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Soromo6os H.H. (Mn.), Kyp6aros A.M. 
P4 • 8434 

0 Merone xaaoauqecxux npeo6paaosaauA s craracraqecxoA 
ljlH3HXe 

PaccMarpusaiOrca o6o6IUeHHbie xaaoauqecxue npeo6paaosaaua s npuMe
seauu x npo6neMe naaroaanaaanuu raMan&roauaaa o6IUero sana ana·cacre-
MJ>I $epMa-qacrun. HccneayiOTca cexyngpabie ypasaeaaa, B03HHKaiO-
IUBe npB auaroaanaaauaa paccMarpasaeMoro raMHnhroaaaaa, a cooraoiUeaaa 
oproaopMaposaaaocra, o6ecneqasaiOIUHe xaaoaaqecxaA xapaxrep raxax 
npeo6paaosaauA. 

Coo&qeHJ(e 06t.e.rorHeHHOrO MHCTHT)'Ta JlllepHIIIX MCCJI~OB&HMI 
,i(y6Ha, 1974 

Bogolubov N.N. (Jr.), Kurbatov A.M. 

Note on the Canonical Transformation 
Method in Statistical Physics 

P4 • 8434 

The generalized canonical transformation as applied 
to the problem of diagonalization of the Fermi-system Ha
miltonian is considered in the general form. The se
cular equations, which arise under diagonalization of 
Hamiltonian and the orthonormality relations which confirm 
the canonical character of the considered transformations are studied. 

C...uJeati•• of tbe loiat laetitute for Nuelear Reeeareb. 
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CIICT8l.l CT8TIICTII'l8CKOi1 rJlll3>!1(11 

H8XOlK;D;8HII11 COClC'fB8HHb!X 3rl8-

Tipll 113Y'l8HIIII MO;D;CJI:bHb!X 

B3lKH08 3H3'l8HII6 IIM88T 33;D;81l3 0 

1I8HIIi1 llccne;n;:~euoro raM>1JI:bTOHIIaHa, T .e. rrpooneMa ero ;n;aaro

HaJIIISa~llll. ;l!JI!l KJI8;D;p3TII1Ilib!X t)XlpM, ITOCTp08HHb!X Jl8 OCHOB8 

C. - q~c~cen, rrpo~e;n;:~pa ;n;vmronaJII133~1111 paspacioTaHa /I/.Ha

XOlK;D;8HII8 flBHOrO BII;D;8 
cooTBeTcTB:JlOU\ero JIHUTapHoro rrpeoc5-

pa30B3HIIfl ;ll;ll!l onepaTOpHb!X qJOpM B 

CT8Bll!l6T co6oi1 CJIOlKHYJO aa;na'l;!o 

6on:&wHHCTBe CJ!Jl'l36B rrpe;n;-

L1CCJI6;li;OB3HIIfl MHOrO'l8CTV!lJHb!X CMCT8M CT3TMCT1;lJ8CKOi1 ~M31lKM 

CTIIMYJIIIpOB3Jlll C03;11;3HII8 MeTo;na ~3!\ H33b!B36Mb!X I\3HOliii'I6CHIIX 

rrpeo6p330B3HHt/2/, flBJI!l10ii18rO Cfl O;li;HIIM 113 H3!ldOJIC6 3iW;8KT L1B

Hb!X llO;li;XO;D;OB K ;D;3HHOi1 npo6JietAe • 8TO oClycJIOBJIKBaeT lili1POK06 

rrp11M8H8HIIe U l1-rrpeo6p330;B3HIIi1 rrpll 113:J'l8Jlllli J(Q!Il\p6THbiX 
) 

MO;li;8JI:bHbiX ChCT6M II 061>flCHfl8T IIHTepec I\ MCTO;D;:J I\3!!01Hl'ICCKMX 

npeo6pa30B3HIIH l\3!\ I\ C3MOCTORTCJI:bHOi1 rrpo6JieMe. 

B ;n;aHHOi1 pa6oTe paccuaTpiiBaJOTC R tJaTeMaTlltJecm:e acrreKT hi 

33;D;3'111 0 ,ltll3rOH3Jlll33~1111 raM!4JI:bTOHII3H3 1 npe;n;CT3BJI6HHOro o6-

mei1 I\B8,~tp3TII'IHOi1 WOPMOi1 113 orrepaTOpOB BTOpii'IHOrO KB3HTOB3-

Hllfl ifle pMH6BCKOrO Tlllla • Tip11B6;D;8HII8 K ;D;il3rOH3Jl:bl!OM:J BL;D;:J KB3.U

paTH'IHbiX wopM no 6ose-onepaTopau 

MOHOrpa¢lllll C.B.TR6JinKoBaf3/. 
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B npe,zpraraeMoH pa6oTe paccMaTpHBaeTCR raMMHJil>TOHIIaB BH-

~a 

H = [ A.~· a_~ a.~.· iL B~v·a;tt~. ·1LB\.~ 
\) 'II' \! »' . ~,· ,, , 

t ' ~ l1) + 
r~e Q\) , Q.'l> npe~cTaBJIHJOT co6oit ~PepwH-orrepaTopu po•-

~eHnH Jll YHH1!TOE8HHff COOTB6TCTB6HHO Jll, CJie~OB8T6JlbHO,y,l!;OB

Jl8TBOpffJOT BHTJI!KOMMyTa~JI!OHHUY COOTHOUI6HHffll: 

a.,~ a,v, -+ ltv•Q; = ~»ll' , 

n+ + .f. II+ 0 ""» a; )I, + a.:;,. I(,)) ; 
(2) 

a (Allv'h (8~ V') - MaTPH~u • 
ITOPff,l!Ka f.. X t., 'f,e. 

