


AnH noH~MaH~H A~HaM~4eCK~x ceo~cTe c~cTeM npo~3BOnbHoro 4~cna 

B3a~MOAe~CTBY~~~X 4aCT~~ npeACTaBnH~T OC06bl~ ~HTepec nonHOCTb~ 

~HTerp~pyeM~e N-4acT~4H~e 3aAa4~.Hx peweH~e e HeKoTop~x cny4a
HX YAanOCb Ha~T~ B aHan~T~4eCKO~ $OPMe/1,2/, n03BOnH~~e~ A€Tanb
HO ~3Y4~Tb npo~ecc~ pacceHH~H/2/ n~6o cneKTp CBH3aHH~X N -
4aCT~4H~X COCTOHH~~ B KBaHTOBO~ MexaH~Ke/l, 5/, 

B 3TO~ pa6oTe Mbl ycTaHOB~M nonHy~ ~HTerp~pyeMocTb HeKoTopbiX 
OAHOMepHbiX Knacc~4eCK~X raM~nbTOHOBbiX C~CTeM, COOTBeTCTBY~~~X 
AB~~eH~~ N-e3a~MOAe~cTey~~~x 4aCT~~ eo BHewHeM none. raM~nb
TOH~aH TaK~X C~CTeM ~MeeT B~A 

H 
N p2 
I (-J + 
= 1 2 

N 
W (x j ) ) + I V (x J - x k) • 

j>k 
111 

AAnep/2/ ~ OnbwaHe~K~~ ~ nepenoMoe 131 noKa3an~, 4TO nonHaH ~H
Terp~pyeMocTb ~MeeT MecTo AnH cneAY~~~x nap IV, WI: 

a 2 2 
V(fJ = -;2"' W(fJ = y~ , 

V(fJ 
a2 

sh2 ~ 
2 

. ~ 
W(fJ = ye • 
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B HeAaBHe~ pa6oTe aeTopa 141 6~n~ Ha~AeH~ HOB~e Ha6op~ noTeH
~~anoe IV, WI, AnH KOTOPbiX c~cTeMbl B~Aa I 1 I ~Me~T N He3aB~C~MbiX 
aHan~T~4ecK~x ~HTerpanoe AB~~eH~H: 

131 

V(fJ = 

rAe a, {3, y 1, y 2 - npo~3BonbHble nocToHHHble. 6bln yKa3aH cnoco6 no
cTpoeH~H ~HTerpanoe AB~~eH~H Ik' k = 1, ... , N, HBnH~~~xcH c~M

MeTp~4HbiM~ KOM6~Ha~~HM~ C06CTBeHHbiX 3Ha4eH~~ MaTp~~bl naKCa 
L. Ecn~ II k I HaXOAHTCH e ~Heon~~~~, T .t;; AnH n~6biX ~HAeKcoe 
1 < k, n <NBblnOnHHeTCH paBeHCTBO 

- II , I- I = ~ ( aik ai n _ a I k ai n ) = 0 ' 
k n p j = 1 apj ax j ax j ap j ,...__,_ ---; (J;_lQI ... ~ .~-- ~·~ ~';'~-~~--~=·;.)if ' 1 

f! .. ..: ·: ·~:. ~~- tl:· ',:;;·_·!~1t ~ ! 

141 
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TO COOTBeTCTBY~~He N-4aCTH4H~e CHCTeM~ RBflR~TCR nOflHOCTb~ HH
TerpHpyeM~MH, M~ noKameM, 4TO CBOHCTBOM nonHOH HHTerpHpyeMOCTH 
ofinaAa~T KaK CHCTeM~ C noTeH~HanaMH /3/, TaK H CHCTeM~ HeCKOnb
KO 6onee o6~ero BHAa, onpeAenReM~e Ha6opaMH 

2 8 4 
W <e> = Yo g + Y 1 g + Y2 g + Y 4 g ' /51 

w<e> = y 1 ch(2~ + 8) + y 2 ch~). 

