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0 KOppenHIUISIX H pacnpeJleneHHSIX 'IHCna '18CTHU B BbiJleneHHbiX 

o61.eMax 

PaCCMOTPeHO, K8K H3 ~HKUHH pacnpeJleneHHg CHCTeMbl MHOI'HX '18CTHU 
npOH3BOn&HOA CT8THCTHKH cneJlyeT pacnpeJleneHHe H KOppenguHg 'IHCna '18CTHU 
B B&IIleneHHbiX otY!.eMax, Bee nony'leHH&Ie pesyn&TaTbi npHMeHHMbi KaK Jlng 

KB8HTOBOA, T8K H Jlng KnaCCH'!eCKOA CT8THCTHK, 

Coo6iJleHJte 06!.ellJIHeHHOro MHCTMTyT8 qepHhiX MCCJie,llOB&HMJt 

,lzy6aa, 1974 

Ziesche P., Zagrebnov V.A. 
P4 - 8220 

On Correlations and Distributions of the 
Number of Particle within Partial Volumes 

It is considered, how distribution and correlations 
of the number particles within arbitistics partial volumes 
of many particle systems with any statistics follow from 
its reduced distribution functions. All results are valid 
for both quantum and classical systems. 

Communications of the Joint Institute for Nuclear Research. 
Dubna, 1974 

I. BBe.l(eHHe 

B padotax Malepa H MaKMHnnaaa BnepBue B pauxax xnaccH4ecKol 

ctaTHCTH4ecKol uexaHHKH paccuatpHBanacb npo6neua nonyqeHHH 

pacnpe.l(eneHHI 4HCna qacTHU B BU,l(9HeHHHX oa~euax I • TaM Ee B 

CBH3H C BOnpOCOM MHOrOKOUOOH9HTHHX paCTBOpax H rpynnOBHX pa3HOEe

HHHX pemanaCb KnaCCH49CKaH 3a,l(84a 0 KOppeHHUHH 4HCHa 4aCTHU B BW,l(e

neHHHX 06~eMaXo ilpH 3TOM 9CT9CTB9HHUK odpa30M HCDOHb30BaHCH 

~OpUaHH3U donbmoro KaHOHH49CKOrO pacnpe.l(9H9HHH, 4HCnO 4aCTHU B 

KOTOpOM He ~HKCHpOBaHOo 

HaCTOSlllt8H padOTa DOCBSlJiteHa HCCH9,l(OBaHml KBaHTOBOrO aHanora 

npoOneu, paccuotpeaaux BnepBue Malepou H MaxuHnnaaou, H onHpaetcH 

aa HeKotopue pesynnatu,,nonyqeaaue paaee O.D:HHU 143 aBtopoB 2 •3 • 4 • 

B padote 2 ,l(OKasaHu aeKotopue od~He teopeuu, CBH3aHBHe c 3a,l(aqel 

o HopuanbHOM ynop~oqeHHH npoH3Be.D:eHHI onepatopoB; sateu Ouno 

noKasaao 3 •4 , 4TO 3TH teopeuu nonesau B pH.D:e 3a,l(aq TeopHH MHOrHx 

Ten. A HUeHHO, HX UOEHO HCDOHb30BaTb ,l(nH DOCTpOeHHH ~YHKUHI 

pacnpe,l(eneHHH KaK )(HH KH8CCH4eCKHX paBHOBeCHHXrncteM 4 ; TaK H 

.l(nH KHaCCH49CKHX H KB8HTOBHX HepaBHOBeCHHX CBCT9U 3 • 

UenbD HactuSllltel pa6oTu HBnHetcH BHBO.D: oO~el ~opuynu .D:nH 

pacnpe,l(eneHHH 4HCna 4aCTHU ( C npOH3BOHbHOI CTaTHCTHKOI) B BU,l(eneH-

HOM 06Mue .Q M ,D;JIH HX KOppeHHUHI H paCCMOtpeHHe HeKOTOpHX 

npOCTelmHX npHJIOEeHHI 3TOI ~OpMyHHo ITonyqeHHHe COOTHOmeHHH UOryt 

0HTb none3HH TaKEe ,l(JIH ODHC8HHH ~HYKTY8UHB B nasepax, B TeopHH 

EpHTH4eCKHX HBJ!eHHI H ~nyETY8UBOHHO-.l(HCCHnaUHOHHHX HBHeHHI B 

HepaBHOBeCHHX CHCTeuax. 
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2. OnepaTOpH 

,UJIII OIIIICa.HHSl KBaHTOBHX CJIICT8K TO~eCTBeBBHX 'iaCTIIII4 

( Eose KHK ~epKK) BOCllOJI»3Y8KCII ~OpKaJIH3KOK qzceJI 3allOJIH8HHH, 

noctpoeHHOM Ha onepatopax o/ ( x) , f +c x) : 

[~cx),~Vcx:')]+= Fcx:-x') ; (I) 

[~Ll<J,tL\( )1_ = [+"'L)(),+Cx.')] = o , 
' .. + . 

~ .i~ 
r.l{e X = ('I J S) - ltOOp,lUIBaTa H Cllii!H qaCTHnHe IlOCltOJlhlty 1 (X) 

H t ( x) IIBJUIJlTCSI onepaTOpaKH po~eHKII Ill YHIII'lTO:I8JIHSI qacTHnH B 

TO 'lite X = l fi, S) , TO onepaTOp. llY.CJla 'laCTHU B BH){8Jl8HBOK OCI'DeKe 

<t Sl C..IR oeeT BJU: 

'Ot~~~dd'txJ}n'fl'); jnlx)~{: fiE 5l 

<i En. 