HH,l!;6KCbl CYMMHpOBBHHff B (I),npo6eraiOT SHaqeHHff OT 1 ,l!;O ~ • 

~~~ TOrO, ~T06U KBB~PBTJI!qHaff ~opua (I) 6una apUHTOBB, 

CJI8~!Y6T ITOTpe60B8T:D, qT06bl Bb!ITOJIHRJIJI!Cl> YCJIOBHff CBllOCOIT.PI

;!((JIIHOCTU Mff M8TpJI!~b[ (A~»·): 

A.,'I)'J' : A-v·~ · r~a.) 
u ycJioBnH aHTMcHuMeTpV!qHocTn MH MBTPH!Ui ( B ))}J ') : 

B'l)»' = - B»'v · (if) 
CyT:D ueTo,l!;a KaaoaHqecKHX rrpeo6paaoBaHHH ~~~ ~aaaofi 

. + 
sa,naqM aaKJIJO'IaeTcff B ·.rou, '!To rpepwn-onepaToJH Q.

11 
, Q..

11 
Bhlpa;ii810TC!I ITpH ITOMOll!H H6KOTOporo JIHH6HHOrO npeo6pa30B8HIIH 

'lepea HOBble onepaTOPLI otC::,) r:J. W (T8Klle !PepMHeBCKOl'O 

4 

THITB) TBKHM o6paaou, qT00U raMHJll>TOHHBH (I) 6un npHBe~eH 

K ~HarOHBJil>HOyY BH~y: 

H = E E~ cl~ al. ~ ... ~. (
3

) 
0 w 

OTMeTHM a~ec:D, qTo c !PHaJI!qecKoit ToqKJI! apeHHff aaueaa orre-

paTopoB npH ITOMOIJIJI! K8HOHJI!'I8C!WX npeo6pa30B8HJI!H OSHaqaeT 

rrepexo~ OT OITHC8HHff CHCT8MU B38HM0~6itCTBYIOIJIHX qacTH~ K OITH

CBHHIO CHCT814bl KB83JilqacTJI!~, B38HMO,neitCTDHe M6lK.Z(Y KOTOpbiMVJ 

He J'1Ul'I'HB!l6TCJ!, TaKHM o6pasou, raW'IJI:DTOHHBH (3) OITHCbiB8eT 

CHCT6YY H638BHCHMHX 3JI6M8HT8pHbiX BOS6yi~8HHti/4/, npH STOll 

ITOCTO!IHHHit BKJIB.Z( B (3) OTBeqaeT SHeprHH OCHOBHOrO COCTO!IHHffe 

B p8MK8X .Z(8HriOrO HCCJI8.Z(OB8Hl1f! HCITOJI:D3yeTCR J(aHOHHqecKoe 

npeo6paaoBBHHe cne~YIOIJiero BH~a: 

ct~ =I: { U»w ol.w + "t..o£-:J 
t.) 

( 4) 

a.,~ = L: f Uttvw cL~ +"»:clw1 ' 
w 

BB6~6HH06 B paOoTe/5/ B KaqecTBe 06001J16HHff K8HOIIH'I6CKHX 

npeo6pa30B8HH£!, HCITOJib30B8BUIHXCff npH C03~8HHI1 MHKpOCKOITH

'18CKOit TeOpHH CBepxnpOBO,liHYOCTH/6/ Mff ITOJIY116HHff H8~JI6381J16tl 
MO~HtPI1K8~HH TeOpHH B03MJIJI6HHit/?/, 

B <J?opuyJie (4) u\)W ' '\} \IW - rrpOH3BOJil>Hbl6 

tPYHK~HH, CBR38HHbl6 COOTHOUI6HHffMH opTOHOpMHpOB8HHOCTH 

L { U»w u:'w + "\)l,o) \J:,c.JJ = bll»"' (5) w 

L { U »W 1}\l'w + 'kv'w '\}»&.> l = 0 ' w 

5 



+ 
KOTOpble JierKO ITOJI~'li1T:&, TpeClyH, IJTOClbl orrepaTOpbl Q~ ' Cl.')) 

COXp8Hli1H! QGpM>ieBCKHti xapaKTep. 

Tpe6~H, COOTBGTCTBeHHO, qTOClbl BBG~GHHble STHM rrpeo6pa-

30B8HHeM ( 4) OITepaTOpbl o~...: 1 ~Y.llOBJieTBOpliJIH !IJepMHeBCKHY 

rre peCT8HOBQqHh!M COOTHOlileHHHM, MOllHO ITOJI~ql<JT:&, HCITOJI:&3J'li 

o6paTHoe rrpeo6pasonaHHe \CM. WOP~JIY 33 B) ,llBHHOU cTaT:&H), 

COOTHOIDeHHH OpTOHOpMHpOB8HHOCTH BH,ll8! 

L { U.~lo) Uvw' +'IJ:c.l "'~c.l') = ~ww' ., 1 J 

L l u~IA> ,\)t.)' + 1} \IW u: \IW' J = o . 
~ 

(5a) 

3TH COOTHOlil6HHli o6ecneqHB8~T K8HOHHqeoRHM XBP8KT6p paOOYBT-

pHBaeMOrO rrpeo6pa30B8HHH/7/. 

KaHOHHqecxoe npeo6paso:saHHe (4) npe,lloTaBJIHOT co6oA 

S~GKTHBHbl~ MeTO,ll HOOJ16,llOB8HHli ,llJIH paSJIHqHb!X YHOroqaCTHqHblX 

38,llaq/
4/ H H8lliJIO lliHpOKOe npHMeHeHHe ll KBBHTOBOA TeOpHH 

MBrHeTH3Y8 /J/ H li,llepHOM ~H3HK6/B/. 
~li ITOJiyqeHHli ypaBH6HHU, KOTOpb!M Y.llOBJI6TllOPHmT 1AJ~

