~ OTHOCHTe~bHO onepaTopa nO~Horo MOMeHTa: 
pore	 CMCTeMH KOOPMHaT ua 6eCKOHe~HO MaJIHil yrOJI OW aoxpyr OCM n , 

4J-+-'V' =(1-iJ"w. Pi..J)4J) [J±i, mJH]=:fW VJ(;J+{)- M(Mto' J1r.JH±~ , (6) 

,n;eKapTOBH KOMITOHeHTH orrepaTopa J y~OB.JIeTBOpHIDT YC~OBMID 3pMMTOBOCTM	 [ j 0 mJM] ==. MYfr.P-i .I 

o.v =Ji. 0=::'X,~,l. ,  ~acTHHM c~aeM HenpllBo~Moro TeHsopa paHra 1 ~eTCH Ha60p BO~HO
~K.JIll~eCKHe KOMTIOHeHTH onepaTopa J orrpe~e~TCR 

BHX ~YH~H C KBaHTOBHM ~HC~OM nO~Horo MOMeHTa J , o6pasYID~x 

J 4-'1 = - -k ('Jx + 1- 1 ~ ) )	 (4) 21 + i -MepHoe nOMPOCTpaHCTBO, aasapaaamoe OTHoc:aTe~HO BpamemtiL 
06myro wpa3Y KOMnOHeHT TeHsopa B cJIY~ae ~e~oro paHra 9 MH BH6H

J 0 == 'J l ' paeM TaK, ~To6H 
']-1 =7£ (Jx-iJ~),	 I'f 

M HX apMHToBoconpruKeHHlle oneparopu pamI?! ( J~ t -=. (-1) ]-jA	 (JnJM)t == (_1/ 
101 

m'!)-M . (6') 

~M BO~HOBOli WYHlill,MH, BHpaJKeHHOH 1Iepes yrJIH ::MJrepa H BHYTpeH
llpa noaopcre c:aCTeM~ xoopnanar , onpe.n;eJIReMOM yr~aMR 8.WIepaHHe nepeMeHHH9, onepaTOp nO~Horo yr~oBoro MOM9HTa MO.lKeT OHTb BHnHcaH 

cJ, J f:» ( , IWMnOHeHTH HenpHBO,1U1MOrO reasopa d1L1M npeocpasymcaRBHO: 
dfL1 H, (X') ~ L dY'L JH(XJ1J;1/.,' (cX,f>,'O.)? (7) 

~ 
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r,ne X' H X -KOOp~IHa'l'bI CHCTeMbI B nO,nBHJKHOM H HenO,nBHJKHOM CHCTeM8X 

J . 
KOOp,nHHaT COOTBeTCTBeHHO, a	 DMI-I 1 (c<.,},O) -.D -1JyHIW;:aH Barnepa. 

I1yCTb rT'f.. Jff (x) -TeH30p, saBHc.rnnHM OT yrJIOB 8llJIepa H BHYTpeH-

HHX xoopmraar Y ,Tor,na 'rfl J /1 (d 1j3 ' d' yJ B Heno,nBIDKHOM CHCTeMe 

Koop,nI1HaT llMeeT Bll,n 
J s» 

rflJM (d,j3'dIY)=: L ·7)MM!(C<II',O, m7,{'{O/~OIV). (8) 
M'=-] 

TaIlliM o6pasoM, WOPMYJIa (8) onpe,neJIHeT RBHYID 3aBHcm~OCTb KOMITOHeHT
 

HenpHB0,nM110rO TeH30pa OT yrJIOB 3ilJIepa. A
 

6. J) -dJYHKllHR Baraepa. Onpe,neJIID/l oneparcp nonopcra ]) (,x,/J, t), 
,neMcTBYIDmHM Ha BOJIHOByID gJYH~HIO B HCXO,nHOH CHCTeMe Koop,n:aHaT. KaK 

oneparop, nepeBO.nJIInl1:M ee B BOJIHOBYID lllYHKUllio, BhlpWKeHHYlO B nOBepHyToll 

