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,l. BB8ReHlle 

3neKTpoCTaTR~eCIrnfi ITOTeH~an Topa, 9B~ ROToporo paBHOMepHO 
pacnpenezen no rrOBepXHOCTH, XO[X)lliO .H3B8CTeH (eM., H8rrpmep II!). ~H
Tepec K B~cneHH~ BBKTOpHOrO MBrJmTHOro nOTeH~anB TopOH~anbHoro 00

JIeHOR.n;a CM3aH c B03HI1KIlleft B rrOCJI8,IJ;Hee npSMH .D;HcK,YccHeR no cy

meCTBODaHHlO aiWteKT8 AapOHDB8 - BaMB. I1p:a paccoaaaa S8p..FDK.eHHllX aao-
Tlln TopoH.n;arrbHaP. COJI8HOll,n; HMeeT orrpe.n;eJI8HHH8 rrpeHMYmeCTB8 no CpBBH8HHD 
c ~lJlieC.P:HM C0JI8HOM,IJ;OM KOHe'!HOfi .IlJ1RHH: HeT OCJIoJItHe}m:t1 c 06paTH.I::B4 

noTaROM 2/, c YTWIKaME MBrHHTHoro UMSI, OO1l3amwMH KO~e'IHoit AJ:m:He TO

pon.n;aHI:.HOro coneHonna. 
MH. 6Y.ll8M npn.n;epuB8TI:.ClI CJIe;rylOO\8ro MaRa H3JIOXeHRf{. B tI. 2-4 

IIOJIytIlfM TpeMJl paSm'ltIHb[MH' cnococeses ~eKTop-IIOTeHI.tRa.n: D KYJIOHOB

CROf:t KaHHÓPOBK8 H n3Y~ ero CBo~CTDa. B q. 5 BeKTop-noTe~ Hatt

.neH B H8KYJIOHOBCKOR KaAHÓpoBKC. OH OT~HqeH OT HY~H B HeuocpenCTBeHHO~ 

6~HSOCT~ OT caneHOH~a. TIunyqeHO rp~eHTHoe rrpeo6paSOB8HH8, CBff3H

aanaee Haaz.tEmHIle B9XTop-nOT9m:::J;Ramii )J;oKSa8.H8 cHHrYJIJlpHOCT:b aroro 
rrpeoópaSOBaHKR ~ óeCKOHeqHO ToHRoro coneHoana. 

3T1I B8RTOp-UOT9IlltHami MorYT 6llT:b ITOJIeaHU rrpa BlltrnCJIeHID'( aMIJJIH

Ty,lUi pacceaaaa aapaaennux qacTHIJ; aa 'TOpoH,IJ;WI:DHOM C0JI8HOB,IJ;a. 

2. MHTerpHpOB8KH8 vpaBH8HHa rryaccoH8 B TopoRnaH:bHHX KooBllBH8Tax 

l\>IH TOPOIl,ItaJIbHOI'O COJIeHOB.l1a (J _. '" \"+ t L = R'L- HaUpmIleHHOCTb 

MarnllTHoro ITQJlJI panna HY~~ BHe COJIeHOB.l1a 11 \1j> : \-\ ~ o O • \-\ \l = ~ I) 
:- BHYTpH. IIOCTO.IDiH81I ~ saBlICHT OT noasoro qHCJIa BRTROB V\.. 8 

CIlJIll TORa d : 'à= ')."1/ t ; ( - CROpOCTb CBeTa. 

lllIJrnB.l1plI~eClGle KOOp,J1IDlaTll Jl ,1: • 'l' Bllp8ll8DTCJI xepea TO-

poll)J,8!!bHlle (" • 8 . 'l' ) CJIO)lYIlIlHM oopasoa: 

\ 1.>-, C'-~\)t= ~ , '!I0- Cc -- " 
.r - t~}l-'" Q ct, jI- <oI\l (2.1) 

\ü<:j.l<:OO -)í<:Q<:.fi oL '! c 1..11 ) . 

Iloaepxaoccs ornexsnoro TOpe nOJIyqaeTCJI npz .).\ o ~st . l\>IH 
TOqeK na OCII r ).\ = O. B I11IOCKOCTII -l = o', e = o npa 2> CL

11 e"c!:Sí npa J'«' 11 '1:: t~ tOL~L.!) • !IyCTb j.l=Jlo 

OTBeqaeT ropy 'To . COBlI!l,l\alllleMY c COJIeHOl!,llO". Tor,Ita npa jJ..,.)-I o 

C6~Bb~~Uiibill RHCTll'1YT l I 

1I11~JllIWI UCC.,eJlOBlIIllG 

. 6 ....Sl/~IOTEf{A-



TO'tlKa ..9 , 't ,':!J ,0rrpe.n;eJIeHHa.ll (2.1), aaxonarca BHYTPll COJIe-

HOll;IJ;a, a npn )..l' L..)Áo - BHe ero. ,ILrr.ll rrOJIHOThI rrpllBe,n:eM COOTHOlIleHll.ll, 

CB.ll3l:lBaIDmlle ropoanaxsnue !tOOp.n;ItIHaThI)) ,e co c<f>epll'tleCIillM11 'Z ,9s : 
"t1..+cL~ '1..1,_ ú-1.

c.-t:lu:: ~--. tJc 8::. ---
J' ·L't(L.~~hG$.) ~ 'l'tCL.e.c~Gs 

"1-= o.. e 
~ 

~ I L 

c.l)A-\-ws_l e. \,.,. u - to~ G 
) t 8 ':

~ s 
~~y
~ \~ e . 