~~HK~HH,MOEHO HCITOJI:&30ll8T:& ypa:BHeHHH ,ll:BHEeHHH ,llJIH paOCYBT

pH:BaeUblX ~epMH-8MITJIHTy,ll. llpH STOM ,llJili raYHJI:&TOHH8H8 (1) 

ypaBHeHHH ,llBHX6HHH HUe~T BH,ll 

i 'i~" = [ A\) \I' Q,,,. + z B'JJII' a.;. 
»' " \1' , 

·J.a.-+_\ * + +)?Bif 
- l Ft -L A I Q,ll, L ''II' a. )I, 

'1)},1 \1 I II f 
)I' " 

( 6) 

6 

a ,llJ!li raWHJI:&TOHHaHa (3) COOTBeTCTBeHHO 

i rlrLw _ 
d.t - fw ol.w • 

-l dol:. - E Jv• 
( 7) 

~- w w . 

+ 
ConepmaH xaHoHHqeoKoe rrpeo6paao:saHHe rpepMH-BWIIJIHTY.ll {4, ~ 
ll ypa:BH8HHHX (6) ll COOTB6TCTBHM C ~op~JIBYH (4) H yqHTbiBBH 

(7), nonyqHw 

L { Ullcv Ewolw- '\)\lc.vEwcl~~ = 
(A) (8) 

= L {Av{l.t~·wfiw+Av»',»~'c.>"-:J +L {~ ... u;~ . .t:·B .~·--' l 
»'<A> "'c.') , ... 1111 IU'wJ· 

I I 

~ 
llpKJlaBHHBaH K03<f>4JRUHeHTbl ITpH ck.,v, J-w, MODO HUITHCaTb CHCTeMy 
qeTHpeX ypaBH6HH~, Ka~oe H3 KOTOpblX npeACTaBJIHeT C000~ CHCTe
yy .f. - ypaBHeHH~ ,llJIH U 1 '\J- - 4JYHKUHi1: 

E \A> Uvw = l { Av»' u.,.w + B»v' 1> =·w J 
})' 

( 9.1) 

Ew ~\)c.> ~ ~ {A"~· 'l>»'IA) +8»)1' u~,J (9.2) 

E~ 1):_4> = ~ fA:",l};tU +8:!1' Uv•wJ (9.3) 

E\a) u.;w= ~ { A~",U~·w•B;.,.,.ll'w} . (9.4) 

7 



C~e~yeT OTMeTHTb, qTo TO~bKO ~Ba ypaBHBHHH CHOTBMU (9) HB-

RHIDTOH HB38BHCHMUMH 0 

IToaToMy B ~anbHBHIDeM Mhl oy~eM paocMaTpHnaTb narub ~na 

ypaBHBHHH OHOTBMU (9.!) - (9.4), HaiTpHMep (9.!) H (9.3), 

H8 KOTOpue B ~8RbHB~llieM 6y~eM COUR8TbCH K8K H8 OHCTBMY (9). 

ERa Toro, qToou npe~cTaBHTb ypaBHeHHH (9) B 6o~ee KOM

naKTHOM BH~B,BBe~eM KOMOHHHpOB8HHUH HH~BKC 

.f' ::: ( 'Y, .f) 
.i\ =(w,f) 

H MaTpm~y BH~a 

f = 1.. 2 ) ., 

.f=1;2. 

( ~I l = ~(A..,'~~,) (B~'~~·) J 
(j ~ ' E 4f E !It ( IO) r r -s\),0 -A ~9,) 

C8MOCOITpHJKBHH~Il ; '?/' +: 21' , ITOCKOJlbKy MBTPH!Ui 

( A~'l)') n{ B \h>'} no~qHHBH!i ycnoBHHMH (Ia) - (!B). 

PaccMoTpHM 2 t - MepHoe nnHet!Hoe npocTpaHcTno BeK

Topon 

V
(W) 

=:. / Uvw 
( 1DA-) 

.. 
~\IW 

lA>: 1.12.)'") t. 

8 

(W) 
B ITpOOTpaHOTBe BBKTOpOB V 0 HOTBI.!Y ( 9) MOiKHO 

npe~OT8BHTb HaK M8TpHqHoe ypaBHBHHB BH~a 

'JI V {w) = t w V (w) 
(II) 

H CB6CTH, T8KHM OOpaaoM, CHCT6My (9) K 3a~aqe H8 COOCTBBU

HHB 3HaqeHHH (II). 

Orrpe~enaM ~anee B npocTpBHCTBe BeKTopoB 

paTop rrepecT8HOBKH p CJIB~YKllJ!HM 00p830M! 

p . ( u,•w ) ::: ( ~·,w l· 
v'\lW uvv.> 

cwJ 
V one-

T,e. ~eMcTBHe onepaTopa }? 
~nHaT cneqnanbHoro nn~a. 

CBO~HTCH K nepecTBHOBKB KOOp-

QqeBH~HO, qTQ 

I? 2 = 1 p ~ p~ 
) 

STo npeo6paaoBaHHe MOl!CeT cHTb npe,llcTaBneHo B MaTpnqnotl 

tiJopMe: 

Prr· = llf!' b"~u· , ( I2) 

npnqeu /J. , onpe~eneHo cne~ylO!IIHM o6paaou: 
ff 

11 !!' = ( ~ ~ ) . 
0TM6THK, ~TO ~ff MaTpHQH lf>~~~ CHMMeTpHqeCKOi! H 

B6Jl!BCTB8HHO«, B!iiTOJJHHBTOH paBBHCTBO 

P·71·P=-JI~ (!3) 

9 



TipH uayqeHHH CHCT6MU ypaBH6HH~ (9) cymecTB6HHYD pOX& 

HM66T at 