Cl1:CTeMe Koop,nMHaT: ~ 

If/'(s) == ]) (c{/ft,D)'f(S) ,
 

yJ'(S')= lp(S)}
 
r,n8 S I - Ha60p nepeaeaaux, onpe.n;eJlHIOilUlll BOJIHoByID qJyHIw;l1:ID B nOBepHYTO.M 

Cl1:CTeMe KOOp.JU1HaT. ]) -clJyHIUJ;l1:H BHrH8pa 1)~M' (0( I}' -r ) onpcncnanr-
CH KaK MaTpWIHhIe 8JIeMeHThl oneparcpa ~ (ci.I J I 0) B JM - npencras-
JIeHilli 

<.JM Ji> (cJ,J','()! J'M'> =bJ:J' ])~M' (rX/f.>,O) , (9) 

OHR y,nOBJIeTBOpHIDT yCJIOBHID yHHTapHocTR 
~ . ~ J*L DMN, (oll~/O)·])HHII (o<,)->,'{) = O',·lrl (10) 

11=-1 

II yCJIOBHill opTOrOHaJIbHOCTl1: H HOpMl1:pOBKH 

3.1i f[ ).11 "	 (II )

Sd:« JJinp d~ foIt [D~2N~ (eX,P,O)' D~.,M; (dJ3 1 tJ] ::: 
o 0 0 

8:Jl2.- r l C-" 
:::. 0111;.. OM/Hz. ON,M.1.'

2:1 1 +-1 

~YH~l1: BHrHepa HBJIHIDTCH co6cTBeHHUMR W,yHKUHRMR Tpex onepaTo

pOB:
 

J" ''d J, :r
 
~~ DHM, (~'~, r) ::: -l-'Od.- D,.,H' (Dl.-,!,'O=-MDMM' t« I 13, n , 

(12)
, :J __ '1_ J _ IJ 

']iDMM,(cI.,jb,'f) - l-'OrDHW(<=i.lftJ)_-M D1i,Ai ,(d , J3 /n , 

-1 J ['d~ d () 1 (''d,t '01
~ J)HH' (clift/a) =- rap2 + 3P op t s:;;rp w -2f:().Jft~ + 

{)L)J :rJ+ ~D'- IJHM, (d.f), r)= J(J+-1)JJ,.,N' (d,fi,'() • 
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OHR Ta~ce y,nOBJI8TBOPHIOT COOTHorneHHHM 

J {_. 'J
J±iDMMIC~/ftIO::: {}: (+Jx - (..'J~)])HM' (dIPIa) 

_ i . ± i«-[_ t d ' d ,f '0 7 :J 
- Vi: e + C 3Pa~ + (,0P t: Sinp 'do I ])HH' (dlft, t) 

(13)=: - \/ J('J+-f)-M(M:t-n']::I (01. ) . 
+ :L 11+ 1 ,M' , ft I '0 , 

( , ':1 J of ( , • ') J9 Dm-~I (o!,.J3,'O) = 1/£ "+ Jx +~J~ ft, 0) =::.'tC	 DHH, (d l 

i t:if[_~.J 'd' . 'd + L (;) JT'I ~ (::.-vr e + CA-3PIIT +l-?dJ - Sin/> ~ .J.JHM' d,/'JI'O = 

;+V ~(J+4)-M'(f't';f1) D~ '- (0<: A 0) . _ :l. M / M -t- 1	 I JV / 

7. CdJepl1qeCKI1e CbyHIg.Il:Il1 11 Ol1nOJIHpHbIe rapMOHl1:K:a. \tyHlw;I:IH Yj !'t7 (fJ, Lf)1 

onpe,neXeHHhIe	 Ha ,nBYMepHOll c~epe 11 y,nOBXeTBOpnromRe COOTHOrneHHm~ 
h1L y. (() tf) ="*V;'{j-i-1l - ( I11:£-I) y. (0 If)