Bee 3TH CHCTeM~ o6naAa~T napoH naKca, T.e. C~eCTBY~T MaTpH
~~ L H M, TaKHe, 4TO H3 ypaeHeHHH ABHmeHHR cneAyeT MaTpH4Hoe 
paeeHCTBO 

dL=[L,M], 
dt !61 

rAe [ L, M] - KOMMyTaTop L H M. CTpyKTypa 3THX MaTpH~ AflR cHcTeM 
c noTeH~HanaMH /3/ 6~na ycTaHoeneHa aeTopoM e/4/: 

M = ( _: :) 

rAe f, q, m, s - MaTpH~~ paaMepoM N x N, 

tik = pi8ik + i(l-8ik)RJk, RJk ·=R(xj -xk), 

m jk = m jj 8 jk + i (1 - 8 jk) R Jk , 

q jk = 8 jk Q (x J ) ; s jk = ; 8 Jk Q' (x j ) • 

171 

!8! 

4>yHK~HH R (X j - Xk) , Q (x j) CBR3aH~ C noTeH4HanaMH V H W COOT
HOWeHHRMH 

v<e> = -R
2

<e> + const, 

W <e> = .!.. Q 2 <e> + const 
2 

H AOnmH~ YAOBneTeopRTb $YHK~HoHanbH~M ypaeHeHHRM 

2 

RjvR'Jk +RJkRJv =Rk11 [TJv -TJk], Tjv=T(xj-xv), 

Rjk(Q'(xj) + Q'(xk)) + 2Rjk (Q(xJ) -Q(xk)) =0. 

/9/ 

/10/ 

/11 I 

a 

7' /12/ 

0TMeTHM, 4TO R(e> RBnReTCR He4eTHOH, a R '(e>, T(g} - 4eTH~MH 
()>yHK~HRMH: 

/13/ 

CornacHo /9/ peweHHRM /12/ cooTBeTCTBY~T noTe~~Han~ /3/. 
nap~ naKca AflR CHCTeM, onpeAenReM~X Ha6opaMH /5/, HMe~T He-

CKOnbKO 6onee cno*HY~ CTPYKTypy: • 

( 
L Q ) 

L = -
Q -·L 

M = ( : 
-S 

/14/ 

rAe Q,S - AHaroHanbH~e MaTpH~~ paaMepoM 2N x 2N: 

_ (s o) _ _ ... ~ _ 
S = , q = 8 Q (x ) , s = 8 Q' (x · ) • 

o _; Jk Jk i ik ik 1 

CooTHOWeHHe naKca AflR MaTpH~ /14/ B~nonHReTCR, ecnH Q(xj), Q(xj) 
YAOBneTeopRDT 4>YHK~HOHanbHOMY ypaeHeHH~ /11/ H 

/15/ 

EcnH e Ka4eCTBe peweHHH /10/, /11/ e~6paTb 

- 2 
Q(e> = y 1 g + y4 g' 

Q <e> = y 
8 

ch (~ + 8) , 

TO H3 /15/ cneAyeT, 4TO noTeH~Han W(g) HMeeT ~3TOM cny4ae ()lop
MY /5/. 

Ha6op~ N HeaaeHCHM~x HHTerpanoe ABHmeHHR AflR CHCTeM c noTeH
~HanaMH./3/ H /5/ MoryT 6~Tb nocTpoeH~ cneAY~HM o6paaoM: 

/16/ 

3 



8 OTnH4~e OT CHCTeM 121, paCCMOTpeHH~X AAnepoM 12~ B CHCTeMaX 
131, 151 OTCYTCTBY~T npOCT~e aCHMnTOTH4eCKHe COCTORHHR, n03BO
nR~He HcnonbaoeaTb AnR AOKaaaTenbCTBa HHBon~THBHOCTH IIkl cpae
HHTenbHO HeCnOmHy~ TeXHHKY Moaepa/S/, DOnee 3~eKTHBH~M RBnReT
CR anre6paH4eCKH~ MeTOA HCCneAOBaHHR CK060K nyaccoHa, npeAnOmeH
H~~ nepenoMOB~M/7/, npHBeAeM OCHOBH~e 3Tan~ AOKa3aTenbCTBa HH
BOn~THBHOCTH HHTerpanoe II kl 3THM MeTOAOM AnR CHCTeM 131 le cny-
4ae noTeH~Hanoe 151 cxeMa AOKa3aTenbCTBa ocTaeTCR npemHe~, xoTR 
B~4HCneHHR 3Ha4HTenbHO 6onee rpOM03AKHI. 

