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C .O&i.~~&Üí· 'HijcTHTyT R,D;eplÍbIX Hccne,nOB8HHH A)r6Iia; 198'lf© 1\ .~ 

''''':fJ lo 

BBe,n;eHl1e 

ITepexo~ OT KnaccnqeCRO~ TeOpl1l1 R RBaHTOBO~ C nOMO~bID OnepaTOpa 

BepOHTHOCTl1 ROOp~l1HaT 11 ID~nY~bCOB (1-41 npe~no~araeT nOCTpOeHl1e one

paTopOB ~ ~a311~eCIrnX Be~l1qaH no npaBany COOTBeTCTBl1R: 

" di] r " IA{i) = 0f (A(1,P/:)) = .) A{qJpJ tJ F(9)?/)dr+. (I) 

3~eCb A (C;.fli) - ~YHKL,Tl1R KnaCCl1"tIeCRl1X ROOp~JlIHaT q = (1(, "') Cf N) , 
JlIMIIY~bCOB f = (p1' " " fA/) 11 BpeMeHH t , VI306paJKalOl.UaH W113a"tIeC-
RYID Be~l1"tJ:l1HY ~ B KnaCCl1"tIeCRO~ TeOpl1a, l1HTerpl1pOBaHVIe B (I) npOBO

~l1TCR no Bce~ 0A6~aCTl1 }(1f 3Ha"tIeHl1~ KnaCCa"tIeCRaX nepeMeHHHX. 
OnepaTop ~ ,onpe~enRIDlim~ cor~aCHO npaB~ (I) Bce OCTa~bHHe 

onepaTopH RBaHTOBO~ TeOpl1J1I, napaMeTpl1"tIeCRl1 3aBJlICl1T OT KnaCCa"tIeCRl1X 

Cf ' p a t , onpene.nea B npocrpaacrne r.L RBaHTOBHX dOCTüRHl1M 
r\jr co 'cRanRpHhIM np0113Be~eHl1eM (. /.) H ocnanae-r CBO~CTBaMl1 HeOT

, Pl1UaTe~bHOCTl1, Toe, 

~J A -Ir:;, (Cf'P):) = (y; I F(q,p/:J '11). (,p/1fJ ~ O (2) 

~AA ~ID6HX 9.PE R1/~ 11 ~ID6HX 1/J e c:f... ,JII Hopr,mpOBaHHOCTl1 

5F(<:])pJ-t) d1f = i (3) 

rne ; - e~HHnqHl1l1 B cf.. oneparop, 

Herrocpe~CTBeHHO 113 CooTHOllieHl1~ (1)-(3) cne~yeT, "tITO B RBaHTOBOM 

TeOpl1l1, orrepaTopH ROTOpOM rrocTpoeHH no rrpaBany (I), ~AA cpe~Hax 3Ha

"tIeHl1~ W11311"tIeCRl1X Be~l1"tJ:l1H Bcer~a crrpaBe~~l1Bo: 

-<A>'f' !d (-rIÂ(t)1jJ) (tNr I = SA('1,p,t) ~ (;'p-6) '+1' ' 
J:;(l/,jJ1t:) ~ 0, SFtp(q,p,t:JdtjJp = 1;) 

"tITO n03BOnHeT TpaRTOBaTb WYHKUl1ID ~~ RaR ~OTHOCTb BepORTHOCTl1 RO
opnaaar 11 l1MIIY~bCOB W11311"tIeCROM Cl1CTeMll B RBaHTOBOM COCTORHl1l1 y o ITpl1 

3TOM aa (2) cnenye r - F1.( npn 3a~aHHOM 1J! O~H03Ha"tJ:HO onpeneaeaa 

~~U'lnir1~!mh,iii 'gHC'm'Yf I 
Bli"eJ$lJhiZ IU:CjjeJlDJUlni 
6WSJ1~!OTEHA ' 



Â 

orrepaTopOM F, 'tlTO H rrpliBeJIO K rrOflBJIeHHIO TepMllHa "0rrepaTOp BepOflT
HOCTI1" [I,2J. 

B paÓOTaX [3,4J rrpe~AO~eH OÓmMB MeTO~ rrOCTpOeHI1fl OrrepaTOpa BepO
flTHOCTM B Tex ~aflX, KOr~a MCXO~afl KJIaCCH'tleCKafl TeOpnH ~OrrYCRaeT 

raMMAbTOHOBY WOPMYAllPOBKY. 
B'rrpI1CYTCTBHM 3AeKTpOMarHHT~HX rrOAeB HCXO~Hafl KnaCCH'tleCKafl TeOpRff 

MO~eT ÓHTb oWOPMYAnpOBaHa XMÓO B TepMllHaX Koop~llHaT 9 H KaHOHH'tleC
KMX MMrryJIbCOB P ,AnÓO B TepMllHaX KOOp~MH:aT q H KI1HeTH'tleCKMX HM
'rrYJIbCOB P . Crremrl1JHKa nocrpoenaa oneparopa BepOflTHOCTH npn 8TOM 
OÓYCJIaBJIMBaeTCH TeM, 'tlTO WOPMYAMpOBKa KJIaCCH'tleCKOB Teopnn B TepMMHax 
(91)) He aanae-rca raMMJIbTOHOBOB, a WOPMYAHpOBKa B repsranax '(9, .PJ 
co~ePJKI1T KJIaccn-qeCKHe <PYH.KLJ;HM (aanpnaep, caM KaHOHH'tleCKI1B MMrryAbC P ), 
He rrpllHa~Ae~amRe KO MHO~eCTBY 8KcrrepMMeHTaAbHO HSMepfleM~ l1JHSH'tleCKI1X 
BeAn'tlllH. KpOMe Toro, KBaHTOBaHMe c rrOMOmbIO orrepaTopa BepOflTHOCTH ~O~
HO rapaHTI1pOBaTb llHBapHaHTHOCTb rrOJ!Y'tlaIOmeBCfl KBaHTOBOB TeopHH OTHOCH
TeAbHO rpa~HeHTHHX rrpeoópa30BaHM~ 8A8KTpOMarHHTHoro rrOTeHUHa~a. 

IT08TOMY rrpH H8An-qHH 8AeKTpOMarHHTHHX rrOAe~ pa3paÓOTaHHHM B [3,4] 
MeTO~ rroCTpOeHnH orrepaTopa BepoflTHoCTH TpeóyeT orrpe~eAeHHoro YTO'tlHe
HI1H, KOTopoe MH H rrpOBe~e~ B HaCTOHme~ paÓOTe, OrpaHl1'tll1BaHCb ~JIH rrpoc
TOTH paCCMOTpeHl1eM CHCTeM TO'tle'tlHHX 'tlaCTKU BO BHeillHeM CTa~HOHapHOM 

8AeKTpOMarHI1THOM rrOAe. 

1. Oówafl cxeMa rrocTpoeHHfl orrepaTopa BepoflTHoCTH 

A ITPH KBaHTOBaHnn c orrepaTopOM BepOflTHOCTH Bce KBaHTOBHe orrepaTopH 
A(t) YCTaHa.BJrnBaIOTCH rro H3BeCTHHM !tJIaCCR'tleCKMM WYH~HM A (C;.p,tJ 

rrpaBMAOM COOTBeTCTBHH (1). ITpH 8TOM HeOÓXO~HMO (H ~OCTaTO'tlHO) SHaTb 
flBHHB Bl1;ll; oneparopa BepOflTHOCTH F(C;'p~ t), MJIH onpeneaenaaã MeTO~ 
ero rrOCTpoeHHH. ~llH HS TaKMX MeTO~OB, COrJIaCOBaHHHB c raMMJIbTOHOBon 
WOPMYAHPOBKOM HCXO~HOM RJIaCCH'tleCKOn Teopnn, rrpe~JIO~eH B paÓOTax [3,4J 
M OCHOBHBaeTCfl H8 CJIe~ymmHx rrOAO~8HRrrX. 

