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EpaHKOB A.r., 3arpe6HOB a.A., Toa'leB H.C. P4 - 7735 

AcaMnToTaqecKH TO'IHOe pewenae o6o6weuuon Mogenn llHKKe 

Toqaoe pewenae o6o6weuuon. MOAena llaKKe: nony'leHO c nOMOWbiO 
MOAHijlHUHpOBSHHOrO M9TOA8 H.H.Eoroni060B8. (Mn.)~ J:1ccneAOBSH8 TepMOAH
H8MHK8 6030HHOH H CfiHHOBOU noncHCTeM. DoK838H0 1 'ITO HCXOAH8R CHCTeMa1 

COA9plKaWaSJ B38HMOA9HCTBH9 C 6030HHbiM fi01l9M 1 TepMOAHH8MH'19CKH 9KBH-

saneHTH8 auaaoTponuoll X-Y -Monena c AanbHOileficnmeM. ' 

llpenpMJ:IT 06beWtHeHHOrO MHCTMTyTa Jlll~PH,blX )fCCJie,llOBIDUdt . 

.. ,Izy6aa, 1974 
·' '· 

Bra~kov J.G., Zagrebnov V.A., Tonchev N.S. P4- 7735 

Asymptotically Exact Sol~tion for the Generalized 
· Dicke Model '' 

The exact solution for:the generalized Dicke model 
is obtained by using a modification of the method of 
N.N .• Bogolubov (Jr~). Thermodynamics of .the boson and spin 
subsystems is studied. It is shown that the.initial 
system, containing interaction,with a boson field, is 
thermodynamically equivalent to an anisotropic X-Y model 
with infinitely ;Long range ·of interaction. 

Preprint. Joint Institute for Nuclear Research. 
Dubna, 1974 
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. §1: llOCTAHOBKA 3A){A riH 
.~ . . ... . . . -

B uacToJm~eii pa6oTe pa·b~Ma;piinaeTc-H · cTa~Ii~;nqec~aJI: 
cuc'r~~a,";xBJIHIOi.I.(aH·CH o6o6i.I.(eHHeM ~3BeCTJIOH MOJJ.~JI~i: )J.HK-
Ke.:/i/ '" ·.·· ·-··· · · · .,,;·: · -; • ··· · ·. · · 

H· 
J) 

a+ a 
. ,\ 

+ cSz + -:-..=.[J+(l + J- u+] , 
vN·'- · ·· 

r.IJ.e + + __ + a 1 N . 
J - == s- + II S + s- == s X + iS y S . == - ~ Oa 

,... ' - ' . 2 j== I j · 

/1/ 

:. . . .-,. . . . ' '+ ; . ~ . ._ 
aa {a == 1,2,3 )'- MaTpHIJ.hl IJayJIH, a , a - 6oJe-on_eP,aTOphi. 

raMHJihTOHHaH /1/ HJytJaJICH /o6bi'IHO qpH {1 == 0./ B 
MHoroqucneHHhix pa6oTax /2-7/,nocn~i.I.(eim~lx'uccne.IJ.~Baaino 
cHcTeMhi N JJ.ByxypoBHeBhiX ·aTOMOB,_BJaHMOJJ.eiicTBYIOiltHX 

' ~ • "·t 

C 3JieKTpOMarHHTHhiM' HJJiyqeifHe~M,. npe)J.CTaBJIH}?lf.eH H~Te-
pee .11.11~ pH.u.a npo6neM K~aHTOBOH pa.u.u~4JHJHKH .. 0TMeTHM 
TaK>Ke,' 'ITO aHaJIOrH'IHhiM raMHJihTOHHaHOM OllHChiBaeTCH 
B HeKOTOpOM npH6JIH>KeHHH CHCTeMa 3JieKTpOHOB, B3aHMO-. 
)J.eHCTBYIOi.I.(HX c o")J.HOH MO)J.OH.lPOHOHHOr6 llOJIH, u.rui n3auMo
.u.eiiCTBHe KBaJucnuuonoii cHcT~Mhl c o.ri:uoii M:o.11.oii JJieKTpo-
MatiluTiwro'·uJnyqeHHH. · ·· · '~ ;;?~- ·· ... . , . 

HeJJ.aBHO Xenn u Jlu6 /9/ noKaJanu;. tJTO.TepMOJJ.HHaMu
qe(;KaH :ia)J.aqa:', co{)T:BeTCTIJYIDi.I.(aH raMHJibTOHHaHy /1/ Hero 
o6o6i.I.(eHHlO ua cnyqaii· KOHetJHOro iiHcna MOJJ., HMeeT TO'IHOe ' 
pemeuue. ·11MB 6hiJIO noKaJaHo TaiOKe, 'ITO npu onpeJJ.eJieH
HLIX ycnoau11x uccneJJ.yeMaH Mo.IJ.enh o6u'apy>Kunae<~Pa3on:biii · 
nepexo.IJ. BToporo po.IJ.a B ·TaKHa36IBaeMoe _ "cnepxuJnytJaiO
i.I.(ee" ·cocToHnHe. 3ToMy ·cocTo1mu~ cooT:BeicTnyer .. MaKpo
cKonuq.ecKoe · .3anomleuue ·6o:imiuoii :- :Mo)J.LI · u. poni.rieliue 
ynopJ,!JJ.O'ICIIIUI B CllHHoJioii llOJJ.CHCTe~e, a·3auMo:U.eiiCTBH~ . 
B KOTOpOH OCyti{eCTBJIHeTCH Ja C'IeT 06MeHa C 6030HHhiM 
noneM> TepMb;J.HHaMHtJeCKoe noneJJ.eHne ;cucTeMhl /1/ 
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xapaKTepn3yerca oco6ennocTJIMH, cne~nclJnqecKHMH )lJIJl clla-
30BLIX · nepexo~oB B cncreMax c ~anhno~eiicTBHeM Tnna -
Bali- .nep- BaanLca /9,10/. 

