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©1974 06'beOUHeHHbiU UHCiffUiffYIIJ'.ROepHbiX UCCJie006QHUU ,l!y6Ha 

--: 

O,nHoii H3 OCH<?BHLIX 3a,naq s,nejmo:ii cl>H3HKH .&Bn.&eTc.H 
onpe,neneHHe ,IJ;HHaMHqeci<HX xapai<TepHCTHI< pa3nH'IHLIX CHC· 
TeM' B3aHMo,ne:iicT,ByroiQHX ; HYI<nOHOB no' 'ua6nro.naeMLIM 'Ha 
onLITe · · :BenH'IHHaM. ·• Ce:iiqac · napa:MeTpLI B3aHMo,neifcTBH.H 
/raMHJILTOHHaH ·u:•/ 'Haxo.ziJi:T·':MeTO,IJ;OM ·no,nroHKH: MHOro
I<paTHLIM peweHJie:M ypaBHeHH.H · Illpe,nHHrepa iio,h6Hparol
cHnLI, ,naiOIIlHe 3Ha'leHH.H .yi<a3aHHLIX BenH>iHH, ·. 6nH3.KHe 
I< ·:JxcnepHMeHTani.HLI'M ·,naHHLIM; · llpo6ne:Ma -~Heno.cpe.zicTBeH-

·. 'Horo · BOCCTailo:BneHH.H :B3aliMo.iieiicTBH.H no ):(aHHLIM pacce.HHH.H 
/o6paiHaii 3a,na'la/ 6LIJia pewe:Ha: nHwi. ,tins .nBIDKeHH.H o,D;Hoii 
qacTHULI 'Bo BHewHeM none l CMl o'63op B j I/ I. Ho H B 3TOM 
cnyqae · npaKTH'Iecx'oM'y HcrioriL:ioBainiro TeopHH o6pa THoii 
-3a,naqH' Meuiano 'To: o6cTO.HTenLCTBO,-'ITO B I<naccH'IeCI<OH 
nocTaHOBI<e ,nn.H· onpe.zteneHH.H noTeHUHana Y -He06XO,nHMO 
3HaTL MaTpHUY pacce.HHH.H .B· HeorpaHH'IeHHOM HHTepBane 

. :JHeprHH. fipH"ieM npeHe6pe)f{eHHe BI<Ra,D;OM BLICWHX :JHeprHii, 
npH I<OTOpbiX }')f{e 1 HenpHMeHHMO ypaBHeHHe Illpe,nHHrepa, 
BHOCHT . B noTeHUHan-·norpeiiiHOCTL', BLI3LIBaiOIUYIO He no,n
,naJOIIleec.H anpHOPHOH oueHI<e HCI<a)f{eHHe MaTpHUbi pacce.&-
HHJI~ · · · · ·. : ... , ·· 

.· He,naBHo , 6Lina•: .naHa_ HOB~.& cl>opMynup~BI<a · o6~,a~~A; 
3a,na'IH ,nn.& cHn orpaHH'IeHHoro pa,nHyca ,neHcTBHJI .. a. 2 , . 

. n03BOR.HIOIUag . CTpOHTL' Y !-no ,D;HCI<peTHOMY Ha6opy napa
MeTpOB R -MaTpH'IHOH· TeopHH pacceJIHHJI E ,\ H y [ • /~o
no)f{eHH.HM pe 30HaHCOB H' HX ·npHBe,neHHLIM WHpHHaM/ ·: • 

06paTHa~--3a,naqa Jfn~noTeHuita.JIOB V(r.~ a) = o:pac·.:. 
CM&TpHBaR&CL· Y*e B /3,4/ ;~JiLinO noi<a3aHO,:.'ITO 'V · MO)f{HO 
BOCCTaHOBHTL no ,IUICI<peTHOMY Ha6opy cnei<TPMLHLIX napa
MeTpOB, . ,nnJI onpe,neneHH.H · I<&)f{,D;Oro H3 I<oTopLix,· o,D;Haxo, 
HY*HO 3H&TL '4>a3y pacce.HHH.H'I<ai<·HenpepLIBHYIO cl>YHKUHIO 
:JHeprHH B HeorpaHH'IeHHOM HHTepBane; 
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B uacTos~eii: ·pa6oTe Ha ee ocHoBe npe,llnaraeTcs np:H6nu
)KeHHLIH MeTO,ll BOCCTaHOBne·HHR V DO MaTpHUe pacceRHHR 

· Ha KOHe'IHOM 3HepreTH'IeCKOM HHTepBane, o6ecne'IH.BaiO~H. 
CTporoe B3aHMHOO,llH03Ha'IHOe COOTBeTCTBHe V H HCXO,llHbiX 
3Ha'leHHH E_x ·. H YX. Ilpu6nH)KeHHe cocTOHT B o6bi~Hoii: 
,llnR KOHKpeTHbiX npHnO:lKeHHH 3aMeHe .llH«P<l>epeHUHanbHbiX 
ypaBueuuii: ,llBH:lKeHus Kouequo-p_a3HOCTHbiMH/K.-:p./. TaKoe_ 
'opH6nH:lKeHHe y:lKe HCDOnb30BanOCb B llO,llXOAaX ren&$aH,lla
lleBHTaHa /5/ a .. MapqeuKo. I 6 I , uo npu 3TOM ,llenanoc& 
,llODOHHHTenbHOe npe,llnono~eHHe 0 BenH'IHHe llOTe:in:~Ha,na: 
'VI1«1; r,lle ,1 - .Bbi"6paHH~ii. war K.-p. ,llH$4JepeHUHPOBaH~R* •. 
K ToMy :lKe cneKTpan&Hhle. xapaKTepacTHKH :0 /5,6/ocniaa
nuc& ilenpepbiBHbiMH ~YHKUHRMH o-T 3Hepruli BMecTo :Koueq
uoro 'IHC-!Ja napaMeTpOB E_x ·,. ; y l . M~ 6YA(!M 'tiacTatluo 
HCDOHb30BaTb 3,lleCb TeXHHKy, pa3BHTYJO B /5/ .. . . 