Is (2) cpasy cne){yeT, 'ITO onepaTop llHCJla nap, Tpoex H sooCI•e 

ltOKnJI8ltCOB H3 8 llaCTBU B OCI'Delie ~ 3allKCHBaeTCSI B BJI,II;e: 

(
Ol Sl.) 1(_ ~-._ 
s = N++'+ sT 

(2) 

(3) 

r.l{e N<J-+<f-- onepatop BOpKaJI»Horo npoxsBe.l{eHHII. B 
2 

noxasa.Ho, 'ITO 

lVf+f IIBJISI8TCSI qacTBHK CJlyqaeK CIOJlee OCI.HX ynop~OllHBaD.HX 

onepaTopoB. Bspaseuze (3) Clonee no.l{poCIHo sanzcsBaetcll cne){yD~K 

oelpasow: 

(~n) == tt ~ dx1. 'J..lltx~) .. ~d.x.sj><(X~,) Z5lX1··xs)= (4) 

- i s = 5! }.s>. Zs ZsCx,. Xs)= vcxi) ... ~~(Xs)tf'Cx,) ... t{ui), 

r,~~;e ZsCx, ... Xs) -onepaTop pacnpeJJ;eJleBxa ltoMnJiexcos Jl3 s _ 
<t qacTHn B npocTpa.HcTBe fR • 

4 

Ta1t ze, K8Jt x 11 paCioTe H.H.EoroJlllCioBa 5, on epa Tops Z
5 
c " .... x ~) 

nopO;QallTC a: npOJISBO,ltJIBIIDl rpyHltiUIOHaJIOK Z [0] : 

\' i s - \j-+6 t z [<OJ = L S\ 0 Zs = Jl,V'f e 
'S > .. 0 (5) 

0sZ.s :- Sch1. ... dlfs;0ix~). 0U~)Z,£x1." x5 ) ~ 

~+<Dlf "'- )clx '}.._(x)<OCx)l}lx), 

r,~~;a 0 (x)- rrpoH3BO~:&Raa ~YHltitHSio ECJIH BHCipan B ttalleCTBe GCx) 

4JYB1tnD! 6 (X) = o( f Jt (X) , Z. [ 6 ] RBJIII8TCII npOH3BO,B;II-

J1181~yBltitJIII onepaTOpOB (3): (Oln.):= 0~ Z.[o<:j5l.1\ . 
s "'o( s c(• 0 

Hall){ ell ,JtaJiee B8pORTHOCU TOrO, 'ITO B OCI'f>elle 5L HaXO,J;HTCSI 

B orouocn N qacu~. BBe,~;e• ,li;JIII 3TOI ~eu on epa top d"' .,.,. . 
'"'Sl. 

3ana.e• BBa'laJI8 npe~C'faBJI8BK8 ,J;JISI 8,li;JIBK'lBOrO onepatopa B qJOltOBCltOK 

npoctpaHCTB8 COCTOIIBKI X 

\ (f~t~.c+:r'z. ... lo><ol ... c~,rclj-~tl 
1 = L -I ,..;1. ! v ,..;2. ~ v ,..;, ' v rv'1. ~ 

"'1"'1."' 

T(_ ,;1. y., N,_ -'It 

[ 

1. •L._ e. o0 

= .N,vf ~ · --;;-! · · · 
IV 1 . 2. . 

N1 N2 ... 
(6) 

x) 
rc"" = Y-... lf' ... ) ++c)(> -I- LX) d." ... L oc, ; -rc-= Y-t +:.. , 

+'- "'v;;;: Y,cx,) x·~c7:s) 
' " 

_,. d. 
, rc, E. iR 
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r~e HcnonL3yetca ~oKa3aHHoe B ITpHnoxeHHH I npe~ctaBneaHe ~R 

npoeKnwoaaoro onepatopa BaKyJKa ( cw.taxxe 6 ): 

I ~><· \ ~ - . .,-'r .r - dloc 
,_ J =Jv'+'-+ e. == .Jvr-+ e 

d.. 
r.n;e J(: - onepatop liHcna tm.CTHI:I BO BCel4 npoctpaactBe IR. . 

()0 

(7) 

~eActBHe onepatopa 6"' n aa (6) onpe~enaetCR cne~~HM o6pa-
, n. 

30ll: 

',1,+ )1'1, (·I. ,,.;1 
;s ·1 cH.\- \' 6 - (::..:___, "• jO)('JI.. '1'1) =-

N,Y{ ,-,_ L rv', L}sc('l)!l/1 + · J V N
1

1 . '/fll._~ (8) 
"'1"'~"' 

"' -=o d , Ols1. n 0(00-il. -'loe 
JV'+'"'+' , <:... . e N. 

BocnonL30BaBruHCh to~ectBOM 'Y'f "' Y'f + d{ , nonyqaell, tllO'O U[ f2._ 00-Sl,. 

aaxoaen, ~nR onepaTopa pacnpe~eneHHR liHcna t~actHn B B~eneaaow 

o6'b9Me 5l cne,nyn~ee npe~ctaBn 8HHe: 

:\"' A r n~ -1'tn_ j.~ '\ (-J.,J z 
u,.,rr.,._ ~.JVt•<f N r e =- ~ L s I N+S 

' IV , 5>.,0 

LbN,lLn=i. 

