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@1974 06'beormeHHblii uHcrtlurtlylll .RoepHbiX uccAeooeaHuii AY6Ha 

1. BBE~EHHE 

3a~aqa o aoccTauoaneuuu can orpauuqeuuoro pa~uyca 
~eiiCTBHJI no ~aHHLIM pacceJIHHJI npHBJJeiCaeT 1C ce6e OC06oe 
BHHMaHHe BBH~y TOro, qTo B 3TOM cnyqae cneiCTpanLHLie 

. XapaiCTepHCTHICH CHCTeMLI .Mor;T 6LITL
1 
CBe~eHLI 1C ~HCICpeT

HOMY ua6opy napaMeTpoa 1 1- 4 ; B ~auuoii pa6oTe npe~nara
eTCJI MO~H4JHICal{BJI cliopMilJJH3Ma renL4Jau~a~JieBHTaHa, B ICO-_ 
TOpOM B ICaqeCTBe TaiCHX napaMeTpOB BLICTynaJOT npHBLJqHLie 
B Jl~epuoii 4JH3HICe Benuq~HLI: nonO>KCHHJI pe30HaHCOB E,\ H HX 
npuae~eHHLie wupHHLI y ,\ /aMecTo 4Jyu~enuii HocTa B ICnac
cuqeciCoM no~xo~e/. Pa3BHTLiii 3~ecL MeTo~ no3aonJieT, 
uanpuMep, B o6LJquo:M .AJJJI npuno>Keuuii Kouequo-pa3HOCTHOM 
npu6nu>Keuuu ~nJI ypaaueuuJI illpe~uurepa nonyquTL "Toq
MLiii" BapHaHT o6paTHOH 3a~aqli, ICOr~a noc"!pOeHHe noTeH
l{Hana CBO~HTCJI . IC orpauuqeHHOMy qucny anre6pauqeCICHX 
onepauuii /BLmonHHMLIX c n106oii cTeneuLro· 1-oquocTa ua 
3BM/ /5.'. . 

Me To~ npaMeHHM u ~ ~anLuo,zieiicTBYJOil{HM cunaM c H3-
BeCTHLIM noBe~e_HHeM npH r ~a, a TaiC>Ke pacnpOCTpaHJieTCJI 
Ha CHCTeMLI, onHCLIBaeMLie MHOrOICaHaJJLHLIMH ypaBHeHHJIMH 
/B qaCTHOCTH: IC. pacceJIHHIO qacTHl{LI B none, He o6na~aJOil{eM 
c4JepuqeciCoii_ CHMMeTpueii/. . 

IIoiCa3auo, ICaiC pacnpocTpaHHTL ua paccMaTpaaaeMLie 
3~eCL 3a~aqu pe3yJJLTaT /6/ 0 BOCCTaHOBJJeHHH noTeHl{Hana. 
no 06YM. cneiCTpaM, npuqeM 3TO y~aeTCJI C.AenaTL HMeHHO 
6naro~apg· ~HCICpeTuocTa cneiCTpa a R -MaTpaquoM 4JopMa
nH3Me. 
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2. 'BOCCTAHOBJIEHHE HOTEHl(HAJIA V( d 

IlycTb u,\ (r) peweHHJI ypaaHeHHJI l!lpe,nHHrepa· . 

ti2 d2 £(£+1) ' • - -. <-2- --2 > '~'e+ V(r) 'I' e = E '1' e /1/ 
2M dr r 

c 'V (r~a} = 0, y,noaneTaopJIIOJllee o,nHopo,nHbiM KpaeBbiM . 
yc.noBHJIM /Mbl 6y,neM onycKaTb HH,neKC e I . 

u,\(0)=0; u,\(a)/u,\(a)=Bia, /2/ 

r.ne B - J;IPOH3BOJibHaJI KOHCTaHTa. TaKHe peweHHJI cyJlleCT
BYIOT nHWb npH oucKpemHbiX :JHa~eHHJIX 3~rHH E=E,\ • 

C nOMOJllbiO BeJIHqHH E,\_ ·' H y · -~ ~u,\(a) napaMeT-
. . .,\ h 

pH3yeTCJI HenpepblaHaJI 3aBHCHMOCTb oT 3HeprHH R -Ma'ipH
Ubl /7/ r /o,nH03HaqHo CBJI3aHHOHC MaTpHneiipacceJIHHJI S(E) /: 

. . y2 . 
R(E)= I _,L_. /3/ ·. 