linaro,naps .IJ;HCKpe.THOCTH 3Hepre.T~'IeCKOH H KO(Jp,llH
HaTHOH nepeMeHHbiX, .B uaweM. no.nxo.ne peweuue 3a..D;a'IH 
CBO,llHTCR. K KOHeqHoMy 'IHCny 'IHCTO anre6pauqec:Kux one-**' . ' . . . . .. 
panuii: • TaKoii: anre6paaqec~Hii: no.nxo,ll y,no6eu B TOM 
OTHOWeHHH, 'ITO OTKpbiBaeT cpaBHHTenbHO npOCTOH .nyTb 
.auana3a TaK:Hx np'?6neM, l(aK 'IY.BCTBHTen&uoc!b noTeH,riaana 

DO OTHOWeHHIO K BapHaUHRM HCXO,llHbiX ,naHHbiX H -Toll. ,lJ;ns 
llOTeHUHaiiOB, · HMeiO~HX npH r ·> a · H3BeCTH6e, llOBe,neHHe 
l.nanbHO,IJ;eHCTBYJO~HH "XBOCT"/ Tpe6ye'!C11 nHWb He6on:bwas 
. MO,llH$HKaUH11. MeTO,lla, · _c~eCTBeHHO paciiiHpRIO~as Knacc 
3a,lla'l, K KOTOpbiM npHMeHHMa paCCMaTpHBaeMaR-TeOpHR. 

Bo BTOpOM pa3,nene pa60Tbl BbiBO.IJ;RTCR OCHOBHble. ypaB
HeHHR MeTo,na Ha npHMepe O,llHOMepHoro ,llBH)KeHHR 'laCTHUbl 

,BO BHeWHeM. none IO.llHH KaHan/ H. p;aeTCR o6o6~eH'!e $op
ManH3Ma .nns· cnyqas KOMnneKcHoro. noTeunuana ••. 

B·pa3,nene 3 o6paTuaa 3a,naqa B.paMKax R .. -MaTpaquoB: 
TeOpHH $opMynupyeTC11 ,nns CHCTeMbl CBR3aHHbiX ypaBHeHHH 
IMHOrO KaHanoBI. 3TO ll03BOnReT BOCCTaHaBnHBaTb. no-

· "CM. TaK:lKe MaTeMaTH'IecKoe uccne.noBaHHe /7/ , Ka-. 
caiOIUeecs o6paTHoii: 3a,naqu .nns K. -p. ypaBueuuii:. 

.:;... . . '' ' . . . ,. " : 
HHTepecuo, 'ITO B .cBoe >BpeMs, o6pa THas 3a,lla'la .pac

CeRHHR 6blmi nonyqeua KaK. KOHTHHyanbHbiH auanor COOT
BeTCTBYJP~ero pe3ynbTaTa TeOpHH RK06HeBbiX MaTpHU B 
nuueii:uoii: anre6pe •. 
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Teunuanhl, ue o6na,llaiO~e c$epaqecKoii: CHMMeTpaeii:. /B 
npu6na:lKeHHH Ko:Hetiuoro q:Hcna ·c4JepuqecKHx rapMOHHK/, 
TeH30pHble. CHnbl H T .,n. . 

· IlocKon&Ky K MHoroKaHan&HbiM ypaBHeHHRM CBO.IJ;HTCR 
OllHCaHHe CHCTeM C npOH3BOnbHbiM, 'IHCnOM Ten, pa3Bl1Tb1H 
annapaT · npaMeuseTcs B pa3,llene 4 K' onpe,lleneHHIO .n1maMa-· 
qecKHX xapaKTepHCTHK. 3-x B3aHMO,lleHCTByro~x qacTHU 
IB 'laCTHOCTH, MHOroqaCTH'IHbiX. CHn/. . . 

B npHno:lKeHHH KpaTKO H3naraeTcs K.-p. auanor R -MaT-
pH'IHOH TeopHH pacceRHHR. . 