:1 am } J- JI'/l±~ I } (14) 
Lo YJm UJ,tf) =: m YJm (e)l.f') , 

r,ne ~ - IJ,HKJIHqeCKl1:e KOMIIOH8HThI oneparopa Op611TaJIbHOrO MOMeHTa, 

HaShIBaIDTCH CllleplflIeCICHMl1: qJyHIw;IDII\lli. O.6u~aH g;as3 ,rpm Cwepl1'IeCKRX clJYHKLUiM 

BhI6l1:paeTCH TaK, 'ITo6hI HB.Clop f Yj m }~=_j onpenenan HenpRBO,1JYlMhIl1: 

TeHSOp paara j . 
Y CJIOBHe HoprvmpOBKl1 R opTOrOHaJIbHOCTI1 0"YHKIJ;:vItI YJrn (e, tf) 
~ 'fi (I5)I dlf I sin.8dB[Yj*m ((lJIf) ~/m' (B}lj'J]=Sjjl s.: 
o 0 

C~epMqeCKHe ~YHIw;l1l1: MO~HO BhIpaSHTb qepes n-W,yHKIJ;11l1 Dl1rHepa 

V~ti j~Y (B,lf)::. H~1 ])mo (If, e, 0) .j rn 

MhI Ta~e RCnOJIbsyeM B pa60Te W,yHIw;l1:l1:, SaBI1C~e OT ~yx BeKTO

pOB ~ H Pi , 

{ ~I ~ ~J. }1M (B1 ) Lf1 j B.t/f.t) ==	 . (16) 

]M . 

= ~ CJ, m. Jz P'1 Z Yj,m,(f)"lf')'Yjzmt {()2,!.fZ) , 
JH m, .l. 

nne CJ,n1 , Jz.mz. - Ko8<WmIl;HeHTH .KJIe6ma-rOp,nBHa. TaKHe W,yHIW;RH oopa-

SYIDT oasnc oanozapaax clilepWIecKI1x rapMoHHK B npocrpascrae Lz (S? X SlY 

aa qeThIpeXMepHOM Tope gZ(&1 /-fJ XS2. (&2 , r./2) • 
f 

CooTHorneHHe (16) onpe,neJIHeT 611ITOJIHpHhIe clllep11qecKHe ra~~oHRKH 

TaK, tITo6hI WYHIw;HH C qJHKCRpOBaHHhIM J COC'l'.aBJI.H.T.IH KOMnOHeHTH aenpaso

,llHMoro reasopa paara 'J . 
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IIpxIJIO.iKeHH8 2 
lUIAJIH3 Jlli1@EPMLU1AJIbHL;X YPABIIEJlli~! C OCOEEHHOCTHMI1 IIEPBOrO 

POM 

3 8TOM TIpll~O.iKeHllll 6Y~T paccMoTpeHH CllCTe~lli OO~KHoBeHHHx ~W

wepe~lla~bHHx ypaBHeHllll C ocoOeHHOCTRMll rrepBoro pOAa 

W'= ~ W+ B(x) W, (1) 

rAe A - nCCTO.mIHaJI ImaApaTHaJI MaTpl1l~a paaaepaocrn n: x /1. ,6 B(x) 

- MaTp~a-WYH~1IJI, HeTIpepHBHaH B OKpeCTHOCTR HY~. OcooaH TO~Ka BllAa 
(I) HB~eTCH pery~pHoH ocodoH TO~KOll. iYHAaMeHTa~bHaH MaTprrua CRCTe
MH B 8TOM c~~ae MO.iKeT OHTb ITpeACTaB~eHa B BliAe 

P}cp (x) == S (X) X (;2) 

H MaTpHUa Sex) HerrpepHBHa B oKpecTHocTH HYM/I 6/ , SAeCb xP 


TIOI<.33aTeJlbHaH (iiJHKI.J;1IJI OT M6TPxru;. 

PaCCM01'pMM CIiCTeMY 
, A ,.J (3)W == x VVoO 

II TIpeATIOJIO.liiliM, 'ITO J -xopnaaoaa (l)opMa MaTpxru;H A ,TIpfleM J II A 
CBHsaHH paBeHCTBOM AT", T'J Xl T - aexorcpaa ueocooeunaa M6Tpxru;a. 