IIpH t-t --t oo RMeeM 

li I)., o, 'G 8;:;;'L~·ces8s.r" ~ ~ ~Lh .s 

B RYJIOHOBOi/[ KaJIH6pOBKe nexaproau KOMIIOHeHThI nearop-noreanaaaa ynon

JI8TBOp.llKlT ypaBHeHH.llM 

Lln.: 2i~(}A-,U()) (tlu .~tx:<,8)'J..·Yl0 
(Ll- ~1.-jJ.o r oJ • (2.2) 

3.n;8Cb 
-.
ne' - e.n;HHHtIHhIH nercrop B e nanpaareaaa (T. e. aanpannenae 

TOKa B OT.n;eJIbHOM BHTKe): 

'Yl :, - Ll ~)... Ú?~\j .\-~ ':I • ~ \~~) S\1o> G,.ü,)Av t-~ i ·l i - (~ ...llc'l(;~ en· \(.h~v--c<;~GL 
-\ 

e 

113-3a aKCRaJIbHOH CHMMeTpHH S-h ae 3aBHCHT OT ':V ,Tor.n;a KaK 

.A ')( H ~Ay 3aBHC.R:T TpHBRaJIbHhIM 06pa30M: "q:l.::.Ay ,(cs';P 

Ji~'': Jfjl . .s i"~ . lIo TOH JKe npmane ,H'5' = Ji'1 'to~'f -jjJl'~I"~::O. Henocpen
CTB8HHl:le, XOT.R: H .n;OBOJIbHO CJIo~e BhlKJIa.n;K:H rrpHBO~T K CJIe.n;y~HM BhIpa

JKeHIDlM,lJ,]I.R: J~ t , A'p : 
00 ,~ ~ 

\J~t~Jcly-Ct~O' L R:ly)<.o~~G) ~qJ::~t~-<.c~ü ~ ~V\tY)·S\\-.hG 
1'1=0' \'\::\ (2.3) 

R~ = n~. {R-L((ljA)' Q\,\_~~tl-Jv) t .0 
L 

)J c\ 

. Q\'\_~\~l-y). P\-\_~\l~y~) l.M 7 )J O) 
l- )... 

R~ o.- i Q"fL.j.\o) '1 R\ (t~.!') [Q.. "tll}lo \ -Q,-tteJ.y.)1 I}UjlOJ 

Í- Q~ ~ ~ l ~]A ) 'l r~ t 1 (UJ 01 - \~_ ~(~]A c \'J lj4 ,)10) 
1- ).. 'l-. 

A~ -=.·5' ( .L(~+iJQh\~ltl..J"ol-(\o.-~)Q\\_2ltl)A0\J ~: 2,Jl ~ 
l+o,",,, L 1.-) d---=-I 

~\ 

2 

?~/l:)() , Q~\~L) - WYHKIJ;Im JIeJK8H.n;pa I-ro li 2-ro pena COOTBeT

CTB8HHO. B .n;aJIbH8Mlli8M MhI orrYCKaeM aprYMeHT <PYHKUHH JIe~aH.n;pa, 8CJIH 

OH paBeH Co ~j.v • _ 

JIerKo nponeparz., 'tlTO ~"ú f-l .: O . CJre.n;yIOII(He CBOHCTBa "Q.y H 

S-1't- CJIe.n;YIOT H3 (2. I). Sh li J)y - 'tl8'I'HaJI H H8 tIeTHaJI <PYHKIJ;ImI 

t:- COOTBeTCTBeÍmo. Ha 60JIbIJIH:X paCCTO.llHIDrX ,:,q 1: H Ji y ycuaa-
IOT KaK 'Z-3 

Çf ~ ~CJC\'I;l (.~).Io . 1.+~t<lS1.()5 (\, .. ~st~ú')tlJA" ~;htG.s
 
,~ ~ SI.-~JAo '1-"> ) ,H..? - ~ sl..'!.jAo 'l.~
 

~R=-QI~o) d,::ci,e.Upo). 

B HeKOTOpI:lX aanpaaneaaax ~ 1:. H Jl.Py6h1BaIOT oucrpee , 11eM 'r> 
Hanpaaep , J\ J ::: O na OCH ê H B llJIOCKOCTH ~ ::: O. PaCCMOTpHM 

reneps noneneaze J1 t- B rmOCKOCTH c::: O. B Ha11aJIe xoopnaaar : 

Si (J;.O 1:=0\::.L. ,O l i+c.k'1-JAo\ 
~ ) J ~ 1. 'l.e..\..llQ) .

\l<'''JAo 'l. J" 

Ilpa j):=. o. 

S1 (-.r':. c- ) 't ~ O) :: q. R1 (tl,.,).Ao ) .. Ql.\t~o ).t . ~ ~ 

lIPH 60JIbIIIHX 3HatI8HH.llX J 

Sí~CÀ'> e.l.Mo L..O.Ji't 4Y' '5..\'-">jÀO 

Ha OCR 1: 
L 

~ -O - ~~J." ,O lOP"+'P+V2. \ 
\ 1- CP - )1: ) - ( cll. -\- 'C. )'~/I( L ;Lr<. ~ J.l..+ 1'2. ) I (2.4)

S'\ ~R'l... 
tITO paBHO ~\'> npa \t\'7"?~ • 

3TH BhIp~8HH.R: ynpouaor ca ;rJ,1lJI TOHKora \ RId L L J) COJI8HOH.n;a. BeK
Top-rrOTeHUHaJI pasen n 1

J+y.:Ji Sí~.Q.'Y-~l-'l.Mo)·~i~G·ft.lJA-~se'\-i.) .
 

.Ih: sg Q,x.v\-'lJAo ).J(,l}À-(.Q~0 (e-l-'Ul~G .p±.) (2.5)
 

BHe COJIeHOH.n;a HTo 
.A~: - ~ .Q.~~l-}A\ .(o~Jt~..p': ~ '~')(~ (-~). s~~ e 

'1...

- BHYTPH era. B ITJIOCKOCT1'I 1: ::: O .A l- paCT8T OT Jrc~~ B Ha11a

JIe Koop~HaT no ~ aa BHYTP8HH8~ (fi;;: d-l1.) rpa~liue To. 
2.d
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BHYTPR COJIeHOR,na .R t MeHí!eT SHaK npaxepno npn y.=. cl» n CTaHO

BRT oa paBHl1M .- ~ R na BHeIllHeH rpanzne l J .:d. -+ (2.. ) conenonna. IIpH 
, La, r-. 