3~ech npe~naraerca MaTeMaTH'ieCKH crporoe H ~o
craTO'iHO npocroe /cp. 191; nccne~ouanne Mo~enn /1/. 
MeTO~,. HCllOJih30BaHHLIH HH:>Ke, OCHOBaH na 060611\eHHH 
Ma:>Kopa~nonnoii rexnHKH H.II. Boromo6oua, /Mn./ /tl-12/, 
pa3BHTOH nepBOHa'iaJihHO. ~JIJI raMHJihTOHHaHOB, llOCTpoen-
HhiX na orpannqennLix oneparopax. , . . _ 

Mhl llOKfiiKe.M: -.lro HCXO~HaJl CHCTe:Ma /1/ reln.t'o~Hna
MH'ieCKH·, 3KBnaanenrim cncie:Me 3cllcllei<iuuno inan:Mo~eii:. 

. CTBYIOU\HX Me~y co6oii CllHHOB, T.e. 

Cim fN[ H 0 ] = fim fN[ Hsnl 
N->oo N->oo 

/2/ 

r~e 

- . 6 ~H 
H 5n=H 5 +Hn, , ~[H] = -N.&tSpe _ /3/ 

. 6= .1 -TeMnepaTypa CHCTeMhl H 

2 . 
. z A . + - . . -+· -H = £ S - - 1 1 H · ·= .a a . s. N ' B ' 

/4/ 

(it= a+ +A y~Tj*', a = a +A y Nij •"' 

3~ecL 'ij JlBJIJleTCJl napaMeTpoM nopa~Ka CllHHOBOH 
CHCTeMhl. 

Tai< :KaK BKJia~ raMHJihronnana Hn B nnoTnocTh cuo-
6o~noii 3Heprnn· cB:creMhi /3/ npn nepexo~e K·repMo~n-

naMH'iecKoMy npe~eny N .... oo , V-> oo , 
N V = Const. CTpeMHTCJl 

K HYJIIO, B3aHMO~eHCTBHe C 6030HHhlM llOJieM B CHCTeMe /1/ 
cuo~nl-ca i< noaunennro ~aJihHO~eiicruyroll\nx. o6MeHHhiX cnn 
llpHTJl:>KeHHJl B CllHHOBOH llO~CHCTeMe: 

Cim fN[H 0 ] =fimfN[Hsnl=fim fN[H -]. · /5/ 
N -+oo N -ooo · N-ooo S 
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. Cne~y~T 3aMeTHTh, o.nnaKo, _<iTO XOTJI raMHJihTOHHaH Hri.: 
Tep.MO.l{HHaMH'ieCKH' npene6pe:>KHM, llJIOTHOCTh 'iHCJia 3anon~ · 
H:enna 6_o3onou <a.+ a. >. /eM.· clJopMyny-/29a/ I nponopuno-. 
:HanLna napaMe.rp~ n~pa,n;Ka. · Tj · · a cnuiwuoii no.nc:HcreMe · 
H s . TaKnM· o6pa3oM:: npn noJi:B.iieHHH ynopa,noqennil cmiuon 
B03HHKaeT MaKpOCKOllH'ieCKOe 3aDOJIHeHHe· 6o30HHOroypoB:
HJl,- T.e. "cuepXH3Jiy'iaiOU\ee" COCTO.HHHe CHCTeMhl. 

§2. ,l!OKA3ATEJibCTBO TEPMO,l!HHAMHlJECKOH. 
. · '· 9KBHBAJIEHTHOCTH · · ·· . , , 

· IJpeo6pa3yeM raMHJihTOHHaH /1/ K BH~y: 

A + ( . A - ) z A 
2 

+ - /6/ H = (a.++ ....:.= J ) a. + -==.J . +eS -- J J , 
- yN . · · vN:.". · · .. N- ·· ·· .. :, ·' , 

H, HCllOJih3Y.ll Me To~· H.H. BoroJII06oua ~13: 14/,nocTpOHM an
npOKCHMHPYIOU\HH raMHJihTOHHaH nyTeM 3aMeHhl B /6/ one
paTOpOB ·J ±/N', acnMnTo.Tn4eCKH KOMMYTHPYIOU\HX 'co aceii 
anre6poii MaTpnu. Ilaynn, ua c -qncna: - .:· ~- ;· 

:.• f: 

Ho(TJ) 
+ - -

( a + . .\ v N TJ *) ( a. + .\ v N TJ ) + f S ~ -. • · · · 

~.~ A2 ·< t ·TJ· + 1- ~ * > +A.~-~N ·TJ *TJ /7/ 
. . . . . . ;r· ' -·· . .· 

C noMOU\hiO· reop"e.MLI: H.H. BoroJII06oua .x!./U.liTH.pyeMoii .na
nee.-KaK TeopeMa · J/.zing .. pa~UOCTH'llJIOTHOCTeH CB060~HhiX 
3Hepruii ucxo.nuoro u annpoKcH:MHpYJOU\ero raMHJihTonuauou 
non~'iHM o~euKy: 