,\ E ~E ,\ . 

cl»yHKI{HH · U ,\ (r_) o6pa3yiOT. ttOJIHbiH OpTOH9PMHpQBaH-
HbiH Ha6op - ~a3HC B npOCTpaHCTBe KBa,npaTHqHO-HHTerpH-; ~

pyeMbiX I}JyHKI{HH, 3a,naHHbiX Ha HHTepaane. 0 ~ r ,S. a': 
a 

· /u~(r) 1~,\,(r)dr = o,\,\, _; 

~u,\(r)u,\'(r') 7 o (r-r'). 
'-:·· -{.> 

/4/ 

/5/. 

PaccMoTpHM eUle peweHHJI ¢ ( r) ypaaHeHH'JI lllpe,nHHrepa 
/1/ C HeO,nHopo,nHbiMH ycnoi!HJIMH B TOqKe r =a: 

¢.(a)= h · ; ¢ '( E,a)/¢(E,a) =B/a. '/6/ 
· -~Ma · 

,., 

·:snaro,napJI .. ToMy, qTo norapHI}lMHqecKHe npoH3BORHble 
. npil•t=a · ,nnJI u,\ H ¢ coana,naiOT /eM.. -/2/; H /6//; ·nH 

l}lyHKI{HH npH ;E=E,\ OTJIHqaroTCJI ,npyr OT ,npyra nHWb nOCTO-
JIHHbiM MHO')Kl{TeneM: .• · fc• ·· . .> 

- ·r ~ _ . 

u,\(r)= ¢ (E,\., r)yA 0 .. /7/·' . 
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3TO no3BOJIJieT nepenHCaTb COOTHOWeHHe nOJIHOTbl /5/, 
JIBJIJIIOUleecJI B:cxo.i:iHbiM B o6paTHoii·,3a,naqe, B BH.iie:, .. '" 

00 

~ ¢(E,\., r) ¢ (~ _, r ')_y~ =_~¢(E, r) :tt(E, r.')dp(E)=o(r-:f')/8/: 

r.ne p .(E) - ~ne KmpaA bHaJI l}lyH~UHJI *': l 

p(E)=rO(E-E,\)y:; O(x)=J0npH,x~0;1np~JQ.O}.J9/ 

Pai3eHCT~O /B/ MO)I(}IO paccMaTpiiBaTb KaK ycnOBHe 
OPIIIOHOpMUP06KU no Mepe ,p l}lyHKI{HH cp ·/KaK ciJYHKUHH 3Hep
reTHqecKOH /I/ riepeMeHHoii/. C.yqeToM 3Toro l}laKTa nponecc 

· nocTpOeHHJI peweHHH cp . ypaBHeHHJI lllpe,nHHrepa C B3aHMO
.J!eHCTBHe~ no H3BeCTHbiM l}lyHKI{HJI!I._I CB060,nHOrO RBIDKeHHJI 
rp /JIBJIJIIDIIlHXCJI peweHHJIMH /1/ c V(r) =0 / npe,ncTaBnJI
eT co6oii· npocTyiO' opToroHanH3.al{HIO ¢ no Mepe p (E) • 
ITo Haii,neHHbiM )Ke cp . mirKO BOCCTaHOBHTb C nOMOJllbiO /2/ 
HCKOMLiii noTeHnHan 'V (r) • IIoKa)Ke:M: 3TO. · 

C noMOJllLIO l}lyHKI{HH K (r ,r '); KOTOPYIO eUle HY)KHO onp·e
.nenHTb,' Bblpa3HM ¢ qepe3 ¢,: y,noane~aopJIIOJllHe TeM )Ke 
rpaHHqHLIM ycno~HJIM·/6/, qTo H'¢ TaK )Ke, Ka:K. 3TO .ne- · 
naeTcJI, HanpHMep B 1~1 · /: 

- . . a .-. . . . .-

¢(E,r)=¢(E,r) + f K(r,r ')¢ (E;r ')dr'. /10/ . 
r 

IlocTpoeHHble TaKHM o6pa3oM .ciJYHKUHH ¢_ ,noll)KHLI 6biTb 
cor nacHo /8/ opTorollanLHbl. no.· :Mepe' p(E). ·. 3Toro MO?KJIO 
.no6HTLCJI, onpe.nenJIJI. K(r,r ') · H30.Tpe6oaaHHJI~ p -opToro~ 
HaJILHOCTH cp (E, r) ~ l}lyHKI{HJIM cp (E,r ') npH,f''>·r . 