"' 
ilpH y MOBHH N = () H Sl- oo H3 B !ipaxeHHR (9) TIOJ!Yllaell B 

(9) 

xallectse cnenwanLaoro cnyqaa npoeKI:~HOBHHI onepatop BaKYJKa (7). 
3aMetHM xaue , lll'O (9) cJie,ey- et H3 cne,zyn~ero, npHMenooro .n;JIR 

aatypaJibHHX liHCeJI N 11 ~ npe~ctasneaxa CHllBOJia Kpoaexnepa: 

0 "'(~,)(1-r:J . ./f-"'( = .~/~),.Jc1.-"'-tl = 
rJ,M 'V 0\=1 'V;\: '()oL "'"i 

') s { rv'+S) ( f\1 ) 
= /___,; l- i) \ "' rJ-+ s 

(IO) 

5>..1 

6 

HcDOJib3J8 (3) H (4),R3 (IO) cpasy TIOJiyllaeK BHp6Z8HH8 (9). 
Hs Bupazeuxa (9) uetpy~ao noJiyliHTb npe.n;ctasneaHe .n;•a pacnpe.n;e

neuxa liHCJia tm.CTHI:I B BltuepeltpHB8.1l11UlXCa BH.n;8.118BRHX 06'1>8KaX 51.:1. ,Q.~ ... 

~ , =.N at~~- n~~ -C'i{.,~+4l>l.; ... )_ 
0 ,.J 'i£. 0 N 1'(_ "' f+<j- ,.J I to/ I ... e -

~.l ~ .a.---..=- a, 1.' z... 

s 
- f.-~~. J-:!~· ... \' ; 1 (- 'fn.; fn.- ·") Z "'~ + "'

2
-+ ... + s - I ~ ~. 

"'~'· tl-,_. S.>A 

(II) 

C DOKOJIIJ.Il (II) DO.Jiyqaeu, qTO .JJ;JIB npOH3BOJlbHOf0 pa36H8HHR 06'1>8Ka S2. : 

'Y L 8 S .0' =S' . 
rJ,(toi._+N~+ ... ) N-!,"f'[~, l'o/.,'l{Q:'' 1\f, ">Ln ' 

"'•"''-"' 
51.= u 51~ . 

Hs (II) .n;.u onepatopa ?:N w cu.n;ye~~npe,J;CTaB.IIeHxe, uanonH8.1l-
, •Ln 

11ee 3aJtOll Ilyaccoua, a oeuuo, .n;u: onepatopa B epouaocu uaitn tl 

qacn~ :a o61>e11e Q. H O~HOBp8ll8HHO S qactHI:I B OCTaBMIKCR 06'1>8-

lle oo -S'I. HMeell 

"' s - N. 'Yl.n YL<><>-St e-'l(>O 
o"',"Yln. YS,'l(oo-n- f+</- N t '::> !, 

(I2 ) 

Ecu uac HHT&pecyeT BepouHocu aaln N uctH~ B o6ulle S1 

• JtaJtoe-ux6y» ucna qacun B oo- Sl , ueo6xo.n;oo (I2) npoc1J001-

poBaTJ. DO S , B 3TOll cnyqae llH UOJIYllatK B TGQHOC!H (9). 

Hs cpaBReHH~ (9) H.llH (II) c (5) acuo, qto npOK3BO~IJIIKI 

$Y»~HOBa.t Zt<b] ,llU 6Cx) = (o<-i)JSI.Cx) •• cooTBeTCTJt .. o, 

cQ(x)~(oi._-i) Y (x)+ ... CO.n;tpDT TaltZt npOH3BO,II;IJIIJI8 tWBKI:IHH 
'.)'n.,_ 

~u onepMopoB ucna qacu~ (9) x (II). KpOKe Toro, onepaTOpli 

1toppe.11anxt qzc.lla qacTH~ enaTJ.•TaJtH noaB.IIamtca xs npoa:sBo.n;RI!el 
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iPYHKIUnt no ""- HJIH 0(1' Cl( l ••• , B KOTOPYD npeBpa.JIIaerca iPYHKnHOHaJI 
7 - " 
~ L0.J npH c:,,_xJ ~ (c"'-i;},<(xJ, 

z ~(Ec"-1jf'.] :0 "'{ et''(e~f"-1)+ cii{A 
L >< - """' = e. H • 

Z \(¥~t-i)'1 -+ ] = .r '-f+(e'"dn,+=<dn;----~ 1 ).1· (!3) 
- ra,_ -- _t•t•f e_ 'I'_ 

= ~C: ", tz "' + o( '"n '>l ,+ , __ -

llpH 3TOM ~J!R llOJiyqeHHR llOCJl6~HHX paBeHCTB MH BOCllOJI&30BaJIHC& 

cso1tCTB8llH onepaTopa ilcf+<f 2 H xapanepHCTJl:qecxolt iPYHKitHH: (fsfxJ)5
= 

- \ ex) . J lx)J lXJ = 0 ecJIH S2 1 n s22- = 0 . - J' s; . ' ,,, Ill ' 

J. Cpe~HHe 

Hs BHW8H3JIOK6HHOrO CJie~eT, qro BCR HHTepeCYD~aR Hac HHqJOp»a

UHR 0 pacnp~eJieHHRX B npOH3BOJl&HHX BH~6JleHHHX 06~eMaX CO~epEHTCR 

B IlpOH3BO~~eM ilJYHK$fOHaJie IlJ!OTHOCTelt Yt [61 ( cp.(5) ): 

Yt,(x-~---· x,)-=- Z.
5

(><' 1 ... X 5 ) ; 

- \ i s \' 1 ,;-
hLG]=L_, Si.G Vls =L 510 Z5 =;, Z[6], (14) 

S>,. 0 s ~(; 

? - ctaTHCTHqecKHlt onepaTop: Sp ):l = 1 . r~e A ~ S:p~A, 
Oneparop ~ 

COCTORHI41Dl: 

MOERO npe~CT8BJ/IT& B B~e pa3JIOX8HHR no qJOKOBCKHK 

?(~f+,'f)=L ~~ jo.xl~c~>--~. jcu,v~a"'~ \f/·cxJ .. 1\.x.,J)I~'>' 
N 

x ~ lX,_ .. x,J,x~ ... x~)<OIY.,lx,.,J ... flX~J c; (15) 