Tor.na ~~HAaMeHTa~Hoe peoeHlIe CllCTeMH MO.iKeT OHT~ TIpe.nCTa~eHO B BRAe 

cp (x) =-xAr == rxJ (4)
o ' . 

.llJm ./K0PAaHoBo:t1: ~eTKH paaaepaocra gK 

o o 
AI<: 1. Q

J, ' ( ~' o o I.A" 

o o AI<: ) 
COOTBeTCTB:YlOmetl: cOOcTBeHHoMY SHa~eHHID AI( H cooornexaoay sexropy 
~ , WYH~IDI X!h MOJK8T OliT!> HBHO asnacaaa 

( .f I llC-1inX fr· (&x)'t (~( (,nx)• 

~ re e",-l(~ 1 enX • (ele _;,J' . n X ,> ( 5)\X'J k =x.)."r. 

( 0 0 1 . ---.L- ce X/ ... -!J('-'c -~) ~ /'l 

\

\0
 O. 0 1 

drO rrOIcaShIBa8T, 'tITO ,I(.JI5I K8Jl\,II;0ro COOCTBeHHoro B8I{TOpa VI< MaTpID.W 

I~ 

, A", IJ i. ( )... IJ i: (6)
wI( L (X) :::X (r.nX) 711( + 0 X (c.nx» 

J ' 1\ 

i ::: OJ1, ... , e" -1 , 
R 8TH pelIJ8HAA ~HH8llHO H8SaBI1Cl1MH. 

n OOmeM c~~a8 ,nM CHCTeMH (I) HMe8T MeCTO aHa~Orll~Hb!ll P8SY~b

T8T. 
'l'eop8Ma (CM./16/). MH. CXlCT8Mhl OOhlKHOB8HHHX AHq-4ep8m.J,XIa~bHbIX 

ypaBH8HHH (I) cy~ecTByeT QWHAaMeHTa~H8H. MaTp~a pew8HHM, COCTaB~8H

HaH l1S P8W8HHM rnna (6). }lH3~8 rOBOpJI, I<8JK.IJ:OMy peiuemno, 00pa3YID~8MY 

~~HAaMeHTa~bHYID MaTpRqy VV(x) ,MO~HO corrOCT8BHTb ~Hc~a k II 
~ i =0) -( , ... , f k - 1. • rne K 1I lie - HOM8P 11 pa3MepHOC'rb II8KOTOpoH 

.)lWPAaHOBoll M8TKll J k Il1aTpIUJ;hI A , Tarm.'Vl 06pa30lJl, ~TOObl BblITO~HH~OCb 

r. [ -A K -i.. ]u,« WKi(X)X CtnX) -v; = 0, ( '1) 
x-O J 

rA8 ;{K H vK - COCCTB8HIIoe 3Ha~eHH8 H co6CT:aeHHhI.t'r BeKTOp, COOTB8T

CTByromHe JKOPAaHoBoMK.JIeTK8 JI< MaTpill..J;b! A 
11s CWOPMY~pOBaHHOn TeopeMhI BHA~O, ~TO AM Onp8AeJI8HAA IIOB8Ae

HHH peWeHMH ypaBHeHHH (I) B oKpecTHocTll HY~ BO MHorllX C~aHX AOCT8
TO~HO paccMaTpllBaTb r~aBHYID ~aCTb ypaBHeHKH (3). 

OAHaKo rrpH TIO~eHXlH aCllMllTOTllI{ll Oom8ro P8W8HMH ypaBH8HKH 
C~e.IJY8T COO~,I(aTb OCTOpO.JKHOCTb. IIpHBOARMHll HH.iK8 rrpllM8p HJIJllOCTpHpy8T 

BOSMOJKHll8 TPYAHOCTH. 
IIyCTn CllCT8Ma ypaBH8HHH liMe8T B}~ 

W' == 4- W + BW , (Ba) 

rAe A 11 B 1I0CTOHHHhIe MaTpm..w:: 

A~(h ~) , B == C-~ g). (80) 

