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B pa6oTe 11floK83biBaeTcg, a 'ISCTHOCTH, 'ITO Te aenH'IH
Hbi, KOTOpbie eonyCK810T npenenbHbiit nepeXOlt no nOCTOSIH
HOit nnaHK8 li ... 0 I nomKHbl 38BHCeTb OT t naaeAHbiM 
o6paaoM. 3To nonTaep~naeTCB peaynbTaTaMH KOHKpeTaoro 
pa~CMOTpeHHSI B pa60Te 12~ rne T8KOA aenH'IHHOit SIBnBeTCB 
npoHaaon.liaSI «J>yHKilHSI oTpa~eHHSI. Opa cTpeMneHHH K aymo 
noCTOSIHHOA 0naHK8 9T8 «J>yHKilHB 38BHCHT OT ft B OCHOBHOM 
nHHeAHblM o6p830M. B121naK83biB8eTCSI T8K~e, 'ITO cymecT
ByeT npyroe «J>aaosoe ypaaaeHHe, KOTopoe nonycKaeT npoTa
aonono~HbiA npenenbHbiA nepexon no nocToSIHHo:A nnaaKa: 
1i -+ oo 1 HO BBnSieTCSI HenpHeMneMbiM npH 1i-+ 0. 

B npennaraeMo:A pa6oTe o6cy~naroTcsr npH'IHHbi, o6ycnoa
nasaromae BbiweoTMe'leHHbie caoAcTsa «J>aaoBbiX ypaaaeaa:A. 
Opa sToM ycTaHoaneao, 'ITo To «J>aaoaoe ypasaeaae, KoTopoe 
yno6ao nnsr npenenbaoro nepexona 1i ... oo, SIBnSieTcsr THnR'I
HbiM B cny'I8SIX1 KOrna nOT9HilH8n HCnbiTbiB8eT KOHe'IHbiA 

'cKa'loK, H MO~eT 6biTb Hcnonbaoaaao nnSI accnenoaaHHSI 
nOT9HilH8nOB C pe3KHMH rpaHHil8MH. OepeXOlt t-+ oo HHTep-

. npeTHpyeTCSI K8K nepeXOlt OT Henpepb!BHO. H3MeHSIIOIIlHXCSI 
noTeHilH8nOB K CK8'1K006p83HO H3M9HSIIOIIlHMCSI1 'ITO COOTBeT
CTByeT ycTpeMneHHIO K aynro xapaKTepaoro nnsr noTeHUHa-

'na paccTosrassr. ~pyroro TRna «J>aaosoe ypaaaeaHe yno6ao 
nnSI nepexona 1i ... 0 , oao conep~HT 6eapaaMepHbi1i napaMeTp 
KBa3HKnaccR'IHOCTH o6mHM MHO>KHTeneM npaaoa 'ISCTH. Ero 
ManOCTb Xap8KTepH3yeT ycnOBHe npHMeHHMOCTH KB83HKnac
CH'IeCKOrO npH6nH>KeHHSio 

PaccMoTpHM onHoMepaoe ypasaeHHe WpenHarepa a 6ea
paaMepHbiX nepeMeHHbiX 

1/1 "(y) + 11-2q(y) 1/J(y) = 0. 

rne 

y = x/a, 11-2q2 (y) = p2(:J)/tt2 ' 

061..t,ii.i.1;:t:m;w~ 111temyr 
~epuwx rwr..-e.uu.t 

6"A':.Jif'JOTEKA 

(1) 

(2) 

1. 



a, p c - HeKOTOpbie napaMeTpbl p83MepHOCTH .llliHHhl H 
HMfiYllbCB COOTBeTCTBeHHO, 
BeliH'IHHa 

{3 =1i/a·Pc (3) 

HMeer CMbiCli s<jl<jleKTHBHOH KOHCT8liTbi B38HMO.lleHCTBHSI, 
KOTOpBSI onpe.lleJISieTCSI fiOliHblM Ha6opoM napaMeTpOB CHCTe-
Mbl! 