~eMMa I. TiycTL 0: - aBKJIH)IOBO npocTpaHcTBO J!Hhe«H~ 

KOMllJI6KCHUX 2l - MepHUX B6KTOpOB 

~1. 

~ 
~zt 

B KOTOpOM BB6)16HO CK8JIHPH06 npOH3B6)16HH6 COrJISCHO npaBHnY 

2l 
(5,?) =Z~:?-' . 

.l•1 
TiycTL, )Ia nee, B Cat )le«cTBYDT cauoconpHllteHHUe uaT-

(I4) 

pH!U>I 2/ ill P , y)loBneTBOPlllOmue ycnoBHHK 

P2.= 1 
' 

p 2/P=-tr. (I5) 

Tor)la )IJIR ypaBHeHHR 

/)/ v Ct.J) (W) 

(J = ell.) v ) w:1,2J ... JI. (I6) 

cnpaBe)!JIHBu cne)!ymmHe yTBepllt)!eHHR: 

I) ecnu BeKTop S H3 (f2t YAOBJieTsopl!eT ypaBHeHHm 

7/s=~s ( I7) 

10 

TO KOIIIIJI6KCHO COllpHE6HHhl~ eMy B6KTOp S If 6y)leT YAOBJieT

BOpHTL ypaBH6HMil 

~PrJf=- & P-s .. (IS) 

2) MaTpHqa 2/ HMeeT l nHHe~Ho HeaaB~ICH!.IbiX co6-

CTBeH~ B6KTOpOB { 1f (w) l "\V : i 2 •., l KOTO-J , J ) J , 

pull OTBeqamT HeoTpuqaTeJILHhle coocTBeHHUe aHaqeHiriR SUJ , 
W = 1) 1, .. , ,(, . Tip1r1 aToll coBoKynHocTL BeKTopoB 

{ u(Wil f p v(wiJ 06pa3y6T OpTOHOpMHpOB8HHbiH 683HC 

,. at ' 
B \L • 

liOKS38T6JILCTBO • liy)leM paceM aT PHBSTL 06ll!HU CJIY qaJ;t, KOr,lla 

cpe)IH oo6cTBeHHhlX 3HaqeHuU &w aa)!S q1r1 ( I6) HMeiOTCR KaK 

OTJ!HqHue OT HynR, T8K H HYJI6Bbl6e Cne)lyeT OTMeTHTL, qTo Be

JIHqHHU &\a) flBJlfliOTCfl B6ll!6CTB6HHUMH q!lQJI8Mll KSK C0602B6HHU6 

aHaqeHHH caMoconpHJKeHHoro one paTopa 2/ . BhlmiilleM ypaBHeHue, 

apMHTOBO ::onpHJttenuoe K ( I6) : 

2/+f =as\' 
I nepellHU16M ero B COOTB6TCTBHH C YCJIOBH6M {!7) B Bv;,lle 

-P¥P~es-. 

YqHTb!BaH Tpe6oBaHHH (I5), oKOB'IaTeJILHO nony'IHM 

WPr4

= -eP~~ 
TaKHM 06p830M, 6CJIH s HBJ!H6TCR COOCTB6HHhlM B6KTOpOM 

II 



M8TPL!Ubl II' , OTB6'laJO!liiU4 C06CTB6HHOMY 3H8ll6HHIO £_ , TO 

P '*' B6KTOp 3r npe~CT8B~H6T 0060~ C06CTB6H~M B6KTOp M8T-

pL!r~b! 2/ , OTB6ll81011!Liti C06CTB6HHOMY 3Hall6HHJD (-f.) 

~oKaaaTe~bCTBO neMMh! cyll!ecTBeHHO ynpoll!aeTcn B 

cnyqae H6HYH6Bb!X C06CTB6H~X 3H8ll6HH~ 3~8'lH (I6}. ~eRcT
BHTe~bHO, ~H C06CTB6HHb!X B6KTOPOB 

v (~) V 0~) v (1-l 
, , . .. ) ' 

OTB6ll81011!.i!X llOHOl!!.i!T6~bHb!M C06CTB6HHb!l4 3H8ll6HL!HM ( ~ < ~ ) , 
HerKO llOCTpO.i!Tb B6KTOpa 

piJci) pi[ca) PVC') 
' , ... ' ' 

co6cTBeHHh!e aHa'leHMH KOTOPb!X oTpH~aTe~bHb!. 

BeKTopa nepBo~ rpynnb! ( £ j > 0 , } : 1) 2 J , • ' , 't ) 
BCer~a MOl!!HO Bb!6p8Tb B38L!MHO OpTOrOH~bllliMH,M,COOTB6TCTBeH-

(S) p v" C') HO, HJ06b!e ~Ba B6KTOpa v II! (llpH 1_, c_;~~) 
opToronanbHh! ~pyr K ~pyry KaK co6cTBeHHh!e BeKTopa cauocon

paxeHHoro onepaTopa, OTBe'lBIOli!He paanM'lHh!M co6cTBeHHb!M BHa

lleHMHM ~ • B COOTB6TCTBL!.il C onpe~exeHH8K CKanapHoro npo

H3B6~6HHH (!4} H npH llOMOli!H COOTHOID6HH~ 0pTOHOpMMpOB8HHOC-

T.l! MOl!!HO noxaaaTb, 'ITO 

( v(W: v(W)) = 1 , i ~W,<> 'J, 1 

a, CJI6,!10B8TenbHO, 

( p lf'"', p ir'"'') = 1 . 

12 

l 

fipL!B6~8HHb!6 CBOtiCTB8 HayqaeMb!X MaTpL!~ ,!4allT B03MOJ:HOCTh 

npOCTOrO ~OK838T6HbCTB8 H6MMb! B cnyqae H6HYH6Bb!X C06CTB6H