'\' i . ,,.; I - . . '"' '=' L tV I \.. '+' + } ; > J''"' "' .- I ~· 
N 

8 

3~8CD ~JIR npOCTOTH npe~OJiaraeTCR, qro raKHJIDTOHH8H CHCT8KH 

coxpaaaer qacno qacrun, nostoxy crar•craqecxas Karpxna nnorHocru 

B npe~CTaBJI8HHH qHCeJI 3allOJIH8BHR ~HarOHaJIDRao 

C llOKO.bll (7) Z [ <:0] H3 (5) KOXHO ~e~CT8BHTD B TaKOK Xe 

BQe, ItaK • J 
z [6 J = N,vt e++ (1+"')+ e-+++ = L ~' ct+t'lo'> ( 1+c:f<o1Ct )" 

. (16) 
"' lis aroro cu,Jryer, qro ~u cflya:tt~oBaJia VI. [ <0] COOTBeTCTBj'll~ee 

BHpa~eHK8 HK88T B~: 

'\" 1. ( )"' cl. N cJ1 + M !hM ,[,+N 1-t[(,]=L_. 111 (MI i+<'a <.r T >f,.,<T 't' >= 
N,M 

: L ~I ( 1+<0)N j)"' <\V" y;+"'> 
"' 

BosHHlt8l)JilJtl npu BHQHcneBKH < t"'t+-"'> = <.lf"', ... cf 1 , f~ ... f':t> 
nepMaHesr •~H ~erepKKaasr cHKKerpasyer npasym qacr» waoxecrsa 

nepeKe&HHX B f>,; (x 1 ___ x.v; x~ ... x~) ·. 

(17) 

?,;(x1 ... x,.,;x:J ... x~) =L(:t:i/' j)N (x1. ... x"';x~~ ... x~) (18) 
'P 

Ta:ttHK o6paaoK,B npasol qacr• (17) nonyqaeK cne~~HI npoHSBo~~HI 

tWHltlUIOHaJI! 

?-±.[\:] =L ~~ )cl.x 1 L:'lXt) --· )c!..)\,~T(x.,)p~CY 1 .. x";x~ ... x~);. 
(19) "' 

[ i "' ± ;;;; I(:' ..PN • N. 
1'1 

3ro o3Haqaer, qTo crancr1:11ecltlll cfJYBit~OBaJI _?± [1'] x IPYHlt~o-

Ba.t IlJIOTBOCTel i'l [ 0 J 
tyJI1ttg~l 't , 6 : 

OTJ!KqaJlfCR ~pyr OT ~pyra TOJ!DltO BH6opOK 
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(20) Vl c G 1 = s) ± [ 1. + <0 1 . 
,llJISI K03CW>H~eHTOB B pa3JIOJ:eHHH vt [ G] 

It 

IIO G 3TO llpHBO,IU!T 

Vl. 5(xi. .. x,)=LcrJ=s)! ~d.xs .. 1 ... ~d.x, J>; (xi ... x,..,;x,., ... xi.). (21) 
N"?-S 

Ha (4) H (14) cpaay cJie~er BYpaJ:eHHe ~· nJioruocrz cpe~uero qzcJia 

KOlliiJieKCOB HS S qaCTHil, IIOCKOJI:&Ky HHTerpKpOBaBH8 IIO OClJiaCTH S?_ ,, 

corJiaCHO ( 4), ,JJ;aer Cpe~Hee qHCJIO KOlliiJieltCOB. 1!3 S "<II.CTK~ B 
oelt.eMe SL ; 

(~rL) = ~\ }: rls (22) 

H3 3Toro BHpaJ:eHKH cJie~er raKJ:e , cornacuo (9) H (IO), pacnpe,JJ;e

HHe qucJia qacrM~ B oelt.e:u:e Q HJIH oelt.e:u:ax Q.1., Q<.... x) 

wSLcN) = o'"' = 1.~ \C-1-n.rrl 
,1Cn. A/1 L S' N+$ . s . 

(2J) 

y"'i to.lz. 
W ( fo/1 

111
z. ... ) = J ( = ~ · f:& 

.Rl.S22. r.;_,~J11 t-~~..;rr.Sll."' ,.,;1~ N'2.( 
X 

\ 1 s 
x L ST (-}n

1
-fsl; ... ) rL,.;1+,..;1 + ... +S 

SJ;.O 

.IlJIH N = o,I,2 nepsoe H3 COOTHOm8BHI (2J) 3aiiJICHBaeTCJI CJ!a,vl)• 
IIIHK Oelpa30ll : 

x) 3,JJ;ec:r, 

5l 

Wn.CN) 

~ N 

03Haqaer BepOHTHOCT:& HaiTH B Oelt.e:u:e 

qacrH~. 

10 

• 

vJ n ( o) == 1- %1 Sd.x fntx) l'ti(x) + o/z, )c!x 1.fSlCx1.) )d.x:~..f.tl.Cx,) f1ix-t~2 ) + ... 
. (24) 

W Sl ( 1) = %I. ~ clx: 1. .fn lX 1) [It i l X 1) - % \ } d. X '1. j n. ( l( z.) ~2. ( Xt )( 2.) + ... ] ; 

vJ,1.(2)== %'. )d.x1 fnCx:t.) ~d..x~fa(x.,_) [ n."(x 1x2 )- if1. 1jct.x3 jRCx3 ) rt 3(x 1X2x3)+ 

+ ".] . 
B oel~~;e:u: cJiyqae 

WSt(t.J) = ~~ jd.xt..:f,,Cl(s.) ... )d.;x."jSt(x,..,), 

x'VC-il\ ( (25) 
L ST j d...x-'+t}St(x"H) ... jd.X,..,+sjn.(x"'+~) Yl..N+s(xi. ... X..t+s). 
S>..-0 