. 1 . i .·. . . . . 
. -w<HI(TJ)>o ::;fN[Ho(TJ)]-fN[~],s:-N<HI (TJ)'>.,. /8/·' 

r .ne . . · ; . • . . ·. . :: '· 

H1 (TJ) =""~(J+-NTJn(a·+Av'NTJ)+ ·a.c. =H_:H~(TJ). 
-- v'N _ . , , · , 

. xf )J;oKa3arenLcnio cM:·a·'/12/. 
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3,IJ.ecL~ •••• > H< •••• >o TepMo.rufHaMaqecxae cpe.IJ.H:He- no Mo
·,IJ.enLHOMY. _H annpOKCHMHpyro~eMy _iaMHnLTOHHclHOM, flo-' 

~KOJJLKY. raMHJJbTOHHaH Ho (71) . HHBapHaHTeH no OTHO~eHHIO 
x r·pa,IJ.HeHTHOMY npeo6pa:woaHHIO onepaTopoo 

;; =a+ +A VNTf* • a=,a-+A\{N~ 

TO <HI ( Tf) >0 = 0 · 

.nn.11 npaBOH qacTH ~epaBeHCTBa ~~~ HMeeM OUeHKY ' 

t<H
1

{-q)>I<S..IA!.[I<(J+-NTJ*) a·>I+IAliTfii<J+-NTf*>l+ 
. y'N 

.. . + . 
+1<0-NTf) a >l+lAIITfii<J -NT/>11, 

VN . ·· 

KOTopyiO c noMOIULIO uepaoeucToa H.~.lioron106ooa 

1 <As> 1 s. v<A A+> < w a > /9/ 

nepenaweM a oa.ne: 

+ y, y, 
I<H,(Tf)>I$2IAI[(IAIITfl+<~> 2 )<(J+-NTf*}{J--NTJ)> 2

]. 

N 
/10/ 

n + ~ oxa:liCeM cnepoa, qTo <:V·> orpaHaqeuo xoucTaHTOH, 
HC 3~BBCJI~eii OT ,N. C 3TOH ~eJJbiO BOCllOJJL3yeMCJI Teope

. MOB 1 .IJ.JJ.Il raMBJJLTOHHaHo!l H /eM. /1// H T, r,IJ.e: 
A2 1 

T =cSz-2 tN J+r +ya+a, l fN[T11::; const. 

Tor,IJ.a: 
~ . .· 

0 < _1_ < ( 4 + + 2 A rl- )(a + ll r> > S f [ H 1- f [ T ] S 
- 2N ..jN J ..jN N N. 

<_!_<(a++~j+)(a +.E_r)> 
-2N - -·- T 

y'N . · y'N 
/11/ 

6 

A. 

_,·~ 

l:i 

~ 

... 

"' ~' 

llocxoi:ILKY. npaoa.11. qacTL HepaoeHCTBa ·/11/ orpaHaqeHa, 
B qeM Mo:>KHO .y6e,nHTL.CJI np..IIMLIM BbJqacneuaeM, To. oTcro.n;a 
CJJe,IJ.yeT orpaHHqeHHOCTL llJJOTHOCTB CB060,nHOH 3HeprHB 
Mo.nenLHoro raMHJJLTOHHaHa fN[H]. KpoMe Toro, H3 /11/ 
cne.nyeT orpaHaqeuHOCTL cyMMLI cpe,IJ.HBx: . 

1 • · + T +r T+ a . J a+ 
0 <-[<~>+'4A2<LL>+2A<--L->+2A.<- >1 SK 

- 2 N N 2 N yN · N y'N 

r.ne K xouequo H He 3aBHCHT OT N . 
TaK KaK ,+ .1-. J±. 2 

0·< <--1--> <11--11 =M, - N N - N 

r.ne I i .... II - o6o3uaqaeT HOpMy onepaTopa, TO ,nn.ll oueu+ . 
KH <~l.l-> C llOMOIUblO COOTHOWeHHJI /12/ ueo6xo,nHMO 
llOKa3aTL QrpauaqeHHOCTL CHH3Y BenaqHHbl 

J+. a J- a+ <- --> + <- --> 
N v'N· N JN·· 

Hci<oMyiO oueuJ<y ueTpy.nuo nonyqHTb H3 TeopeMLI. 1 .nn.11 
acxo.nuoro raMHnLTOHHaua H H raMHJJLTouaaua H 2A c 
YABOeHHOH KOHCTaHTOH B3aHMO,neiiCTBHH: ., .. · 

+ J- + 
f l H 2A I - f. [ H 1 < A< _L -~ + ----' ~ > 
N -N - N \/N N VN 

C yqeToM uepaoeucTBa /12/, .IJ.JJ.Il < a~ a->. uaxo,nHM: 