;;; 

2. Koilet~lto-pQ3HOCIIfHbJ'u aHaAoz o6pamHoii 3aO'at~u 
e R- Mamput~Hoii meopuu /ooHoKaHa.llbHblii cAyt~aii/ 

liy,neM HCXO,llHTb H3 ypaBHeHHR Illpe,nHHrepa B K.- p. 
npH6JIH:lKeHHH: 

--t ~- 'P (E, n+l )-2 'P (E,n) + 'P (E,n-:-0 l I 11
2 

+'V(n) 'P(E,n)=E'P(E,n), /I I 

r,lle 'P (E, n) H V (n)- 3Ha'leHHR.BOnHOBOH 4JYHKUHH H llOTeH-:-
. . • l . ' . . . ' . '. ·. . • . • r 

nuana B TO'IKax rn , KOTOpble .nensT HHTepBan 0 <.. r :::;:: a · · ua 
N. paBHbiX qacn~ii: lwaroBI c . .IJ;nHHOH 'it+l:...r n = 11. /MO:lKHO 

6Lino Bbl6pa Tb w·ar nepeMeHHOH ,nnHHbl 11 n /. · · · · · · ·• 
·· Tpe6yeTcs :Haii:TH ·v (n) no. Maipane pacces:Hiis S-(E) . 

HenocpeACTBeuilo H3 I II "V ( ri )' onpe.neniiTb.' :Hen&3s, Ta:K 
KaK $yHKUHR 'P 'uaM HeH3BecTHa; a S(E) 3a,llaeT ee noBe
,lleuae nawh npu r > a · lnpe,llnonaraeTcJi, 'ITO ·v (ria)= 0 I. 
Mo:lKHO, O,llHaKo, nonb3Y11Cb CBOHCTBOM nonHOTbl cio6CTBeH
HbiX 4JYHKUHH raMHnbTOHHaHa,. DOCTpOHTb cuaqana peweHHR 
¢ (E,n) ypaBueuail III, OTB.e'laro~He rpaHH'IHbiM ycno:BusM*: 

¢(E,N) = l/y2a; ¢(E,N+l) =¢(N) 0+ 11B/a) 121 
0 

no peweHHRM ¢ ( E; n ) cBo6o,llHoro K.- p. ypaBHeHHR Illpe'
.nuur_epa: 

* B.Topoe cooTHoweuae ~ 121 cooTBeTCTB;eT TOMY, 'ITO 
K.-p. norlJ.pl!.4JMH'IeCKaR npOH3BO,llHaB OT cp B TO'IKe"a"paB-
Ha HeKoTopou J:COHCTaHTe B l a • · · ·. . ·· 
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-;: ~ -[$(E,n+l)-2¢ (E,n) +¢(E,n-1)]/ A2.,;E¢ (E,n) . /3/ 

C, TeMH )Ke YCJIOBHSMH /2/ * . ITo <f>{E,n)Mo~o 6y,lJ,eT 3a-' 
. 'ieM H3 /1/ onpe~enHTL H 'V(n) • 

·- . 

B xaqecTBe yxa3aHHLIX co6cTBeiiHLIX tPYHxn:d: BLI6epeM 
'-. . 

P.eWeHHS u(EA, ,n) = UA_(n) ypaBHeHJJS. /1/ C_ O.IJ.HOPO.IJ.HLIMH 
ycnoBHSMH npu r= 0 H r = a: 

uA. (0) =0; uA. (N+l) = uA(N) (l+:~B/a).. /4/ 

H:MeeTcs Bcero N TaKHX pemeHHH npu 3Ha'leHHsx 3HeprHH 
E=EA_. 0HH Y.D.OBneTBopsroT ycnoBHro opTOHOPMHPOBKH 

N 
· I. ~uA,(n) uA,'(n)=oM' /5/ 

n=l 

H o6pa3yroT nOJIHLIH Ha6op B KJiacce tPYHK:u;HH 3a,lJ,aHHLIX 
B N -T.O'IKax /B N-MepHOM BeKTOpHoM npocTpaHcTBe/: 

N 
I u\ (n) u\ (rn) =O • /6/ X 1\ 1\ . mn 

CooTHomeHHe /6/ MO)KH() paccMaTpHBaTI> H xax ycnoBue 
opTOHOPMHPOBKH no nepeMeHHOH EA .• 

IlOCKOJILKY U A ( n) H if> (E, n) SB~SlOTCS peweHHSMH O,lJ,HOro 
H TOrO )Ke K. _-p_. ypaBHeHHS BTOporo nopS,lJ,Ka C O.IJ.HHM 
o6uiHM rpaHH'IHLIM YCJIOBHeM npH r=a /CM. /2/ .H /4//, TO 
U A (n) OTJIH'IaeTCS OT <f>(E, n) JIHWL nOCTOSHHLIM MHO)KHTe
neM YA, /ripu Tex 3mi'leHnsx 3Hepruil E=EA,, npu KOTOpLix 
Cyi:u;eCTBYIOT UA_ (n) /: . _ 

uA.(n) =YA, ¢ (EA. ,n ), r.D.e YA, = uA. O'~)y2a • /7/ 

HcnonL3ys /7/, nepenuweM /6/ B BH.D.e: 

N 
X r: ¢(EA. ,n ) ¢ (EA.,rn) ==omn. /8/ 

'ITO .COOTBeTCTByeT OpTOHOpMHpOBKe if> no Mepe p(E) = 
= r (~){E-EA) yf ' r,lJ,e 9 (x) =I 0 _npH X <1; 1 npH X20 I : 
* . . .. ··.: . . 