Hb!X 3H8ll6HM!f. 

PaccMOTPl1M 6oJiee o6111Hi1 cnyqalf, I\Or~a cpe~11 codcTBeH

HhlX llHCen M8TPHUbl ~ CYlii6CTBYIOT K8K OTH~ll~e OT HynR, 

T8K II! HyneBb!e. Tor~a ~H 3TL!X HyneBb!X C06CTB6HHb!X 3H8ll6HHM 

Hat\~yTCH HeTpl1B.i18~b~e B6KTOpa 7 , .ztnH KOTOpb!X 

21? = 0 (I9) 

11 KOTOpb!e o6paayiOT Jil1H6~HOe MHOroo6paaHe 11...,_ pa3M6pHOCTl1: 

d..:~ 11't = Zl- 2 1-'. 
0TM6Tl1M, llTO 6CJIL! H6KOTOpb!R B6KTOp 7 npHHa.ztne-

l!!.i!T M ~ , To 11 P ?"t npMHa~elimT .ti~ . 

TO 

Jle~CTBl1T6HbHO, 6CJ!l1 

21? = 0, 

2!+711 == 0 
.11 Ha ocuoBaHMR WOPMYJih! (I5) 

PVP?~=o. 
CJie~oBaTenbHO, 

VPr~=O 

Jt Pr/'E£17. 
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ITocT po>iu B N ~ o pTOHO pi.!>ipOBBHHYJO c>icTei.!Y BeKTopoB 

cne~yJO~>iM o6paaou.EH6epeM npoH3BOJILH~~ opT ~ttl • Tor~a 
B8KTOp 1 C1) ': ~Ci.) + p i(S.) 

B COOTB8TCTB>Hl C Bhllll8CK838HHW.! MOJKeT 6mL HyneB~M. B STOll 

cnyqae BeKTop 

'f~) : i. ~Ci) 

6y~eT Y~OBJ18TBOpHTL COOTHOllleHHIO 

!Ci): p~C1) 
(20) 

ECJil'I Jll8 
~Ci) :;t 0 ~Ct) 

, TO B K8\18CTBe B8KTOpa ~ ,y~OB-

JICTBOpHIO~ero COOTHOlll8HHIO (20), MOJIIHO Bb!Ci paTL C • 7.. (i.) 

r~e KOHCT8HTB C onpe~eneHa TaK*): ' 

C = [II ?'i>uj~i 
OTJIH\IH8 OT HYJIH H KOH8\IHB. 

I') (2) 
ITocTpOHil B8KTOp { , OpTOrOHBJIL~~ K SU): 

( ?(2) ) f(i)) = 0 . 
Tor~a H BeKTop P "c2> ? 6y~eT opToroHaneH K 

(21) 

~Ci) 
! t T.K. 

fT"\ 2 t *) Hopua B ~ BBO~HTCff CTBH~BpT~Il o6pa30M (H 

o6oaHallaeTcH, KaK o6~1:1Ho, 1/ ... 1/ ) : 

II s II = { ( ! , 1) J 
11~ 
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( p ,;c~> ~·1 = ( 7 ca.) p ~<il) = 
{ ) ' 

: ( p ~ (i: ~ C 2.)) : ( ~ C1) • ~(2l) :: 0 . 

TenepL y~ ~ff BeKTopa 

? (2)= ?(2.\ p if (2) 

7 (2.) 
'e C2) , paBH~M HJIH t ? ( B cny-
;) { - (2) )-1 - c 2) 

MO&HO HB£iTH B8KTOp 
-c2l O 

qae ? == 
- (2) 0 

) ,liJIR II ~ II} ~ (cnyqa~ 
h =# ), KOTOP~~ (no nocTpoeHHil) 6y~eT opTo-
( ~ (i) 

rOHBJI8H ) K 6y~eT y~OBJI6TBOpffTL COOTHOmeHHIO THITB(20): 

5 (2) = p ~(2). 
TaKHM CITOC060M. HB YHOroo6pa3HH ~~ YOXHO ITOCTpOHTL 

opTOHOpYHpOB8HHYIO CHCT8yY B8KTOpOB (qeTHO~ paauepHOCTH 

2?n=21;_2'V ): 
5 Ci) 

' 
I I I 

) 

5( 27) 
KB~~ H3 KOTOp~X 6y~eT 06na~BTL CBO~CTBOY 

p j ( j) :: 5' ( J) , J = 1, ,. 1 , 2m.. ( 20a) 

Wa HHX YOXHO llOCTpOHTL ~Be OjTOHOpKHpOBaHH~e (no 

{ 
ct<> { C'()l rpynn~ B6KTOpOB: )( R ~ j 

ITOCTpOeHHIO) 

(r~e 

~: 1.) Ill ' 'YI'L ) B COOTB8TCTBHH C npaBHJIBMH 

X
CK) 1 {'t:-(2K-1) . ~(2K)] 

: :yf' I + ~ > j (22a) 
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k'l 

"\1 (I<)_ P x* (l<l 1 fl~ , ~ t<- i., . ~ ( 2 fCJ 
J - : - > -{., > o{ 22B) . 12 

HeTpy~Ho BH~eTh: niD6o~ BeRTOP nepBo~ rpyrrn~ opToroaaneH R 

B6RTopaM BTOpoli rpyiiiii;ll, ~RH !IpOH3BORbHOrO S ( 1 ~ $' ~"WZ.) 

crrpaBe~nMBO 

(X c~: 'Jcs)) (X ( s: p X (S)) = 0 . (23) 