Oom88 pew8Hll8 r~aBHoM ~aCTll ypaBH8HRH paBHO 

W; = c, (~ ) + C~ ( 23 ) , 

B TO Bp8M51 KaK Oom88 P8W8Hll8 HCXO~HOH 3aAa~ Mo~eT OHTn BhIpa~eHO 

W~::: C1 (;J.) +C:z. (~3) ~ 
H BTOpaH KOMTIOH8HTa OOm8rO pemeHMH HMe8T acHMrtToTRKY OeX 2 

) . a He 

D (x ~) ,KaK 3TO C~8.IJYeT as pemeaaa, 11CTIO~.3YIOmero TOJIbKO r~aBHYIO 

'tIaCTb ypaBH8HWI. 
ITyCTb MaTp~a A B ypaBHeHHH (I) ~arOHa~Ha 

( ;A ~ 0)
A ::: A2. 

a x , 
A cymec'rsyer pOBHO l K pe1ll8HlIll ypaBHeHIDI (3). 1LYJeIOll\llX B.I<m 

~ aHaJIllSa TIOBeA8HWI pemeHRH CllCT8MhI (I) oHBaeT TIOJI8SH8 CJIe~maH 

IloACTaHOBKa 
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~. )
WL (x ) ~ x "Vi (X) } i = 1) . '. , n: , (9 

r~e vVL - H8KOTOpU8, BOOOme rOBopH, npoM3Bo~bHHe ~Mc~a. Ha30B8M no~

CT8HOBKY (9) pa3peiilIll'JlOL, ec~ ypasaenae (I) noc.ne nO~CTaHOBIm nepexo
~HT B ypaBHeHMe Toro ~e BMA8 

V'(x) == ; Vex) + D(x) VeX) , (10) 

r~e C VI D (x) - M8TpI1.i.W n x n ,M D(x) - nenpepasnaa Q:JYHKIJ;IDI 

B OI\peCTHOCTI1' HY~H. C~eBI1~HO, -qTO .JJ;JI.FI pa3pelIlIDVloli nO~CTaHOBRM aHaJIM3 

nOBe~eHlliI ocurero pellleH:t-w 3a~a~H (1) CBO~TCH K HCCJle~OBaHMIO ypaBHeHIHI : i 
(10). C~e.IJ:Y"e'I' oTMeTl1TIo, n.LJ;HaIW, 'ITO MaTp.m.J;8 C IIpM STorn Mo~eT lie '6. 
COBI1a~aTb C MaTpHu;ett 

W
}. 1- f 0 )
 

C' = A2-~.~
 
( o AI'1-WV\ 

~o~aeMOM B pe3Y~IoT8Te rrpmJleHeHMR nO~CTaHOBRM K ypaBHeHHID (3). Eo~ee 

r or'o , I1CnO~b30BaHl1e 3H8~eHM:i1 wi. I p8BHhIX Ai. ~ MO.IKeT, BOOOme, He npaso
~HTb K p83peillillJlOH nO~CTaHOBKe. B STOM ~erRO yoe~TbCH Ha paCCMOTpeH
HOM BHlIle npHMepe. 

Do C~aCTAHBOli c~-qallHocTM, OO~OOfHCTBO WM3M~ecRMX 3~a~ CBOOO~
HO 0'1' YKa3aHH.bI.X He~OCTaTI\OB. TeM He MeHes, ~~ no~~eHMH CTporo OOOC
HOB8HHHX P8SYJIbTaTOB 1I800XOAlliVlO y~MTbl.BaTb ocOOeHHOCTM npHMeHeHHH no~
CTaHOBKH (9) 11, B -qacTHocTM, ~OKa3.b1.BaTb ee pa3pelllHMOCTb. 