ITyCTb H3BeCTH8 WYH.KLJ;Rff H(c:;.f/:) H MHOJKeCTBO epYH.KLJ;HM .f A(C;,plJj ~':f' 
H30ÓpaJKaIOmMX B HCXO~HOB KJIaCCHtIeCIW~ reopna raMMJIbTOHHaH H' 11 MHO

~eCTBO ! Ale>:? WH3H'tleCKI1X BeXH'tlllH, 3Ha'tleHW: KOTOpHX C'tffiTa{OTCH ncc-
TYIIHHMH 3KcrrepRMeHTaAbHOMY H3MepeHHIO. . 

Tor~a, rrOAarafl, 'tlTO COCTOHHHH ryJ B CTpOJImeMCH KBaHTOBOM Teo
pHH rrpllHa~Ae~T HeKOTopOMY KOMIIAeKCHOMY BeKTopHOMY rrpOCTpaHCTBY cf 
co CKaJIHpHHM rrpOH3Be~eHHeM (. / .) H tf1- eCTb M8KCRMaJIbHafl 8AreÓ
pa AllHei1HHX B cf.. oneparopoa, rrpe~'hl!BMM (OÓOCHOBaHHe CM. B [3, 4J) 
CJIe~yromHe TpeÓOBaHl1H K orrepaTopy BepoflTHoCTH: 

I. OrrepaTop BepoflTHoCTH rrapaMeTpR'tleCKM saBMCHT OT RJI8CCR'tleCRRX 
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xoopnaaar , MMrryAbCOB H BpeMeHH H rrpllHa~AeJIrnT nonaareope dtq'f' ,OÓ
pa3YIClInRMM xorcpoã flBJIflIOTCfl oneparops soopnaaar é} = (1f ••• I) âN') R IDJI

~ " '" " nym.coa p:= ( p", .. ') p!'/), YCTaHaBJIHBaeMHe B COOTBeTCTBHe RJIaCCH'tleC-
IlliM Oópa3YIOlIlIDA q =(<in "" C/,v) H P = Cp1) :» PN) rrpaBMJIOM (1), T.e.:r 

FCcl'P,-t) e dJ-q,p ç Jl- npz JllOóme t. H C;,f E (4a)R9f , 

ql< = 0F(ql<) 6 dI-) px = O; (p,J E. di-) .J<é '6#. (4Ó) 

2. Oneparop aepoaraocrn HeOTpIDJ;aTeAeH B ci (B CMHCJIe (2)). 
3. Oneparop BepoHTHoCTH HOpMHpOBaH B R9? (B Cfl'JHCJIe (3)). 
4. OrrepaTop BepoHTHocTH ~OBJIeTBOpfleT CHCTeMe ypaBHeHMM ~llHaMR'tleC

Roro COOTBeTCTBRfl Me~y KnaCCI1'tleCKOn H KBaHTOBOM TeOpHHMM, T.e. 

Of (~A(C;,pl) +/H('1Jp/ ), A(c;,;>,iJ]) = dtÂ(t) + t [H{i))Â(tJ]) (5) 

rne A € .( AJ<2Xf V ri . BneC:b f·)· 3 - RJIaCCH'tleCKaH CKOÓKa ITyacco
na , [.; . .J - KoMMyTaTOp, 1; - nocroaaaaa llJIaHKa. 

5. OrrepaTop BepoHTHoCTH y,nOBJIeTBOpfleT CHCTeMe ypaBHeHHM KaHOHH'tleC
Koro COOTBeTCTBHH Me~ KJIaCCH'tleCKO~ H KB8HTOBO~ TeOpHHMH, T.e. 

o; ({Alq)p,i)~ A2 {q,p,t )1) = ; [Â/t) Âz(i)];J (6) 

rne A1) A~ é: lA J c c. IAJe,pv H. IIo~mKeCTBO IA Jc orrpe,neMeT
CH:. CBoí1.cTBaMI! anre opu .:fl- H YCJIOBRHMH COEMe CTHO CTH ypaBHeHHií (6) c 
TpeÓOBaHHHMH (2)-(5) (rro~poóHee CM. [3,4J). 

Orrpe~eAeHHe (1) H COBOKYTIHOCT~ TpeóoBaHRií (2)-(61 rr03BOAflIDT pac
CMaTpHBaTb 38~a-qy rrOCTpoeHHH orrepaTopa BepoflTHoCTH' KaK rrOHCK pemeHHH 
F(9,;>, -1:), E: Jf CHCTeMll ypaBHeHlilÍ (5)-(6), Y~OBJIeTBOpflKlUero YCJIOBH

rIM HeoTp~aTeAbHocTH (2), HOPMHPOB~ (3), corAaCOBaHRff (4) H coxpa
HíIKl.UerO ~ CMHCJI aarerpanos (I) ,IVlJ1 acex A é {AJe}(f v H 

2. ~OPMYXHpOBKa HcxoAHO~ KJIaCCKqeCKO~ TeopHH 

PaCCMOTpl!M CHCTeMY n TO'Ie'tlH:blX xacran c MaCCaMH tn.J. II aapana-
MH e,j , c nonapasa rrOTe~a.1I1JHHM B3allMO~e:ticTBMeM Vil (7{;/qt) (snecs

"9/ .... C9.J·" Clt~, ~.?") - KOOp~mIaTa 'IaCTmJ;R j ), ~XO~~~ BO BH"em-
HeM CTaIUiOHapHOM 8AeKTPOMarIrnTHOM UOJIe. IIYCTb ~ , 'di II 1.f,- eCTb Harrp~eHHOCTH II MarHHTHoro rro~ II rrOTe~a~ 8AeKTpH'tleCKOrO 
Aen COOTBeTCTBeHHO, TaK 'tlTO 

-:-I'" ~tt~(~) := - V~ lf(~) ) d{(ô/) = v;. "A{n] . ('7.) 