.. o. . . . . .· 
f¢(E,r)¢(E,r')dp(E) = 0 npH r ~>-r • /l1/ 

HcnoJIL3YJI /10/ H /11/, nonyqaeM HHTerpanbHo:e ', 
ypaaHeHHe · ,nnJI K (r,r t) /ypaaHeiiHe. THria ·renLI}laH,na-JieaH-
Taiia/: · 

*HMeHHO. 6naro:_napJI Bb16opy rpaHHqHbiX ycnOBHH ,nnJI 
¢ ( E, r) B .. l}lopMe /6/, cneKTpanbHaJI l}lyHKUHJI 3,necb Bblpa :

)KaeTCJI ·qepe3 o napaMe'Tppi •R -MaTpHqHoii TeopHH··E,\.j'·y,\. 
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a . 
K(r·,r ')+Q(r',r'}+ fK(r,r")Q(r";r')dr "=0; /12/ 

r 

.r.z:te l}lyHK~HR Q 3-a.z:t~eTeR :riapaMeTpa~H lEA, y~ }/eM._ /9/i. 
. 0 - .o . . () 

Q{r, r ') = f ~ rp(EX, r)rp(EX,r ')d(p.(E)-p(E)). /13/. " 

. . CBR3L HeKOMOro m:iTeHU}Ja.ri~ 'e K, onpe;i'e.ll'seM}fM H3 
/12/, oeTaeTes TOR >Ke, 'ITO H B .z:tpyrax no.rtxo.rtax /B/ 

. . • 2 

·:V(r)~\-ir: :r K(r,_r·).· /14/ 

... -

Upe.z:tno>KeHHWB l}lopManH3M np:RMeHHM TaK>Ke K noTeH~Ha -
naM, HMeiOIIlHM npH r~ a H3BeeTHWB "xBoeT". B 3T.OM eny11ae 
TonLKO .. ueexonLxo MO.rtHI}IH~HpyeTes eBR3L R -MaTpH~w e: 
MaTpH~eB paeeeRHHR /S/. . - · " . . 

B 3aBHeHMOeTH OT BW6opa BenH'IHHLI KOHe.TaHTW .8 npH 
3~.rtaHHB rpaHH'IHWX yenoBHB /2/, -/6/ .rtns 

2 
u '(r ); cp {E, r) ii 

cp (E, r) H3MeHRIOTes. napaMeTpw • E X , Yx. . llpa 3TOM 
OKa3WBaeTeR B03MO>KHLIM BOeeTaHOBHTL llOTeH~Han _ • V ( r), 
HeXO,ItR H3 HHI}IOpMa~HH 0 O'BYX Ha6opax eo6eTBeHHWX 3Haqe
HHB IE 1xl H IE 

2
xl, OTBe'I~IOIQHx pa3HLIM 3Ha'l.eHBRM-B 

B H.B /eM. npano>KeHHe/ .. 
1 2 

3. BOCCTAHOBJIEHHE MATPHabl 
B3AHM0,4ERCTBHB:,IIV. ,(rJII·--. · aa 

Muorae 3a.rtil'IH s.z:tepuoB:- .H aTOMHOB I}IH3HKH cBo.iiaics 
K peWeHHIO T~H. MHO~OKaHanLHOB CHeTeMW ypaBHeHHB // : 

* fipH BWBO,Ite /14/ HellOllL3YI&TeA ;OT l}laKT, 'ITO eo~ naCHO 
/10/ /13/- H ye~OBHRM /6/_ ~ng rp ·: . . - : · ' 

oQ(r;r,) B , · <'IQ(r,r'_) B- --_.·-~-
-Q(a,r }, -. ---. I = -Q(r,a),· 
a . or' . r~a a or r=a 

