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~ ll0CD8,l(H88 BpeMH 60Hb~Oe BH~MBHKB YABBHBTCH 113j4BHW~ npo~eCCOB 

B03cljit(,l(BilllH i'! ~OHM38L,ill~ B ABYX311BKTpOHrlb!X BTOMHbiX CUCTBMaxfl-
3/ • .L~~

HBMM4BCI\OB llOB8,l(8Hll8 3TMX C~CTeM BAGKBBTHO Ollii!Cb!BBBfCH B !JBMI\8~ I'K

nepC~!JBPI14BCI\OI'O B,lll-!BclBTI14eCI\OI'O (J./SA)noAXOAaf4 /, B 1\0TOjJOJ.~ BC'l'BCT

BGilHb!M o6pa30M Y411Tb!BBeTCH ~oppenllpOBBHnoe ABll~€HHe JneKTpOHOB. ?aa

,l.l,eneH~e ,i\BI1t.\BHl'JH 31Jei\T pOHOB B ll!JOCTpclHCTBB 1R & HB ObiC Tpoe ABillatBHMe 

110 llOB8pXHOCTM 11 C.j!BjJbl 11 ss M Me,l.I,JlBHHOe ;'\BI1.ii€Hi1e B,L\OJib I'>WeppBAM.JCB 

R peanw3yeTCR BBeABHllfeM HSA-pa31J0it(8HI1R .1\DR no;mowi ilODHOBo .. '·>YHKUMM 

Y(R,Q)=(R.st/?-~tM~r-'h z fu(R)P,J( (R ;Q), (I) 

r~ ~ / 

R = v~l +'l: ~ Q ={ot,il, z,J ,d.=~ rzt;7tJ, £, ==foi,~J, i=J,i . 
.:>.ZJ.8Cb cp (/(.• .>~) HllJlHKJTCH jJ~illt:JrtVlHii.Ml dot\o'lW • 

~ h'(R)~(R;Q)=R£~(R)~{R;Q) (<:) 

HB C11Jepe S.S:;:: Q, HO.iJMllfjJOBBHdbiX YCilOBVIeM: 

fJQp;(R;S2)py(R;Q)= ~¥' (3) 

B ~ (I<) eCTb COOC'I BBHHhiB 3HB48HJ(!R ( TB p!W), 3BJ:H'.CH,lll16 ::JT R. KBK OT 

napa~eTpa. l!O,i.ICTBHOBKB pB3JiO;ii8HlliR (I) B ypBBHeHllB 11pe.n,llfHrepa .llllH ll.BYX-

31JBI\Tp0HhO>i CI1CTeMbl 11 ycpe.n,HBHlle ll::l UB3111Cil~:M 'JtYHI\IJ,IIIHM <P~ lljJliiB~AllfT 
1\ Ci'!CTeMe #R CBH3BHHbiX O(J~HOBeHHbiX ,l(liliJi;)epeHUIIIBilbHblX ypaBH8Hl111 .ZJ.IIH 

pa,<~MBDhH~>X HOIIHOBhiX Y!YHKtUiH P ( R,):: { B.,(~) 1 "? 
" t " / ?"'-1. -+ 

[-I fi. + V(R)-£E ]P (R)+j[rJMfrRfl +Q (R) Iff ~o. <•J 
- -, " F:(O)= F'{Rm.x)==O, R e[o,RYYIM]. cs) 

3,L~ec:& ] , V, C( - KBBAPBTHOie MBTJ.lMUhl, 1\0TOpble on.r;e.l{ellRIDTCR cooTHO

JJenMRMlil: L/Av =§;v,/,Y=.i,£, ... ,~, 

~··-: 

J ·~-. 



VMv (R)=- --'7 ~r' + (j~ (R)J;y+/_/~(R;fl)l ,/fvfK;Sl)\ 
/ ~R / / / '\ R ttl< /'C6) 

~v(R)=-(}~{R)= -<~{R;S2)/ l{!vfj;Ql) . 
C MaTeMaTH'l6CKO~ TO'lKH 3p6H.I1H ,llaHH~i.1 llO,liXO,ll 6CTD M6T0,!4 npHB6,ll6HHli K 

o6biKHOB6HHbiM .11HilitP6P6Hl.\HaJI:&H~M ypaBHeHHHM Jl • .d.KaHTopoBH'la/
5
/. 