3 



,Ko MHO)KeCTBY Wl'I3l'IlreCKHX BeJHPUrn {AJ€}'f OTHeCeM, ao-nepsux, IDUJ;H

B~ya~bHHe ~M31'IlreCRMe XapaRTepl'ICTl'IKM ~acTllU - ROOp~MHaTa ~ , R1'IHeTM

~ecKHll l1MrrY~bC Õ. =- m.q..!.. ,MOMeHT Li ,KHHeTl'I~eCI\.yIO T ,rrOTeH
rJ. J d 4 J

l.l)Ia~bHble u· , VtJ l'I no.nnyn E· aaeprza, BO-BTOpblX, <p1I3l'I~eCKMeJ J _ <> 

XapaKTepilCTl'IKM CMCTeMbl ~ue~OM - ROOp~MHaTa ueHTpa MaCC q ,rrOYlHblli 
ilMrrY~bC p ,MOMeHT L , .K11HeTMeCKaH T rrOTeFI:QI1:a~bHaH V 11I 

noanaa E aaeprxa. TaK11M 00pa30M, 

" JAJ,,~p =I"q. DL., -I. U. \ v/. E. o, P." L I "T v E) (8)'1 ... "l ~ ( 4'1, I d"J) J~, J) d I WJ ~ d' {O' .... I ... J " ) 

rne jE f, n 0/6 1,3 • B npamrane , MHOJKeCTBO (8) MO:lKeT OblTb pacurnpeI 

HO BBe~eHHeM ~n3~eCKMX xapaKTepnCTl'IR Tnrra OTHocnTe~bHon CRopOCTn
 

~BYX liaCTnu, CYMMapHOrO MOM~HTa, n.Jm 8HeprIlli ,IJ;BYX :ti OOJIee xacrmi R r ,n ,
 
Q,nHaEO TaEHe Be~nliMHbl HB.JI.fIIOTC5I ~eMHblM11 ROM6nHaIJ)I5tN'ili 3~eMeHTOB
 

MHOJKeCTBa (8) n He B.JTIIHIOT na pe3Y~bTaTbl KBaHTOBaH}U!.
 
ITpn l~aCDHlieCKOM orrMcaHllff COCTOHHne paccMaTpnBaeMoll cnCTe~rn B MO

MeHT t MOEeT OHTb 3a~aHO COBOIQnIHOCTnIO 3Hali8Hnll KOOPÃHH8T 9 liac

T}m n 11X KllHeT~eCKffX l~~bCOB ~ 

C; = (1~~ ... J êfn) P -== rjJ;, ,,·,fnJ > D=má" (9a)
f i i~·· 

Tor~a WH31'IlreCK11e Be~bl MHO:lKeCTBa I A J<!7'f aanamyrca B BYUI:e COOTBeT

CTBYICiIt11X lPymaJ:l'Ill. A(q,p) , a MMeHHO 

-, [If -- J I -~ . 
~. = -q-x~. ) 7} ~ c?~'?t') ~. :. ~ <j(1;) W :=: vlÚfJ = X. W/.. 

1
) 

ti J i'*i dó 

E. ;;:;TtU+W
J J d 4) 1=Ln{<f/2.~') f=Ilf) 

Z=ZL. T=ZT v=Z(~·+ -1 \t;), E = T+ V~ (90)
J ) J ) 

a ~11HaMllKa Cl'ICTeMH orrpe~e~TCH COBOl~IOCTbIO ll3BeCTHblX ypaBHelrAll ÃBll

JKeH11H B 8~eKTpOMarHl'ITHOM rro~e 

Ilj' id. = ~. (~d.(~)+ f~~( qif;)fõ('f;)) - d'(f! W;(1) . (9B) 

3.n;e~b II ~a~ee Ed.!t" - e~llHM"tlID:Úl rrOJIHOCTbIO aHT11Cl1MrvleTplf1lliblM T8H
30p, l'I ~o nOBTopHI<lIU1MCíI 1'IHÃeRcaM ç:J,.f' • •• ROMIlOHeHT TpeXMepHhIX se ICTO

pOB npOBO~l'ITCH CYMMllpOBaHlle. 
PaCCMOTpeHHaR BHllie ~OPMY~HPOBKa KnaCCMl1eCKoí1 TeOp111'I B Tept~aX 

(1,P) 0.n;H03Ha'IHa lÍ flBHO rpa~l'IeHTHo-:mIBapllaHTHa. QIuIaRo OHa ne HBJIR:

eTCíI raMRnbTOHOBO~ l'I no 8TOM np~e ne ll03BO~R8T YCTaHOBHTb CKOOK11 
ITyaccoHa, BXO~Hm11e B ypaBHeHHH (5) 11 (6) ~~ onepaTopa BepoHTHoCTH. 

B raMRnbTOHOBOH WOPMY~llpOBKe cooTBeTcTByromero KllaCCMl1eCROrO orrll

4 

caH11H He3aB11CllMHMH rrepeMeHHblM11 HBYlHIOTCH COBOKYIIHOCTM Koop.n;llliaT 9 li 

xaHOH11lieCK11X 11MrrY~bCOB .i? : 
;:r ;:::r --? p-.~ e -.,..

Cj"= (1;' "') 'in ) ;> P>« ( r; ,.. ,en ), i = ':f.~. + erA ('li) . (IDa) 

B 3TllX rrepeMeHHhIX raMll~bTOHl'IaH C11CTeMH MOJKHO 3arr11caTb KaK 

~ (-( (-?' e. -;)")2 . -( )
H =..4-- 2mi .fJ. - ~A (q? +~. 'f{qJ) + a-\.t.: (7') (IDO):J 

J 

rrOCKO~bRY cooTBeTcTBY~118 (IDO) ypaBH8H11H ràM~nToHa rrpMBo.n;HT K ypaB

HeH11HM ~B11:lKeHRH (9B). 0~H03flaliRaH (rrp11 ~11Rc11poBaHHoM rrOTeHU11a~e ÃÍ(~)) 
CBíI3b (9a), (IDa) Me:m,ny p 11 E rr03BOJIí!eT Bblpa3UTb BeJIW11llibl (90) 
B BYUI:e aexoropux ~YHKIJ:1111 A/{tl,P) 11 aanacars CKOOKU Ilyaccona: 

[ AI AI J = ~ C?A:·<lA: - ~'SA,/ ) (IOB) 
-t s a T 'd .t;'J. 0~·ó '(jxliJ ~.J. • 

Iloaropaoe acnoasaoaenae B3am,,10CBH3M MeJlOl:Y p II r rr03BOJIí!eT 
nepenacar.s CKOOKH Ilyaccona (IOB) B TepM1lliaX (c;,p) : 

~ ç(~~_tdA1?&_.~ r:J! 'dÁ1~)[A' 1Az J = T 0fd~ '~J. ~J 'Jfd'd: c ~[ ~/'1j) ?Jfdf 9~'i . (II) 

Cym8CTB8HHO, lITO B Bblpa:lKeH11HX (II) ~JIH .moõux B8~"tfi1H M3 {AJe'Jl.f 

CO~epJKaTCH ~IDlJE C11~OBble xapaKTep11CTllK11 rrOJLH ( (g 11 [jf ), T. e. caMll 

CROOK11 TIyaccoHa B TepM11Hax (q,p) rpa.n;lleHTHO-llHBap11aHTHH. OTMeT~1 

eme , xro B TepMHHaX (q,p) raMIDIbTOHMaH (IDO) coananae r c rrOJIHOll arrep
rlleM C11CTeMH, 

H(r.p) = Et9JjJ) = Z C>~·l/ +-~'~(1i) -r: -f 'X{(rJ) (12) 
4 

T.e. ÃJIH paCCMaTpl'IBaeMblX C11CTeM IAJe?fVH = {AJe"l-f • 

3. KBaHToBaH a~reopa 11 cTpYKrypa orr~paTopa BepoHTHoCT11 

B COOTBeTCTBMll c .n;BYMH pa3~HM11 ~ÓPMy~poBKaMll 11CXO):(HOH ~accl'I
-qecKOn TeOpMll KBaHTOBaHl'Ie c orrepaTopoM BepoHTHoCT11 MOERO rrpoBo.n;11Tb B 

T8pMHHax (9..P) , rcrna F = F(1, P) 6: dfq,Ê ç Ji- , ~oo B TepM1'I
~ ~ ~ 

aax (9,P) , F = F{'1,p) € \X'-r'P S; df . ECTeCTBeHHO, liTO 
oca nonxona 8KBHBa~eHTHbl B CYIJIY 0)UI03HaliROH B3a11MOCBH3ll MeJK,J:QT fJ l'I 

1? rrp11 ~HKCllpOBaHHOM rrOTeHU11a~e MarH11THoro rro~. 

llepBblH rro~xo~ HBRO 3aBHCHT OT ;r(~), -qTO rrp11BO~HT K crre~HW11-qec
Ia1M 3aTpy.n;HeH11HM - neonpeaeneaaoces MHTerpa~OB (1), rrOCKO~bRYAI'(9)P) 
co~e~aT HeO~H03Hal1H0 orrpe~e~eHHH~ rrOTeHUl'Ia~ ;r{~) , OTCYTCTB11e rapaH

5 
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TRa rpanHeHTHOn HHBapRaHTHOCTR B ROHe~ pe3Y~TaTax R T.n.
 