·.oK(i,r') _, .. :::.l!K(a·~-)·. oK(rir') I -.:: s·K{-r a}. 
or r=·· a· , , or'·· . r',;a_· a-,_ • 

6· 

I, 

·-~.; '· ... 

l 
\ 

I' 

'i" 

'•1' 
. \' 

'.'1 

t .. 
1 

.I 

. ~( 

.• 

h 2 • · h 2 e u +-1) .. 
- -· F"(r)+ - a a 

2 
Fa(r) +2 .V .(r) F' ,(r) = /15/. 

2M a . 2M r · - ·a' aa a-. · · 

= (E...:E )F (r), 
a a 

:8 KOTOpoii: CBR3L BOnHOBLIX l}lyH~HB KaHanoB a oey(QeeTBnJl
eTCJl ·c no~OIQLIO.MaTpH~LI B3aHMO.rteB:cTBHR IIV aa -(r)ll ~ 

UycTL V · ·, ( r >a)= 0 •. B Ka'leCTBe 6a3Heuwx l}lyHK~HB 
o6paTHOB 3a~~'IH BLt6HpaeM peweHHR CHeTCMbl /15/, y]l;oB.;. 

. neTBOpRIOIQHe yenOBHR!-f:' 

l! _ (0) ~-o ; u ' ( a)/ u ( a) = B /a , _ 
aX _· _ . · · aX. > • .. -a,\.--- ,. a 

_ ; f ua.-\(r)uaX_(r)dr ; oM;; :· 
l:u \ tr)u ,~(r')=o ,0. (r-r'), 

. X Ul\_ Ul\ aa 

/16/ 

/17/ 

/18/-
. ~-:· . . ; 
· ~:KoTopwe npe_.z:tcTaBJIRIOT eo6oB: MaTpH'IHWe 

/4/ H /S/. .. I._, 
o6o6IQeHiiJl /2/~ 

,ll;acxpeTawe co6eTBeauwe 3Ha'leHHJl Ex H iipHBe.rteHHLie 

. y'2Ma . -· . 
WHPHHLI· :yaX ·-'=' -h- u a.-\ ·c.a) onpe.z:tenaiOT R -MaTpH~y: 

R ,(E)= 2 Yaa Ya'X • /19/ 
aa X"E-E X. • • 

Pom;. BellOMOraTellLHbiX peWCHHB rp·: B MHOroxaaanLHOM 
enyqae arpaeT -MaTpJi~a ·ell· · peweaaB: e'acTeMi.J I IS/ c 3,Jie
MCHTaMH rpa{J ( E, r), ._ ,Itn.ll KOTOpbiX Ha rpaHH~e r = a : BW
llOllHRIOTCR eOOTHOWCHHR /eM. /16//: . · · 

- .. ·.. h ·. '- -.- · -B : · ·. · ... : 
cp ~(E',r),;, -- o ~ ; cp -~ (E,·r.) =· _aa cp ~ (E,r). ,/20/ 

Up ·. y"2£ Up ap · Up -· · 

Do aaanorHH c /7 I, co6cTBeHHaJl eeKIIIopHaJI.I}IyHKUHR 
u aX ( r) nonyqaeTes yMHO>KeHHeM _ MalllpUf#bl ell (Ex ,r) Ha 
ee~•op y _·\ ,': - . : " . '· . . ~- ~· 

u aX(r) = : cp a{J (EX •. ~)yfJX. ./21/ . 

Cnex;rp'-"nLHas l}lyHK~HJl p (E) B MHOrOKaHanLHOB 3a,Ita'le 

JlBllJl~TC~ .M~TpH~ea~·o6pa~~2BaHHOB H3 .rtBYX BCKTOPOB YA 
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p (E)= :£ (} (E-E )y y 
T/K ,\ . ,\ 77"- KA 

/22/ 
. . 

H .cornacHo /18/, /21/, HMeeM 

~ . . . 
f ¢ (E,r)dp (E)¢ f3 (E,r')= I¢ (~ ,r)·r,\ -~ ¢ f3(r')= 

-oo a17 ,T/K K ... __ . _. ~T/ K aT/ T/ K . 