0 ..-_"-t~ > <2K+f [H]-f [H2AJ <L".; /13/ 
N - 'N N ' -- , 

llo.ncTaonJIJI .nanee oueui<y /l3/ a uepaaeucToo /10/; 
nonyqaM ....._ 

kHI ( 1J) >l :;21 A I ('Ly, +I~ IITJ I) <(J+-NTf*)(f -N~)" ./14( 

BepueMc.ll 1 enepb K oueHI<e /8/ .nn.11 pa3HOCTH nnoTHOCTeii 
CB06o,nHbiX .· 3Hepi-uii MO,nenbHOro H annpOKCHMHpyiO~ero 
raMHJJbTOHBaHOB: 

0 S fN [H 0(Tf)]~ fN(H] -s_- ~-<HI(-,)> . /15/ 
' . 
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llpHHHMaH BO BHHMaHHe, 'ITO napaMeTp Tf B I 151 noKa 
np61i3BorieH\ . BLI6epe:M ero 3Haq;eHne ll3 YCJIOBHH .Ha~my:qmeii 
annpoKCHMa:UHH:_ 

min fNTH 0 (1J) 1 = fN-[H0 (7]) 1 
<77> 

npHBO)J.HJUero K ypaBHeHHHM: 

. ·- 1-
77 = <N 1Io<77> 

. J+ 
77* = <-N >Ho<77>. 

TorJJ.a 
- ··~ 

0 ~ fN[H
0 

(7j)]- fN[H] ~ fN [H(< t>) 1- fN[H1 ~ 

/161 ~ 

l16al 

117/ 

<2 hl_(•L ~ +1,\I M ~ ) <(J+ -<1+>) 0- -<r >) >~ 
- N . . 

r)J.e Mhl yqJIH, 'ITO, corn~c~o £16_a(.= u ·· 

· I 77 I ~ II -4-- -11 = M'
2 

• 

AnH o:ueHKH KoppeJIHTopa B npaBoii qacTH /171 npHMeHHM 
Ma)Kopa:UHOHHYIO TeXHHKY H:H.Boromo6oBa IMn./ /II, 12/. 
BBe)J.eM B HCXO)J.HhJH.H annpOKCHMHpyiOIUHH raMHJILTOHHaHLI 
/7 I qJieHLI c HCTO'lHHKaMH:· - t· 

}{ =H +vJ-·+v*J+ /18/ 

H
0 

( 17) = H 
0 

(17) +v J - +v'* J + . 

KoppeJIH:UHOHHoe cpeJJ.Hee B npaBoii qacTH_HepaBeHCTBa 
I 17 I nyTeM H3BeCTHLIX cl>opMaJILHLIX npeo6pa3oBaHHH {II I 
HeTpy)J.HO O:UeHHTh qepe3 BTOpLie npOH3BO)J.Hhle OT llJIOTHOCTH 

CB060JJ.HOH 3HeprHH no HCTO'lHHKaM: 
2 . 

+ + _ _ · a HR 1 
< o -< J > }{ )( J - < 1 >J{) > ~ eN<- ----) + 

. av a v* . 1191 

4/3 2 - + I/ ... a2£[J{J 
+ N · I - < [}{, J ][ J-, }{ l >J( I 3 ( _ ---) 2/3 • 

N 2 . av* av 

8 

•· 

j. 

-l' 

k 

"'' 

C yqeTOM _HBHOrO BH)J.a raMHJILTOHHaHa J{ /181 HMeeM: 

_!__[}{ 1+] = _l_ [ Sz 1 ~ + ~ a+ [ 1- 1 ~ + ~ [ 1'- 1+] 
·-N ' N ' N - ' N ' · ' 

VN 1201 
r)J.e: 

1 - +. 1 z+ N II [ 1+ , r 111 ~ const, yll [S :L-: 111 ::;const. 

lfcnOJIL3YH HepaBeHCTBO 19/ H O:UeHKY 1131 • llOJiyqaeM 

~ 2 <[ }{; 1+1 [ 1_: ,J{ 1 >}{ ~ R(v), 1211 

rJJ.e R (v) ·He 3aBHCHT oT · N- H koHe'lHO npH mo6oM ~H:K
cHpoBaHHOM V • 

TaKHM o6pa3oM, HepaBeHCTBO 117 I npHHHMaeT BBJJ. 

0 < f . [ }{ (~) 1 - f [-}{ 1 < 
N 0 N 

/22/ 

~ · .. ~ () ·. ifrJ:J{1 .· 1 - I/3 lf!'LJ{) 2/3. ~ 
< 21,\1 (•L 2 + 1,\1 M 2 ) 1-N ( - a a *) + ~3 R, (v)(- a a *) l ;_ - v v .N. .· v v 

AnH npo:BeJJ.eHHH o:ueHKH pa3HOCTI:l nnoTHocTeii cBo60JUIWX 
:meprHH .· yqTeM, 'ITO. fN ( }{ 0 ( 7j) ) 11 fN (}{ 1 He 3aBHCJiT 

OT $a3LI HCTO'lHHKOB v. v*, a ·TOJILKO OT HX MO,llyJis x/ 
r ='>ivv*.Tor)J.a: 

afN 
= 2.~ ~·fN·• 

av* 2 . v* ar 

a2£N 1 a a fN 
= -.- -· - (r -) 

av av* 4r a r . a r 

- x/ He3aBHCHMOCTL f..,( J{) . OT $a3Ll cp HCTO'lHHKOBv=\v\ e i cp 
JierKo· llOKa3aTL C JiOMOJULIO J<aHOHH'leCKOrO npeo6pa3o
BaHHJl a-+ a e ~i¢ • J+.-+ 1+ ei¢. AHaJiorH'lHOe )J.OJ<a3a
TeJILCTBO MO)KHO npoBeCTH H.)J.JIH. fN( J{ 0 (if)) • lcM./1.2/I. 
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. )l;anee ycpe~HHM nepaBeHCTBO /22/ C BeC.OM r · Ha OTpe3Ke 
[ 0, f] .Y'IHThiBa.H orpaHH'IeHHOCTh nepBOH npoH3BO~HOH 

