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KnaCCH4eCKI-1e HHTerpHpyeMble OAHOMepHble CHCTeMbl B3aHMOAeikTByiO
~HX 4aCTI-14 yme B Te4eHHe AeCRTHJleTHR RBJlRIOTCR npeAMeTOM sce
CTOPOHHero HCCJleAOBaHHR lnoAp06HbiH 063op HaH6onee samHbiX pe-
3YJlbTaTOB npHBeAeH B pa6oTe nepeJlOMOBa / 4/ I. M3BeCTH~ TaKme 
l-1HTerpl-1pyeM~e 3aAa4H 0 ABH~eHI-11-1 Cl-1CTeM 4aCTI-14 BO BHeWHeM none, 
KOrAa raMHJlbTOHHaH ~-!MeeT BHA 

H 

v ij(~) ~ -IT . 
~ 

1-1 CHCTeMa AAnepa/I/ 

n 

:£ V 0 0 (x 0 - x 0 ) , 

i > j I J I J 

~ f3 e , 

111 

121 

131 

Cy~eCTBYIOT .111-1 APYnte HHTerpl-1pyeMbte CHCTeMbl c raMHJlbTOHHaHOM 
BHAa 111? B 3TOH pa6oTe Mbl AaAI-1M nonoml-1TeJlbHbiH OTBeT Ha 3TOT 
Bon poe B CJly4ae ll ~ 2, KOrAa AJlR l-1HTerpHpyeMOCTH AOCTaT04HO 
HaHTI-1 OAHY ¢YHK41-110 K nepeMeHHbiX PI , p2 , X I , Xz , YAOBJleTBOPRIO
~YIO ypaBHeHI-110 

I K, Hlp ~ 0 141 

I ( ... l p - CK06KH nyaccoHal. 
PaccMOTPHM raMHJlbTOHHaH o6~ero BHAa 

pj +P~ 
H ~ 2 + V (X I, X 2) 

151 

161 

2 

.. 

np~-1 f ~ 1 CHCTeM~ C HHTerpaJlaMH ABH~eHHR 151 1-1 161 1-!CCJleAOBa
Jli-!Cb YHTTeKepoM151 1-1 XonToM 121 

l-1cXOAR 1-13 141 !l>YHK4HH V(xi, x2), Aim (x1 , x 2) AOJl~Hbl YAOBJleTso
PRTb Cl-1CTeMe AH!lJ!lJepeH4HaJlbH~X ypaBHeHHH nepsoro nopRAKa B 4acT-
H~X npOH3BOAH~X Ia o6~eM CJly4ae HeJll-1HeHHOHI. 

2 
HanpHMep' AJlR !l>YHK41-11-1 151 3Ta CHCTeMa COAepmHT e + 3f + 2 

ypasHeHHH: 

0, 

aAsm 

aAe,o 
--- ~ 0, 

ax2 
(m ~ 0, ... , 2f - 1), 

171 

a A s,m+I 

ax2 
(m + 2) a V A I + (2s + 1 - m) a V A 

ax l s+ • m+2 ax 2 s+l,m+l 

(s ~ 1, ... , f- 1; m ~ o, ... ,2s- 1), 

npl-1 3TOM !lJYHK41-11-1 A fm RBJlRIOTCR nOJlHHOMaMH no XI, X2, CTeneHI-1 2f 
1-1 2f + 1 AJlR 151 1-1 161 COOTBeTCTBeHHO; YCJ10Blo1e COBMeCTHOCTI-1 
ypasHeHI-1111 AJlR Af-I,m npeACTasnReT co6oi1 JlHHeiiiHoe ypasHeHHe 
nOPRAKa 2f l-1Jll-1 2f+ 1 AJlR V(x 1 , X2 ), K03!lJ!lJH4HeHTbl KOTOporo onpeAe
JlRIOTCR senl-141-1HaMH Afm• nocne Toro, KaK HaiiiAeHo ero peweHHe, 
3aBHCR~ee OT 2f IHnH 2f+ 1 I npOH3BOJlbH~x !l>YHK4HH OAHOH nepe
MeHHoill, ypasHeHHR AJlR OCTaJlbH~X K03!lJ!lJI-14HeHTOB Aim B 151, 161 
n~HBOART Jl!-160 K HeKOTOpOH CHCTeMe !lJYHK4HOHaJlbH~X ypasHeHHH, Jll-1-
6o K OAHOMY TaKOMy ypaBHeHHIO: AJlR 151 f ~ 2, AJlR 161 f ~ 1 • 