IT08TOMY MH npe~nO~TeM BTOpOll no~xo~, SanUCaB npaBuAo (1) B B~e
 

Jd " Â = O;-(AÚ1'P)) SA (q~p) F{q~p)dref J (13) 

rne p - RlllieTlftIeCKID1 ID.myAbC. O~HOBpeMeHHO Mb1 C'lliTaeM, ~TO onepa

TOp BepOHTHOCTll He 3aBllCllT OT BpeMeHll (KBaHTOBaHlle CTaUllOHapHO), TaR
 
RaR Hll O~Ha llS <íJYHRUID1 MHOJKeCTBa I AJ e'l-t HBHO OT t ne saaacar,
 

,. C~llTaH, ~TO anreopa .JJq,f HeROMMYTaTllBHa (CM. pesyxsrar pa60T 
[3,41 o ROMMYTaTllBHHX anreopàx) , OTHeCeM R nO~MHOXeCTBY ! AJc. ROMno
HeHT~ Roop~llHaT II RllHeTlftIeCRllX llMITYAbCOB. Tor~8 HS ypaBHelillll (6) npll 
A1 = ~a. (llJill PdJ ) II Az -=f'Y (llAll C/,,,, ) c ~eTOM HOpMHpOBIDI (3), cor
AaCOB8RllH (4) H onpe~eAeHHH (13) llMeeM: 

"+ .. A+ Â ".. t '" A J 'tJ ~ 
~'J. = ~Ql.:> /1.).. = fd'J.' t~&,q~] = O) qÁd>P~ = z 4"t ~' (14a) 

r~., Per J = i ~. ~., ~d,fi çdf.t(~) Fcq,f)J'lJp . (146) 

Coornonenaa (146) nORaSHBaI?T, ~TO nonazreõpa dlf> ROMITOHeHT llMITYAbca 
s~eCb B 06meM ~ae HeROMMYTaTllBHa. B TO xe BpeMH HS (14a) CAe~eT 

BOSMOJKHOCTb ynopanoveaaa JII06or.,;> oneparopa anreops dJq, fi.... ' nanpzxep 
aamrca ero B <íJopMe, rne nce qid CTOHT CAeBa OT scex Pt . 

B ~aAbHellIIIeM, OCHOBl:lBaHCb Ha peSYAbTaTax pa60T (3,4), d:~eM llC
RaTb llHTepeCyromllll Hac onepaTop BepoHTHoCTll BO MHOXeCTBe onepaTopoB, 
llMeIDmllx CTPYRTYPY 

/I /I 

f (q,p) = ~ f",: (9~P} ~mJ«1,P) ) t e J!.q,f ' (15a) 

i\ 

rne oneparop ~nll~ saancar OT ~BYX BcnOMor8TeAbHIDC cI>YHKD;Iffi (Xm H y>K ) 
H llMeeT ynop~o~eHHYID cI>0PMY, a HMeHHO 

A -3N/~S .ir.' I _ ) l. /I .. "


J",.= (2..j) X", ('1,p,(J.Lf. (1+,tL})·e1; ]f'.)"? if e1;f1e.f jp~/-11' (156)
 

an;eCb II nanee ;Y::; 3n; j, }',... H p,... npaaannexar BcnOMO
raTeJIbHl:lM npOCTpaHCTBaM Ri' R1 / , . . . H Rp " " , 1'ISOMOp<lJHl:lM 
rrpOCTpaHCTBY ROHwnrypaUHH )(9 1'I rrpocTpaHcTBY KHHeT~ecKHX HMITyJIbCOB 

Rf COOTBeTCTBeHHO, a }? ' fi"" OSHa~aIDT npoaaseneaaa rana 

lP = ~ ~.J. fiJ. (C cyw.mpOBaHlleM no cL ) • 
d 

HeOTpnnaTeJIbHOCTb onepaTopOB MHOEeCTBa (15) o~eB~a, TaR ~TO Tpe

6 

60BaHlle (2) y~e B~no~eHO. Tpe60BaHRH (3)-(6) npe~nOJIaraeTCH Y~OBneT

BOpllTb nonxonanraa B~6opOM BcnOMOraTeJIbHl:lX q>YHKD;VIll {)(m J II I lJl< 1. 
rrO~CTaBITHH onepaTop~ (156) VI COrrpHJKeHHUe K HllM B c~W (15a) II HC

nOJIbSYH COOTHomeHHH (14a) H To~eCTBa BellAH 

A+i?> i [B.)A] A 8 A 8 CA)S] 8 A 
e = e e e ) ee =e. ee (16) 

onpasennasae npn lA, tA,BJ] = tB, tA,I3]J = O, nOCJIe narerpapo
BaHHH c nOMOmbID nOHBnffromHXCH 8 -<lJYHKD;llll IDAeeM: 

" -2N r ir/") 
F(9'f) = (é>JTi) ~ j((~~J~+J'-r)' <f;{J'')' tfl«(Y~l)·et "'J r. 

e.-4Jf'1W) e h 4 e.t (}-l 'Jp e tsp 4'-1/11. 
3~eCb 0603Ha1IeHO r = 2- I><m le (waKTWIeCKaH 3aMeHa naõcpa WYHKD;IDI 
1x; ~ O~HOi1 WYHKLJ;Hei1 ;r CBHsaHa c HeO,1U!OSHa~OCTbIO aarraca aecrpa
uaTe~bHoro onepaTopa B cI>opMe (15a) (no~po6Hee CM. t3,4] )). 

rpe6YH Tenepb COOTBeTCTBllH Me~y no~aJIre6paMll RJIaCClftIeCKHX H KBaH
TOB~X o6pasyromMX, B TOM CMl:lCJIe, ~TO 

O" (A(o)) é dl... 0F (A(p)) e: Jlp , (17)
F I Cf ' 

npHXO}ID.~ K BUBO~Y - npn HHTerpllpoBamm no CI, (no p ), B zarer-paae 
OT F ~OJI.lKHO B03HHRaTb R.nPO ~(f) (anpo SÚJ), T.e. WYHKD;llH f 
MOJKeT aaaacen, ~:mrrb OT1'\CyrJIMl:l ~BYX CBOllX apryaearoa: ((qJjJ,j) = to ('f +'1 ) • 
MHTerpllPYH oneparop F no 'l II f> H Tpe6YH Bl:lTIOJIHeHllH HOpMnpOBIDI 
(3), onpe~e~HM llHTerpa~bHHe cBoí1CTB8 BcnOMoraTe~bHHX cI>YHKUH~. HaKoHeu, 
nO~CTaBJUIH F B (146), npnxonza K oKOH~aTeJIbHoi1 aanaca To~eCTBeH
Hl:lX COOTHOlIleHHll ~~ o6pasyromHx aJIre6pl:l ·~4.? . 