IT03TOJlY ,li;JIR onpe,li;8JI8HIR Bepo&TIOCTH B od~eMe Sl HaiTH N qac-

TJI~ HA,li;O 3Barlo N' - qacrKtfHYD UJIOTHOCT!o 1"1.."' (X 1 ... X"' ) , 

(!J+i)- qacuquyl) DJIOTBOCTio Vlfoo/+i. ( X1 ... Xi'l+i) X T.~. 

llepBaa crpoxa B (24) coBn~er no cy•ec-ray c peayn~ra-ro• 1 noJiyqeu

BKK leBXOM 7 ,ll;pyrBM oelp830Me 

~nyxrya~ • xoppexaqrx qHceJI qacr•~ oupe~eJIJIDTCa cpe~BKMH 

or oneparopoB uouesroB pacnpe~eJieHHa qacrx~. B ,JJ;yxe odod•eRHOI 

reopKH KOyYJI8RTHWX pa3JIOZ8BRI B paCCMOTpBK CJ18~·18 npOI3JO~~Ke 
~RXQIH: 

e.x p [ o( N St +An ( o<.)] "-~+ ex p ( oLl'[Sl.):::: Vl. [ ( eoi.__1.)Jn1 
(26) 

e.x p [ o{i.,..; Q.~+ An~t..:1) + c(.._ N'Slt. + LlSl~o<.z ') + ..• + K (~t1 ~t· .. )lcie.f 

d .. + e..x p ( o(1l[Sl.t.+d.2.l('n..+ ... ) = Vl [ c eol!..i)fn:- ( e.ol.!:.t)Jn .. + ... ] ; 

N~, = T[SL 
"">"' d. s s 

/:::,!ilL..:.)= L. 51 b.nN 
s-..1 · 

*) 

•) A~ N =("¥7. Sl.- T'{R)'l. ~ .. . b.~"' = Cn.n- >'Z.n./- 3 ( ( ;zSl-ltSl.)'l. r' ... 
ii) - ( -) K (sl~Sl 1 = (1L.Il.~-1l:n..) 'tn,-1ln .. , ... 
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K ( "'< "'• ) -\ c<,_ n2 ... -L 
s1 ,5 2 .. 

S1 _, S, 

~ -""-'-
\'. S,_l. 

( si s, ) I< n S/. ... 
1 L 

(5; '!.O, s,~s ,• ... ~z) 
H3 cpaBH6HHR KO~HnH6HTOB B pa3HOEeHHRX no d H c<J_,o(z. 

cne.nyeT npe.ncTaBneaHe .nna ¢nyKTyanHH D.k t1 KoppenanHH K ( ~\_ ... ) 
llepe3 HHTerpaJI!:l no !fJYHKnHH pacnpe.neneHKR VL s ( x 1 ... xs) . 

CornacoBaHHOCTh nonylleHH!:lX ¢opuyn no.nTBep~aeTca cne.nYD~v. 

ITonylleHHI:le H3 onepaTOpH!:lX COOTHOID6HHR (4) H (13) B!:lpa!eHHH (22) H 

(26) .nna pacnpe.neneHHa l!Hcen qacTHn MOZHo rronyl!HT& Henocpe.ncTBeHHo. 

ITonyliHM, HanpHvep, Bl:lpazeaHe .nna cpe.nHero l!Mcna KovnnexcoB H3 s 
llaCTHn 

-. - ,; ~ 

(OC,.,_)=\("'j\W (tJ)"')("')fs,_ (-in)n. = 
\ s L... s 51. L s rJ I 'l I N+'i. 

N N,~ . . (27) 
rS N ~ 

}n '\"' 'l ftJ) f J'" -1(-11 rrn. = l'ln 
s! L '\'C. -;::;; s~N 's'. 's l "' . ,'1. 

Kotopoe coBna.naeT c (22). Eonee Toro, (27) npe.ncTaBnaeT H3 ce6a 

pa3nozeHHe Vl s no w Sl.. c ,.,; ) , o6paTHoe p~3nozeHHil (23). 

C nOMO!IlLil .COOTHOID6HH11 (21) pacnpe.neneHH6 llaCtHn MOZHO Bl:lpa-

3HTL Henocpe.ncrBeHHO qepe3 y ~. : 
::JO M-N-s 

w·c"')=-J;{\C-1-n.Y\ i.oo Jlt 
n f\/1 L s' L (M-fll-s)l M 

' S>,o M~N•S . (28) 
,J 00 M-11/ 

= f-n \ Joo-SI.. o± 
"'' L (M -N) 1• )' M 

M~I'J 

.nna cnyqaa SL ~ .::>0 non:yqae:u: 

. "' w II'J)~ :!"" o* 
.x;'- N I J N (29) 
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-+ 

J 
) 

+ 9TO 03Hal!aet t liTO HOpMHpOBlta ~ ;;j onpe.nenaer pacnpe.n;eneHHe 

qacmn so sce:u o6'ie:ue. 

CpaBHeHHe (22) H (23) noKa3HBaet, liTO o.nHollaCTHl!Baa ¢YHKUHa 

l"L1. tx) He 11Bn116TCR IlJIOTHOCThll B epOHTHOCTH B TOM CMI:lcne, 

liTO HHTerpHpOBaHHe VL1.(x) no 061Ia.CTH. S2 He ,naeT BepOi!THOCTh 

HaRTH B S2 O,l(Hy l!ac:nnzy: 

'2. 1 :1 

wn l i) =JnCx)Vl}X)- %1JSt Vl.2+ '/2.(10. 11.3 + ... + f,, (x) n1.(x) =. N,.,_' (30) 

XOTR ,](Jill 6eCitOHel!HOrO MaJI!:lX 06'&6MOB 5l _,ax rrpHM6HHMO COOTHOW6HHe 

w<t.Li) l +o(d.x)= A/d..,+ o(ch). -- = V\~Cx d..x 
clx (JI) 

RaqecTBeHHO us WnCx) H (1/n. cne.nyeT ol(HAaT& KapTHHy, H306paxeH-

HYJ> aa pwc.I 

w.t<)r . 