= o (r-r,')o af3 

BBOAJI Ma TpH~Y K ( r, r '), CBJI3b1Baroll(yro <ll 
0 . . 

~eii <1J pemeHHH CHCTeMbl /15/ C V ,(r )= 0': 
aa 

· o a · 
¢ (E,r)=¢ (E,r)+:£fK(r,r')ch (E,r')dr', 

af3 af3 · T/ r a77 77f3 

./23/ 

C MaTpH-

/24/ 

nonyqaeM AJIJI ee 3JieMeHTOB CHCTeMy HHTerpaJibHbiX ypaB
HeHHH 

a 
K ir,r ')+Q f3(r,r')+ f L K (r ,r")Q-- (r~',r')dr~~. /25/ · 

afj _ _ a r K aK K{3 ' 

rA.e 

0 0 0 

Q (r,r')= f ¢ (r)d(p-p)-{3-rh ~(r'). 
af3 aa - a · f3t-• /26/. 

HcKoMaJI MaTpH~a B3aHMOAeiicTBHJI II y ,(r) II Bblpa-
· · aa 

)KaeTCJI qepe 3 ~ q9(r, r ') C nOMOII(biO COOTHOWe_HHH: - _ 

·v ') h d_ _ Ar =- -M -d · K ,(r,r). /27/ aa r aa . · 

YpaBHeHHJI /IS/ o6blqHo nonyqaroTcJI npH pa3JIO)KeHHH 
BOJIHOBOH ciiYHK~HH BCeii paccMaTpHBaeMOH CHCTeMbl 1p no 
HeKoTopoMy nonHoMy Ha6op'y I <ll I·: . a 

-11'= IF <ll • 
a· a a ·'/28/ 

·"l 
llpH 3TOM Vaa, (r) npeACTaBJIJIIO! co6oii MaTpHqHble _ 

3JieMeHTbl HCXOAHoro B3aHMOAeiicTBHJI v no 3THM cocToJI-
HHJIM <II · ': ; . 

a. 

V /..r)=<<ll !v!<IJ.,>. 
aa a a ~ /29F 

8. 

-·· 

· Ecn:H <11 , H3BecTHhl, TO no HaiiAeHHbiM :Bbiuie. 'V _ ,Mo)I(Ho 
BOCCTaHOBH¥b v / 4,5/ ':. . .. - . '· aa. 

v =.:£ .<11.-'V ,(r)Jcll,~r,. 
· , a aa · a· · 

aa · 
/30/ 

c 

rAe ,HHTerpHpoBaHHe /KaK H B /29/ I npoH3BOAHTC11 no BCeM 
nepeMeHHbiM -ciiYHK~HH- <lla' • -

· K<_Hq<peTHbiM npHMepoM onucaHHoro _Bblme cilopM~H3Ma · 
o6paTHOH 3aAaqH MO)KeT CJIY)KHTb BOCCTaHOBJieHHe ccilepHqe
CKH :UecHMMeTpJiqHoro noTeH~Hana V(r, (}' ¢) no napa
MeTpaM 1 E"' , r2"'~-l- cooTBeTcTayroll(eii .R ~·MaTpH~w pac
CeJIHHJI qaCTH~bl B 3TOM none. 

Ht:nocpeACTBeHHhlM o6o6~eHHeM · AaHHoro npHMepa. Ha 
MHOZO'IQCIIIU'IHble CHCTeMbl JIBJIJieTCJI IlOCTpOeHHe 0 -qacTHq
HOrO noTeH~Hana 'V (p) , rAe p npeAcTaBnJier: co6oii 3n -3~' 
MepHbiH paAHYC BeKTOp, xapaKTepH3YIOI~HH noJIO)KeHHe n qac
TH~ B CHCTeMe ~eHTpa Mace B zunepc,Pepu'leCKUX nepeMeH-
HI:>IX·. ]J K~q~c:rBe .<lla npH 3TOM.CJiy)KaT rHnepccilepH'f.eCKHe 
ciiYHK~HH Y K(nfJ )' · /T.H. K -rapMOHHKH/~-- HBJIJIIOII(HecJI 
o6o61I(eHHeM o6blqHLIX ccll~puqecKHX rapMOH,HK Y&n /eM., 
HanpHMep, /9/ · I. . · ·- · · ·- · 

. Bbipa*a~M 6narop;aimocTL H~B.AMupxa:HoBy, B.M.Eap
cyKoBy, O.JixarBa, B.A.MapqeHKO,-_ JI.A.CMOPOAHHCKOldy, 
H.A.~e:KaHoBy 3a o6cy)KAeHHe BonpocoB, CBJI3aHH~x co6paT-
Hoii 3aAaqeii. 