CYMMllPYH Bce Bl:llIleHSJIOXeHHOe,SaTIHllieM: 

-2/\" ( ~ .if]4'.r.1)'f
F(C/,p) =- (é'.;riJ J ia ()'!..}") 2;- ~/( (f') ':fI< (]'O'+1) e1; •. 

i 'A·",' " .ef ('l9+Jf) e ire; e.tü-tJ/)P e-tI'f dj"lj'11 J (18a) 

rne AI = :3n , RBaHTOBhIe oõpasymrae nO~~HHHIDTCH COOTHOmeHIDIM 

tt:,,) ql! J = oJ t <l,., J Pe, J it ~'l S~f (IS6);::r 

L... '" . te. o -.. er 
~'J.) p'! ] = t"7 ~it E~~ ~~ (1;) e ~q (lSB) 
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~.EílUm: d!iJ B (I8B) onpeneaaorca Harrp.HJKeHHOCTbIO MarHMTHOrO noaa 
d-/(f') MBCrrOtvi0raTeJIbHhIMM cPYHKD;IDIMM I 'f~ J , 

~tJ.(~) = ~~("f7+Jd).cJo(j)jJ ) doe}) JelZ-lfiJ)I.:!-, (I8r) 

a BcrrOMOraTeJIbHHe WYH.EílJ;lHI to M '~K j OÓJIa.n:aIOT CBOnCTBal\m: 

to (j) ~ O, Sdo{!)d.s = ~lo (sJc!s = 1. (I8.n:) 

h OTMeTHM, '~TO 9rrepaTop '~(~f) , sa.n:aBaeMHB COOTHOrneHMHMll (18), 
~OBJleTBOpHeT YCJIOBMHM HeoTprruaTeJIbHOCTM (2) MHopMMpoBaHHocTM (3) 
HesaBMcMMO OT .n:aJIbHeiirnen ROHRpeTMsaUHll BXO.n:HmMX B Hero BcrrOMOraTeJIb
H1IX	 epYHKUMiii tD M {~I< 1.,-;.. 

3aMeTWVI eue , ~TO npn 'd-I ~ O npaaas llaCTb COOTHorneHHH (I8B) oc
pamaeTCH B HYJIb H rro.n:aJIreópa ~f CTaHOBMTCH RO~~TaTMBHoiii, a orrepa
TOp (18) OKaSllBaeTCH cPYHKUMOHaJIOM TOJIbRO cPYH1{[.J;Miii ~ ~J( J M connanaer 
c orrepaTopoM BepoHTHoCTM, rrO~eHHHM B paóoTax [3,4].n:JlH To~e~1IX 
~aCTHq B rrOTeHUMaJIbHHX rrOJlHx. 

4. BwrnCJleHUe orrepaTopoB <pMSI.ftIeCIGIX BeJf~M.H 

A 

3aIIMilleM orrepaTopll (13), r.n:e ~(~f) orrpe.n:eJIeH COOTHOilleHMm~ (18), 
B y.n:oóHoii .n:JIH .n:aJIbHeiiilliMx MCCJle.n:oBaHHiii cPopMe. 

TIpeJ1\Il:e scero nsenea B paccacrpeaae cPYHKD;MIO cp , onaoaaa-mo orr
pe.n:eJIHeMYIO BcrrOMOraTeJIbHblMM <PYHltI.LMHMH to M '·r,.. J : 

. dc:J. . -H ") S ~ ..1.(r/1 )/
cj::J(j:llf) = (?.ffÜ ?- lfl(\f). toÜ/~J/Jifl<({'')e~ -J'f~/I'. (19) 

1<. 

Henocpaacraeano MS onpeneneana (19) <PYHKD;Hll ct» cnenyer P.lUl: ee IDI
.TerpaJIbHHX CBoiiiCTB, MS ROTOpax HaHÓOJIee Ba~HMM HBJlHIOTCH: 

~ ep(J;J'+~, 1) e b;)1 = [D (J"-J ') ~ ':f,;(J'J'':f. (J'<,.,t) , (20a) 

5cr-Vj~J'f)J,1 =- tjJú'l) JcJ· (êJlfT~'h (2-iJ ' :S <1Kc;/?/'(f), (20ó) 

r	 JeI ,,>(t""" lê.
:::/P{j:l,tJ11 = Jo(f) = -7- <fll(?) ) SepG:;'f)~~F=- di})) (20B) 

SCP(f:i,!Jdt = ~{J-l/} Jo(r) ) SC/J(}~"f}~11 = 1, (2Or) 

rne ~(f) - cI>YPbe-oÓpasl1 <PYHKUlI~ !fK(/)' 

,t
 
J~
 

Ir 
\.
j

TIo.n:CTaBJlHH COOTHOrneHMe (20a) B IDITerpaJI (I8a) M saTeM orrepaTop 
(18) B rrpaBHJIO (I3).rroCJle saMeHll rrepeMeHH1IX rro~MM: 

O;.(A(<!lf)) -= (t?Jli)-<.N' ~ epes:},t) e 1f/i e. t{l~.I)f. e-/11. 

. e--I;(?Y+l 
l

?)) A((rLP~f)c11110c11./c;~~ 
. 

MCrrOJIbSYH Terrepb .n:lI~epeHUlIaJIbHOe To~eCTBO 

e-i(f?'Jf?A~p) = AMd" if1)e--j(!'ff1f) 

MBOSHHRaromne B HHTerpaJIe S -WYH~flM. rrOCJIe llHTerpnpOBaHlIH rro ~ac
THM rrpMxo,n;llM R HaMÓOJIee y,noÓHoii wopMYJIe ~JIH orrepaTopOB, rro~aeMllX 

rro rrpaBllJIY (13) c orrepaTopoM BepoHTHoCTM (18): 

C f	 ·1.{f+,rJf] - i lI/!t
Op(A{f-f») = ~ep(j~'!Jt A(q'j, -;fd,. +f) e Ji~' f1'11, (21) 

,UJIH .n:aJIbHeiiinrnx BWillCJIeHlIiii nano YMeTb pacxpaaa'rs BblpaJKeHllH TllIIa 

Aê+v J	 i"
{X(--ii~)e s=o rne C:; r1p ) r0 = ir? ~ (22a) 

~TO npencraaaaer coooã necsaa CJlO~ aanasy, ~HaRO MHOJKeCTBO lA ~t~f 
paCCMaTplIBaeMI1X HaMlI CMCTeM li COOTBeTcTByromne eMY CKOÓKll ITyaccoHa 
(11) co.n:epJKaT ~Ib JIllHeBHble fi ÓllJfIDIeHHHe rro ROMfiOHeHTaM MMrryJIbCa 
~YHItI.LMll. TI03TOMY.n:JIH BI1QHCJIeHMH Bcex HeoÓxo.n:llMl1X orrepaTopoB M3 (I), 
(5)	 M (6) .n;ocTaTO'llib pacxptrn, (22a) npn Xlp) = !?J'J li X(p) -:= j?J'rJ Pt.t . 