Haweill 4eJ1biO RBJlReTCR nOHCK HHTerpHpyeM~X CHCTeM C raMHJlb
TOHHaHOM, HMeiO~HM BHA 111 npl-1 ll =2: 

181 

Mo~Ho noKa3aTb, 4TO B cny4ae 161 np~-1 f = 1 !l>YHK4HOHaJlbHOe ypas
HeHHe, 0 KOTOpOM rOBOpl-1Jl0Cb B~We, He lo1MeeT HeTpHBI-1aJlbH~X pe
WeHHH, ecn~-1 paccMaTpl-1BaTb B Ka4ecTse V(x 1, x 2) !l>YHK4"'"' T1-1na 181. 
B CJly4ae 151 npl-1 r =2 CTPYKTypa V(xr,X2),nooqo6HaR 181, MO~eT 
noRB~~tTbCR, ecn~-1 nono>KtHb A 20 ~ A21 = Az3 = A24 ~ .:~~0 A22 = 1/2. 3 
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np~ 3TOM OeTaflbH~e ypaBHeH~R /7/ ~Me~T B~A 

PeweH~e /9/ Mo~eT 6~Tb nerKo HaRAeHo: 

Al2(xl,xz)=Vz(xz)• AJO(xl,x2)=Vl(xl), 

A II (xl' Xz) = Vl2 (XI+ Xz)- Vl2 (XI- Xz), 

/10/ 

/11 I 

np~ nOAeTaHOBKe /11/ B /10/ np~XOA~M K ~YHK~~OHaDbHOMy ypaBHe
H~~. KOTOPOMY AOfl~Hbl YAOBneTBOPRTb VI, v2, vl2. V]2 : 

[ V12 (x 1 + x 2)- V12 (x 1 - x2 )][ V2'(x2)- V)'(x1)]+2[ V)2<x 1+x2)- v;;cx 1- x2)] x 

x[V2(x2)- V1(x 1)] + 3V)z(xl + Xz)[Vz(x 2)- Vj(x 1)] + /12/ 

+ 3V:'~(x: -xz)[V~(x::)+V{<x;)l=O. 

06~ee peweH~e 3Toro ypasHeH~R aeTopy He~3eeeTHo. 
HeKOTOp~e ~3 4aeTH~X peweH~R, AflR KOTOp~x Bee 4eT~pe ~YHK~~~ 

VI' Vz' VIz' vl2 0Tfl~4Hbl OT HynR, eOOTBeTeTBy~T e~eTeMaM, 
~3y4aBW~MeR OnbWaHe~K~M ~ nepenOMOBbiM np~ n = 2: 

rAe n~6o gi -2g2 + J2gg 2 = 0 , g 1 1-0, n~6o g 1 = 0, g , g 2 
npo~3BOnbHbl; P (a f) - ~yHK~~R BeRep_wTpaeea. 

/13/ 

B ~~3~4eeK~ ~HTepeeHOM eny4ae V12= 0 YAaeTeR HaRT~ see pewe
H~R 11 yKOp04eHHOro" ¢lyHK~~OHaflbHOrO ypaeHeH~R 

V12 (x 1 -x 2)[V2'(x2)-Vt(x1)]+2V)2 (x 1 -x 2)[V2(x 2)-V1(x 1)]- /14/ 

-3V{2(x 1 -x 2)[V2<x 2)+V!<x 1)]=0. 

AeReTB~TenbHO, e /12/ MO~Ho eeeeT~ HOB~e nepeMeHH~e 

p=-

~ HOBble He~3eeeTHble ~YHK~~~. eBR3aHHble e V1 , Vz , Vtz 
M~ 

4 

( 
np~ 3TOM /14/ MO~HO Tp~~Abl npO~HTerp~poeaTb, np~BeAR ero K ~YHK
~~OHaflbHOMY ypaBHeH~~, He eOAep~a~eMy np0~3BOAH~X: 

/16/ 

rAe c1 , c2 , c 3 - np0~3BOflbH~e ~YHK~~~ p. Pa3naraR /16/ B PRA 
no eTeneHRM p, MO~HO y6eA~TbeR, 4TO ~YHK~~R 7j(r) RBnReTeR pe-
weH~eM OAHOro ~3 ABYX ypaeHeH~R 