4. IIPHJIO)l(BHHB 
' -·· '·< .. - ;-·~·- • 

··BOCCTAHOBJIEHHB HOTBHQHAJIA IIO,l(BYM· 
-. CIIBKTPAM . - -

B pa3Aene 2 6b1JIO noK~3a~o~ Ka~ nocTpOHTb noTeHI(Han, 
ecnH: :H3-BecTHbl I E ,\ , y X l npH npoH3BOJILHOM 3HaqeHHH 

B B /2/. - . '2 . . . . . . . .· .·. . . . . 
0Ka3biBaeTCJI, BenllqJiHbl. Y,\ , _ OTBeqaroll(He OAHOMY Bb160 ~ 

py KOHCTaHTbl B =B 1 B '/2/, M:oryT 6i.ITb nonyqeHbl no 
co6ciBeHHbiM .3iJ:aqeHHJIM IE I,\ l H I E2,\ I 'raMHJibTOHHaHa 

·- 3aAa~H npH B=B 
1 

H B =B~._- /T.e. 'V(r) MO)KHO Boccn1Ho-
BHTL_, 3HaJI IE 1,\l· H {E 2 l/~ . · 

-- 1!-
. ~-
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2 B 2 - B I llco : E Iu- E I,\ a-y = - /n.1/ 
I,\ E2,\-EI ,\ fi=O E2tt-E I,\ 

Y6eAHTLCJI B 3TOM MO)KHO, npeo6pa3yJI tllopManH3M,. H3-
no>KeHHLiii B pa6oTe 161. 

0603Ha'IHM- ¢1 (E,r) H, cp 2(E,r) peweHHJI/1/,yAOB:. 
neTBOPJIIO~e rpaHH~HLIM ycnoBHJIM /6/ c B=B 

1
_ H B =B

2 
•· 

PonL tiiYHKUHH (l H (l H3 (6/ 6YAYT HrpaTL,. ¢· (E,O) . H 
¢2(E,-O). I _2 I. ' 

BBeAeM ell{e _OAHO peweHHe ypaoHeHHJI /1/: 

f(E,r)= ¢ 2 (E,r)+ m(E) ¢
1 
{E,r), /n.2/ 

rAe 

!z.. 
. ¢I 

m /n.3/ 

Hcno~L3YJI I 1/ u TOT tllaxT, 'ITO ¢ 
1 

(E
1
.\' 0) :{), nony<liiM 

. a· 

(E-E1,\ )
0
f f(E,r)¢

1 
(E

1
,\ ,r)dr=.f\:-f"(E,r)¢

1
(E

1
,\·,r)+ 

. 0 

+ f(E, r)¢ ;'(E 
1
,\, r)]dr =f '{E,a)¢

1 
(E

1
,\ ,a)- /n.4/ 

-f(E,a)¢'(E
1

,\ ,a)~B 2 ~B 1 
0TCIOAa,npH E .... E I,\ /no npaBHny JlonuTanJI/: 

2 
a 2 .. (B2-BI)¢) (E1"-) y = f ¢ 1(E \ ,r)dr =- --- _...:_ __ _ 

1,\ 0 II\ a ¢ ( E ) 
/ 6 ' · 2 ·I,\ Kax H B 1 , HMeeM 

/n.S/ 

~ (E) =C1. ll ·o- : ) ; 
. "-=0 1,\ 

CCI ll E2,\-/EI·,\=1:.-
2"-=0 

co E) 
¢ 2 (E) =C2 ,\~o (1- fi"- · /n.6/ 

CornacHo /n.S/ H /n.6/, HMeeM /n~l/. 

10-
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