Ilepexona R Bhl~MCJleHMIO oneparopa (22a) I1pM X(p) ~ /d'rJ, OTMeTIDIl. ~TO 

.1 '"\" 'I '1 " I "1 ., l ~ 
-L{ld1J.L. C = f 'J ) -dO'Ji"'- <J) =OJ '( C+Q)s.r::zo= V) (22ó)

d 

... ., n /1-f A ~ e A ..,., n-I-t 
- it. ~. (C + ~) = L. (C -+- 2) ) P» (C + <j) ) • (22B) 

~ ~=o d 

TI03TOMY. paSJIaraH 3RcrrOHeHTY B psm li HCnOJIbsYH (22ó,B),llMeeM: 

'" " ~ n-,-f 
\ _	 ..J.'1 C+ 1) J = ~.-:!- "Ç-' ô-. t • '" 11-1-., (23)1	 »», e L- n! L- .v ~'j. 1)

.fd'a!. J= 
I 

o 11 % 1 • .t = o d • 

EJIH yrropgnOlleHllH orrepaTopOB TllITa (23) paCCMOTpHM KOMMYTaTop orre
paropa , Pjd. C rrpOlISBOJIbHHM oneparopoa ~(1) KOMMYTaTHBHott nonazrec
ps diq • IIpe.n:cTal3JIHSi 3TlI oneparopa B nnrerpamaoã cI>opMe 
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'" -1 ( f(X-i3. )tj r -Nr r f(j-f) I)
!?J'd. =(,-~t) j~'e l(jd (f);xj;j ) JÜp = (2J7J) .J~(t) e ()}1-, A = f?jJ. M cpanaaaaa rro~aeMl:le pe3YJIbTaTH c Tpe60BaHMMll (46), npx

XO~llM K CBoMcTBaM BcrrOMVraTeJIbHHX WYHlmll~

MrrO~b3YRCb rrpM BH~McneHMli To~eCTBa~m BeRnH (16), crrpaBe~~MBUMM 3~eCb
 

B c~ To~eCTBeHHHX cooTHorneHMM (186), no~:
 
S~J do(1) 1 = O;> Sep(j~}17) (fdd -r ~,~(~:, ~)),,1q1 s o ~ (27) 

\LPd~' ;1(q) J = -ii J'd~. :f{l) ~ J =1 . (24) '. Heo6xo~llMHM, B ~OrrOJIHeHMe K CBoMcTBaM (18~), ~nH COrJIaCOBaHMR (4)..Id~ 
Ilepeânea reneps K BH~McneIrnIO oneparopa (22a) npa X(p) = fd"dfl.J

Tenepb COOTHorneHMR (18B) li (24) rr03BOJDnDT 3anncaTb rrocne~oBaTe~b
nBa~H MCrrOJIb3YR pe3YJIbTaTH (226,B) M 3aMeHRR ~eKCH cYMMllPoBa'I
AHOCTb KOMMYT8TOPOB 

HMH,B aTOM ~ae rro~:
(~A " 0(0)	 . ' 11-1 m-i" [ t"'. R(Il)J=$ /I(i:) (25a)	 K f~, ~'dJ = ~J. }	 m t

~cl) ~ le~'J!, )	 f(-iid~ )(-L~dl- ) ( ê+ <j)/1 = Z L iJt:A'd. i m
'- - /3(. éDn

- - + (28a)1 'd~ ~f! r: o h>=0 K=-O I 1 
npMHa~~e~a~HX KOMMYTaTnBHoM rro~a~'e6pe n BHpa~romHxCR ~epe3 

~YHKD;MM ~ol~) (Lêr-) KOHcTPYKI.J;n.HMn	 + (aHaJIOr~aR CYMMa c 3aMeHOM iJ. ~ If l, IIpllMeHeIrne COOTHOnreIrnR 
(25B) II COOTBeTCTByromaR 3aMeHa ~eKCOB CYMMllpOBaHnR npllBO~T rrepBYID

[)CX) e- d J< -- (,d 1'\ ()(}/) 
cyw~ ll3 (28a) K B~Y:~.J. (i:?) =jfú). ~~)E-J.~'1 ~'/~)' Q,cl Cf:

J
1) = -iIiO,. fi, (1" I' (256)

d~ j -1" 'd dJ' 1./ > /]-., n- ., m-o( .0'\ .
 

rrpa r = j-:/ n ~ = t. . I1crro~b3YR COOTHOlIleHllR ~ m P. iJ",-1" ~n-m-1 L ~Q R(K-t) A m-e-t JI 00\ IJ-/1J-' (286)
 
J L- I dJ f('~ v + L-- In~ ido 7.J Df. TJ
 

IJ-1 A 117=-0 " ,""'0 K~1 (J I 1 
..... fi ..... "I. C])n -I- ~ (lm R(n-m-f) ..... m 

(25B)cv ~'d frJ<J ~ n d~ 9) >	 .• IIoCJIe~ee rrpllMeHeHlle (25B) c ~eTOM KOMMYTaTOpOB (25a) ~aeT yrropR
, .
 

J<. ~o~eHHYIO no i:J WOPMY:
 
m I< =- (n+Jh2)/
 

(25r) 11-3 00\ 

m
Z

v o c"I-ml-1 = cn+ w'-2 . (n+2>! i<! !J...Q!.::!) /I o') -'I n-2. ~ [ ( O(n-e-s) J'\ c: '" (n-J/-.3)) 
.= fdJ?e, 9) + L- Rrw fie. P'J. + d' e Q ..,J -t

(anecs Mnanee c:; - 6llHOMHHa~bHHe IW~ID..J;MeHTH), cnpaaenxasocrs KO K=O :t I d d <:SJ '.f
 

TOpHX ~erKO ~0K83HBaeTCR MeTO~OM MaTeMaTn~eCKOM ~YKD;Mn, rrpllBO~~t
 
/I f n-"t /]-~ '" ...
 

onepaTOp (23) K B~Y: +.s R.11
1-J1-3) 1\ J." J< + ~ ~ T.. fJrm-X' f ) O(n-I1I-3) " K (28B)
 

flK '16. PPt> 2) L-?-::- hjo;! flff!o 2)
nl<m	 . 
U J Xc-O 111-1<+1 <J Jê cf> 7 ( " ~ -( A 4(n) )! -ifd., e + ] =?iJ. -+- L (n+.?)! d·J. •e. (25~)	 B BHpa~eHMRX (286,B) MCrrOJIb30BaHH 0603Ha~eHMR: 

(d·d. J ~ o n=Q 
1n-1 I< l 

B03BpamaRCb K 0603Ha~eHHHM (22a) li (25a,6), OKOH~aTe~bHO illMeeM:	 Q m« = Z (:1'-1< Rn« = L'>(n-Jl+l-t) C"
c+n-w-2. (28r)

~=-x l , 

f - ii? º fCf+J'JpJ . Q- tIlJ " o A	 K e. 
~=o 

K e. 
i ~"" 1""",,0 . ==: fjJ. .,. ~d. (~.~ í) (26a)	 r = ~(.J<-t+f) C T: = <: Q C (28~)

":::>nll L ./ ttn-It-2 , I)Km L- f+t1-K-f PJ-~ n+1-m -2 • 
~:::o )(.=0 . 