,ilo HaCT OHJ(erO BpeM6H.I1 'iHCJieHH~e pacqeT~ B paW< aX J-/SA -llOlJ,XO,lla 

npOBOlJ,HJIHCb npeHMy~eCTB6HHO B alJ,Ha6aTH'i6CKOM npHOJIH~6HHH, KOTO~Oe CO

OTB6TCTBY61' coxpaHeHHIO Oll,HOrO 'lJieHa B pa3JIOiK6HIIlH (I). flpH 3TOM pewa-

6TCH O.I{HO !JaA.IIlaJI:&HOe ,YpaBH6HH6 .lll3 C.lllCT61vl~ (4) np.lll qJHKCHpOBaHHilM 3H8-

'l6HHH /"f • ITOIIHTR.I4 Bbl~lTH aa paMK.IIl 8lJ,llla6aT.IIl'l6CKOrO nplllOJI.IIllK6HHli ,llJ!li .lllC

CJI6AOBaHHli ponlll Hea.zt.llla6aT.IIl'iecKHX aq1weKTOB 6b1JIH npell,npHHHT~ B p86oTax 

/ 6-Bf, OlJ,HaKO B l.\6110M BOllpOC 0 CKOpOCTH CXO,ll.lllMOCTH 8lJ,H808TH'l6CKOrO 

pa3JIO~eH»H (1) OCTaJICli OTKP~T~M. UeJI:& ,li8HHOH pa6oT~ COCTOHT B 'lHCJI6H

HOM HCCJI6AOB8HHH CKOpOCT.IIl CXOAHMOCTH J/SA-pa3JIOJK6HHH H8 npHMepe pac

'l6T8 ocHOBHoro H HeCKOJI:&KHX lJ.BBJKlJ.~ Boa6yJK.zteHH~X cocTOHHHR H~ AnH 

aToro aeooxo.ztHMo Bhi'IH.CJIHT:& TepM~ ~ ( R} H coocTBeHH~e lfJYHKUHH aa.zta'lH 

(2), 344J6KTHBH~e llOT6HW.181lli ~y{f<.) H ~v(R)H, H8KOH61..\, peWHTb 38-

.ztaqy (4)-(5). ilpH 3TOM Tpe6yeTCli H3Y'lHTb 38BHCHMOCT:b 3H8'l6HHR 3HeprHH 

£ OT 'lHCJI8 yp8BH6HliR JV'R B CliCTeMe (4). 

PaaJIOlKHM, CJI67J.YH/
4
/, 6a3HCH~e <iJYHKUHH P~ (R;f).) no OHC!P6Pli'l6C

KHM rapMOHHKaM :YL~ L. 1. N ('l:. i ) . 3.zteCI> /L.. H M - nona~J.i op6!4TaJI:&

H~R MOMeHT .11 ero npoe-KUHH Ha ·oc"h' i! JI.c.K., a ~ H L.t- op6!4T8JII>

H~e MOM6HT~ 3Jl6KTpOHOB. ~ peayJI:&TaTe DOJ!j'l86M CHCTeMy OO~KHOB6HH~~ 

,llH<iJ<iJepeHUli8JlbH~X ypaBH6HliR ,llJlli K03~~HUH6HTOB 3TOro p83JIOJK6HHH ~~1(R·~) 

[.e.- 4(4+~)- L,J,~J)+ Rf-IJ . .IRPet(/1) If<·-')+ t ' 

et~1 cos'-o~, rc· ct T tJ :.la41.t lj ,fA, 
{#) (7) 

+ /( C..e. ,(. L. l_t,' (d.) q II I I I R. ~) I 
.4.(-t ~ :t1 1- t. <f K-1- A-1. l) I 

r.zte K03qJI}lHUH6HT~ c./. , L 'L I { oi) onpe.zteneH~ B/2-4/. B TO'lKe 

/ 
t-<1.1 ~ J. 