ÓOJIl>IIrn:X SHalIeHHílX J J'ê , OCTaBaHCl> oTpnuaTeJIl>HOR, CTpeMHTCí! K 

HYJIIO: ",qt~ - .l\~ ~~; PacCMOTpHM r eneps Jh Ip/l-) KaK WYHKI..U:!IO 

1; npn WRKcHpoBaHHoM Jl . Ha OCR :c 
. ~.:~ ~t.J
Jh (O) t) ,- """'1 (1'1.+<\1.)'>/1...
 

IIpR WHKcRpoBaHHoM Y c o. J11. "7' O JJ,JIH ncex r. IIpn.9"7 cl". 
Jh- L. O npn MaJIhIX 1: H J\1 "7 O npa ÓOJIl>nrn:x~. HYJIH "q1: 
B MOCKOCTn lY,c.) JIeJKaT na KpHBOH, KOTOpaí! HalIHHaeTCH B TOlIKe 

( d 10 ) H RMeeT aCHMIITOTaMH rrp.HMhI:e t =t ..p Ifi. 

z 
- -..C1

,/ - <,./ <,/
 
/
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I I d .. ~ 

""\ 
/ 

I \ 

/ /'--i-'~ 
I / I \" 

P/I\ C2 I 

o i I I \ __---i-,,---"- fi\ 
'-.. ,/\ ----I 

\ /
\ I 

-, / 
-, 

<, 
/ 

<, /' 

....... _----- 
P-l1:C. r. 

CelIeHH8 COJIeHOH,na I1JlOCKOCTl>IO 'J':. c.e"st. IIpepHJ3HcTID.rn: .iIRHH.HMH 

noxaaanu nlIllIqHble TOrrOJIOrnlIeCKH He8KBRBaJleHTHhIe xonrypu t i. H
Lv . 

PaCCMOTpRM Terrepl> RHTerpaJIbl B,nOJIl> 3aMKHYThlX rrYTen. IIycTl> KOHTYP 

Cl, rrpOXO,IU'IT xepea OTBepCTHe COJIeHOR,na (pHC. I). B KalIeCTBe cs. 
MOJKHO BhlÓpaTl> OKP.YJKHOCTl>, cooTBeTcTBYromylO J\=-lün5' l L)J1J) ,l8:: (()\.--.St- • 

Tor,na 

4 

, 

~ Ji~ c{ t =O-. ~..Qe ,lc-h)A-LcS8 f ' o\ G. 
(../.. _ 

3,necl> '.Re - KOMIIOHeHTa.fi B,nOJIl> e2.

"fio.: - l ~k}A s'I..G.Sly +- t 1.-~k)À ,cosG).Jh 1'(~JA-LoSe r~ 
MHTerpHpOBaH~e ,naeT 

~L 2Qh_~(~O) 'C.\~d~oL 
JI .. :0 L 1- (2.6) 

3TO BhlpaJKeHHe CJIe.nyeT rrpHpaBHJITl> rrOTOKY MarHMTHOrO rrOJIíl qepes rrorrepelI 

Hoe CelIeHHe COJIeHOH,na: 

cp : ç~ li ~ cÁ ~ :: ~ E cI ~ clt .: 1sil~ ~ d - Jl'\ \. - R1. ) :: i ft 'àcd (tljA o .- t) . 
(2.7) 

COBrra,neHHe (2.6) H (2.7) MOJKeT ÓhlTl> ,nOKasaHO óes allll~11 K ~H3H-
qeCKHM acrreKTaM /4/. . 

p . 

Paccaorpna r eneps OKpYJKHOCTl> li C pa,ILHYCOM RI'> d -+~ (pHC. I). 
B.n;OJIb aroro KOHTypa ~ ,í-k J. Q. :: R, S5-'B.; de~:: Rt Sl5lJlú?~O.s - ji~ '\i"O:.~G$ . 
IIOCKOJIl>KY nonsarerpaxsaoe EhIpaJKeHHe - HelIeTHM <f)YHKIJ;HJI ~ - Os t CJIe

lI!JeT ~eCTl>, llTO A~ H A.f' .ill3JLHIOTCH COOTB8TCTB8HHO lleTHOR H H8

l '1. t.. . L }-llt.L 
-qeTHOH WYlll\WI.HMH e 11 lITO ~ I \., o=d~ e.;· (~~ \ - 1 ), TO 

l'1..Ci.-~\ .. ':1"
8TOT HHTerpaJI paBeH HYJIIO. 

llirTerpaJI. \,)'l 

S.~ 1 (P : oI 'O t\C 
-~ (2.8) 

TaKJKe ,nOJIJKeH ÓhlTl> paaen cp . 3TO CJIe,ItYeT HS Toro, lITO KOHTYP aarer
r

pHpOBaHHH B,nOJIl> OCH 1: MOJKeT ÓhlTl> 3aM.KHYT OKPYJKHOCTl>IO lo 

,nocTaTOlIHO ÓOJIl>lllOrO panayca Rv . HHTerpaJI B,nOJIl> Co : Ro ~ llo s d G~ 
CTpeMHTCH K nYJIIO KaK R~'L npa Ro -.. eo ( B caMOM ,n8JIe: 

_c:xo~:.: j~t~ '\L ~íh\JS ). Bupaaenae (2.8) MOJKHO BWmCJIHTb Jll:1.ÓO 

C rrOMOIUl>IO iHTerpHpOBaHHJI rro e (na OCH 1; l1 t '= - ~~~'H' ) , JIlIÓO 

rro,nCTaBnHíl (2.4) B (2.8). B rrOCJIe,ILHeM CJIYlIae HMeeM: 
co 

~ I ( di- O(cA L -+ l 1.+Q. L) ri ~ 
~R CAi .J -1---)-'4 ~ \. :: ..Ill cA- ~(p.._ (2.'L) 

o (d --\- r) i, 1\Z. ~ cAL", fi-

HJIH, rrepeXO,IL.fi K óespaSMepHHM rrepeMeHHhlM /4/: 
so 

r c~ :>L Q, I i +1-1...... 1lt. ) : fi l \ _ f,_'l~)
 
) li +)(.'L) ~/4 'i \ lTt JI+)<.'L fl 

\Út..~L..t) 
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3.	 BeRTop-rrOTeHI:/JiaJI RaR pesYJlbTaT cyrreprrOSRIJl:l:H rrOTeHI:/JiaJIOB !' 
OTneJlbHHX BRTROB
 

Ha rroBepXHocTR COJleHOHna ~o ynoéHo BBeCTR RooPnHHaTU ~
 
V : 1:.,: lcA.-+tZeo~'\jf) Lo}-8 '~i:: ld:\- ~~1()sI'L.'-9 ,1= (.Zs\",1{ 

E~HH~~ BeRTOp, RaCaTeJlbHHH K rrOBepXHOCTH COJIeHORna H HarrpaBn8HHHH 

BnOJlb OTneJlbHOrO BRTRa,paBeH 

h.,\,"== ~t·LO~'tV· - (vt1L (0)'2 -\- 1\-j,.s\--g)~'",y. 