IIpe~cTaBJIHH 8KCrrOHeHTY B (22a) B B~e p~a n nCnOJIb3YR rrOCJIe~OBali (i~ r) =- f ~ RJ.~n){J'} ~)	 (266) I 
d~) ~20 • ~ \ ' TeJIbHOCTb COOTHOnreHllM (28a,6,B), c ~eTOM BHTeKaIDmMX M3 (28r,~) n 

Cocraomeana (26) n03BOJLlUOT BH'llIcnRTb oneparopu (21) ~M JrnHefumx 
I" (25r) paBeHCTB 

rro KOMnOHeHTaM HMnyJIbca ~YHKU:ID1 A ('l,f) • 
T = -

m
-2

• Il (28e)B ~aCTHOCTll, rrO~CTaBJlRR (26a) B zarer-pan (21) npn A = ~·oL li npa R = (n-J<-f)oCI( Sn"-::Z Cnl( J li"'" n-~-1 Cri,-. DI< n ,li	 
Cn 
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" 

nOCJI8 COOTB8TCTBYIOlIlHX np80ÓpaSOB8mrf1 nOJIyql1M: 

/'o '" { 00". ~ '. C + J) _ ~ " _1_ (n)"Á

[(- dJ.. )(-,.!-~ ) e ) - c f]4"ts +- 2:..rn.,,)! ~ •. Pts + 
Jd<i. ~f" S=o J "=0 J 

t::X1 c::>.o =<> '" A '\ 

(\ ~ -'\ (n) ) ~ J O(n) D (M) I 9) 
(28JK)+ ~'e' f;-;;~'" 51d.JJ' + f;; ~" ~'J • fi (j . • Q -;- í1Jm 

/o + (aH8JIOril"Y:H08 BbIpWK8HH8 C saMeHOn iJ ~ tf ), rne 

fi" = (n+"2) L(n+.3)! J-I~ J. ~ l(n+m+~J '(ml-f)!'{ IJTE)! J -1. (28s)nm 

HaKOHeu;, BOSBpalIjaHCb 1< OÓOSHa"Y:8HMHI'.'1 (22a) il (25ó), ill:l1eeM: 

{ (-ii~. )(-i(~ )ei(lT)I)PJ . e-f}'? ([", A ] -t
d~ ''I j=o = 2 ~d' PI.! + 

+ ~·~{~:t),pe! + P,~(J:,i;;.J·Pi.J. + ~dlfp(-y;t')I:)9t) + 

-+:f (-,,1...:1. TI -q") + ~ { I..:::!, (" I.j.. J (29a)'J'iJ. li/li )~.) ,j d:e ~iJ!(~')~') + 5!dr J ~'I~-) 
rne cPYHKLJ;lfil :t 11 ;j onpenexrnorca KaK 

~ .e: 0(0) O(m]

~~f (l~~I:~/) =-.L---L..~nm h ·.1 (l eJ· /je Cf~l") (29ó) 
Q I t "':::0 mv o d !, 

~ 

9J'df (1: F) = - it';)2~ ?;;- gn' ~tj (f, r) , (29B) 

O(~J o 
a WYHKLJ;MM ll'd, VI hd·,J. CB5ISaHU c HanpmKeHHOCTbJO MarHMTHoro rrOJI5í 
~ 4 
~ COOTHOrneHMHMH (18r), (256) M (26ó).
 

Ten8pb paBeHcTB3 (26) H (29) nOSBOJIHIDT Bhl~HcnRT1 on8paTopH (21)
 
.uM ÓMJIilHellHhIX no KOMnOH8HTaM MMnYJI1Ca tÍlYHKI.J;Mll A (9.p) .
 

B "Y:aCT~OCTM, .n;JIH orrepaTopOB WMsM"Y:eCKMX Be~"Y:MH MHo~eCTBa
 

{AJ min ,= (~(J'1 PiJI LiJ, 7j) ~'I ~.) c IA L~;),p (30) 

rrOCJIe rro.n;CTaHOBKH cooTBeTcTBYIDmHX MM RJIaCCH"Y:ecKMX WYHKUM~ HS (9a,ó)
 
B MHTerpa~ (21) c y-q8TOM paB8HcTB (26) H (29), CBO~CTB (20) H.ILpa Gb
 
H HeoÓxo.n;HMhlX CBoíiCTB (18.u) M (27) BcnOMoraT8~bHHX WYHKUH~ MM8eM:
 

0-{~~) = ~.,L , O;.((9I"ifJd) =r ;.~ = t~)(~]d. + J\~(t) ) (31a) 

12 

.., 
1'.:1..~ (-1 ) 0p(/4d ) =,A·,J , o;~~,~<J = ~ = 2m'~' -+- r. .<[, (316)ti' d '<J 

A (31B)Cj- (?I.tc[)) -= U'J d d
= ~. ~~o(~} 1f(~·-rt)J1 , 

(31r)
C;(~('1)) -= ~. = \oJo (1) ' ~ \~., (~·~T -?: -r ))s

'- j~J dd J d J dI d' 

3.ueCb ~d~ M lJ' HBJlHIDTCH CJIe.uy~J~M ~YHKLUfOHaJIaMM Hanp~eHHOCTM 
M8rHMTHOrO rrOJlH M BCrrOMOraTeJIbHHX WYHKUHn: 

T 
d 

(~>") = ~ CP(}~/lí} [1;}\ (P; + "~(1a(, -n)] )J01 ) (32a) 

1 - ~'7-"./S' ( (_é't,~) =r ~ CP{f'tJ) 'a IJ· + nr·/i. (/. 1) +
J 1rJ' I fi I J /; q (f' 

(32ó) 
+ ~'J'dJ C~~~ ( ~.~ T!) + J&'J<t Cf/, T) ) Js~1· 

TaK KaK rrpaBilJIO COOTBeTCTBMH (13) c onepaTopoM BepoHTHoCTM (18) 
JIHHeí1Ho OTHOCHTeJIbHO KJIaCCWleCKMX WYHKLJ;MÍ1 A(Cj,pJ; TO 'orrepaTophl OC
TaJIbHHX WI1:3WI8CKMX B8JIWlliH MHOJK8CTBa {AJe)lf (8) onpene.narca B BIUI:8 
cooTBeTCTBy:I0!.4'KX (96) JIHHellHhlX KOMÓV..H8u;Mll oneparopoa (31). TaI<, nanpn
Mep, M3 (12)" (21) H (31) IDAeeM: 

O; (H(c;,fJ) -=c- H= E =- Z (f + ~. -t- i~.). (33) 
J 

5. KOHKpeTHsagRIT onepaTo~a BepoHTHoCTH 

PaccMOTpeHHID1 B npe.n;w:crntHx naparpaóax oneparop F'(r~f) 11 cana 
anroõpa d/-q, f ,K KOTOpO:í1. OH 2Jllia.n;JIeJKMT, onpezteneas npa 3a.n;aHHoll 
Harrp~eHHOCTH MarHMTHoro rrOM g{(y) COOTHOrneHRHMM (18) c TO~IOCTbJO 

.uo aaoopa BcrrOraTeJIHHX tÍlYHKI.J;MH (" H ~ fie' J , oÓJla.n;aI!IIWIx neooxona
MIDAM HHTerpa~bHHMH cnOHCTBaMM (18.n;) H (27). ]IDÓO~ TaKo~ orrepaTop 
~OBneTBOpHeT TpeÓOBaHMHM HeoTp~aTeJIbHOCTH (2), HopMnpoBaHHocTM (3) 
H COrJIaCOBaHHH (4). A 