IIpo~cTpMpyeM CKa3aHHoe Ha npHMepe IIo~~eHHH aCHMnTOTHK KOMno
H8HT pa3~0.IKeHIDI BO~HOBOi1: c1YHKI.J;MM sanasa rpex 'I'eJI no O:anoJIfIpH.bI.M rapao
HMK8M, :J - f 

~M (R,r-)=> L YJ~ ®~J~M F'Jd2(RJ-). (11) 
J' ,Jt 

rrO~cTaHoBKa BO~HoBoM ~HKI.J;MM (II) B ypaBH8HH8 illpe~Hrepa M YCP8~
H8HMe no cW8pM~ecR~~ yrJIaM BeKTopoB R M r npllBo~T K OecKoHe-q
HOM CMCT8Me yp8BHeHMH 

_~~ [_ L ~ (R?.l) + j I (J, +.1) ] + I.1 Zz + 
{ J.,!'12. R,2. '0R '0 R R2 -R

(1;;;) 
+ _1_ [_..i- jL Ir J. .1-..)+ o'z Uz +1)]}

/2.)-'3 r2.'dr[1 'Or r2' PJ,j2(R,r) + 

~ u, ( (+ L- V"" R,r-)Fj,fJ~ Rjr)=o 7 j1+jz=1)J+1, ... 
• I • I J I Jz a
JI h 

MaTpKtIHH8 s~eMeHTH, CT0.RJJ.U19 non 3HOI\OM CyMMbl, BhlpaJiW10TCH xepea nOTeH

UMa~HYIO SH8prHID: 

vjl.~l(R r)=S{y" 0Y.,7~ [~+ "l2~]ry. ~y.} clQ,d0.z (13) 
J:lf"' J, Jr J:JM Y'ill YiJ 1 J4 J1:JM ' 

r~e tZ"?l = !F-()(RI, r;3-/ r +(1- ct) RI, a.. ?t =mrr::.mz· 

PaCCMOTpHM aCMMIITO'I'l1I\y ItOMIIOH8H'l' IIpl1 R-- 0 . J,i,JIfI sr oro pac

CMOTpHM ypaBH8H118 (12) aa MHoro06pasMM r ~ E. > 0 ,~TO n03BOAA8T 

3aMeHMTb B (12) tIJI9Hhl, SaBMC.fIll.lM8 TOJIbl\o 0'1' nepeMeHHotI r neonpezte.nea
HOf! KOHCT3HTOH 0 (c.0) • 

Xapanrepnc'nrsecxae ypaBHeHIDl ~JIH r~aBHOM ~aCTI1 (1.2) panna 

- p (p-1)-2f +j, (j,+1)=O, j, =(}11, "', 

M HMeIOT xopaa p, = j I , p~ =- (i I + -1 ) , n08TOMY oomee p81I1e
HMe rJIaBHOH -qaCTM ypaBH8HMM (1.2) MMeeT BMA 

W ,j 2 (R) r ) = C1 R)' + C.2. R-(j't~) (14)j 

BTOp08 c~araeMoe B (14) ~weeT ocoOeHHocTb B f~~e M ~O~HO Obl.Tb OTOpO
lIleHO, TaK RaK BO~HOBaH ~HKI.J;MH HenpepHBHa BO BceM npocTp8HcTBe/ I/ . 

BHnO~HHM Tenepb nO~CTaHOBKY 

FJ'd 2 (R,f") = Rd' q i,jz (R,r) , (I5) 

oopamaH OCOOoe BHMMaHue Ha Bbl.pa%eHMe, CTOHm88 no~ 3H8KOM cyrvlMH B (I;;;). 

~ SToro 3aMeTHM, ~TO WYHKI.J;RH __1__ p83~araeTcH no OMIIOJIfIPH.bI.M 
rapMOHUKar/7/ rJ?l 

1 go' 00
~:::r~ae(r)R e[Ye®Ye}oo' (16) 

/3 e=o 
rae Qf, (r) - HeKOTopHe BnO~He onpe~e~eHIme q;YHI{l.J;lUI 0'1' r . Aaanormr-
HOe paanoxerrae HM8eT MeCTO M ~AA GYHI(1J;HM -b- . rrO~CT8BJIfIH paano
]KeHMe (16) ~.JIH ~fgW;Mi1: -f:- H -;):-- B (13),

, 23 

MbI. noJI.Y.lfillVl MH MaTp~-
VJd , '13 IZ3 

H.bI.X aneMeHTOB J"J" (R. r) aCMMnTOTMKY npz R-O ,z ' 