!m, E, max V(x) , a, t }. (4) 

l13 COOTHOllleHHH ( 3 ) , ( 4) HMeeM: 

p c = [ 2m (E - max V(x))] J,l • (5) 

To ecTb 

~ {3 = h/a ·[2m(E- maxV(x))] 

Pell!eHHC ypaaHeHHH (1) npe.llCTBBHM s BH.lle 131 

(6) 

1/1 (y) = [ q(y)] -J,liA(y) exp [ i{3 - 1 / q dy 
1

] +C(y) exp [ -i{3-1 J qdy]l.(7) 
Yo Yg 

P.lle A(y)H C(y)- aMnliHTY.llhi na.llBIOll!eii: H orpa*eHHOl1 aona. 
B MeTO.lle ¢aaoahiX 4JyHKUHi1: aeJIH'IHHhi A, C .llOJI*Hhr 

Y.llOBnersopHTb .llHtP¢epeHUHBllhHhiM ypaaHeHHHM nepaoro no

PH.llKa, nocne.llHHe nony'IBIOT H3 .llOfiOliHHTellbUOI'O yCliOBHH, 
KOTOpoe Clle.llyeT H3 paCCMOTpeUHH npOH3BO.llHOH 

1/1 '(y) =i{3-1q J,l [A e i¢ -Ce -i¢]- _q_' -1/1 +[A 'e1¢ + C 'e -i¢]q -~h 
2q J,l '(8) 

CyTh B ToM, 'ITO .llOnonHHTellbHoe ycnoaHe MO*Ho Bhr6paTb 
.llBOHKHM CfiOCOOOM, 

..... DepBblii CfiOCOO 131 , 

A'e 1¢ +C'e-i¢+ _q_'_,,, =0 
1L 'I' ' 2q 71 i 

(9) 

1/1 ' = i{3-1 q'h [A e t¢ -C e -i¢], (10) 

npHBO.llHT K ypaaHeHHlO THfi8 PHKK8TH, He CO.lleP*8llleMy liH
HeHHOI'O qneua 

B'(y) = q'(y)[exp(2i{3-1 /qdy -B2(y) exp(-2i{3 J q dy)] (11) 
2q(y) Yo Yo 

2 

.. 

c HB'IaJihHhiM ycnoaHeM 

B(+oo)= 0. 

3.lleCb BeliH'IHHB 

B(y) = c (y) I A(y) 

( 12) 

(13) 

H83hlB8eTCH <jlyHKUHeii: OTpa*eHHH H CBH38H8 C K09<jl¢HUHeH
TOM OTpa*eHHH KBK /3/ 

2 
R=IB(-oo)l • (14) 

BTopoii cnocoo/2/' 

A ' e i¢ + C 'e -i¢ = 0 , 

1/1 '= i{3 - 1q J,l [ A e i¢ - C e -i¢] - _q ·-1/1 , 
2q J,l 

( 15) 

( 16) 

npHBO.llHT TBK*e K ypaBHeHHro PHKKBTH, no Y*e c liHHei%
HhiM 'llleHOM 

B '(y; {3)=i{3[ 
2
q "q -a(q ') 

2 
] I e i¢ + B(y; {3)e -i¢ 12 ; B(+oo ). 

8q3 (17) 

BhiHCHHM crpyKTypy 9THX ypasneHHii H npe*.lle acero 
tPH3H'IeCKHi1: CMb!Cli K09tPtPHUH9HTOB 1 CTOHll!HX B npaBhiX 
'IBCTHX ypaBHeHHH, .QnH 9TOI'O HCfiOllh3yeM Clle.llyiOll!He COOO
pa:lKeHHH, Dpe*.lle acero BhiHBHM, KaKyro pol1b Hrpaer CHna 
B38HMO.ll9HCTBHH {3 • 

PaccMoTpHM, KaKoro T~na <Pa3oaoe ypaaHeHHe nony'IHTCH, 
eCJIH npH ero BhiBO.lle He Y'IHTbiBBTb B (7)Bl1HHHHH MHO*H-
TeliH Q -';i , 8 OCT8BliHTb TOllbKO TO, 'ITO Henocpe,llCT-
B9HHO onpe,lleliHeTCH KOHCT8HTOii: B38HMO.lleHCTBHH (3. 
To eCTh 6y.lleM HCKaTb pell!eHHe B BH.lle 

1/J(y) = A(y) e icp(y)+C(y) e-ic/>(y). 
(18) 

EepH npoH3BO.llHylO,npuxo.llHM K e.llHHCTBeHHo B03MO*HOMY 
.llOfiOliHHTellbHOMY yCJIOBHlO 

A 'e icp + C 'e -icp = 0 , 

1/1 '= i{3-1 q[ A· e ic/> -C e -i~. 