ol: ~ f 3a,lla!OTCH rp8HH'lH~e 'CJIOBHH, ll03BOJIHIO~e Y'l6CT:b CBOHCTB8 

8HTHCHMM6Tp.14H <iJYHKUHH j .r ~L ( /( j -<.,) /4
/ 

tt~) (R·ri))/ / )-4~4+/.+.S (/It) I )/ 
dt~t, ' Vot .. 5// = L-i jL~~~ cR;~J;,~ .. .r,.t 
qrl~, (R;tJ.) I - {-t ,L$.+4.+L.+.5H / ~f:!-t( (!_;tJ.)j J (8) 

qq(, f.t= 5h - :1 <tt~~ ~:~. 
AJIH peweHHH CHCTeM~ CBH38HH~x ~H!l>!PepeHUH8JI:&H~ ypaBHeHHl (7) ~~~ 

HCDOJib30B8JIH M6TO~ KOHe'lH~X p83HOCT6H. COOTB6TCTBy!O~aH 38,lla'l8 illTypMB

AHyBHJIJili (7)-(8) annpoKCHMHPOB8Jiac:& c noMO~I>ro TpexTo'le'lH~x KOHe'lHo-

2 

JU 

p83HOCTHbiX WO!JMY11 B~'Oporo ll0jJH.lJ,K8 TO'lHOCTiil O~'HOClneJlLHO wara CeTKH 

ft.L • .u,JIH peilleH>lR B03HMIKaKli;\ei1 llplll 3TOM OOOU'-\CHHO,J a:.reOpawqeCKOW aa

,l(3'i11 H3 COOC'IBCHHb:G 3H3tiGHIIIH Obm .lllCI10ilb30BoH J.ICTOiJ, l1TCp8ll,i-l.lll llO.l(i!pOC~'-

paHc'"._i'Jf. . _ '/"} . 
10'iHOCTb Bbl'l.l1CJ,6HHH TepiiOB u~ ( ~) Ill~ y_.yHlii;rlvi ~ t .(t (I< I ci) 

38Bl1CH'I 0T 'i.lllC]J8 ypaBHeHHh ~ Ci!CTelilbl \ 1) 1 'il1CJJ3 ;)3JIOB n,t:Ji. KOH6'i

HOp83HOCTHOll C6TKl1 110 t:/- 11 OT 3H8'l6Hio\R i'lillepp8,iiii!YC3 /( , ilCCJie.D.OBaH.IIl6 

3TOM aaBHCHMOCTIII llOJBOJJHeT yc~·aHOBkl:£1> 3Ha'lcHiiH No£ H n,J.,, HeoOXO;ll,III-

Mble .l(11H .[(0C'fH;ii.eHl1H TpeoyeMOtl '£0'lH0Ci'l1 lJ8CtieT8 ~ III 3' q'}Lt (B 

.l\8HHOi1 p8do~·e oHa paBHa Iu-4 a. e.). -J.)8KTH'leCKII 3TO ecTh .lllcc;te.n.oBamw 

y rnoBbJX 1-1 p8.[(11a;r,bHbiX KoppeMUIIIvi. n T80JIHU8X I l1 2 noxaa8H8 aaBHCIII

MOCT:& nepBbiX: iJ.BYX T6jJMOB ifp {!()1/=l ,c. 0'£ 'il'JC1l8 Y.tJaBHCHU;i ;V~ li 

'iiiiCJI8 y3110B KOHe'iHOp83HOCTHOI1 CCT!\11 nq~. ,iiJIH iJ,ByX 3Ha'iCHlik rHnepp8-

.L(HyCa {( =I, IS (npH !JlllKCilponaErJb!X 11-t:i. 11 ~ c ooTBCTCTBCHHO). J1erRo 

~11AeT:&, 'ITO TpeOyeMaH TO'iHJCTb ll0-4 
a.e.) MOne:r ObiT:& .D.OCTHrHyTa llpli 

~=o-9 ypaBHeHIIIH H /t~=4u0-6uu ysnoB. 