· 0 peweHHH ypaBHeHHS /3/ eM~ M.C.EaxBanoB "'tluc-
neHHLie MeTO.D.LI", §7, MocxBa; Hayxa, 1973 r. · · · 
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f ¢ ( E, n) cp ( E, rn) d p ( E ) = o mn 
\.... /8.1/-

0 

Kax tPYHKD;HH :meprHH, ¢ (E, n ) H ¢ ( E, n) sBnsroTcs, 
.• 0 . . -

cor nacHo /1/, /3/ u ycnoBHIO ¢(E,N) =¢ ( E,N) =llv'hl , nonu-. 
· . · · · · N.:..n . N-n·. . . 

HOMaMu·cTeneHH N-n·:¢(E;n) ,;,.I. C.E 1;.$. =I. ·C:.. Ei. 
- · i=O 1 (E,n) i=O. 

OHH o6pa3yiOT .D.Ba 6a3Hca o,lJ,Horo H Toro )Ke N-MepHoro 
npocTpaHCTBa nonHHOMOB cTeneH_ H. N -1 c o61LUIM :meMeH-o . 
TOMcp(E,N)<f>(E,N) = 1/ y'hi • IIonoMy pemeHHs¢(E.n)ypaBHe-
HHS /1/ C noTeH:u;HaJIOM V MOryT 6LITL nonyqeHLI nyTeM 
npocToii opToroHaJIH3a:u;uu cp (E, n ) no :Mepe p (E): 

0 

¢(E,N)_=¢ (E,N); · 

0 . . 0 

cp (E ,N-,.1) =K (N-1, N) ¢ (E, N) + K (N....;1,- N-1) ¢ (.E, N;_1); 

. • . . 0 . • 0 ·.· . 0 

cp(E,n) = K(n,N) ¢ (E,N)+K(n,N-l)cp(E,N-1)+ ... +K(n,n)¢(E,n); 

.......... /9/ 

¢(E,l) = K (1,N) ¢ (E,N) + .. ~ + K(1,1) ¢ (E~ 1); 

r.D.e. K03tPcllli~neHTLI K . onpe.IJ.ensiOTcs B3 ycno~mi opToro
Han&uocTH /no l.lepe p /·tPYHK:u;Hii ¢(E,n) K tPYHK:u;HSM ¢(E,rn) 
npK m>n HJIH /'ITO 3KBHBaJieHTHO/ K <$(E,rn) (rn>n ) H HOp-
MHpOBKH/8/ npu rn = n·: · · . 

. N . 
q(rn; n)+ I. k(rn,p) q(p,n) =0, npu rn> n; 

. p= IH-1 . 

N · 2 · · · 
q(n,n) + !. k(n,p)q(p,n) =1/K (n,n),npurn=n; K(n,n) > 0, 

p=n+l . /10/ 

r.D.~k(n,rn)=K(n,rn)/K(~:.ii); q{in,n) = ¥.;2j(E··. ~rn)$ (E\ ,n). 
. . . · A. A. ·A, . 1\ '• · · 
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YpaBHeHHJI /10/ JIBJIJIIOTCJI anre6pauqecKHM aHanoroM 
ypaBHeHHH r enbli>aH.n;a- JleBHTaHa. . 

HTaK, no 3a.n;aHHbiM E.\ H YX I eM. npuno~eHHe/_ ua -. 
XO.D;H~ q , 3aTeM, peWaJI CHCTeMy anre6paH'IeCKHX_ypaBHe
HHH /10/, onpep;eJIJieM K H, nO.D;CTaBJI~ cp B clJopM·e /9/ 
B /1/, nocne YMHO:>KeHHJI ypaBHeHHJI Ha cp(n) H CyMMHpo-
BaHHJI no n c y'leToM /3/, nonyqaeM: ' · · 

) 1 
'V(n =2 K(n-1, n) -K (n, n+l )=I k(n-l;·n)-k(n, n\1) l/2!l2-jll/ · 

K(n,n)fl2 · · · 

TaKHM o6pa30M, B N -~epHoM npocTpaHCTBe o6paTHaJI3a.n;a-
qa cclJopMyJIHpOBaHa TO'IHO. H peweHHe ypaBHeHHJI /1/ 
c noTeH:o;HanoM /11/ .D;OIDKHO ):{aTb R-/a 3Ha'IHT H S:- I 
MaTpu:u;y, OTBe'laiOIUYIO cTporo HCiW.!UibiM napaMeTpaM E.\ , 

YX *. 

HaJIH'IHe B HCKO!>iOM noTeHD;HaJie 'V H3BeCTHOH .D;aJibHO

.n;eHCTBYIOIUeH KoMnoHeHTbl ·v .n;.: v = ·v x + v .n; · He Me~aeT 
BOCCTaHaBJIHBaTb 'V K npe.D;JiO:>KeHHbiM . CnOC060M •. ,I(JIJI 
3Toro HY:>KHO JIHWb Haxo.D;HTb napaMeTpbi E .\ , yf no 
Mo.n;u!lJunupoBaHHOH liJopMyne, CBH3biBaiOID;eB: MaTpH:Ubl R u 
S /eM. npHJI_O:>KeHHe/. 