~~ 0 f2 o' 
PHc.I 

HHrerpHpOBaHHe Vl. 1 Cx) no o!hewy 5?. 

r "· 

/ 

/ 
,.,( 

Sl 

,JtaeT TOHDKO c pe.nnee qHcno 

qacun B .R , IT03TO:uy fll1 (x.) 03Ha1:laeT HHWb nnOTHOCTL Cpe,nHero 

liHCJla llaCTH~o 
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4. KoppeJiaJ:(IIH 

XapaKrepHUY ,IJ;JIR paCCKaTpHBa8KHX 3~8C» CHCT8K MHOrHX tJaCTH~ 

SlBJIR8TCR HaJIHtJHe KOppeJIRJ:(III B TOM CKHC.II9, tJTO \lt'-(X 1 X'-)* Yl.l.(Y.)Vl.1.C><,) 

Hr.,~~;., r.e. H3-3a CTaTKCTHKH H B3aHMOA81CTBHR Ke~~CTH~ 

nocJie,JJ;HHe paBeacrsa BHDOJIHaerca He crporo, a JIHmh npH6JIHX8HHO 

\It~ (X1 X z.) ~ V\.1. (x 1 ) Y12. (X 2.) . Ha30BtK He«PeJtropii3YJliiiX8CSI 

pa3HOCTH Urc(X 1 ... X 2 )~ 11.rc(X 1 ... X")-Y1l(x,)Vl-z_ 1 (X 2 ... X~)- ... -

- V\.
1 

(x: 1 ) .. , vt.
1
(.x") XOppeJI.RJ:(II.RMH fiJIOTHOCTII II 3allllllleK COOTI!I8TCTBYJ)IIl88 

paaJiolteHHe YpceJIJia.-Ma.Aepa B BH,Jte cpyBXUJIOBaJia ( npH 3TOM VL 1 Cx)=U. 1Cx)) 

h- [ 0 J = L ; '· 6
5 

n.. 5 = ex p ( ~ <1'-\ <0 rc -u") = e u [ <G ~ 
s,-,. .... 0 

,llJIIl cpe~Hero tJIICJia ltOMnJI&XCOB 113 S 

CJI8AYD~ee COOTHOmeBHe: 

qacTH~ no~ytJaeK nosroK,Y 

L d..> (;51)= L ~!s J;,_hs = vt [ o(jn] = e u[aiJnt 
s s 

= e.x.p (f,\.u1.+1./2!o{'J.~u..z.+ ... ) 

C noKo~m To~ecrsa 

J(o() e"At t(L)e"'"'n 
'ONn 

(33) aanxcKBaetca B BJJ,D;e: 

(32) 

(33) 

(34) 

L o(s( r;n) = exp [ 1f2 j,~ v. .. (~NJ'-+ ... ] exp (coln.) (:35) 
~>..0 
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I 
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j 
! 

IT03TOMY ~Sl cpe~ero tJHCJia KOKOJieXCOB H3 S 

noJiytJaeK cJieAfD~ee: 

c;Sl-) = exp [ %1j~ U2. (~NJ'-+ ... ] 
5 j~ ,.;>-2 rJ, n_U>. Sl. 

-- -l- -.-.--- + .,, 
.S! il. (S-2)[ 

"'~ 
~ 

tJaCTHQ. 

(36) 

A.HaJIOrHtJHH8 BHpall:eHHJI TIOJIYtJaeK ,IJ;JI.R pacnpe,JJ;eJieHHA tJHCJia tJaCTHU: 

[ 
2. (o )'2. J (Nn/' -"-'.n vV~(N)= e.xp -t;2.,fn. 't-1z.;:;:;;:; + ... -;:;I e ; 

·~ . •a . 0~ 

- ~ 2 
W ( Ni N~ ) e_ l1f (:l_ { + -· j + ) t{ + J x 

S21 n .,_... = X p 2./ <QNJl .Jt1.1 'ONH n., . . . <. •• , 
... 1. 

("' )"'1 ,..; (!V ),.;'2. ,..; 
X -'l< e- n, ~ -e_.- .n._ 

N1 ! fl/2.! 

Taxo o6paaoK, BJ!AHO, xax KoppeJI.RJ:(IIH nJiorsocrH v 2. , u ~ , ... 

npHBO,JJ;JIT K CIICTeKaTHtJ8CltHM OTKJIOH8HHRM OT reX BHpalteHHA, KOTOpHe 

COOTBeTCTBYJlT H8B3aHMOA81CTBYJl~HM 60JihUYaBOBCXHM tJaCTH~, a 
s 

HM8RBO: 111n/ 5! , ,ltJI.R Cp8Aaero tJHCJia XOKOJI8XCOB H3 S 

qacrHu H aaxoay ITyaccoaa B pacnpeAeJieHHH tJHCJia tJacrHu. MoZHo, 

BaKOHeU, BHpa3HTh pacnp~eJI8HH8 tJHC&H tJaCTHU B pa3JIHtJHHX 

BNA&JieHHHX oO~e~~ax qepea pacnpe~eJieHHJI B ~THX o6~e»ax: 

W 11/._tJ._ =e.x _-o__ -u .. + ... W,Crl )w C"-' [ ~ ] 
( Sl. .Q. ... ) p oil/ ,..,N Jn1fn.,_ l,, 1- R,_ z) · .. 1 ~ .n1 (J .Q l 
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OTKJIOHeHHe OT npoctoro npOII3B8.lt8HHJI n w n. c N; ) 
' ' 

ona:n. Blijlazaetca t~epe3 xoppeJIRIUIH -u ~ , '\..(, JI t .,~~;. 