··.I~ I' .:S_l_· II J± II =2M~ '. 
ar N . .. · · 

npnMeH.H.H HHTerpanLHOe 11epaaencTBO ·renL~epa n TeopeMy 
o cpe~HeM, nonyqaeM: · 

"'"'-~ J<;.4IAI < L''' + IAI M'''rfM1'' . 2Nf . + 

r~e 

Rl/3(£) M 1(3 
(2Nf)2/3. 

AN(r) = fN[J{ 0 (if)]·'"" fN[·J{], (~·[o,n. 

~aMeTHM, 'ITO 

/23/. 

'"' . ~.-

A~(O) -:;_ P max 1 _£.__~ 
. r~[o,P] .ar 

+Ari£::') ::·4M i/2p +AN((). , 

Tor~a, no~cTaan.a.a owpa~euue /23/. B nocne~Hee Hepa
BeHcTbo, Haxo~u~: 

o<·A (0)~4M~f +2lAI(L!~+IAIM~ )/'eM~. 
· - N ~ . . 2NP 

+ RI./3(e) Ml/3. 

( 2N P) 2/3 · 
. /24/ . 

BocnonL3yeMcR Teneph npoH3BOnLHOCTLIO p B npaooii qacTH 
/24/ u nono~uM·e_ - N 1 I 4 . Tor~a ~n.a pa3HOCTH nnoTHOCTeii 
CB060~HhlX 3HeprHH HCXO~HOrO r~~HllbTOHHaHa·/1/ ~ an
npOKCHMHpyiOJ..Qero /7 I nony'laeM oiieHKY ou~a: 

. . - . ·. 1 
0 ..5 f N [ f-!o ( 1J)] - f N [H ] :: 0 (:~j17) . 

.. 
/25/ 

TaKHM o6pa3oM, TepMo~HHaMH~ecKaR 3KBHBaneHTHOCTh. 
H0 (if) n H. ~oKa3aHa. _ 

. IIpe~cTaBHM · ~anee H0 ( 17) TO~~ecTBeHH_LIM , o6pa3o:M 
B BH~e /CM.:/4/ H./7//: 

Ho (~) = H B. +J:I soc(~) /26/:'· 

.. 10 

'· 

t 
1 . 

•; 

I 

:{·· 
. ,.. ... 

I 
l 

J 

r~e . ' 

H (if) =t<Sz-A 2 (J+:;;+r~*)+A2 Nii71 2 , 
so /27/ 

n 3aMeTHM, · 'ITO H so TepMo~naMnqecKH 3i<~uaanenTeH 

ra:MnnLTOHHaHy aHu3oTponHoii X-Y Mo~enu Hs/c:M. /4//, 
T.e;/15/. · 

. I f N [ H s] -:- f N [ H so ] I 'S. ( N ... 0 ' N ... 00 • 

TeM caMLIM ~oKa3aHa TepMo~IiaMH'IecKa.a 3Ka:HaaneHT:-
HOCTL ·raMunLi'ou'uanoa; Ho li ~g /cM../4/ / •. · ' · · •. · 
. . ' . 

3. TEPM0,4HHAMHKA E030HHOH II0,4CHCiEMbl :. 

llnOTHOCTb CB060~HOH 3HeprHH, COOTBeTCTBYJOJ..QYIO·ra
MHllhTOHHaHy H B• Timeph HeTpy~Ho Bhl'IHcnHTL, oHa pasHa .. 

fN[H B] ,;, • : Pn [1- e:-f3JN-i_ J . /28/ 

Cne~oaaTenLHo, ee· BKna~ a iepMo~unaMHKY cucTeMLl Hsn 
paBeH 'H}'niO /npu N ... "" /,• .T.e. ncxo~HL~ii· raMnnLTOHHaH 

· H 0 Te'pMo~uuaMH'IeCKH · 3KBHBaneHT.eH ·Hs /unu Hso <Ti) I 
/CM. /5//. TeM He Meliee, TepMO~HHaMHKa CHCTeMhl "ronbiX. 
6030HOB" a+ , a , · KaK OTMe.'lanOCb BhiiUe, HeTpHBHanLHa. 
)l;eiic~auienLHO, pacc:MoTpHM nnoTHri6T~ cp~~Hero ·qucna 

a+ a . .· ·. 
3anonHeHHR < N- >. IIoKa~eM BHa'l~ne, '1~0 1 B TepMo~u-· 

HaMn'leCKOM npe~ene ._., · ·!? ,. 

o· [ a+ a a+ a ·] , · · 
r.tm < -- > - < -- > . = 0 · 

N->oo N . . . N Hn ' 
/29/· 

r~e 

< a~~.?~· =A2~~~·2· • 
. B .• 

. .. 
/29a/ 

Boe~eM ~n.a 3Toro B nc.xo~~1ii raMHnLTOHHaH Hh ·napa-
MeTp w ~ B > 0 : · · .· 

. . +.. . :. z . ,\ ··[. + -··· +] 
H0 :w· = w a a. + t< S +·-= : J a. + J a.· 

, . '1/N 
/~0/ 

II 



.. 
TOr,n;a· TepMO,D;HHaMHtieeKH .3KBHBaJieHTHhlll eMy 
HMeeT BH,D;: 