B cnyqae KoMnneKCHoro noTeunuana MHHMble cocTaB
JIJIIOID;He nOJIBJIJIIOTCJI BO BCllOMOra TeJibHbiX peweHHHX. U,\· (n), 
¢ ( E, n) u B napaMeTpax EX·, Y.\· BMecTo.opToroua.ni.HocTH 
I no Koop.n;HHaTHOH H :mepreTH'Iecl<:oB: nepe:MeHHbiM/ uc..: . 
noJib3yeTCH 6uopToroHaJILHOCTb Ha6opoB·I u~,\ (n) l H lu.\* (n)'l. 
Enarop;apJI TOMy, 'ITO (uX(n))*=: 1;1,\ ((l ). BB.D; clJopMyJI /1/
/11/ .He H3Me~JieTc1i:, Kor;:\a ·v nepectaeT 6b1Tb peanbHbiM, 
TOJibKO Hy)KHO Y'IHTbiBaTb, 'ITO_ BXO.D;JIID;He B HHX BeJIH'IHHbl 
CTaHOBJITCJI KOMnJieKCHbiMH. 

"'IIpe.n;cTaBnJieT HHTepec Bonpoc o KJiacce Ha6opoB 
IE,\, y ,\l, no KOTOphlM MO:>KeT 6biTL BOCCTaHOBJieH noTeH

nuan ·v. 
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: 3. BoccmanoeAeHue . .WampUflbJ a3a~Mooeiicmau.R 
.. 

B cnyqae M 'CBJI3aHHbiX' KaHanoB BMeCTO flf .HMeeM - . . . _., 
CHCTeMy K.-p_. ypii.BHeHHH:· , . 

-.J-ll2 1 F (E,n+l) ...:.2p (E,n) + F (E,n.;...l) l + 
L. ._a a a . 

/12/ 
M . 

+ I 'V ,(n) F ,(E,n) = EF (E,n); 
a aa .a a 

nonarae:M, 'ITO. Vaa' (n ~N) = 0. ,.._ 
B Ka'leCTBe. 6a3HCHoro Ha6opa B03bMeM peine:HHJI /12/, 

OTBe'laiOID;He O.D;HOPO.D;HbiM KpaeBbiM YCJIOBHJIM: , 

Btl 
u \ (0) =0; u \ (N + 1) = u \ (N) (1 + ...;,:.a_:;:_ ) • /13/ 

al\ a 1\ al\ . a , 

H!deecJI Bcero N x M peweHHH /12/, /13/ npH pa3JIH'IHbiX 
3Ha'leHHJIX 3HeprHH E.\, o6pa3yroiD;Hx'opToHopMHPOBaHH~B: 
H nOJIHbiH Ha6op;. . 

I flu .\(n)ua.\,(n)=o>.).,; 
an a 

/14/ 

I u~ \_(n) u \ (m) = o o ~ . 
,\ fJ 1\ al\ mn. ap 

. ,, .{ 

/15/ 

PO:IIL BCnOMOraTe_.Ip>HbiX -~yJiKD;ui cp.(E, n }B -MHOroKa
HaJib.HOM CJiyqae. HrpaiOT,,MaTpU:Ubi <I>(E,n) =1¢ a(E,n)l, 
Ka:>K.D;biH C::TOJI~~U KOJOPbiX JIBJIJieTCJI peweHHeM /i2/ C rpa
HH'IHbiMH YCJIOBHJIMH: ... .,; 

'.· > ---

- ...... , . B !l . 
.¢ ~ (E,N)=o Qh/2a; ¢~ (E,N+l)=¢{3 (E,N)(l+-"-o ~). /16/ 

pa · ap pa a a ap 

llo aHaJIOrHH C /7/, BeKTOpHaJI liJYHKnHJI ·.lu a.\ (n)} MO
:>iceT 6biT:i. nony'leHa YMHO:>KeuueM: MaTpH:o;bl <I> (E.\ ,n) iia no
CTOJIHHbiH BeKTOp .I ua.\ (N) } ':' -
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~{J'A (n) =-~ cpf3a (E,\ ,n )uaA (N) y2a .. /17/ 

WyH.KD;HH cfJ (E,n) MO)KHO nOCTpOHTL C nOMOID;biO H3BeCT
HbiX peineHHii <tl(E,n) CHCTeMbi /12/, /16/ c V aa = 0 H 
rpaHH'IHbiMH YCflOBHXMH /16/: 

N " o 
<ll (E, n) = I. K ( n , m) cfJ (E, m) ; . /18/ 

m=n 
" r.u.e K (n,m) - MaTpl!u;a no HH.U.eKcaM xaHanoB. 

. Ko34>«lJHu;HeHTbl K. HaXOJJ.HM H3 ypaBHeHHii · 

N " 
~(m,n) + :! ~(f),p) Q(p,n) = 0; m>n; 

" "'-l .A 

k(n,p)=K (n,n)K(n,p) 
p=n+l · 

" N" " "'2 
Q (n,n) + I. k (n,m) Q (m,n) = K- · (n,n) , 

. /19/ 

m=n+l 
~ ---

r.u.e Q onpe.u.enJIIOTC.R napaMeTpaMH·EA , Ya.\ = uaa (N) v 2a 
/eM. npHflO)KeHHe/: 

Q (p,mL I . ~ ( E , p ) y . y ¢ ( E , m ) • 
a f3 ,\ ,8 •71 a 8 A · 8.\ 71.\ 71f3 A 

/20/ 

,·." 