Torna BeKTop-rrOTeHI.U1aJI COJIeHOli.n;a B TOtIR8 c ROOpnRHaTaMl:l: )( ,':1 ,~ 

paB8H 
~ R ,. e -Ç" -'F ---õ l-i 
Jil.)()~)t.)=- ~~.jc\'l\fcl~. Y\.w .,I-I..-'t" .

~~\ (3.I) 

IIoCJIe HHTerplipOBaHHJI rro lV": l,.J1.51 ),

.A t. == çd\j '(~-.J~~':5)·r--(J)t)-g) "~J> =1:(~o\':3 (.o~·~ \=lJ,t.)~)
 

Q	 .J o 

LW<.& 1 Q19~ ~,cl Jc:.o~-g + (k1...j.. t -l- R'"'L ( )
l	 t: : - . 1 j 3.2~ f) )~) 1s;' ·{IDtll(,.j1_~\1.~PJ'I,'4 1- iRJlJeo!.~-l+.\l.--\-~1- . 

Oq8BH.n;H0,(3.2) rrpe.n;CTaBJIReT coéott cyrreprrosRllHID BeRTop-rrOTeHnaaJIOB OT

neJIbHHX BHTROB, paBHOMepHO R HerrpepHBHO pacrrpeneJleHHHX rro rrOBepXHOCTR 

COJIeHOH.n;a. 
,I47IR TOHRoro COJl8HORna (R\ cl. LL.1) B (3. I) MOlKHO BHrrOJlHRTL pa3JI01Ke

HHe rro rrapaxerpy R· llX- t\co~~)L-+ l.~-<:l.·S\~':8\L-\- P -ri/L-. 3TO pas-

JlOXeHHe crrpaBe~RBO BHe C0JI8HORna: ~x 

.\1 - R2.i~ \~~ A~ _R'l. tll ( ~'h~ J'J 
x.- LI i \it - it' ,\) - L.\ ~ \ {- r:L t

\ ~ ) 

(3.3)
 
n __ R'l-~ ~15í l JC _)./ ) ~) ~ -+- l tJ - ~ ,) .S\~ ~
 
J1't - - .... .,....., \'~


L\ o \'1-'1:. . 

SneCb ':i.I 
,~ 

'I npooaraor B.n;OJIL HHTR (B ROTOPYIO COJI8HORn BH

poznae'r CR npn R-'t o ) pa,IJ;RY ca oIv , JleJKBmYID B IT.7l0CROCTR 't = o:
 
:x'=c\.e.c,5~ , '1' = ~.$'\k,~ • BUP81K8HRR (3.3) MorYT éHTL npoxarerpa

pOBaHH .n;o ROHIJ,a:
 
t 1.51 ()'L t


Si - t{ ~ ~ C c.os ~ cÁ ~ - -~ Qlt/~ I) )
 
J> - Y ~ \'1.~t cl'L_'lc.\Jr.c~~tIL - 1, l~J)'W, ±~ ~
 

1.. loS/( ..I &. R'L a lQQI.(tl,LA\)-JvG_1 l<.l-)' ,Ü ( 3 . 4)
 Si R ~ 0\ - J>{()~ J _ ~. ~ ... J' lo ___ 

~ ~	 4 l) \'t.l.+ dt.._ i.~JtoS~)~/t. - ~ \clJ\~/1. s~\ 

t. 'l. 2. '1.'1..+cl.L
 

't, -:: J -\-- 1- ) tl.}A \ = L o\j)
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XOTH 8TR BMp81KeHRH no WaPM8 SHa~RTeJILHO OTJIRqaIDTCR OT HaMneHHHX 

B rrp8nH,JJ;ymeM paaneae , OHll ~aRTl1qeCI-m COBITanaIDT, ec,,)R npRHHTL BO BHR
MaHRe COOTHOllieHl18 YRrrITJIa Me~ ~YHK~HMl:l: ]eJKaHnpa 5/. 

~HqRCJIRM S~1 A1:: BnOJIL JIRHRR, rrapaJIJleJILHOH OCR 1:-. MCrrOJIL-
SYH (3.4), rrOJIyqaeM 

'1 1.j' 1: v 'I;, t.	 _!.. 
t: C () t r f í. -- \<. ~ ScÂ .JLC~ f . t t.) '.1. 
t'i Sh J t-': ~Cà- J l <.~ - 2('0) ~ ) d':Y J o.l' l~ 4- t?-) 1..-= L ~;z, -- 'ti +'l\ll.- d~. 
. 1" Y o -'L 

3ne CL ~ t,: dt -+-J:L._101J Co S~. TIpR' to .-l- oo 

I:D li, 
(\ . , RL~ \ ~ - J c\?sf ~ :. Si' ~ R'L ( i _ j) - cÁ )
 

_d)S J1l c\~ - .'0 ~ ~ 1.- '5 l~ IJ -c~ \ .
 

Kax R CJIenOBaJIO O}l\MnaTL) 

~ 

L.~1 (.1 't- paaen tL ..í'fc~ Id , T.e. rro-

TOKY MarHRTHoro nOJIR, eCJIR nYTL RHTerpRpOBaHRR rrpOXOnl1T qepes 

OTB8pCTH8 COJIeHORna R HYJlID B rrpOTI1BHOM CJIyqae. 