Cne~OB8T8RhHO, MOZHO IIOCTPOMTb ITORHYID OpTOHOpYMpOB8H

HYID CHCTeMy B8RTOpOB: 

'{XC~) ;x(-m.) Px,. ('i) Px~ (""',} 
,.. ') ' ... , ]. 

Cne~yeT OTMeTk'!Th TOT oqe!k'!~HH~ waRT, qTo nee BeKTopa k'!3 

STO~ COBOKYIIHOCTk'l, K8K OTBeqaiDmk'le HyneB~M C06CTB8HHNM 3H8-

qeHk'!HM, OpTOrOHanbH~ KO BC8M C06CTB8HHNM B8KTOpau, OTBe-

qawmHM OTnKqH!:IM OT HYXH C06CTB6HH!:IM qHcnau l~H 38~aq_w (!6) ) 
' R8K IIORO&KT6RbH~ll, T8K H OTpH~8T8XbH~ll. 

IToaTOMy, AOIIORHHH paCCMOTpeHHYID B nepBO~ qacTH ~OKasa

T8JlbCTB8 CHCT811Y C06CTB8HH~ B8KTOPOB 38~aqH 
f (i) 

( I6) l 11' 
V C2) :\J(wl) 

f . , , , J , C00CTB8HH~e qHCJia ltOTOpiiX llOJIOli:HT8JibHii, 

B8KTOp8MH { v (~+i) 
J I I I :J vr~1. 

KOTOp~e Bl:I6Hp8IDTCH cornaCHO rrpaBHRY 

v (CJ+~) =XC~) vcb=X ('M) 

) II I ' f 
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IIpk'IXO~k'Jll K OpTOHOpMk'lpOB8HHOH Ck'ICTeMe B8KTOpOB { v (W)J 

(w = 1., 2, ,. , , J) ,annaiDme~ca perueaneu ypaBHeHHH ( I6) ' 

H OTBeqaiDme~ H80TpM~8T8JlbH!:IM C 06CTB8Hl:lh!M q11cnaM f. W • 

llpM 3TOU COBOKJ'IIHOCTh B8KTOpOB { v (W) J Ill { 'P lf(t.~ll 
m2e. 

o6pasyeT OpTOHOpMMpOB8HH!:Itl 683MC B \{; • 

TaKMM o6pasoM, neMMa I ~oKasaaa. B npaueaeHMk'l K KOH

KpeTHNM 38~aqaM, HarrpHMep, ~H CHCT8Ml:l ypaBH8HM~ (9),HC

IIORh3Y6Ml:IX rrpa ~HarOH8RM38~Mll raMMRhTOHMaHa BM,tta (I), 

aTa neMMa yTBepz~aeT cymecTBoBaHHe o~HosaaqHoro peweHHH 

CHCT8Mh! (9). KpoMe TOro, M8TO~k'IK8 IIOCTP08HHH IIORHO~ OpTO-

HOpMHpOB8HHO~ CHCT814b! B8KTOpOB { v ( W)J E;W B paMKaX 

~OR838T8RbCTB8 rrpe~no~eHHO~ neMM!:I lip6ACT8BnH6T B03MOXHOCTh 

B~eneHMH rrpaBHnhHO~ BeTBM crreKTpa co6cTB8HH~X q>1cen Ew 
~na sa~aqM BH~a (9). 

ITpH Mccne~oBaHHk'l rrpo6neM~ ,ttMaroHank'!sa~HH RBa~pa'l.wq

Hl:IX ~pM K3 onepaTOpOB BTOpMqaoro KB8HTOB8Hk'IH CII6~k'l8RbH~~ 

HHTepec rrpe~CT8BRH6T BOIIpoc: Y~OBR8TBOpHIDT nH rronyqaeM~e 

H3 CHCT8Ml:l ypaBH8HM~ (9) K03~k'l~H8HT~ COOTB6TCTBYIDIII6rO Ka

HOHHqecRoro rrpeo0pa30BaHHH (4) COOTHOill8HHHM OpTOHOpMHpOBaH

HOCTH BH~a (5). C IIOMOlllbiD X8MM~ I MO~HO IIonyqHTb OTB8T Ha 

3TOT BOIIpoc. nna !IpOCTOT~ paCCMOTpeHHH rrpe~rronaraeM H80T

pM~8T8RbHOCTb crreKTpa ( Ew}O), a ,!VIR y;toOcua 

BBe~eM ROMdHHHpOBUHH!:IU l'lH;teKC 

A = ( w I 1.)' 

')>..' :: (WI 2)' 

17 



H 0603HaqeHHH 

v ( lA>, i.) = v (W), 

v (W,2) -flfcw) 

no 8H8~0rHH C OCiOSHaqeHHHMH ~6MMU !,B COOTB6TCTBHH C KOTO-

poi1 cHcTeua BeKTopoB { V (}I)} • r.zte A npo6eraeT 2'trl. 

SHaqeHH~, HB~H6TCH OpTOHOpMHpOB8HHOn CHCT6MO~! 

( lf("'\ vc>-'>) = ~~~'. 
BBe,zteM B p8CCMOTp6HH6 M8TpHqHue KOMITOH6HTU B6KTOpOB 

v ().) = ( '" Vr'A ... ), 
H nepenHW6M COOTHOW6HHH (24) B M8TpHqHOH WOPM6! 

; v;~ Vrx = b).X 
ITo YC~OBHHM neMMU 

T.e. 

H 

v~~ = V.r 
V+= V , 

* [ vf~ v>. r' = 'irr' . 
~ 
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(24) 

v(A): 

(24a) 

(25) 