.MaTpHu;a B3aHMo.u.eiicTBHJI V=l ·v -1 Bblpa)KaeTcx c no-- ' aa 
MOID;biO K 

~ 1 "' " ,.. I 
'V(n) =

2
t;l. )K (n-l,n)-K(n,n+l)l K- (n,n). /21/ 

TaKHM cnoco6oM MO)KHO BoccTaHOBHTb "peanHcTH'IeCKHe" 
HYKflOH~HYKflOHHble CHflbl /CO CnHH-CnHHOBOH·, CnHH-op6H
TaflbHOH, TeH30PHOH COCTaBnXIOID;HMH/. 

fioKa)KCM Ttmepb, KaK B .U.aHHOM t1JopManH3Me no MaTpH
u;e pacceJIHHJI cTpOHTcx ctiJepH'IeCKH B:ecHMMeTpH'IHblii: no
TeHu;Han '". -

Pa3fl0)KHM BOflHOByro tiJyHKD;HIO 'I' oZ.; ) JJ.flJI noTOKa 
_ 'laCTHD; C BOflHOBbiM BeKTOpOM I{ , pacceHBaeMbiX noneM . 

* H3BecTHO, 'ITO Henocpe.u.cTBeHHO t1JopManH3M TenL
tliaH.u.a-:.JleBHTaHa .U.flJI OJJ.HOMepHbiX ypaBHeHHH Ha 3TOT cny- · 
qaii: .. He, pacnpocTpaHJieTcx /peweHHe 3a.U.a'IH 6hlno . .u.aHo 
wa.ii.iieeabiM /s · I. · · 

10 

1 ,_ 

/ 

·v (1), B px~ no ctiJepH'IeCKHM ra:pM(>HHKaM, oT:BeiJ:aiOID;HM yr- . · 
flOBbiM nepeMeHHbiM. BeKTOPOB K ·H r·:. . ·. . 

. ' 

'l'(k,r) - 2,. FtMem(k,r) YLM(Ok)-Yem (U;) 
Li\llru · · - · 

/22/ . 

. . )J;nx F LMe ( k, r), B K.- P.· npH6nH)KeHHH 8: · c yqeT<)M 
orpaHH'IeHHorom 'IHcna rapMOHHK B' /22/ nony-.JaeTca cHcieMa 
ypaBHeHHB THna /12/ C MaTpHu;eii: B3aHMO.U.eBCTBHJI ./€_!/yco
CTOJIHHX c pa3nH'IHbiMH { •L M I He cMeWHBaroTcx/: 

Ve~e 'm ,(n) =/Ye~ < n: ) 'V <t) Y e'm ,(n ~ )~ n.t. /23/ 

Cne.u.yx npou;e.u.ype I 12/-/21/ , Haxo.IJ.HM 3Ha'leHHx 
vl'mf' m, ( n ) no E,\ ' Y.\em TaKHM o6pa30M, 3.U.eCb 
"TO'IHaJI" o6paTHaX 3a.U.a'la peanH3yeTCX B KOHe'IHOMepHOM 
npocTpaHCTBe tliYHKUHii; 3a.U.aHHbiX BN -To'IKax no nepeMeH
Hoii r, H ·C 3aBHCHMOCTLIO 'oT {l r , onpe.u.enxeMOH tiJHKCHpo
BaHHbiM 'IHCnoM rapMOHHi<. MaTpH'IHble' 3neMeHTbl ·verne-~' 
3a.U.aiOT B 3TOM npocTpaHCTBe noTe.HD;Han 

'V(r*)=I.C 0 (r)Ye (0_,) 
n em Lm n m .r 

/24/ 

r.u.e 

·Cern (rn) = I. Ve'm 'em (rn) J Ye'm{O ~) d il ~ · /25/ . 
f'm' · 

... 
4. CucmeMbr MHozux meA 

llpocTeiiwHM npHMepoM, Ha KOTopblii: Henocpe.u.cTBeHHo 
0606~.QaeTCJI H3flO)KeHHbiH BbiWe MeTO.U. BOCCTaHOBfleHHJI 'V (f") , 
JIBflJieTCJI CHCTeMa . Tpex· Ten, B3aHMOJJ.eHCTBYIQID;HX C no
MOID;bW MHOr'O'IaCTH'IHOrO noTeHD;Hana 'V (/ii ) , OTflH'IHOr'O 
OT Hynx npH p 6 :: a . 3.u.ecb p

6
. - WeCTHMepHblii: BeKTOp, 

xapaKTepH3YIOID;HH OTHOCHTeflbHOe pacnOflO)I(eHHe Tpex 'lac
J:HD; B rHnepctiJepH'Iecxoii cHcTeMe xoop.IJ.HHaT· /9/. BMecTo 
y em ( n ,J HY)KHO . flHWb H.CnOflb30BElTb fHnepctiJe'puqecx:He . 
tliYHKUHH I K -r.apMOHHKH I YK( nit.. ) I 91. Cnyqai{ rHriepctiJe::. . 
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pH'IeC_KH CHM.MeTpH'IHOrO noTeHD;Hana 'V (p (j} CBOW{TCJI K o}(
HOKaHanLHOH 3a~a'le. 