4.	 llOJlY~8HRe BeKTop-rrOTeHUMaJIOB RS HarrpHJKeHHOCT8H MarHRTHoro 

rrOJIJI 

3RBRBaJIeHTHuH crrocoé rrOJly~eHRR BeKTop-rrOT8H~aJIa COCTO~T B pe
lli8HRR ypaBHeHRH 

I I	 - \I - O \I:: ~ - ~ Ç\ t =~ VL~ - ~ IJ.- ~~ )~ J n Jl - H 1- ) l\ 'E ô 1; ~s J 

BMeCT8 c RaJIRépOBO~HHM YCJIOBReM 

d'	 rt - \ 'd ( (\.) d-Ar- - O 
l~ J1 - J3 'df 2J"\j) + ô1- 

IIOCJI8.n;Hee YCJIOBRe aBTOMaTHtIeCRR BHIIOJIHeHO, eCJIR. 

(\	 -l d~ \ 'cl1f 
\.Y\j> - j) d 1r ,,~t':: -.:p 'ójJ . 

~YHRUHfl ~ ynOBJIeTBOpReT ypaBHeHHID 

~J '- ] tiJ + lfi t -=- ~ J l R- ~r--lJ-_d-\l..--t---'p-J. 
Ilepexona R TOpOH.n;aJILHHM ROop~aT8M li noaaras V -=- V/Jt~-<c)Ô,rrPR

XO.n;HM ,R CJIe,IUKII.\eMY ypaEHeHHIO ~JI '\.f 

1ir - c~kr VIA + 1\fee + ~ if -:. ~ .ltl}':-wseyl . ~t)4-~\») 
~r . f'	 , 
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I 
Paaxaraa v B pnn l V z: .2 t{., \ y ) . «s ~'I\3 ') , rrOJIy~ aeM ypaBHeHHe !• 
)J)líl .4(, I j.\ } ! 

.\.. 1cll..'V:, _ dl , ci If", t ll _",,-)lV,,,:: -t~ s: ·Qn-.\. · 0 ly. 'J.A ü ) · (1 + ~ "of ' 
(~:L.- Y oJA 4 :' h.r' 1. • !

\ 
I 

Ero p emeHH&\ffi flDJIflIDTCfl r· 
P, i ~ ~ '( Q l\ ) l-

_ 1, ~ ') ~}' 1. . ~ >Ao ,~ }' \\ -1. eo }:I.V" - - - -I - " }-\ 1. J M 1 v ...)\.>--li \ ;' ~.u . IQ1. \ JJ.l(l1. .n +pi ( -lQI._)\ (4.1){ ( k ~ IJ\\_~ IV\\ .\ \\ -) j ~ I. IA ~ •
h- ~ , r > • l. Y. J 

J, }lo l- I 
! 

IlOJIy~ eH H hle TaImM 06pa3 0M Sl'p H.li 1; .nOJIlKHll 611Tb npapaaneau na ã- i 
,neHHHM B 'I. 2. 3T0 ,Jo3 BOJIfleT B JrnHOM BH,ne Bll'm CJlHTb HHTerpaJll1, s cr pe

~alOllLll e Cfl B (4. I ) .7 . 
COBrra,neHHe p a 3JIR ~HhlX rro qopMe perneHRn, Ha ~lleHHhlX B~. 2-4 CJl e

J 

.nyeT H3 Toro, ~TO OHH RDJIflIDTCR BCro.ny Herrpep hlBHUMM R ROHeqHHMH peme

HHflMH O~HX H Tex lKe ypaBHeHHn c O~HMM R TeMM lKe rpaHR~HHMH yenoBRR

MM. Pa3HOCTb JI~ 6 hlX llBYX pemeHHn O){Horo R To ra lKe ypaBHeHRR TIyac coHa 

flDJIReTCR rapMOHH~ eCRO H \lJYHR1IlIefi . OHa oopam aerca B HYJIb npa 't - 00 

(rrOCROJIbRY Jl H Jl?: Y ÓhlBa~T KaK 'Z - ~ npa 1 -" 00 ). Ho r ap-p 
MOHH~e CRaa !PYHRUHJl , PiBHaR HYJIIO Ha 6eCROHe~!lOCTR , TOlKJlecTBeHHo paBHa 

HYJIIO ( CM., HarrpRMep, 6/) . 

5. BeRTop=noTeHUMaJI B HeRYJIOHOBCKOfi KaJIRópoBR e 

Haxcsneaze BeRTop-rrOTeHUHaJIa cYlllecTB.EtHH9" yn pouiaerca, eCJlR nons

TaT:bCR y,noBJIeTB0.eRT:b TQJII,XO JpaBHeHHJO lot li =H . ITOCROJIbKY BHYTPR 

COJIeHOH,na \-\'9 :: ~* -~~ = ~ ,TO eCTeCTBeHHO RCRaTb peureuae B 

BH,ne : 

"q1. :: SI ... +- .A]. ~ IvJ JI'p .: A'dP, 

r,n ~ ih ,-'l 1..' J:l :;, 3aBHcíl)J TOJIbRO OT r . OTCIO.na BHYTPH COJIeHOH


.na nonyxaera COOTHOmeHRe: ~ - filo =g . Ha BHellIHell rpanaue COJIeHOH,na
 

t 0:::- J.-\-I ~'l._ !; , \ t \ ~ 12.) ROMIIOHeHTa .Ap pasaa ,/~. • fIpo-

S n'" Il. L 

- 1
1118 Bcera MOKHO oÓ e Cne~T:b HenpepHBHOCT:b ~ npR ne pexo ,ne H3 OÓJIaCTR 

, .( BHYTpeHHOCTH COJIeHOH,na , CM. pRC. 2) B OÓJIacT:b TI ( onps n e-

JIeHHYJO RaR 2 > J \- ~Rl,_c\ 1"l.1 t:R\eCJIllllOJIOlllliT:b Ap B 06JIaCTR n . , 
ae aaBRCílIIIJlM OT2 H p aBHl1M CBoeMY 3 Ha~ eHH Rl na r pa aa ne (I I LI) " T. e . 'Ift 
JI~ • Ilorpe õyex H c~ e3HOB eHHíl J/,p npa P -+ 00 • Tor,na 

L-l/.
d + I2 ,fI~=O,Jt:. -~. ll03TOMY J1.P == O aes n e R lh s: ./lj - 9 ·e...-p l 

z
 

(,p-d l.z2=IV R
2 

ID ü 
I -p 

IV 

PHC. 2. 
OÓJIaCTH orrpe ,neJIell lUI BeRTop-rrOTeHURaJIa B HeKYJIOHOBCROa 

RaJIHÓpOBRe. COJIeHOH,n - cnJIOlliHoll RpY~OR (o6JIaCT:b I).
 