/ep./7// 

H 0. (q ) =w a+ a +Av'N(T;* .;. + 7i a+}+2[ 7i j 2>..2 ~ + ,w (t) . (L) (L) . (L) (L) 

z >.. 2 [ . + - 1- - * ] +cS --· 1 1J. + TJw 
(L) (L) 

/31/ 

~H~~epeHUHPYH nnoTHOeTH eB060.n;HOH 3HeprHH, eoo~BeT
eTBYIOIUHe raMHJihTOHHaHaM /30/; /31/, HaXO,n;HM: 

d <1+<1 

-d- fN [ H D '·' ] = < -- > H D w • 
w '"' N ' 

/32/ 
d a f N [ Ho w ] a+ a 
-f [H ]=---'--=<--> 

d w N O,w aw N Ho,w 

r .n;e npHHHTO BO BHHMamle, 'ITO no yenoBHIO I 16/ 
. a 
-- f N[ H . ( TJ ) ] I - = 0 •. 
aTJ o ,w TJ=TJ . 

TaK KaK CB06!).n;HaH :mepraa fN l H 0 w l HBJIHeTeH BLmyKnoii 
«tJYHKUHeii napaMeTpaw npH JII060M N: 

a2 
fN [Ho,w 1 ::;o /33/ 

aw2 

. TO/ BOenOJih3yeMeH TeopeMOH rpH~~HTta 0 eXO,D;HMOeTH 
BhlllYKJihiX ~YHKUHH H HX npOH3BO.n;HhiX 16 

• 

TeopeMa rpa~~HTea 
IIyeTh I g (x) I~ noene.n;oBaTeJILHOeTb BLmyKJibiX Ha HH-: 

TepBane (a, b )~yHKUHHi exo,n;HiuHXeH nOTO'letiHO K g(x).Tor
,n;a B KaiK,D;OH TOtiKe ,D;H~dJepeHUHpyeMOeTH g0 (x) H g (x) 
noene.n;oBaTeJibHOCTb I~ g (x) I exo.n;HTeH K -4- g( x). 

· ax n ux ' 
YtiHTbiBaH, 'ITO npoH3BO.n;Hble /32/ eymeeTBYIOT 

H orpaHHtieHbl ,D;JIH Beex eTporo nOJio:>KHTeJibHbiX w /eM. 
/13/, /29//, HeMe.n;neHHO nonyqaeM: 

d . d 
fim - f [ H ] =- f [H ] ·, 

N-+oo dw N D,w dw N O,w 
T .e. eOOTHOIIIeHHe /29/ ,D;OKa3aHO. 113 /29/ eJie,n;yeT, 'ITO 
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·. 

. . o· a+a ' 2 ~- [2 
epe,n;Hee tiHeJIO .3anOJIUeHHH 6030HOBN~~~<rr:-: > = .A • TJ 

eTaHOBHTeH . MaKpOeKOnHtieeKHM npH nOHBJieHHH. ynopg,n;o-. 
tieHHH B eriHIIOBOH no,n;eHeTeMe. 

4. TEPMO,l(HHAMJ![(A CIIHHOBOH IIO,l(CHCTEMbl 

BLipa3HM raMHJibTOHHaH H s , KOTOpbift, KaK noKa3auo 
Bhlllle, TepMO,D;HIIaMHtieCKH 3KBHBaJieHTeH HeXO,D;IIOMY H D , 
qepe 3 cnHHOBLie on epa Tophi S x , S Y ;s z: · · 

Hs',;,csz- >._2[(1~fl)2(Sx)2+(1-{l)2(Sy)2]·.'; /34/ 
. N .·. . . . '. . 

IIno'i'HoeTL eBo6o.n;uoii 3Heprau f N ( H s ) B TepMO.n;HHaMH
qeeKoM npe.n;ene paBua: : 

£imfN[H
5
].=fN[H

50 
(ij)l·=-6f'n2ch ~E +>..

2
[7][

2
, /35/ 

N-+oo · J • • 

~:,_ 

r.ne 
E ·=v'c2+4>..4[ry[2 (1+fl2+2JL cos¢), 

a ;; = 1 if 1 e i <f onpe.n;enaeTeH H3 yenoBHH a6eoJIIOTHoro MH
HHMyMa ~YHKUHH fN(HSO (Tj)] /eM. /16//. :YpaBIIeHHH /l6a/ 
noene 'BbltiHeneuaH. epe.n;uax no annpoKeHMHpyromeMy ra-

. MHJihTOHHaHy H so ( TJ) npHHHMaiOT BH.n;: {;~ ·' 

TJ 
>..2 . . 1· :;;'-

- TJ [ (1 + fL 2) TJ + 2 fL TJ *] th -·{3 E . 
E 2 

. ,2.. . . 1 
A . 2 . . 

TJ* = E 7]* [(1 +fL )TJ* +2fL7J] th..:.z-{3 E 
/36/ . 