B Ka'leCTBe ~pyroro npHMepa paccMoTpHM pacceJIHHe 
'laCTHD;LI 1 cno:>KHOH MHWeHLIO, npe~CTaBnJIIOID;eii 'laCTHD;y 2 
B 6eCKOHe'IHOH .JIMe /none TpeTLeH 'laCTHD;LI, 3aKpenneHHOH 
B Ha'lane KOOPW~HaT/. EcnH H3BeCTHLI ~ByxqacTH'IHLie 
noTeHD;HanLI 'VI , · 'V2 , 'VI2 , TO MO:>KHO nocTaBHTL 3a~aqy 
0 np:H6nH>KeHHOM BOCCTaHoBneHHH Tpex~aCTH'IHOrO noTeH
D;Bana- 'V I~3 orpaHii'leHHoro pa~Hyca ~eHCTBHJI. Pa3nmK11M 
BonHoByro $yHKD;HIO CHCTeMLI 'I' ( r t", r 2) I ~onycTHM ,D;nJI npo ~ 
CTOTLI, 'ITO 'laCTHULI COBepmaiOT O,l\HOMepHOe ~BH>KeHHe 

11 r 1-' r 2 ?::. 0 /, no co6cTBeHHLIM $yHKD;HJIM ci>a . raMHnL
TOHHaHa MHWeHH: 

'I' (rl,r2) = 2 Fa (ri) <lla (r2) •. . . a . /26/ 

B npH6nH>KeHHH K.- p. no nepeMeHHOH r I H KOHe'IHOro 
'IHcna, qneHoB B /26/ .ypaBHeHHe illpe~HHr~pa ~ng 3-x Ten 
CB(_>~BTCJI K ypaBHeHHJIM: 

--t I F ( E , n + 1 ) -2 F ( E , n) + F ( E, n-1) l / ~ 2 + , a a a . 
/27/ 

+ 2 'V ,(n) F , (E,n) = (E-£ .) F (E,n) , 
a' aa a a a 

r~e, Ea - ypOBHH MHWeHH, a 

·vaa' (n)= Vl(n)+f<lla (r2) ['VI2 (jrin -r2!) + 
/28/ 

+ 'VI23 (rin ,r2)] <fla,(r2 )dr2 • 

EcnH uaiiTH 'V , (n) ,·'·To· 
aa , .. 

·vl23(r In•r 2) = ~- [·V aa'{n)-'Vr(n) 1 <lla{t2)f<lla (r2)dr2-
!1 a . , . , ·. 

- ·vl2(.1 r·In -r 2l ) • 
/29/ ·. 

-~ . . 
H() ocTaeTCJI npo6neMoii onpe~eneuHenapaMeT~(>B E,\ , Y>.a 
no ~aHHLIM pacCeJIHHJI TOnLK_O B OTKPLITLIX _KaHanax~, 

12 

HecKonLKo ueo:>KH~auuoii npe~CTasns·eTcJI Bo3Mo:>KHocTL 
npHMeHHTL ·annapaT ·o6paT:Hoii .3a.zia'IH K oriHcauuici cTpyK- · 
TYPLI CBJI3auu:i.J:x coCTOJIHHH cno:>KHLIX MHoroqacTH'IHLix cHc
TeM. B pg~e 3a~aq Jl~ep:Hoii $H3H:iCH ra:M:Hnb,OH,au·H CHCTe~ 
MLI npHBO~HTCJI ic TPH~HaroHanLHOMY B~y ·lO ,B npe.z(cTaB

.JieHHH BCIIOMoraTenLHOrO 6a3HCHOrO Ha6opa $yHKD;HH {Xi } 
OKa3LIBaiOTCJI OTnH'IHLIMH OT Hyng MaTpH'IHLie 3neMeHTLI 
! H, pacnono>Keuuble ua ~HaroiianH 11 pg~oM c Jieii: 

Hll HI2 0 . . . 0 

H 21 H 22 H 23 O • . • O 

I <x: r H I X . > I == 
1 I 

0 H 32 H 33 H34,0 ... o =H<x> 

0 .. :. 0 .HN,N-1. H NN 

/30/ 
B .. TaKOM _npe~cTaBneHHH ypaBHeHHe illpe~Hurepa auanorH'I
uo /1/. 3THM Mo>Kii:o BocnonL3oBaT:bcg ~ng BoccTauoimeHHJI 
raMimLTOHHaHa. H ( ~ >(3o ) . H BOniiOBidX l}iyH~HH ,_CHCTeMLI 
'I\ ( x) no 3Ha'leHHJIM ypoBueii cHcTeMLI E>. 11 no Be caM 
<XI :1 'I' ,.\ >. npOCTeiiweii KOH$HrypaiJ:HH B pa3nH'IHLIX 
coc'ioJIHHJIX ,.\ ; CooTB~TCTByioiD;a·g npoue~ypa Iio MHoroM 

· no~o6ua H3no>Keuuoii B :pa3~ene 2 11: 6y~eT on11caua B cne-
AYID~e:H pa6oTe. · · · 

ABTOPLI 6naro~apHLI H.B~AMHpxauoBy, B~M.BapcyKoBy, 
B.II.:>KHryuoBy, JI;A.CMopoW~HCKOMY 11 H.A.lieKaHoBy 3a 
MHOrO'IHCneHHLie ?THMYJIHpyroiD;He .i{HC~YCCHH •. 