(19) 

(20) 

3 
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nanee, noacTaBn.SI.SI (18), (20) B (1) H Y'JHTbiB8.SI (19), 
on51Tb npHXOllHM K ypaBHeHHro(l1) • 3TO 3H8'JHT1 'JTO era 
CTpyKTypa He 38BHCHT OT HanH'JH.SI MHO*HTen.SI q-% B 6a3HC
HbiX <i>YHKUH.SIX. XapaKTepao, 'ITO B o6onx cny'Ja.SIX a npaayro 
'J8CTb ypaBHeHH.SI B Ka'JeCTBe MHO*HTen51 BXOAHT q'/2q. 
ToT <PaKT, 'ITO oH coxpaaunc51 a aayx pa3HbiX noaxoaax, 
BHAHM0 1 YK83biBaeT1 'JTO aenH'IHH8 q 'l2q CB.SI38H8 Henocpea
CTBeHHO C C8MHM B38HMOlleii:cTBHeM fJ. 

Cneayroumii aonpoc - aTo Bbi51CHeHHe <PnaH'JeCKoro CMbiC
na 4JaKTOpa q '/2q • 06paTHMC.SI an.SI STOrO K HeKOTOpbiM 
acneKT8M COOTBeTCTBYJOUiero paCCMOTpeHH.SI B pa6oTe1~f.ae 
HCCneayeMbiii noTeHUHan annpOKCHMHpyeTC.SI np51MOyronbHbiMH 
CTyneH'J8TbiMH 6apbepaMH. PeUieHHe Bbi6HpaeTC.SI B BHAe (7). 
nanee npoueaypa CBOllHTC.SI K ClliHB8HHlO pemeHHii H HX nep
BbiX npOH3BOAHbiX no p83Hbie CTOpOHbi OT TO'JK·H 1 rae noTeH
UHan ucnbrTbreaeT CKa'JoK. 3To noaeon.SieT nony'IHTb no
KanbHbre aMnmt:TYllbi OTP8*9HH.SI p H npOXO*ll9HH.SI y B TO'J
K8X CK8'JK8 1 KOTOpbre an.SI npOH3BOnbHOH TO'JKH CK8'JK8 
HMelOT cneayroUIHH BHll: 

q(yco>- q(yi +0) 
p(y. -0) = ' 

1 q(yi-0) +q(yi +0) 

2q(yi+O) • (21) 
y{y i +0) = q (y i-0) + q(y 1 +0) 

YcTpeMn.SI.SI MaKCHManhHyro mHpHHY cTyneHeK K Hynro H npo
t~enaa p.S!Jl BbiKn8JlOK, 8BTOpbi nony'JalOT CHCTeMy ypaBHeHHfi, 

I aKBHBaneHTHbiX ypaBHeHHlO ( 11). Tenepb o6paTHM BHHM8HHe 
'Ha TO, 'JTO B npeaene JL.\q i J-+0 aMnnHTyJla OTP8*eHH.SI B (21) 
lt'"MHO*HTenb B npaBOH 'J8CTH ypaBHeHH.SI ( 11 ) COBnaaaroT. 

T BKHM o6paaoM, o6mail: Koa<P<PuuHeHT dq/2q omt:cbraaeT 
AH4J4JepeHUH8nbHbiil: aMnnHTyllHblit KOa4J4JHUHeHT B npOH3BOnb
HOH TO'JKe y • 3Ta BenH'JHH8. npHHHM8eT M8KCHM8nbHOe no 

I 
MOAynro 3Ha'JeHHe B TO'JK8X CK8'JK8 noTeHUHana. 0TClOJl8 
38KnJO'JaeM, 'ITO ypaBHeHHe ( 11) JlOn*HO 6biTb a4J4JeKTHBHbiM 
HMeHHO ]ln51 paCCMOTpeHH.SI noTeHUH8nOB C pe3KHMH rpaHH
U8MH. 

l1, H8KOHeU, paCCMOTpHM npeaenbHbiH nepeXOJl no napa-
MeTpy B ypaBHeHHH (11). 