3aMeTHM, 'ITO npa tcl= 0 lVYHKUHIO fN[Hso (77)] I eM. /35/ I 
MO:lKHO epa3Y. MHIIHMH3HpoBaTb no ~a3e 

Sin¢· =.0 /37/ 

·13 
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• 

T.e. napaMeTp llOPJIAKa 1f HBnJieTeJI Aeiii:::TB_HTenLHLIM, 
X 

7j = < ~ >H (-) , H ero senH'lHHa onpeAenReTeJI H3 ypas~ 
N so Tf 

ueHHJI 

,\ 2 2 1 
- [ (l+fl) · Tf] th- {JE 
E· 2. . 

/38/ Tf 

rAe 

r: 4 2 2 
E == y c-<-+4A (1 +fl) Tf • /39/ 

YenoBHeM ey~eeTBOBaHHJI ueTpHBHanLHoro peweHHJI 

ypaBHeHHJI /38/ JIBnJieTeJI Tpe6oBaHHe 

,\2 (1 +(1) 2 
> 1 . /40/ 

( 

lJpH 3TOM KpHTH'IeeKaJI TeMnepaTypa 0 > 0 H pasHa 
(' 

l -1 1 [ h f . • 0 , _ c arct 
2 2

. 
,. 2 ,\ (1 +(1) 

/41/ 

CneAyeT OTMeTHTb, 'ITO HaH6onee HHTepeeHbiH e 4JH3H· 
qeeKOH TO'IKH 3peHHJI eny'laH {1 = 1 / 6 ~ eooT~eJ_;eTByeT 
MOAenH lbuura e B3aHMOAeiieTBHeM - _L. /eM. IO, I B no-
nepe'IHOM none: N 

Hsl ,cSz-4~(Sx)2 
· ll"' I · N . 

/42/ 

IlepeB:AeM Teneph K paeeMoTpeHHID eny'laJI fl==O,eooTBeT
eisyiD~ero H30TpODHOH X:_ Y MOAenH ·e AanbHOAeiieT.BHeM: 

H.l =cSz- ,\2[(Sx)2+(SY)2]. /4~/ 
s f1=0 . N 

3aMeTHM1 B nepByiO O'lepeAb, qTo eso6o_AHaJI 3He~rHJI ~~[Hs) 

npH 11"'0 3aBHeHT TonLKo OT I~! ,TeM eaMbiM napaMeTp no
PJIAKa B oTnH'IHe oT auH30Tponuoro eny'laJI f1 .f 0 onpeAe-

nReTeJI e TO'IHOeTbiO AO 4Ja3oBoro MHO:>KHTenJI /eM. /37 I I. 
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3TO, B 'leieTHOeTH, npHBOAHT K: BblpO)K,ZJ.eHHID . 'coc.TOJIHHJI 
eTaTHeTH'JeeK~ro paBHOBeeHJIO OTHOeHTenbHO BpameHHJI B 
nnoeKoeTH X, Y npH TeMnepaTypax HH)Ke KPHTH'IeeKoB:, 
onpeAenJieMoB:·yenoBHJIMH /40/, /41/ npH ·p. = 0. 

S.OECY)J(;:(EHHE 

HeTPYAHO BHAeTL, 'ITO see nonyqeimble · BLime pe3ynLTa·
Thi neri<o o6o6marorcJI ua enyqaii BJaHMOAeiieTBHJI e I<oueq..: 
HhiM 'IHenoM MOA 6o3ouuoro nonJI, a Tai()Ke npH y'leTe 
BJaHMOAeHeTBHJI B enHHOBOH llOAeHeTeMe; T.e. AnJI raMHnL· 
TOHHaHa BHAa/ep;~ /1/ ;: . 

m 1 m -
H~= 2. wk -~ ak+cSz + -2. ~k[Jtak+J~ a+ 1 + Hs 

k=l . ...[Nk=l 
/44/ 

+ + -
rAe wk :? w0 > 0 • J"k = S-+flk S + , npH'IeM H s" npoH3-
BOnhHbiH enHHOBhiH raMHnbTOHHaH,YAOBneTBOpJIIO~HH yeno-
BHJIM:._ .. , 

I fN [ H s J I S cl . . 

1 - + ' 
N
-!I[H ,J-]II<c .' s k - 2 

/45/ ·. 

B 3TOM cnyqae TepMOAHHaMH'IeeKH 3KBHBaneHTHhiH raMHnL
TOHHaH HMeeT BHA: 

m )._ . . ., . 
"k - . 1\k -

H*(7J) =I w (a++ -yN 11* )(a + -v'N Tfk) + 
0 k=l k k wk · k k wk 

m '2 
z 1\k + -

+cS -I -_-_(Jk· Tfk+Jk:Tf*k) + 
k=l wk · , 

15 
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m · · ',\2 
+ 2. N -· _k_· TJ * TJ 
k=l 'Wk · ·• k .. k 

/ 

r.u.e _h_> 
TJ = < 11* (TJ) k N _ 0 . · 

+R s 

+ 
Jk * -<-> 

TJ k - N II~(TJ) 

/46/ . - ·:~- ' .. 

3aMeTHM:, _'ITO .lJ.llH OUeHKH pa3HOCTH IlllOTHOCTeH CB060,lJ.HhiX . 