IIPHJIO)J(EHHE · 
KoHeimo- pa3HocmHblii aHaAoz R- Mampu'IHoii meopuu 

BonuoBaJI $yHKD;HJI 'I'(E,n) liMeeT n'pHn"=.N /T.e. 
r~a,r~e 'V(r) =0 / BH~: 

'I' ( E; n2 N ) = I(E, n) + S (E) 0 ( E, n) ~ /31/ 

r.I{e I 11 0 - .na~aro~ag 11 yxo~JIID;aJI BOJIHLI /eM. cuocKy 
Ha CTp. 6/. 
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-:: EcnH. y- llOTCHUHana, HMCCTCJI H3BCCTH~ "XBOCT" npH 
r_ ~a ,To I H 0 _JIBnJIIOTCJI peweHHJIMH ,ypaBHeHHJI illpe,nHH
repa C COOTBCTCTBYJO~M aCHMllTOTH':ICCKHM, llOBC,l(CHHCM 

. H npe,nnonaraJOTCJI H3BCCTHLIMH. npH r ~a· , 
BBC.IJ;CM !IIYHK~HIO:!R(E) ,CBJI3aHHYJO C K.~p. npOH3BO,l(HOH 

OT 'I' (E;n) B TO':IKC 
,· ... " -1 _-. ' . 

'I'(E,N+l) -'I'(E,N) = (a:!R) 'I' (E,N') A /32/· 

Pa3llO)KJIM 'I'(E,/J) ;ua HHTepaane 0< r::;::a nononHoMyHa6opy 
!IIYHK~Hii uA(n) 1 ~ · 

N 
; 'I' ( E, n): = ,\ ~ 

1 
A,\ ( E) u,\ ( n ) , /33/ 

r,ne A,\ B CHny /5/ HMCIOT BH,l( 

N 
A>. (E) =I 'I'(E,n) u,\ (n)~. /34/ 

n=l 

YMHO>KHM /1/ ua u>. (n);a ypaaueuHe MJI u,\ ua. 'I'(E,n), 
BLI1ueM BTOpoe . ypaBHCHBe H3 nepaoro, npocyMMHpyeM 
'pe:iyni.TaT·no:n H, Hc'non&3YJI /34/, nony':IHM: - · · · ' · 

~ I :-'I' (E,N+I) u >. (N)_ +'I' (N) ~ >. (N+l) l I ~=\(E-E>.) A>. (E). /35/ 

llpH6aBHM · H' Bbi'ITeM 'I'.(E;N) U ,\ (N) B !IIHrypHLIX CK06KaX 
/35/ H no,ncTaBHM A >.<E) H3 /35/ B /33/: _ . . - . .. 

· · 1 _N u,\ (n) · uA (N+l)-u,\ (N) 
wcE,n>=2r.E..:..E,\ I'I'CE,N> ~ -

'I' ( E ,N+l)-'1' (E,N) 
- u>. (N) ~ I . _ 

Y'IHTLIBaJI /3.2/ H /4/, HMeeM: 

R(E) =:!R(E)/(1-:!RB) 
N 
I 
,\ 

2 
~ 

E,\ -E 

-Cornacuo cooTHoweHHJI~ /31/ :H /32/r 

. 14 

/36/ 

/37/ 

I 

-' 

·R(E)a = 
·I(N)+S(E)'O(N) . 

. . - ~ . /3_8/. 
I(N+ 1) -l(N)+S (E) [ 0 (N+l)-O(N)] -

: .. -

TaKHM o6pa3oM; iiynH Jl3aecTuoro BLiprutceHHJI a 3uaMeHaTe.:.: 
ne /38/ · onpe,nenJiroT 3Ha'leHH_JI· E,\ >0; a cooT:BeTCTB~~e· 
Y 2 MO)KJIO HaHTH, HCllOllJ>3YJI /38/ H ,\ . 

r; = lim _I R(E) (E-EA) I: · 1~?1 
E-+ E,\ _ _ . 

\ECnH B HCKOMOM llOTCH~Hane H1dCCTCJI CBJI3ciHHOC CO-:-
CTOJIHHC C :meprHeii -£, TO, BLI6HpaJI KOHCTaHTY B B /2/, 
/4/ _paBHOH -ylf. ,MO)KJIO COBMCCTHTb 3TOT ypOBCHb C O,l(HHM 
H3 -· co6CTBCHHLIX. 3Ha:"I(;!HHH E>. •. Hu!llopMaUHJI o6 OCTanbHLIX 
ypoBHJIX £ f3 MO)I(CT 6LITb -3ano)l(eHa B napaMeTpLI E>. -~ 
y X c llOMOlllbiO COOTHOWCHHH . . 

2 
(y2£ - y-2-£ )-1 =a r _Y_...,,\,__ 

f3 >. E/3- E,\ /40/ 

B MHOroKaHallbHOM cnyqae BMCCTO /32/ HMCCM 

F (E,N)= I R ,l[F ,(E,N+l)-F ,(E,N)]/ ~-B ,f ,(E,N)/aV41/ a ,aa a a aa a . 
Hcn~n&3y,a: ycnoaHe nonuoT&I /15/ peweHHii ~a (n ), ua-
xo,nHM BLipa)l(eHHe ,nnJI R - Ma TPH~LI • · 

R .(E)= ~ aa . A 
Y>.a Y>.a' 
E>.- E 
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