Ilp11IMCHH6M8H B HaCTOHlljeM paC'l6T6 KOHC'lHO-.f-33HOCTrl8H CeTK8 CO.I\epli!8-

JI8 :iOU yaJioB npk! 'lHcne ypaBHellilli B cucreMe (7) Nol=o. b KaJKlJ,Oli! roqKe 

no R o.n.HoBpeMeHHO Jbl'll'IC11HJII1C:& nepB~e 6 1'epMoh ~ {~) H cooTBeTcT

BYlC"Il1X i!JYHKUH>l ~~,t.t{R;ol) aa.n.8'll1 (7)-(t!). i)acqe•rbJ npoBO.Ilki11HC:& 

B CJIC.l\YKhiitlX TO'iK8X no rHnepp87J.HYCY R: w.l(Li.I)I2(u.£::)20(0.25)3U(0.5) 

4u(l)50(2)6U (B CKOOKaX yK838H war). ll TaGJIIIL(e 3 ll}IHlle.lleH~ lJ.Jlli CpaB

HAH>IH l.ll1CJiP.HHhiP. 11 8Cl11WTOTJ.ll.l6CKI16 3HaqeHHfl ·re DliOB t/M (R), .zteMOHCTPli

pyiOutHe TO'lHOCT:& :1Bbl'ltlC1!6HtlH TepMOB np11 donbunlX f!.. • :nH B~qHcneHHH npo

li!3BO.I\HblX ol I ft;_ It ( R; g/.) I, R Mbl liCllOI!b30.d8Jlli KOH6'iHO-pa3HOCTHb16 

t:lJOpMyJibl 'l6TB6pToro llO!Jii.lJ.l\8 TO'iHOCTH. fl?T6Hl.\lll81lbi ~V { f?) H ~vfR) 
CrJiaiK.IlBa1lk!Cb C DOMOil(bi:l KY011'l6CKOI1 CllJI8l'JH-IIIHTe jJllOJihl.\lllH. 3811.8'18 li!Typlla

~liYBHJIJIH (4)-(5) peWUJI8Cb C llOMO~blC MCTO.lJ,a KOH6'iH~X 3JI6MCHTOB. E~1IH 

Hcnon:&aOB8H~ t~sonap8MeTpllltieCKHe narpaH~eBw 3ne~eHTbl 'ieTBepToro nopH.Il

K8, 006Ci16tiHBaiOUII1e TO'lHOCTb 0 ( ~z..:) OTHOCIIIT6JlbHO COOCTB6HHbiX 3H8'l6-

Hl1vl. (3.n.ec:& h_R - .D.JIHHa 31leM6HTa) • .D •rad1!l1L\G '+ llOKa38ll8 38Bli6HMOCT:b 

aHeprvlli ocHOBHoro cocToHHliH 1/- OT tiHCJia J,Ja.LI:.1oJi:&HbJX y p8BHeHHR H.( H 

'i.lllC118 3116MeHTOB fl-R • !lOJIY'l6HHOe HaMli 3H8'iG.lllle 3Heprt~H OCHOBHOrO COC

TOHHHH H- E.,= -U1 5277461:.u,oooor 8.e. 3To aHaqe,;i'!e H8X07J.HTCH B npe

KpacHo.u COrJiaCHH C npeUli3110HHbiM B8piii8UHOHHbiM pacqeTOM I!eKepliC8 E.~= 
=-Q,527751 a.e.flU/r JK8JK6M TIOKJK6 H8 HeKOTOpbie .n.pyrHe li3BeCTH~6 pe

syJI:&TaT~: Eir =-Ll,5275I a. e. - MeT OA H8JIOj!(eHwH KOH.j)HrypauHt/II7 '/ I 
E:'liiF_,_, =-0, 52751 a. e. - MHOrOKOH;Iilllry pal..\liOHHbl¥1 M9TOA xapTpz~xa 12 

. 
B Ta6JI. 5 npe.l(CT8B116Hbl pe3yJI:&T8Tbl Bbl'lHCJl6Hl1H 3!16 pri-llfl ll6!Jll~X Tpex .llBY

Kp8THO B030JlKlJ,6HHbiX COCTOHHHH (pe30H8HCOB ~ew6axa) B 38BliC>ilo!OCTIII OT 

'lliC118 pa,ll)l81lbH~X yp8BH6Hli*, H ,ll8HO cpaBH6HH6 C 3KCll6PI1MCHTOM/l
4
/, a 

T8K~e C .ztpyrHMH paC'l6T8MH/I3/. 
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ilOIIY'i8HHhl8 peayJibT8Tbl yl\83b!B8JOT H8 BliiCOICYJO C!COpOCTb CXO,li.HMOCTH 
f/ SA -paanoJKeHHH .ll.ilfl reiiitleno.l(oOHbiX CHCTeM. 9To oocTOHTeJII>CTBO MoJKeT 
CiiYlKHTb OCHOBOH ,li.IIH illHPOICOrO HCllOilb30B8HHH MHOrOK8H8ilbHOrO B8pH8HT8 
f/SA-no.n.xo.n.a, H8PH.li.Y c .n.pyrHMH H3B8CTHbiMH M8TO,li.8MH, B pacqerax cneK

TpOB ,li.Byx3il81CTpOHHb!X 8TOMHliiX CHCTeM. 