(25a) 

SaiTHW6M STO ycnOBHe YHHT8pHOCTH B B~e 

~ vr). v;,~ = rrr'. 
Bocrro~syewcH BB6,lt6HHO« paHee MBTPHU6~ ~ 
060SHaqeHHHX BH~a: 

v(V,'i)j (W,-\) : U\lW . 

lfc..,, a>; cw, i) 
= 1)-;w 

Tor;zta COOTB6TCTB6HHO 

v('l), i.); ( w,.) -= '\)))c..> 

lf = u"' (\),2)jCW,2) »~ 
!Io~araH 

A = (w, 1.) >( t 
.J :. (WI 1.) 

f ::.()),1), r'=cv)2), 

(261 

B CJI6;1tY!JIIlHX 

(27) 

(27a) 

nep6ITHW6M COOTHOW6HHe OpTOrOHB~LHOCTH (24a) B BH,zte 

~ / V~tt~i w,i.lfv.~; IJ.i + ~:;w,~~2i~ .• ~<;8tw'. 
YqHTHBaH ~opwy~u (27) - (27a), no~qnu: 

L ( 'U..~w U.\lw' +~vw l.)vw•)= bww' • (2Ba) 
~ 
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AHaJiorHllHO, nonaraH 

A = c w, -i) , A.'= ( w', 2) , 

I r = c v, 1.) , r' = c ~ , 2.) 

H yqHTh!B8H 1 KBK H npe~e,~opyYJihl (27) - (27a), MOEHO ITO

JIYllHT» 

z ( 'IA:w '1)\)W' + l}iW. lA~'w): 0 • 
~ (29) 

Tai<HM 06 pa30ll1 H3 06ll(HX C006 pallteHHtl rrpu: ITOMOll(H JI8M

Mhl I ITOJIYll8Hhl COOTHOWBHHH OpTOHOpllHpOBaHHOCTM (5) - (5a), 

yTB8pJK~8lOll(He K8HOHHll8CKHtl xapaKTep/9/ ITpeo6pa30B8HHtl (4), 

11CITOJI»3Y8.Iolh!X ITpH ~HarOH8JIH38!~HH KB8,llp8THilHOtl ~Op.lolhl H3 iiJep

MH-onepaTopOB BH~a (I). 

CorrpHllt8HHh!8 K (5) COOTHOW8HHH OpTOHOpMHpOB8HHOCTH,T,8o 

COOTHO!U8HHH (5a), MOlltHO ITOJiyqHTD, IIOJiaraH B ~OpMyJie (24a) 

r : ( ~ J -i) ' r I:: ('•l, -i) ' 

J\ = cu:>,i) , J.== (w,2), 

qTO ,ll88T 

L { ~~·w ~ ~~~ ·c.H + l(t.·w,. 1£,: ·~ ,.f ::~»»', 
W I J ,-... l;o.) 1 I ) 1& 'J ., 16 

HJIH OKOHil8T8JI»HOl 

L { tl'l)c.> ltl>'cu + ~l)~ 'l):,w ~ = ~))l)' w 
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(30) 

CooTBeTCTDYIOll(Iftl Bhl6op napaMeTpoB B c[.<lpllyJie ( 24a) 

.r -c)),-i) , r'= ())~ 2) 

Jt = Cc.u,i) , 11. = (U>,2) , 
ITpHBO~HT K COOTHOW8HHHM 

r { u.,c.> ~)l't..> -+1}\l(o) u.,(A) J ::: 0. w 
(3I) 

B KallecTBe HJIJIIOCT PBllHH B03MOJKHoro npHMerwHHH JieMMhi I 

paCCMOTpHM BOITpOC 0 ITOJIYIIBHHH Bhlpa&eHH~ ~H BBO~MlAh!X npe-

06 paaoBaHHeM ( 4) HOBux (I'KBaauqacTJillllb!X 11/ 8/) lj_ie pMH-aM-
-+ 

ITJIHTY~ ole..) > olw llepea IT8pBOH81l8JI»Hb!e lj_iepMM-8MITJIH-

TY.l!hl Q.+"') ) Q. \) , 

B paMKax npe~JIOlKBHHotl neMMH I M no aHaJJOriHI c npe.Z\h!

.l!Yll(MM paCCMOTp8HH8M BBB,I.!BM B8KTOp )( BH~a 

X =Vs 
TBK liTO B COOTB8TCTBHH C JI8MMOA 

~; v+x 
MJIH B MBTPHllHOtl lj_iopue: 

Xr=f ~~·~~ (32) 

H 

~)\ 
t .. 

~ v;.r xf' = f ~·~·<'2•) 
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l<OHKpeTR31l.pJ'il B l))opMyne (32) BBe;n;eHHH~ KOII6RHil.pOB8HHI:l~ ll.H

;n;eKC 

Jo...: (W)-i) ; (WI2) 

r: cv,~). 
nonyqHM: 

X ~~ = ?; f V,..; .... 5 ..... ~ V,.; ..... 5 ..... } 
ll.Jil1 C J'4CTOII l))op.uyn (27) - (27a): 

X ~1 =& ( u'»W s Wi. + '\}))W Swa) 
Bb16op 

x~1 =a.)); ~c.>i =J.w; 5w2 =ot~ 
llpll.BO)l;ll.T K ll.3B6CTH~M ~OpMynaM (4): 

a.))= t: f U»w ol.cu -t 'IJ'I>W ol~ J 