KOMIIOHellTU Jlp :: .íl ~;: o s ean e • •ql<s e... <l+-IjL -l~ B "I
 
q - a . e.... ri -I- [i(CiL B UI H .//1 "' O B OCTaJI:bHhlX 

" l - d J-~~'L 

OÓJIaCTílX . 

BHYTpn COJIeHOR,na. fIpRMeIDIeM aHaJIOI'H'lHUe paCCYlKJleHIDI ' R Ilfo . Henpe

phlBIIOCT:b Jh· na BHellIHeli rpaaane R er o a cxeanoaenae npa .P .... 00 

n aer .AF ~ .~L.,lo\+k l.--!.'-) , Ji l : ~ ~ <A -I- ~~L-32. B I H Jh:OBO n. 
HenpephlBHOCTb Ai: na BHYTpeHll et\: r pa iÍiu .\e (TO eCTh IlPH.f =cI.-Jl'Zl.-P-, 

\1:\ ~ (Z. ) nOJIyqaeT Cíl, eCJlH rrpezmonoaars Jlp B OÓJIacTH UI 
( .p ( ct - ~ (1..'l-_1'1 , I (I ~ 12. ) ae 3aBRC~~ OT p H paBHl1M cBoeMj 

3Ha~ eHHRl aa r paaaue (I, 1lI) , T . e. <J .~ : + ~ • TaR R8R ..A 1- = O _ (1.L. p 
npa \ tI ~ l< , e CTeCTBeHHO Cq}!TaTb fl 1 = O npa I'l: / ;;> R. . B RTore 

nonyxaea: .n.p ~ J\j:: O seane ; Jh.;: [j e.. d -+ fji-:fi. BHYTpn COJIe 

HOH,na, f.h = ~ . e... .A+ ;;zLF B 1Il H fl i- = o B OCTaJIbHhlX 06JI8CTílX. 
'" - ./iz-r=:i 1

fIoRaXeM, ,{TO TOJIbRO qTO rro~Y~e HH~ BeRTop-nOTeH1IlI8JI Mo~eT ÓUTb 

nOJIy ~e H R3 BeRTop-nOTeHUHaJIa D RY~OHOBCROt\: K8JIHópoBKe c nOMolllbD R8 

JIHópoBO'lHOro' npeo opaaosaaaa. YCJlOBHe dlI! ]i.: O y,noBJIeTBopReT bR aBTO-

MaTR~ e CIGI, eCJll'l: 
-a2. J., _ -at J \ ';lJ... . Jl -O 

Jij>': ~1 I ,(J=l - - 4 J'- -'p ;lj> I -g - • 
( 5:1) 

YenoBRe \-t", : ~ DlR- fljl._J,\L-té·) rrpIDlO.ImT R· CJle.nyI<XlleM,Y 

ypaBH eHJUl,l1,1lR J,.: 
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c.l l~ 

r-ne : _ R1.~ C( d!,J..~, :: ~l,~ \ (lIy,àJ\ d~ :: 
LJ ot:= fJ .1/f(jJ.) b), d...- ~d, jJ \"\..-1(\\ Y(k ~ j ('L2.,~j\:>""-lYÇ),C0~-..ç)'1L 

(5.2) l.J\ ~d ,'t,-:.O) O o ~ 

rne v::: o KaK npn {2- { :7 {2.. ,TaR II npn P 7 d + J1<.2.._ t Z	 

<Á 

:\V"~ e. '" cA~"'-1. rrpll d - 1r<J._lL ~J!- J +- Jjii:"t L li {Jf:: . - R<- ~ ~ ( fi c\ x: Q_ \(~ L + X L) . 
t...	 , 

,- e d -JiiL.l'- npn. O~ P ~ J - Jp":L-- 2J...•.. Ilpencranax i B Bli,n:e:	 4 J. {p'i I 2.J3
~~-

d+-~l1..
 

-- --Ç, {}ol TIo~CTaBnJIeM (5.b) B (5.5):
,.q .: "q -I- 3~o/ Jl 
(	 

. 11 t _ n j __ o n I .: _ Ll cL ::: _ Q 'q.r ) . (5.3) f'· 

o _ 'd2- d..- ) "._ 'di cl _ '~fcL ~
 
v7"p - J1,! - -,,) -rt (- I d J11. - --'L Jl'-) - )
 fit- - - c:X1.. - d'j'J-. •dX Ô L	 d~ d~

TaKliM 0c5P§.30M, Jl li JJ CBJI3aHlt KaJIlic5pOBO'lRl:lM upeocpaaoaaaaex,	 (5.7) 

Dt	 
---'7

rrpli'leM 17' COBrra~aeT c BeKTop-rrOTeRUManOM, rronY'leRR~ B Ra'lane 
,II.oc5aBnJIJI li: BhItn:íTaJI B ~1 , rrpe.n;CTaBllM ,H B Bli.n;eêlt:.1.n;aRRore pa3.n;ena. 