Tac5n~t~ua I. 38BI4CHMOCTb ~ { R ),,/'f=I ,2 oT qHcna ypaBHeHitiH ;Y.c cHc
TeMlil l7) llpi-1 !l;HKCHpOB8HHOM qHCil8 y31IOB C8TICH n,;. (=!00) H 
R. =1,15 

#,;.. Ur<f(=I) U2<fi.=I) Ur<R=I5) U2</(=I5) 

I -0,544729 2ci,55293 -0,9987cl9 -0,267283 
2 -G,6090US I2,tJ!948 -0,998885 -0,267283 
3 -u,6I5506 12,73070 -0,998d86 -0,294150 
4 -0,6I7II3 !2, 7I7cli -U,998cld6 -0,2:!4153 
5 -0,6I76d8 rc., 71392 -0,998886 -0,294153 
6 -~,617943 IC., 7!233 -0,!:1986d6 -0,294153 
7 -0,618073 1c:,7II56 -0,998886 -U,294I53 
d -O,ol8I45 12, 7III3 -0,998886 -0,294153 
9 -0,6I8Id9 12,71088 -0,998886 -0,294153 

IO -0,61d2I7 I2, 7I073 -0,998886 -0,294153 

Ta6n~t~ua 2. 38BHCHMOCTI> ~ (R.},jt=I,c: oT qltfCJla yanoB KoaeqHopa3HOCT
HOH C8T!Citl ntJl npH 4JH!CCllpOB8HHOM q.HC ne ypaBH8hH~i ~ ( =3) 

H R =1,15. 

ncL Ur<fl.=I) U2<i=O Ur<~=I5) U2 <R=I5) 

roo 
200 
300 
400 
500 
600 
700 

-0,615506 
-D 16I5570 
-0,6I55!:l2 
-Q,6I5586 
-D1 6I5588 
-D,6I55tl9 
-0,615589 

12 1 73070 
12,73094 
12,73098 
12,73099 
12, 73IDO 
12, 73IOI 
I2,73IOI 

4 

-0,998cl86 -o,.::~ISO 

-1 100!461 -0,294229 
-I,OOI94I -0,294244 
-I,GOd09 -0,.:::94249 
-I,u02187 -0,294252 
-1,002229 -0,294253 
-1,002255 -u,294254 

] 

l 
1 

Taomn.(a 3. CpaBHeHHe BlilqHCJI8HHbiX 3HaqeHHi1 T8PMOB lf!_ (R.) C 9CHiolllTO
TBq8CKH.UH U«3(i)=-2'/nt+tfi,'-JR-z npH oonowHx R. 
3,li.8Cb ~(!) ~CTb COOCTB8HHb18 3HaqeHHfi ,li.HllOJibHOrO HHTerpa
na ABUeHH/4 I. 

If £{..< R =4o > u;cfl. =4o > t1.t< R =60) u;. R. =60 > u~' c 2.1 
, ' r 1 7 

I -0 1 9990 -1,0003 -0,9973 -I,OUOI -0 15 
2 -01 2541 -D,2~2 -0,2518 -u,2SI~ -6,685 
3 -o,2462 -o,2465 -0 1 2~83 -u 12484 5,685 
4 -0 11240 -G1 I236 -0,II65 -u,II66 -19,925 
5 -o,II23 -o,II03 -0,III2 -u,II07 1,338 
6 -0,0976 -0,1004 -0,1055 -C,I064 17,087 

Ta6JIHU8 4. 