a) C nyqafi fJ -+ oo : 

lim B'(y;fJ)= q'(y)[l-B2(y;fJ)]; B(+oo) = 0. (22) 
fJ -+OO 2q{y) 
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I) 
1, 

3To ypaBHeHHe C paaaen.SIJOUIHMHC.SI nepeMeHHbiMH H HHTer
pHpyeTC.SI HenocpeACTBeHHO: 

q(y) -q 
B(y)= +; q =oq(+oo). (23) 

q(y) +Q+ + 

CooTHomeHHe (23) npeacTaan.SieT co6oil: Koa<P<PuuHeHT oTpa
*eHH.SI (21) B TO'JKe CK8'JK8 noTeHUHana. TioaTOMy nepeXOJl 
K a~THKnaCCH'JeCKOMY npeaeny fJ-+ 00 COOTBeTCTByeT nepexo
JlY OT HenpephiBHO H3MeH.SilOUIHXC.SI nOTeHUHanOB K CK8'JKo
o6pa3HO MeH.SIJOUIHMC51 noTeauuanaM. 

6) Cnyqaii: fJ-+0: 

lim B'(y;fJ)= q'(y) [ eioo -B2·e-ioo]. (24) 
fJ -+0 2q (y) 

KaK BHAHM, B aToM npeaenbHOM cny'Jae npouaaoaHa51 B '(y) 
B K8*Jl0H TO'JKe OCH y HCnbiTbiBaeT 6eCKOHe'JHO 6biCTpbre 
ocuunn.SIUHH, 'ITO numeHo onpeaeneaaoro CMbrcna. 3To, B 
caoro oqepeab, oaHa'Jaer, 'ITO ypaaHeaue (11) He aonycKa
er aenocpeACTBeHHoro nepexoaa K KnaccuqecKoMy npeaeny. 

Tenepb paccMoTpHM ypaaHeHue ( 17). 3aMeTHM, 'ITO 
ecnH B ( 17) nepeHTH K HOBbiM nepeMeHHbiM 

-1 y 
cp=fJ jq(yl)dyl; b(cp)=B(y), 

1o 

(25) 

TO OHO npHMeT BHll 

b '(cp} = ifJ 2q ;;;<9 ')
2
[ e icp + b(¢) e -icp ], 

(26) 

rae aenH'JHHa 

(27) 

HHTepnpe'l'HpyeTC.SI/6,5/KaK HeKOTOpbiil: nol'eHUHan B38HMo
]leil:CTBH.SI 'J8CTHUbi C 6apbepOM. 3aeCb noTeHUHan .SIBHO 
COJlep*HT napaMeTp fJ , nOSTOMy Tp8KTOBK8 fJ K8K a4J4JeKTHB
HOil: KOHCT8HTbi B38HMOJleil:CTBH.SI anonHe npueMneMa. Mo*
HO y6eaHTbC.SI raK*e• 'ITO ypaaHeHue (17) aonycKaer npe
aenbHbril: nepexoa K KnaccuKe fJ-+ 0 , Ho He HMeeT onpeae
~eHHoro CMbrcna npu nepexoae K aHTHKnaccuKe. 

is 

'----~~------------------



I1TaK, MO.)KeM pe3IOMHpOB8Th: onpeaeneHHOe <jla30BOe 
ypaBHeHHe (II) HnH (17) yao6ao TOnhKO an~ oaaoro H3 
npeaenhHhiX nepexoaOB no noCTO~HHOH IlnaHKa ( TO'IHee, 
no 6e3p83MepHOMY napaMeTpy {3 ) H Tep~eT CMhiCn B 
npoTHBonono.)KHOM cny'lae. I1 Ha'le roBop~. <jlaaoBoe ypaBHe
HHe MO.)KeT 6h!Th yao6Hh!M an~ pa3BHTH~, CKa.)KeM, KB83H
Knac'CH'IeCKOPO npu6mJ.)KeHH~, HO OK83h!B8eTC~ HenpuroaHhiM 
npu pacC~10TpeHHH BHTHKnaCCH'IeCKOH CHTY8UHH. 
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HeT JIM npo6eJIOB B Bamei1 6u6JIHOTeKe? 
8bl MOJKeTe noJJy'IKTb no UO'!Te nepe'IKCJJeHHble HKJKe KHKrK, 

ecJJK OHK He Obi.IIK 38K838Hbl paHee. 
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