V.~~.j,2 (r< r)=C.R 1J:- J1'+ (R,j;-jrl)
J' J2 o·I 

YpaBHeH11e (12) nOCJIe nO~CTaHOBKH (15) oy~eT HMeTb BH,IJ; 

_1_ [_L_ 2(j,+1) l + L,Z.Z ]+-O(CO)]G . . (R r) 
{ :"'Z 7JR2 R. oR R dido! T- (17)I 

~ j'd2 

+ ~ ~:H,(R,r)GjJjz(R,r)=O, i,+jz=J, J+1, ... 
. . JI dz .. 

r~e 
W/'~~ ( )=RJ:- J, V.d'~1 (R r) 11 nOTOMY OrpaHH'tISHH.bI.S ~HKUHMd:dt R,r J:dt' 
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npn R _ 0 . JrO	 JJ;OICC1SblB89T, lITO aCH;.jJIITOTMlW KOMIIOnelIT BOJIHOBOli 

~YH~nH r{lj'Z CR, r) == 0 (Rd') ,rrpvI R ---'1'"0 . 
L'LlI3JIOi'•.l'iHO lLOJ1Y'lae'l'c;::r aC;ilhilITOTHKa ,il,JIH ..,. -- 0., u , TaK\I'Jvl oopasox, 

KOMIIOHeHThl P8s.JIOJ..:em1.iI (II) IIpeJJ;cTaBJIJIlOTCfI B BU,IJ;e 

Fdl~~ CR1r)= Rd'rb HjIJ2. (RJr)? (18) 

II ~iYlllill,Hl1 Hj I d2 (R, y- ) orpaazxenu. 
1-13 ypaBHeHHH (17) MOJI:Iro IIO.nytIl1Th clOJIe8 IIOJIUylO lHIWoy w m;l1lO OTHO " 

CUTeJIhIW	 KOMIIoHeHT BOJIHOB01'1 c1ymCUl'iH. A HIvleHHO, eCJUI OTOPOCI1Th 1I.rr8Hbl 

IlOprLUKQ 0 (R.0) , TO ypamI8HliIH (I?) IIO.IIpe];{H8MY oopasynr H8CBHSaHHYIO 

CHCTeMY ypaBH8IUI:U, ns KOTOPhlX C.rre,JJyeT, 'iTO t 
- (0 ) [ l, 1:1.. 2. )]	 )

Cjljz(R,r)-~j,h 1+P1 (J, +1) R + O{ f!. . (19z

YCJIOBH8 (19) HSB8CTHO D JillT8paType KaK yCJIOBHe Kat o (CM. ,HanpI1Mep<2/). 
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Kopo6oB B.H, \p4-88-910 
AHanH3 ypaBHeHHR llipeAHHrepa B npeACT8BneHHH ~ 

CHMMeTpHH BpeHTa - XHnnepOaCQ 

Hccrienye-r-ca HepeJ1RTHBHCTCJCOe ypaDHeHHe Illp~HHrepa 

Anfl CIiCTeMbI Tpex qaCTHL\. nonyqeHbl aCHMnTOTHKH nOBeAeHH.fI 

p emena.a ypaBHemUI IIlpcAHurepa B OI<peCTHOCTH ocoe eaaocrea 
npOCTpaHCTB8 IUIYTpeHHHX nep esreaasrx , CBH3aHHbIX C np enc-raaj

neHHeM CHMMeTpHH Bpe~Ta - XHnnepaaca. llOAPo6HO paCCMaT
pHBaeTCR oc esoe Bblpo~eHHe. ,OnH K0MI10HeHT BonHOBOH l}>yHK

UIIII BbIllHCbIBalOTCH ypannexae Illpenaarep a II BapHaQHOHHbI.H: 

l}>YHKQHOHan, asrpaxeansre B C~epOHAanbHbIX KOOpAHHaTax. 

Pa60Ta asmonnena B Jlacopa-ropaa BbI"tUICJIHTeJIbHOH TeXHHKH 

H aBTOMaTH3aQHH OIffiH. 
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