NK 
I 
2 
3 
4 
5 
6 

3aBHCHMOCTb 3Hepr.Hll ocaoBHoro cocTOHHIIIH H- (B a.e.) 
oT qifcna pa.n.~t~ani>Hb!X ypa.saeHHw /VR H 'ILICJia aneMeHTOB n-11.. 
Rnur~t=24. (z.12) :4.412 (npH /(ln4IX=du), <t12)-utU =4.413/IO/ 

nR =6o n.f(=I2o n~t=24o 

-u 1526055 -o,s<::6U44 -0,5~6043 

-0,527177 -o,5c7I66 -o,':l27I65 
-o,5277£:8 -D,S277I6 -o, 527714 
-o,527735 -0,527'724 -u, '527723 
-0,527745 -o,527734 -0,527733 
-o,527757 -0,527746 -U,527746 

(H =I.) 
Taomw.a 5. 3aBHCIII.~ocu aHepr»H E,: 

1 
i'=J.,t.,J (IJ a.e.) rrepBhlX rpex 

.ltBaJif.IUi B036YJK,Ite.HHHX l. s I. COCTOHH.Hi-1 HH;Jte BTOpOrO nopora OT 

~ 
I 
2. 
5 
4 

'"5 
6 

qHcna YP8BH8HHH ,.V,(. gi'JIIIM= 120, nx=200x) 

(2) (2) {2) 
ir t-2 E3 

-0,147781 
-0 1146274 
-o,I47377 
-0,147859 

1-0,147930 
-{),147943 

-011.::5865 
-u,I2S763 
-u,I25!:l25 
-G,I£::5%6 
-0,125909 
-0,1.::5992 

-O,It:::4d29 
-0,124849 
-0,124864 
-u,I24904 
-01124915 
-O,I24920 

X) ,il11H Cp8BH8HHH. llPHB8,ll.8i.l peayllbT8Tbl Bblqi1CJ!8Hltlil 3THX COCTOHHHH fDH
M€TO~OM/I3f: h1 (2)=-0,147896 a.e., t.2(2)=-0

1
125973 a.e., 

ef>=-0,125012 a.e. dKcnepHMeHrani>Hoe aaaqea~t~e Et2)=9,56 aB/14/, 
.n.aHHhl» pacqer: Ef2)=9,57 aB. 
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A~paWKCDHq A.r. H AP· P4-88-640 
CXOAHMOCTb rHnepc4JCPH'lCcKoro ap,Ha~aTH'lCCKoro 
pa:lnOltCCIIH.fl AJUI rellHCfiOP,O~IlbiX CHC TCM 

qHCneHHO HCCneAOBaHa CXOP,HMOCTb I'Hnepc$epHqecKOI'O ap,Ha
~aTHqeCKOI'O pasnoxceHH.fl, BosHHKaw~e npH pas,u,eneHHH nepe
MeHHbiX CfiCKTpanbHble sap,aqH pewaiDTC.Fl MCTOP,OM KOHeqHbiX pas
HOCTe~ H KOHeqHbiX sneMeHTOB, B WeCTHKaHanbHOM npH5nHxceHHH 
BbNHCnCHbl 3HeprHH OCHOBHOI'O H HeCKOnbKHX ABaltCAbJ BOS5y~eH
Hbm COCTO.FIHH~ OTpHQaTenbHOI'O HOHa BOP,Opop,a C ToqHOCTbiD 
,.. 1 Q-4 a, e. llonyqeHHbJe pesynbTaTbl yKaSblBaiDT Ha BbiCOKYID 
CKOPOCTb CXOP,HMOCTH I'Hnepc$epHqecKOI'O aP,Ha5aTHqecKoro pas
noxceHH.fl, 

Pa~oTa BblnonHeHa B na5opaTopHH BbJqHcnHTenbHOH TeXHHKH 
H aBTOMaTHsaQHH OHHH. 
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Convergence of Hyperspherical Adiabatic 
Expansion for Helium-Like Systems 
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The convergence of hyperspherical adiabatic expansion 
has been studied numerically. The spectral problems ari
sing after separation of variables are solved by the fi
nite-difference and finite element methods. The energies 
of the ground and some doubly excited states of .a hydro
gen ion are calculated in the six-channel approximation 
within the lo-4ta,u. accuracy. Obtained results demonstra 
te a rapid convergence of the hyperspherical adiabatic 
expansion. 
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