.llaJIbHei1rna,H KOHKpeTMSall,"IDI oneparopa BepOHTHOCTn F(Cf,?) li anreõ
ps J!9,P CBO.uMTCH K CyJKeHllID MHOJKeCTBa oneparopoa (18) na OCHOBe 
ypaBHeHHM (5) H (6), HaRJIa,I:(bIBaICIItHx onpeneaeaase orpaHWIeHHH na nonyc
TMMhle ~a60pH BcrrOMOraTeJIbHbIX WYHKURi1 • 

.AHaJm3MPY,H TpeÓOElamm .n;HHaMH'!eCKOrO COOTBeTCTBM.l1 (5) OTMeTMM, "Y:TO 
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B paCCMaTpMBaeMOM HaMM ~ae KBaHTOBaHHH KITaCCM~eCKfle ~YH~flM ~~ 

A 6 {A 3e·>tf ae saBMCHT OT BpeMeHM M 'di F: = O ,a CJIe~OBaTeJIbHO, 
M déÂ =0 (CM. (13». ,KpOMe Toro, BeJIWmHH MS ~AJe"'f eCTb JInHei1
HHe KOMOnHaUMM 8JIeMeHTOB MHO:lKeCTBa IA J /7Iin (-30), a npasano (13) JInHei1": 
HO. l108TOMY ~JIH BHTIOJIHeHflH COBOKYIIHOCTM ypaBHeHMi1 (5) ~nHaM~eCKoro 

COOTBeTCTBMH HeoOxo~MMO fl ~OCTaTO~O BHnOJIHeHMH ~aBeHcTB: 

Op(lH(q,p)A(q,p)J) = ; [H,ÂJ, A e {AJmi/J (34) 

'" H8~eRne CMCTeMH (34) MO:lKHO COBMeCTMTb c aHaJIMSOM ypaBHeRni1 KaHO
H~eCKoro COOTBeTCTBMH (6), TaK KaK ~YHKUMH fi(~p) (12) li onepaTop 
H
1\

(33) caMM HBJImOTCH JInHei1HHMM .KOMOnHaIJ;flHMM 8JIeMeHTOB MHOJKeCTB 
iA{q,p>J",:n (30) li IÂj/llin (31). l108TOMY ~JIH cnpasennaaocra paaeacrn 

(34) ~OCTaTO~O (M HeOOXO~HMO, ·eCJlli lAje. = {AJexf ) BhInOJIeHMH COOTHO
meHMi1 (6) ~JIH nO~HOJKeCTBa wns~ecKnX BeJI~nH (30), T.e. 

OF({A,(q'f)JA;/(N~J)l) == ftÂOÂlJ, A"Aa~fA3min' (35) 

BH~M~ Terrepb COrJIaCHO (11) TpeoyeMHe ~JlH (35) C.KOOKH llyaccoHa 
M saTeM MX onepaTopH no wopMYJIaM (21), (26), (29) M nOCJIe~OBaTeJIbHO 

nO~CTaBJIHH no~aeMhIe pe3YJIbTaTH B paBeHcTBa (35) coru~ecTHo c COOT
BeTCTBYIDmMMM onepaTopaMM M3 (31), rrpMXO~HM, K BHBO~Y - COBOKYnHOCTb 
TpeooBaHM~ ~MHaMH~eCKOro (5) H IffiHOHH~eCKoro (6) cooT~eTcTBflll BhInOJIHe
na, eCJIM BcnOMOraTeJIbHHe <lJYH~nn (" M { <:f'" J B ,IT,OnOJIHeHfle !:" CBOi1
CTBaM <,18~) M (27) y,n:0BJIeTBopmoT COOTHomeHUHM: 

~l'cI. À.ir(Y) 5" -t ~do(}) {a ' l (1;. ~(j'~I;)) - t·"! ~p(~1"ii) J1 J (36a)d 

'ô	 'Z" (.~) • ted • e- " "t... (~ 
li..· ~	 + e ... ... c~ O'e <7J. t ) ===: 
àI.	 <l co,.,; 'ft' ~ eM 

=: - ~ E-JJ'~ SCPÚ:j'?){~t+ ~r(~~t)) '~õ(1'-tj~)~~1 J (360) 

~Sd.(p1j(~':W(~<~Mj "" S<P4!j,f) [(~+R/Ji,')) x ~WH, (36Bl 

; SDV,})' tr- (Vtl( ~(i"<f.)l] J} - ~ (~) 9 
~ ~ d 

== ~ ~<P()~}I?) [~K [(f;? R; (~~l)) lC ~(r+jJ)j] dj~1 li (36r) 

Sdij) trx ~(Z"+y.)JdJ ?-! O) Sdjf) [l>Vt]~(rJ)js ~ O) (36,n) 
d d 

(36e)j CP~:;,!,)' (f+ ?~'t~t) + i -1 v~ )-~(s:~lJ) c1 'ly 1; == G\ 

SCPrí:/,;Y((7; + lír (4') +i} v:t)' Vf:) ~ (1+})Js0-~ := o. (36.1C) 
'J $ 

TaID!M oopaaoa, oneparop F(q,pJ , orrpe,neJIeHHhI:i1 COrJIaCHO (Iôa-r )', 
y,nOBJIeTBOpHeT COBOKYTIHOCTM TpeooBaHM:i1 (2)-(6) M Mo~eT paccMaTpMBaTb
CH .KaK onepaTop BepoHTHoCTM' Koop~MHaT. M MMnYJIbCOB CMCTeMH To~e~hIX 

~aCTHU BO BHeillHeM cTaUMoHapHoM 8JIeKTpOMarHMTHoM nOJIe, eCJlM Bxo,nJImMe 
B aero BcnOMOraTeJIbHhIe WYHKUMM d'., (S) M 1~k'(s) J y,n:OBJIeTBOpmOT COBO
KYTIHOCTM nRTerpaJIbHhIX COOTHorneHfl:i1 (18,n) , (27) M (36a-~). 

BnoJIHe nOHHTHO, ~TO ,naJIbHe:i1rnaH KOHRpeTM3a~MH onepaTopa BepoHTHoC
TM Mo~eT npoBo~MTbCH JIHmb npM 3a~aHHhIX KOHKpeTHhIX rrOTe~MaJIaX BsaID~O

~eMCTBnH Me~y ~aCTlruaMll M KOHKpeTHoM BHeillHeM 8JIeKTpOMarHflTHoM nOJIe. 
l108TOMY B ~aHHoM paooTe MH OrpaRnQIDACH 3aMe~aHMeM o TOM, ~TO CO

OTHOrneHnH (18,n), (27) M (36) ,n~ ~acTBYIDmMX B orrpe,neJIeHnM onepaTopa 
BepoHTHoCTM BcnOMOraTeJIbHhIX <PYHKIJ;MM ia M '~j( J conepxar JIlllilb CMO
sse xapaKTepMCTMKM nOJIeM M B3aIDJlO~ei1cTBMM ( ~ ., l1f M ~/= VVV;l/ ).-

C~e~OBaTeJIbHO, paCCMOTpeHHaH BhIllie rrpo~e~ypa KBaHTOBaHMH C onepaTopOM 
BepO~THOCTM nHBapMaHTHa OTHOCMTeJIbHO pa3JIM~HOrO po~a llHBapMaHTHhIX 
npeoopa30BaHMll nOTe~MaJIOB, B TOM ~CJIe M rpa~MeHTHhIX npeOOpaSOBaHM~ 

8JIeKTpOMarHflTHOrO nOTe~MaJIa. 
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