CpaBH8HH8 (26) H (32) fiOlta3HBaeT, QTO HK«DT K8CTO CJI8~-H8 

COOTHOm8HHR K8X,D;y ~JIYXTyaiUISKH H XOppeJIRIUIRKH: 

ol.. t¥,~. +AnC"-) = 'U [(e"-1.)Jn1 ; 
(39) 

ol..1 Nnt 6n.._lcl..1.) + ol~ /lin,_+ 6. u~lo<,_) +, , , + K ( ~\~\ .. , ) = 

= u Lle'"~l)Jn,+(e"'=.-t)Jn,_+ .. ] 
H3 3Toro .ltJIR ~nyxryanxl c nowo••m BBe,D;eHHHX B 2 s-t~acrxq-
swx pa3JIOXeHKI noJiyt~aew: 

6~ tJ = L t ~} }~ u~ ( 40) 
't (f s) 

EoJiee no,~~;po6Ho: 

t. j 'l. t::.Sl"' = 5l. \..(1. + j .n ~ :z. ; 

[).~I'J = fn '-!1+ 3j~'U.,+j~ v<..J ~ (4l) 

~ f 'l. '{3 j4 riseN= nv..1+7jRu..,+6f'n.t{3+ .n.1..(~ 

' t t o t I t t I o o 

IlpK HCtle3am••x xoppeJianxax nJiorsocu '1A. .,_"' 1.( 3 = . . . = a 

BCe ~JiynyaiUIH CTaHOBRTCR paBHHKH Cp8,li;H811J 'IHCJIY tlaCTH~ N
01
_=jn."-< 1 , 

liTO COOTB8TCTBY8T pacnpe,JteJI8HIIm no 38XOBY llyaCCOBa. HesyJitBH8 ~~ 

npiiBO,li;ST X OTltJIOB8BIIm ~Jiy.lttyanxl OT COOTB8TCTBfm .. X 3aXOBY 

llyaccosa. H 3 (J9) ,Jtanee noJiyqamrca BwpaseHJia .ltJII npocrea.Hx xoppe

JIRUHI qJICJia~CTJI~· 
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K( ii)=jcj UL; ~:Slz_ .-t.:.. H2 

I< ( 2 . 1 ) = j j 1-( + j '- ,, u 
n1n'- ;l, n,_ '- . n.~;-n,_ ' (42) 

K ( ~1 A,)= j;,c}-p_"'IJ, ,_ + (j:J..,jn.."-+ 1£<"''}~'-)'<A:~-+ 
7.. 7.. 

+ in.ij;l,_ Uy ' 

H3 XOTOpHX BH,II;HO, q70 KOppeJIRIUIH tlHCeJI tlaCTH~ B pa3JIHtlHHX 

BH,D;8JI8HHHX 06'Delm.X H!leDT KeCTO JIHWL B npH 'U..'l f. 0 . 

5. IU1accH'l8CKHe CHCT8MH 

Bee COOTHOW8HHR,nOJJY'I8HHHe B(2-4),npiD4eHHMH TaK:I:e K KJiaCCH

tl8CKHM CHCT8KaM. BocnOJIL3Y8KCR ,II;JIR 3TOro KJiaCCH'l8CKKK ~OpKaJIH3-

KOK tlHC8JI 3anOJIH8HHR, npe,II;JIOX8HHOK B pa60Te 4•9 : 

[f(x),4-"'lx'J]_=o(x,x 1), [i(xJ;fcxJt-:[t+cxJ,{cx')]_-=0 
+ ~ + 

'-P lo> = (O/t+= 0 
(43) 

<ojo)=1. 

3,11;8C1> t\x) H ~ (x) OfiHCHBa.DT pox,D;eHHe H YHHtlTOI:8HHe tlaCTH~ 
B MaJIOR at~eRKe l1 X~ ~A X ~- npocrpaHCTBa: 

( 1.j X='/. I 

b(x,x')::"\' t:;x , ) ~6>< ·"" ~ b.x· 
-l 0 X*X L ' 

(44) x=Crz.p) 

Onepatop tlHCJia tlaCTH~ B npoH3BOJILHOM od~ewe u) 

fi03TOKJ HK88T BH~ ( cp. 2 ): 

f - npocTpaHCTBa 

A7 [ ~ . 
' l w = j I'J. X t LX ) } w ( 'I ) 'r ( )() (45) 
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CpaBBeHHe (2) x (44) noxaaHBaeT, qTo Bee peayxhTaTH xa(2,J) 

u:oxno nepesecu sa xnacCKqecxKA c.BYqal c aau:eBol SL-... uJ 

H jc>.~ -- )c.x . 
ilpii DOCTpOeBIIH Cpe~RBX R806XO~KMO Y~THBaTh,qTO CT&TIICTHqecxxe 

pacnpe~eneBIIR B xnaccHqecxxx cxcTeu:ax Bcer~a ~Karosa~BH, noatouy 

f - npe,D;ctauesue ~a ciJyax~•• pacnpe,D;enenxa KMteT BH,J;: 

_?L*+<+) = L, ~ 1 ) ax, ... ~ 6.x,.. fi ... ft lo> p...,.cJ(i. ... x,;)<oly 
"' . 