:mepFH}f fN[H0~~U~fN[H*nJ _ ~eo'6x_q.u.HM~ 6y.u.eT 'noKa:iaT~ Ma-• 
noc~h cpe.u.ue_ro oT. H t ( TJ ) II() 11oni19MY _ ra~Hnh_TOHHany -· 

.. " .. -. ' ,·, .. , ' 

.. ·.. m· ~ k .·· + . ' . i k -
I<H*(TJ)>I=I2 -.<<J -NTJ*)(a. +-VNTJ )+·s.c.>l.::s· 

I k=l 'N- k k k w k · 
y 

/47/ 
m . + · · .· Ak ...;..:.. · -· · 

<.:.2max1Akl ~I<(Jk-NTJk)(.r'k+-Y.NTJk)> 1 ~. 
(k) yN · - wk 

. 
llps:Mas: · oueuKa- rrpaaoii .lJaC•TH I 4 7/ rrpOB9.lJ.HTCH no cxeMe-, 
H3llO)KeHHOH B §2 C yqeTOM ·KOHe~IHOCTH ffi , orpaHHlJeHHOCTH 

A k H cyiUeCTBeHHOH rrono)KHTenhHOCTH crreKTpa 6o30HOB. 
fipH 3TOM ycnOBH.!l /45/ o6ecrrelJHBalOT orpauHiieHHOCTh 

~ [ H* ] H BhliiOnHeHHe Hepaae.HCTBa ~H.u.a /2li. . . 
8TMeTHM,- lJTO 'H B_ o6~6IUeHHOll MO,lJ.ellH /44/ B3aHMO

,lJ.eHCTBHe C 6030HHhlM rroneM 1107HPe)I(HeMy CBO.lJ.HTC.!l K B03-
HHKHOBeHHIO 34J<lJeKTHBHOr,O . IIpOTH~eHHH Me)K.lJ.Y CIIHHaMH. 

~eHCTBHTellhHO, IIOCKOllbKY . . 

TO H3 

..... 1 fN[H~]-fN[H~(ij)]j <S_ f~~=""O , /48/ 

TepMO;HUaMHlJeCKOH ~KBHB,~neH~~·OC;H !Is .H :H il9 
/: 

• . -2 
z 1 ,m A~,.. +··- -

H* =f S -. -. 2 --A-J J .+'H 
s N k=1 w k .k s 

• k ' /49/ 

. m A2 . . . . m A2 2 
H* =fS -I ....:..:....L<J+TJ '+J-TJ*) +N 2 ~ ITJ k + H' ; 

so. k=l w k k k ·k k k=l w k k . s, 
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- . t' 

cne.u.yeT TepMO,nHHaMHlJecKa.H 3KBHBaneHTHOCT·i.. Hs 8':_; .. 

m A - A ~ -
H * =:H * + 2 w (a.+ +-kvN TJ *)( a. + ___k_yN Tf } • /50/ 

SB S k= 1 k k w k _ k k . wk k-

. . . -

H HCXO;::tHoro raMHllbTOHHaHa H D I 46/. 
· ·B. 3aKnrotJeHHe 3aMeTHM, .'ITO 3BPHCTHlJeCKHM npHHUHIIOM 

.u.ns: nocTp'oeHH.H annpoKCHMHpyromero raMH~b:roiiHaH~- HQ (TJ) 
unu H0 ( TJ) cny)I(Hna u.u.e.11 ·H.H. Eoronro6oaa o · "c -qucno- · 

BOM xapaKTepe" onepaT~pOB, aCHM~TOTH'1CKH KOMMYTH
PYIOIUHX c anre6poB: Ha6nro.u.aeMhlX 13• 14 · ~Ilocne.u.yromee 
.u.oKa3aTenbCTBo TepMo.nliHaMHlJecKoii 3KBHBaneHTHOCTH Ho 
u H D /unu · H 0 , H *n I noTp~6oaano HeKoToporo o6o6IUeHHH 
ycnoBHH, He06XO,lJ.HMbiX .lJ.ll.!l npHMeHeHH.!l H3BeC'rHOH Ma)KO
paUHOHHOH TeXHHKH /l2/.3TO npO.!IBll.!ICTC.!l B 3aMEme ycnOBHJl 
orpaHHlJeHHOCTH HOpMhl KOMMyTa TOpa 

j![H,J±]ti<:C, 
KOTOpoe ·a .HaWeM cnyqae He BbliiOllH.HeTC.!l H3- 3a HallHlJH.!l 
HeorpaHHlJeHHhiX IIO HOpMe on epa TOpOB 6030HHOrO IIOllJI, Ha 
6om!e cna6oe /21/. ,Un.11 ucnonh30BaHHoro HaMH MeTo,na '. 
nocne.u.uee ycnoaue HBn.HeTC.!l Heo6xo,nu:MhiM·. 

TaKHM o6pa30M, npuMeHeHHe MeTo.u.a ,noKa3aTenhCTBa 
TepMO,nHHaMHlJeCKOH 3KBHBaneHTHOCTH, npe,I\llO)KeHHOrO B 
pa6oTax ./II, I~, He BCTpeqaeT npuHnunuanLHhlX TPY.U.HOCTeii 
,lJ.ll.!l paCCMOTpeHHOrO BhlWe Knacca CHCTCM. 

AaTophi 6naro.u.ap.HT npo!lJ. H.H. Eoronro6oaa /Mil./ 3a 
BHiiMaHue K pa6oTe H ueHHbie 3aMetJaHu.S.. 
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