PeIlIelille ypaBReRllJI (5.2) MOJKHO 3arrnCaT:b B Bli.n;e:	 ----7 -'õ I

J1 ~ vq + ~!lt'.c\ ~ R	 oi" 1 (5.8a) 

cl :: - ~ ~clt-,.j3> (f/l)t ,),	 11\ ""'Rl. 
l5í\f -(2.. ~	 (5.4) rne Ji'J>': ~ '1= O ,~ lt _- <P Ó' (1) ~( c~.-J ., ,'t'~ j\_~ (5.86) 

~_I~1._-:eI2..	 c:Jv 

r.n;e $ (.PJ't,L) =Qv\'\~-~R~--t:~)à Jj, (A'p,·Q-l ~~)	 ..... -, 
KaR l'I npexne, Si li A CBJI3aRbl Ranlic5.poBO'lRRM npeoopaacsaaaea. ,II.oRa

d+J(p·- tr &+~:z._~I'L ~eM~ 'lTO 8TO rrpeoc5pa30BaRlie CllRrY~JIpHO. ~JI 8Toro Mb[ 

-e, t~+ ~ ~~- 1.\1. ) Sij cl j\ Q-J ~~) +S ~ .c(y\. ~\--.JI .Q-\h t~) / rrepeIIllllieM dl B HeCROn:b~O llHO~ ~opMe. SaMeTllM, 'lTO JijJ B (3.4) 
rrpe.n;cTaBliMo B Bl'I.n;e:o l. d_~:l. III 
~ _ R1..~ ~ \ tcs~J.~
 

~ -::' ]>'1,..\. J,t~ (-~- ~\ f \J j>--~ ~~ oJ t 1."J.,~ (\1.. - Q.~ J r:c5'0 )If~
 (5.9)
t2Y, C .n;pYreí1: CTOpORbl, J.	 l.)\ 

,1I,Jm 'laCTROra CJIY'laH TORRora coaeaoana \ «\J.. LL 1) y~o6Hee CTapTO .\1 .. ~'- d.. _ ~'-'à ~ (f .IV?, (J>-l\<'úl'ol') d':l 
BaTb OT COOTHOllieHn~ (3.3), KOTopRe .MOJKHO rrpe.n;cTaBliT:b B cne.nyromeR WaP y- 'dJ8rt -- 4c,{ ()1- ~ ~ (1'l--t-J\1._lJJ\C{)s1 )3/L. (5.10)
Me: 

S\x.:- ~cL:x..) "A~= dJ,~ ) ih=.- d~~ _ ~J'1 CpaBHl'IBaJI (5.9) li (5.10), 3aIQlID'la eM , 'lTO 
dê à1: ~~ 2)"') 2..5\ d, 1"(5.5) SC.ú5'B ó'E \ ~ ( 21 c;IJ, c\':S (J>-J>J.()~~ I 

- ,,~ ) c cAí I ) o l 1-t-+v.~ - 'td-2(05 ~) I!l.. :: ~ o ~ ('1 l.+y;;=:- 1..J2,Ú!5 ~ )>/2. (5.11).\ J1. - - ~ \1:- tt 
l 
\ cJ~::: ~ \1:-1:\1 "» 

rrpllI'leM aarerpaposaaae BIDIOJIHR:eTCJI B~onb OKPYJK!!0CTR panzyoa rfv , JIe- 111
 
Eame~ = O. y6e~TbCJI, 'lTO \J 'dcL '- Rl~ S (\~'S'd~  Rl.~ ri Q ''1.1..+cÁ~)
B llHOCKOCTK~ ~erRO li 

df' - - 4J O ~ 1l.+d-1._·.2.tiJcoS;9 ) 1/1- - Lt~ 2.,\ J J. \ LJ-f .
'dJ, ~J..,


clx.= (j)L J~=- d~ , (5.6) 11 L
 

s, 
~ .
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B 1iaCTHhIX CJIy~aHx :vIHTerpaJIhI B (5.13) H (5.14) CBO~TCH K YJKe H3BeCT
IToCJIe JiIHTerpHpOBaHHH rro ...p 

Hl:lM. Hanpzxep, noaaraa .9:: \YJ B (5.13), rrOJlY1iaeM 

)'( C~--.~ = R1.__~ ['l~~ ~ fe-+j1- ~ \'b\) _ 1...J"â t
p 

J J> Q\ ('1. to\- (\t)'" 
W

(' Q l (L~').1. +(\1..\ 0.:(
 
Li (A ~ {f I \. 'L cÁj J. j -L lki- Ec.. ~J \JII~N" - l'~ d.
 

!- L 45.12) o
 
M3 (5.6) CJIe.nyeT, 1iTO npn Sb0~ apryvenr ~ l= J~j:Y...)
 

B CBOID 01iepe~ 8TO MOJKHO rrpeoópasOBaTb B

WYHKIJ;TAH Q_'h ooasue I ,lJ,JIH ncex 3Ha1iemüi ::c. B HHTepnane ro ~ X ~ d).
 
3Tü 03HaQaeT, QTO WYHKnHH ol JiI Bce ee rrpOJiI3BO~HNe HBJIHroTCH Herrpe- bO
 

(' c\x. ,}\ _\~-
PUBHhIMJiI WYHKnHHM~ 1: npz 2?cA. (rroCKOJIbKY paapes tIlYHKrm:H JIeJKaH~pa j ~ ,c- \A 0~ (:x.) - I I.A .....W~ 
coananaer c JiIHTepBaJIOM (-I, I) ). ITpJiI JL d ~ MOJKeT ~OCTH1ib 3Ha1ie li ~ 
HJiIH I (rrpa 't = O, 'X:: y ). B 8TOM CJIY1iae c::L :vI eê rrpOH3BO~HhIe 
MorYT OdJIa~aTb.ocodeHHOCTHMM. 3TO rrOKa3hIBaeT BhIpaJKeHJiIe (5.12). Ap

3TOT HHTerpaJI MOJKHO HaHTH B /8/ (HO c HerrpaBRJlbHWM sHaKoM).
rYM8HT 2:1.~ )(J'-+ cll.. WYHKWiH QYL nce rna dOJIbIlIe I npa PL (,L..

l~ . • OTMeTHM, 1iTO ~BOnHOH HHTerpaJI, BXO~HH B orrpe~eJleHHe WYHKnHH J
3TO 03Ha1iaeT, 1iTO npa :: L.. J./ sce CJiIHrYJIHpHOCTJiI WYHK~ oL. ooaaaau 

(CM. (5.6)),MOJKeT ÓMTb paSJIOJKeH B p~:rrepBOMY CJIaraeMOMY B (5.12), paBHoMY 
, r:f)