PaccMoTpHM co6cTBeHH~e aHa4eHHR 3PMHToeo~ MaTpH~~ Ll71, an
re6paH4eCKHMH ~YHK~HRMH KOTOP~X RBnR~TCR HHTerpan~ Jk 1161. 
EcnH CK06KH nyaccoHa n~6o~ napbl 3THX co6cTBeHH~X 3Ha4eHH~ 
IA,wl o6pa~qa~TCR B Hynb, TO IIkl HaXOARTCR B HHBOn~~HH. nycTb 

¢ = ( ¢1 ), x = ( X1 ) - HOPMHpoeaHH~e co6cTeeHH~e eeKTOP~ L, cooT-
¢2 x2 · 

eeTcTey~~qHe co6cTeeHH~M aHa4eHHRM A H w I ¢1' ¢ 2 , x 
1

, x 2 - N -
MepH~e BeKTOP~I. no onpeAeneHH~' Lc;b = Acp ' Lx = wx ' HnH' B nOA
po6Ho~ aanHcH, 

k ~ i f jk ¢ 1k + Q (xi) ¢ 2J = Acp 1j ' 

'----· .. ----- _ ........ ____ .... _______ , __ _ 
·~·.- ...... ,_-- .. 
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CR OT 1 AO N I. 
l.-1cnonb3YR CTPYKTYPY MaTpH~bl L 17,81 H COOTHOWeHHR 

-
lA, w I P = I Q' (x J) (Z . + Z . ) + i I R ~k (U 'k - U .k) , 

j J J j,kfj J J J 
1181 

z j = ( ¢ lj X 1j + ¢2j X 2j )(¢1j X 2j - ¢2j X 1j ) ' 1191. 

- - - (11) - - (22) - - (21) - - (12) 
Ujk-¢1jX1jAjk +¢2jX2jAjk -¢2jX1jAjk -¢1jX2jAjk • 

A(ay) = ~ -
jk "'aJ Xvk cPak X yj ' a, y = 1, 2 • 

/201 

nocKOnbKY H3 1171 cneAY~T COOTHOWeHHR 

¢ - _i_ I R A(ll\ Q(xJ) ( 
1j X 1J = A - w v ,j j Jv Jv A - w X 1i ¢ 2i - X 2J ¢ 1j ) ' 

H e~qe ABa cooTHoweHHR AnR ¢ 2i x 21 , ¢ 2ix 1i ,nony4aeM~e H3 121 I aaMe
HO~ HHAeKCOB 11~21, MOmHO npHBeCTH BTOpoe cnaraeMOe B 1181 
K BHAY 

- -
I RJ'k(UJk-Ujk) = i I Rj'k Q(x.)(Y.k -Y.k) 

j,kfj j,kfj J J J 

.,.. R (T - T )[(A- )-1 (A(.11) ;.<.11)- A(~2) _A(.22)) 1221 
~ kv jv jk w Jk JV Jk JV + 

j,k " j 
v 1- j 

-1 (A(21)-A(21) _ A(12) A-(.12) )] 
+ (A + W) jv jk jv Jk ' 

( ) -1 (11) (22)) ,,-; - - ;;: ) 
Yik =A -w (Ajk -A:Jk \A:1J ¢2J -x2i "'1i -

-1 (21) (12) - - - -
- (A+ w) (A jk + A jk ) (¢1j X 1J + ¢2j X 2J ) 

1231 

H AnR npeo6paaoeaHHR MHOmHTene~ THna Rjk Rjv + RjvRJk Hcnonbao
BaHo ~YHK~HoHanbHoe ypaBHeHHe 1101. npoBOAR e nocneAHeM cnarae
MOM 1221 CYMMHOOBaHHe no onHOMY H3 HHneKCOB v HnH k C V4eTOM 
CBO~CTB CHMMeTpHH 1131 H COOTHOWeHH~ THna 

. (11) (11} 
1 I RvkAjk =-pvAjv - Q(xv)(¢ 1jx2V -¢2VX1j )+ /241 
tfv 

+ w¢1j X tv - Acp1v X lj ' 

Ha~AeM OKOH4aTenbHOe e~pameHHe AnR eToporo cnaraeMoro e CKo6Ke 
nyaCCOHa 1181: 

i I RJ'k Q (x.) (Y .k - Y ·t ) + 
j,k/=j J J J 1251 

0TMeTHM, 410 ece cnaraeM~e e npaeo~ 4aCTH 1221, HMe~He Hyne
eo~ nOPRAOK no Q(x j) , Q(x v), o6paiqa10TCR B Hynb ecneACTBHe 
ceo~cTB CHMMeTpHH R Jk , R Jk , A)'fr>. 
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Aanee, 'eocnonbaoeaew~cb paeeHcTeaM~, cneAY~~~M~ ~3 /21/, 