CooTBeTcTBCHHO, uonaraH 

.r = c v, 1) ' ( v' 2) 

J\. = ( ""~ 1.) 
ll. l1Cll0Jib3J'H WOPMJ'JIJ' (32a),UOJIJ'4HM: 

(33) 

(33a) 

s~~ =? tv;1jW1 X))~ .. v~:lj Wi.)\))2} ' 
OTKJ';z1,8 Bb160p napaMeTpOB B COOTB6'l'C'l'BiH. C lQOPf.!J'JJOti (33) 

n yqeT c]!o;myn (27) - (27a) noa:sonHeT rronytmTh TpeClyeMyKl 

22 

4Jopwyny: 

ti.w : ~ { u;W a~+ .,)ICJ a.~} • (33B) 

TaKMw o6paaou, npR nowo~R neuuu I nonyqeHH npaBRnbJ~e 

11o6p8THI>i6 11 (K npeo6p830B8Hil.HM { 4) ) npeo6pa30B8H>IH, Bblp8-

Eall!IIH6 qJepMH-8Mfi11HTJ'Jtbl d.: 
1 

,LW qepe3 nepBOH8q8Jib

HI:lO onepaTOpbl Q ~ ' a\) • B KaqecTBe CJie}.lCTBl1H neMMbl 

I :1 061lleM BH;D;e Bl:lB6Jt6HI:l COOTHOill6HHH OpTOHOpW!pOB8HHOCTR 

(30) - (3I), o6ecneqvrnalllll>~e KaHoHvrqecK>~~ xapaKTep paccMaT

PHJiaeMbiX npeo6p830B8HHi1 • .llJIH KOHKpeTROrO BHJt8 R8HOHi'IqecKI1X 

npeo6pa30B8HH~ 3TH COOTHOflleHHH COBll8}.l8!0T C H6llOCpeACTBeHHO 

Bhlq>.C11HeMbli411 COOTHOWeHHHMH OpTOHOpMMpOB8HHOCTH (5) - (5a) • 

B aaKnvqeHHe aBTOPhl npHHOCHT rny6oKyiO 6naro~pHOCTb 

H.H.BorOJU060By 38 TIOCT8HOBKJ' aa;n;aqH ll. IIOJI63!1H6 o6cy:K}.l6HHH. 
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Y CJIOBH.H 06MeHa 
IlpenpHHTbi H coo6meHHR OIUIH paccblnaJOTCR 6ecnnaTHo, Ha ocHose 

B3aHMHOTO 06MeHa, YHHBCpCHTCTCM, HHCTHTyTaM, na6opaTOpHRM, 

6H6nHOTeKaM, Hay'IHbiM rpynnaM H OT,llenLHbiM yqeHbiM 6onee 50 CTpaH. 

Mbl O)I(H,llaeM, 'ITO nony'laTenH H3.!laHHH OHJIH 6Y.!lYT caMH npoxs

nRTL HHHUHaTHBy B 6ecnna THOH nocblnKe ny6nHKaUHH B ,LJ;y6Hy. B nOpR,llKe 

06MeHa npHHHMaiOTCR Hay'IHbiC KHHrH, )l(ypHanLI, npenpHHTLI H HHOrO 
BH.!la ny6nHKaUHH no TeMaTHKe OHJIH. 

E.!lHHCTBCHHbiH BH.!l ny6nHKaUHH,KOTOpbiH HaM npHCLinaTb He cne,lly

CT,-3TO penpHHTLI /OTTHCKH CTaTeH, y)l(e ony6nHKOBaHHLIX B Hay'IHLIX 
)I(YPHanax/. 

B PR.!le cnyqaes MLI caMH o6pamaeMcx K nonyqa TenRM HaiUHX H3.!la

HHH C npocb60H 6ecnnaTHO npHcnaTL HaM KaKHe-nH60 KHHrH HnH 

BLIITHCaTL ,llnR HaiUeH 6H6nHOTCKH Hay'IHb!C )l(ypHanLI, H3,lla10IUHCCR B HX 
cTpaHax. 

OT~eJibHble 3anpocbi 

Jl3,llaTenLCKHH OT,llen e)l(eTO,llHO BLIITOnHH:eT OKOnO 3 000 OT.!lCnLHLIX 

Janpocos Ha BLICblnKy rrpenpHHTos H coo6meHHH OHJIH. B TaKHX Ja

rrpocax cne,llyeT o6JI3aTenLHo yKa3LIBaTb HH.!leKc JanpaiUHsaeMoro 
H3,llaHHR. 

A~peca 

IIHCLMa no BCCM BOnpocaM 06MeHa ny6nHKaUHRMH, a TaK)I(e 3anpo-
Cbl Ha OT.!lenLHLie H3,llaHHR cne,llyeT HanpasnJITL no a,llpecy: 

101000 MocKea, 
F/la6HbiU not~maMm, n/Jt 79. 
H3oameAbCiwil omoe/1 
06'beOUHeHHOZO UHCIIIUIIIYIIIa 
J!OepHbiX UCC/IeOoeaHUU. 

A,llpec ,llnJI nocblnKH Bcex ny6nHKaUHH B nopJI,llKe 06MeHa, a TaK)I(e 
.!lnJI 6ecnnaTHOH no,llnHCKH Ha Hay'IHLie )l(ypHanLI: 

101000 MocKea, 
F/la6Hblil not~maMm, n/Jt 79. 
llayt~no-mexHut~ecKaJt 6u6AuomeKa 
06'beOUHeHHOZO UHCIIIUIIIyllla 
JIOepHbiX UCC/Ie006aHUU. 