(( cl ~ J'1 \ ~ .11 R'l..tj ( h.l--\- c\lo - \ 1:. I ). ~) ,-;:;r _ >i" , \ =C\'-lÁ-lA) S 0 2.. ck \'\ ~\) . c..o~ '" e 
\ ~ ~ J' ~~v 'L::\ 

l'::0)J\~0---

IIepBaJI rrpOH3BO~HaJI OT nero rro:t. JiIMeeT (rrp.H 't = O) CKa'IQK, JJ \)C) 

paBHhI~ - ~ ,Tor~a KaK BTOpaJI rrpOJlI3BO~aH JlIMeeT S' - 06pasHYID Jv-.\-~ . _ v-l-O (9\-_~,-~Yc\}.1 +R ,( Q\.-~ 5st.)-'dJ'] (5.15) 
ocoõennocr s - (~ &(2· ) . I'Illi Y)Ke 3HaeMI QTO npa Jl? cl epYHK- ,jÁ)- \-t~\\ú l \) v.-t~ \I ..... (\...y\\/L I'I-í.~ II'H:ly-\'>ll • 
rm:H cl JII ee rrpOJlI3BO~Ue ocodeHHOCTeH He JlIM8IDT. dTO 03Ha1ia8T, 

CpaBHHB8H (5.15) c (5.12) H (5.6) ,lJ,JIH HeKoTophIX HHTerp8JIOB,y~aeTcH
1iTO npa J)":> cA CJlIHrYJIHpHOCTH 1-ro JII 2-ro tIJI8HOB BSaJlIMHO KOMITeHCJiI

rrOJIY1iHTb /4/ saMKHYThIe B~p8JKeHJlIH, OTCy~cTBY~He B MaTeMaTH1ieCKOH JIHPYIDTCH. 
reparype ,

MhI 3aKJlID1iaeM, 1iTO ,lJ,JIH TOHKoro COJIeHOJlI~a K8JIHÓpOB01iHOe rrpeoópaso
BaHue (5. 8a) HB7lHeTCH CJlIHrYJIHpHhIM. ~o Bb/.Hy~aeT nac ÓhITb secsaa oc 6.3aKJII01ieHHe 
MOTpHTeJIbHhIMM rrPJII ero rrpJlIMeHeHJlIll K KOHKpeTHhIM WHSU1ieCKHM rrpOÓJIeMaM 
(CM. I nanpanep i7/). MhI rrOJIY~JIH BeKTop-rrOTeHUH8JI TOpoH~8JIbHoro COJIeHOH~a KaK B RYJlO

HOBCROH, TaK H B HeKYJIOHOBCKOH KaJIHÓpOBKax. B rrepBOM CJIY1iaeKOMIIOCpaBHHBaeM (5.6) H (5.12)
c"- HeHThI J\ yousanr KaK 1-"> rrpu 'l. - co ., BO-BTOpoM c;rY1iae OHH OT

\ ~ 'Q ('lL-+-~t.\_ JIH1iHhI OT HY~H B ÓJIHJKaHllle~ OKpecTHocTH COJIeHOH~a. Ha~eijo K8JIHÓPOB01i
~ JJc cAJ( -J -LJ'}l i : r; l rl;:-é~ -- \1 \)
\)0 l.- Hoe rrpeodpaSOBaHJiIe, cBR3~B8IOmee 8TJII rroT8HU»aJIhI, HCCJle~OBaHhI ero CBOH

. J lj (5.13) 
CTBa. ITOJIY1reHHbte rroTeHU»8JIhI MorYT ÓhITb HCrrOJIb30BaHhI npa H3Y1ieHHH paco 
ceHHHH Sap.F[)j{eHHhIX xaczau na TOpOH~aJIbHOM COJleHOH~e.~ r ÓY fI (l.1...+ t 1..--\- Glot.-- )
 

- ~o\ J q 'V~ lc\Jl- .
 
o 

MHTerpHPyeM oóe 1iaCTH (5.11) rio IJ: ABTOp rrpH3HaTeJIeH npoweccoPY H.A. CMOPOAllHCKOMY sa rrOJIe3HhIe oó

Jv :I. .J CYJK~eHHH. 

r (~1( Q{('1 ) I ~ _ ~ ) =Q n 1 r 1>\ 1.1- +(\ t--) ) l':1:"- Jl-~ ~1-+ ":
 

\ ~i \ Y ~~ \.V 2.- 'LJel. '1-0 :L '(5.14) j
 

1 I :-J 
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A!!JaHucbeB r.H.	 P4-87-I06 
BeKT.opHble Marmr1'llble no'reuuaansr 
1'ópoHAanbHoro coneHoHAa 

Bercrop-no-reuuaana ropoxnansaor-o c orreuoana norryvenu 
KaK B KynoHoDcKOA, TaK H II HeKynoHoBcKOA KanHôpOBKax. 
H3ytIeHN CBOHC1'D8 91'HX ~01'eHlJ,HanOD. B nepDOM cnytIae BeK
Top-nOTeHlJ,HBn yC5bll3ae1' cõp aruo nponopuaouansuo ICYÔY pac
CTOHHHH, DO DTOpOM - OH OTnlitIeH 01' Hynn TonhI<O nônH3H 
conenoana , Haaneuo xanaõpouovnoe npeo13pa30DBUHe, CBfl3L~Da

rome e 3TH nOTeUlJ,HaJIbl. 

Paõo r a BblITOnHeHa D J1aC5opaTopHH TeOpeTHtIeCICOH $H3HKH 
onan. 

Ilperrpanr O,6'be.n.HHeHHOrO HHCTlfTyTU nnepnsrx Hccne.n.ODllHlut • .uy6l1a 1987 

ITepeBoA r.r.CaHAYKOBCKOA 

Af anas í ev G.N. P4-87-106 
The Vector Magnetic Potentials 
of the Toroidal Solenoid 

The vector-potentials of the toroidal solenoid are 
obtained both in the Coulomb and non-Coulomb gauges. 
Their properties are studied. In the first case it decre 
ases as r-3 at large distances, while in the second one 
it differs from zero in the nearest vicinity of the so
lenoid. The gauge transformation connecting these poten
tials is found. 

The investigation has been performed at the Laborato
ry of Theoretical Physics, JINR. 
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