"' ~ f.J ... + i ~ L ~I ( ++ )"' I 0 > .P .. < 0 I ('f)"" . (46) 

"' 
IT03TOJIY B ~opu:ynax ,D;JIR cpe,D;BBX, coyqeTOK KJiaccxqeCXHX npe,D;eJiaBHX 

cooTsomeaHI Sc.x. =:! )d.x x D.x=(2.f/ft/, oeex, xax noxaaa-

ao B 4 
t BK8CTO (18) CJI8,)QTJlll88: 

±( 1. ) ~ '},.; x .... x,.):::: ~§l"'Cx1. ... X,J ·, L:IX=(21)'ii). 
(t:.x; 

(47) 

TaxKM odpaaox, ctaucuqecxBA ~YHXIUIOBaJI 5> ± [ 't] : 

p±[-c] =L ~-, ~d.x,i.'tt><d ... )c~.x,..,'t'CX:.;) p±cx._ ... x,.,..)= 
"' . 

(48) 

=Z ~,-r"'p~ ~L~(7xf'P--= 9--[-r~x1, 
N . N 

OTJ1Hlla8TCR OT cWHXIlJIOBfUa llJIOTBOCTH rt [01 TOJIUO BH60pOK 

cWBKUHH: 

VL [ b 1 = ?~ ( 1+ 6 J ::: 9.J ( 1;;) 
(49) 

Tax xe, xax B (2I),setpy~o yctauoBKTa CBR3h u:e~y xnaccxqecxol 

~YBXI!J18A DJIOTBOCTH ~~(x, ... Xs) B CT&TBCTHli8CXOA ~YRKilH8A 

pacnpe,D;eJI8BHJl l)"' (X 1 ... X 4 ) : 
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\' 1 i \ ctx'*' ( o.x, 
~sC.x, ... ",;=L_, 1N-s)l 1D.xf J--;;( ... J c.x Y,S/, .. x,J) · 

N>,S \· ' ' 
(50) 

3TO D03BOJIR8T nep~OpyYJIHpOBaTh BC8 BHBO,D;H OTHOCHT8JILHO ~HKUH~ 

pacnpe~enenHa, xoppena~U~A H t.,D;. sa xnaccHqecKHA cnyqaA, 

COOTB8TCTBYD~HA (50). 

TIPHHOltEH:IIE I 

llpoexnHOHBHA oneparop Baxyyxa 

To, qTo npoeXUHOHHHI onepaTOp BaKyyxa KOZHO ,D;8ICTBHTJILHO 

3anHCaTh B BII,D;8 (7)~CJI8~8T H3 paB8HCTB: 
r-

\O><O\~+=(f\1+ e..j-+f)lf+=~lf+e'flfl =0 
t <j- ~ :cyT 

(A. I) 

H 

2 - 'f T 'b':f -./.+,L 2 - cj, + _[ -'f f I -
(1o'>< 0 1}=(A1t+f~ )=Nf+te e f='f'+ (A.2) 

.! -c(+L I = tv,"'-.!Je_ ~'f = \O)<OI. 
' r 'll ~~v 

Kpou:e Toro,H3 npexcrasneuHa e,D;HuHqnoro onepatopa cne~er, 

liTO io><O\=Nf+'f 'j-Lt+f)'=- Nf+'(e-'Loo ~eiCTBHTeJihHO: 

c t}!: )"'< Nu,.;1 
'\' Y("'1 r + _ 

1. = L 
1 

... {o>< O/ ... .J,:i;j = Nf+fL-;! ... ~ d I})-
.v,",_ ... VrV~. ~- "'•"''-"· i- (A.J) 

= tJ+ .. f e'YL""' f c_<f+f). 
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Bonae roro, xax nom38.Ho B 4 , IO><ol MODo np~craBRn 
eute H B CJie.Qllll!81l 000011!8HHOil CIIHCJie: I O')< O! ~ {1;_ "-' b lf .. 'f 

b-'>-4-0 

DlHJIO!EH.HE 2 

Hexoropoe ~p,vroe npe~craBJieHHe oneparopa qxcna qacrx~ 

ECJlll ~JIJI OUKCIUIHI 'lHCJia 'lBCTH~ JICUOJ!:D30Bar:& Bll8CTO <j; ~ <j; 

fl/,1'1 ••• 11 nepeKtHBHe x<x 2 .. y1 <j 2 ... , ror~a oneparop qxcm 
'lBCTHII B OO'Lelle Sl Hllett BK,ll; 

M 

1L it= L: j.llc '1 .. ) (A.4) 
i.-:.'1 

.Ha aroro cne~er, 'ITO 

( lln) = Ar [YcSl.t,.,. 1.1 -.f 5 z 
S .LV'* S '· 'SI ;-n. s (A.S) 

M H 

'Z.s ( x, ... X.s) = N~ I Hxt.-";jj,) ···L ~ (xs-'4j~) 
h js 

llpx atoll oneparop JV* BH'lepxxtaet B llloroKpatBHX CJKMaX no 

O,ll;HOpO,ll;Biill neptlltBBiill BCt ~arOBBA.Biit 'lXtRKo Onepatop pacnpt,ll;IXt-

JIJIJI 'IIICXB 11acu~ D",.; ,.,. B atoM cxyqae oeer B Q: 
•'Ln 

t",lLSL =.L . f,_s,C 'j1.) f ~-n. C-a,_ l. . .Jn.C"Jj ,) .. j n C'dJ·M) · · ·f,.,SJ::,.,) (A.6) 
h< ... <j,., 

Hcnousy Jl TOQtCtBO f ~ -n ( 'j ) = i- j ;l. ( 'J ) , OllJIU Uo.tyqaa 
BilpaZt .. e, COBna..&~~'-18 C (9): 

0 N Y> = lJ~ L %I (-jn} Z,;+s 
''LSl. Nl S>_o . (A.7) 
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