71,2 = d I ( 71 - 7lo )2 + d2 ( 71 - 7lo) + d 3 

71'2 = dl(71-7lo)2+ d2 + d3(71-1lo)-2 

TaK~M o6pa30M, ey~eeTBY~T ABa Ha6opa peweH~R /16/, AnR KOTo-
pbiX 

71 (r) = ach ( (3 r + y ) + b ~n~ 71 ( r) = .,j ach ( (3 r + y ) + b + 71 
0 

, 

rAe a, b, (3, y, 7lo - npo~3BOflbH~e noeTORHH~e. YpasHeH~e /14/ 
TaK~e ~MeeT TOflbKO ABa Ha6opa peweH~R: 

17 (v \ \ ..-.J... f') 0...,. , . . o A\ \ ,..,..,. In~· A. \ 
• 1 v· 1 / - . ~ 1 '-'U ,_ fJ n I T f I T .... ~I T "'2 Vll \ f.J A 1 T r 2 T Ll I ' 

V 2 (x 2) =,\I ch (2 J3 X 2 + y I - 2 t.) + t\2 ch ((3 X 2 + y2 - t.), 
/17a/ 

J3 (XI - Xz) 2 
V 12 (X I - Xz) = ,\3 ( sh ( 2 + t.) r 

V l (X I) = A I ch ( J3 X I + y I + L\) , 

V2(x2)=A1ch(J3Xz+y1 -t.), /176/ 

r,qe J3 , ,\ 1 , t\2 , ,\ 3 , y1 , y2 , t. - npo~3BOflbHble noeTORHHble. 
Henonb3YR npeAenbH~e nepeXOAbl ~3 /17a/-/176/, MO~Ho nony4~Tb 

KaK e~eTeMy OnbWaHe~Koro ~ nepenoMOBa /2/, TaK ~ e~eTeMy AAnepa 
/3/ np~ n =2. 

Mo~Ho yKa3aTb TaK~e 4aeTH~e peweH~R nepeoHa4anbHoro ~YHK~~o
HanbHoro ypaeHeH~R /12/, ~Me~~~e eTPYKTypy, eXOAHY~ e /17a/
/176/: 
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+ 

Bonpoc 0 CylJ.IeCTBOBaHI-11-1 peweH~H /12/, OTJ1~4HbiX OT /13/, 
/17/-/18/, OCTaeTCH OTKp~T~M. 

/18a/ 

/186/ 

Ha Haw B3rJ1HA, npeACTaBJ1H~T ~HTepec TaKme cneAY~ll.l~e npo6ne
M~, aHaJ1~3 KOTOp~X B~XOA~T 3a paMK~ 3TOH pa6oT~; 

1/ B~HCHeH~e xapaKTepa AB~meH~H 4aCT~~ B C~CTeMaX T~na 
/13a/, /176/; 

2/ nocTpoeH~e nap JlaKca nOA06Ho ~3eecTH~M e npeAenbHbiX 
cny4aHx /2/, /3/ np~ n =2; 

4aCT~~ BO BHeWHeM none. 

AeTop 6naroAapeH M.A.OnbwaHe~KOMY 3a none3H~e o6cymAeH~H. 
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l1Ho3eMJ..J;eB B.H. P4-83-356 
HHTerpHpyeMhJe ,D,BHJKeHHH ABYX B3aHMop,ei1cTBYJOII\HX l.laCTHJ..J; 
BO BHellJHeM fiOJie 

c raMHJlbTOHHaHOM 

H COOTBeTCTBYJOIJIHe 

B3aHMO,D,eHCTBHIO CHCTeMbJ ,D,BYX l.laCTHJ..J; Ha rrpHMOH C BHeJJJHHM fiOJieM. 
HaJ1p,eHbl HOBble Ha6opbl fiOTeHJ..J;HaJIOB Vl, V2 , V12 , ,D,JIH KOTOpbJX 
3TH CHCTeMbJ HBJIHIOTCH HHTerpHpyeMbiMH. 

Pa6oTa BblfiOJIHeHa B Jla6opaTOPHH TeopeTHl.lecKoH ¢H3HKH OH5IH. 
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Inozemtsev V.I. P4-83-356 
Integrable Models of Two Interacting Particles Motion 
in External Field 

Classical systems with a Hamiltonian 

+ V2(x2) + V12(x1-x~considered. They correspond to the two
particle system on a streight line with an external field. 
The new sets of V1 , V2 , V12 potentials are found for which 
these systems are integrable. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

lear Research. Dubna 1983 