-~.. -~.. . ('' f 1 I. R (A( 11) A(22)) 
¥'tj X 1j + ¥'2j X2j = -1 "- w II jli j jll jll - jll • 

-1 (12) (21) 
tP1jX 2j- tP2j Xtj • -i(A+w) I. Rjv(AJ11 + Aj11 ), 

ll"j 

npeo6paayeM nepeoe cnaraeMoe e /18/ ~ e~pa*eH~e AnR Yjk /2)/, 
np~BeAR CK06Ky nyaccoHa {.\, (L) I K B~AY 

[(A(11) A(22))(A(12) A(21). (A(11)_ ,A(22).(A(12) l21))] 
x j11 - j11 jk + jk ) + jll jv ) jk + jk + 

-
+ i I.

1 
T

111
Q(x11 )(X111 - X jv), 

j, II 'F j 

C~MMeTp~4Hoe no ~HAeKcaM ~.~~) e~pa*eH~e e ~~rypHo~ cKo6Ke 
MO*HO npeo6paaoeaTb np~ k f. y, TP~*A~ ~cnonb3YR <!lYHKLI~OHanbHOe 
ypaBHeH~e /11/ TaK, 4T06~ peaynbTaT He coAeP*an cnaraeM~x c 
Q'(x1), Q'(xk)• Q'(x 11): 

R R R' 
jk jll Ilk ) -1' (k :. II) • 

Rvk 

/27/ ' 

3aMeT~M TaK*e, 4TO np~ k .j, 11 ~MeeT MeCTO paeeHCTBO 

/28/ 

RBnR~eeCR cneACTB~eM ~YHKLI~OHanbH~X ypaBHeH~~ /10/, /11/. 
TaK~M o6pa30M, c y4eTOM /27-28/ CK06Ka nyaccoHa /26/ MO*eT 

6~Tb npeACTaeneHa e $opMe 

X [ (A(ll)- A (22)) (_A(12) A(21l (A(ll) A-(221 (A(12) A(21) )] 
jk jk • jk + Jk } + ~ - jk } jk + jk + 

/26a/ 

+ 1 I. TJ Q (x )(X J - x1 ) • 
j, II f. j II V II II 

nocKOnbKY B~Pa*eH~e B KBaApaTHOH CK06Ke B nepeo~ CYMMe /26a/ 
C~MMeTp~4HO OTHOC~TenbHO ~HAeKCOB (j,k), TO nepeCTaHOBKO~ 3T~X 
~HAeKCOB ~ ~cnonb30BaH~eM ypaBHeH~R /11/ MOmHO noKa3aTb, 4TO 
3Ta cyMMa o6pa~aeTcR e HYnb. B~nonHRR eo BTopoM cnaraeMoM a 
/26a/ CYMM~pOBaH~e no ~HAeKcy k C noM~b~ COOTHOWeH~~ T~na /24/ 
~ ~CnOnb3YR onpeAeneH~e Xjll /25/, OKOH4aTenbHO Ha~AeM 

/266/ 

/29/ 

Ho, KaK nerKo aaMeT~Tb, een~4~H~ Z111 ee~ecTBeHH~; cneAOBaTenb
Ho, npaeaR 4aCTb /266/ o6pa111aeTcR e Hynb AnR ·n~6~x nap {.\, wl, 
4TO ~ AOKa3~BaeT ~HBOn~T~BHOCTb Ha6opa ~HTerpanoB AB~*eH~fl Ilk t._ 

TaK~M o6paaoM, cornacHo TeopeMe n~ya~nnR c~cTeM~ /1/ c no
TeHLI~anaM~ /3,5/ RBnR~TCR nonHOCTb~ ~HTerp~pyeM~M~. Ha HaW 
earnRA, eecbMa ~HTepecH~M 6~no 6~ ycTaHoeneH~e CBR3~ TaK~x 
c~cTeM c nonynpocT~M~ anre6paM~ n~lsl, 4To cnoco6cTeoeano 6~ 
no~CKY aHan~T~4eCKO~ ~opM~ peweH~~ ypaeHeH~~ AB~*eH~R, onpeAe
nReM~x raM~nbTOH~aHOM /1/. 
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