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§1. BeeoeHue 

0,IJ;HHM H3 Ba:llmeHWHX BOflpOCOB .R,D;epHOH !l>H3HIOI .RBll.ReT

C.R yCTaHOBlleHHe BH,IJ;a HYKllOH-HYKllOHHOrO flOTeH~Hana. 

HaH6onee nocne,IJ;oBaTenLHLIM MeTO,IJ;OM peweHH.R :noro Bo

npoca 6Lmo 6LI nony'leHHe HyKnoH-HyKnoHii:or'o noTeH~Hana 
Ha OCHOBe Me30HHOH TeOpHH .R,IJ;epHLIX CHll. 0,IJ;HaKO :ny Teo

pHro B HaCTO.R~e~ BpeM.R HenL3.R C'IHTaTL flOllHOCTLID 3a

BeprueHHOH H BHyTpeHHe HenpOTHBOpe'IHBOH. II03TOMY B 

perueHHH BOnpoca 0 BH,IJ;e HYKllOH-HYKllOHHOrO flOTeHUHana 

HaXO,IJ;HT UlHpOKOe npHMeHeHHe !l>eHOMeHonorH'IeCKHH flO,IJ;XO,IJ;, 

· OCHOBaHHLIH Ha HCflOllh30BaHHH 3KCnepHMeHTallLHLIX ,IJ;aHHLIX 

no HyKnoH- HyKnoHHoMy B3aHMoAeiicTBHro, :~ B qacTHocTH, 

AaHHLIX no !l>a3aM ynpyroro HyKnoH-HyKnOHHoro pacce.RHH.R 

AO 400 M3B H ,IJ;aHHLIX no ,IJ;eHTOHy. IlpHMepoM TaKRX 

noTeH~HanoB cn)')KaT noTeHxiHanLI Peii,IJ;a fl./, co,IJ;einKa~~~ 
Hap.R,IJ;Y c xoporuo o6ocHoBaHHLIM B Me30HHOH TeopHH OPEP

noTeH~HallOM _ p.R,I\ KOMflOHeHT, !l>eHOMeHonorH'IeCKH OnHCLI

Baro~HX B3aHMO,IJ;eiicTBHe ~a ManLIX paccTo.RHH.RX. B qacT

HOCTH, B3aHMO,IJ;eHCTBHe Ha BeCLMa -Mani.xx paccTO.RHH.RX 

I r ~ 0,4_ tfi/ HMHTHpyeTC.R HJ1H TBep,D;LIM KopoM, HnH cHnL

HLIM OTTallKHBaTellLHLIM flOTeHUHallOM C ManLIM pa,D;HyCOM 

,IJ;eiicTBH.R. O~HaKo npH nocTpoeHHH !l>eHoMeHonorH'IeCKHX 

noTeH~HanoB KruKeTC.R 6onee norH'IHLIM HcnonL3oBaTL Mo

AenL rpaHH'IHLIX YCllOBHH, BBe,I!;eHHyro ,IJ;ll.R OflHCaHH.R CHllLHLIX 

B3aHMO,IJ;eHCTBHH Me)I(,IJ;y 3lleMeliTapHLIMH 'laCTH~aMH /2,3/. 

CornacH0,3TOH MO,IJ;enH, o6nacTL B3aHMO,IJ;eHCTBH.R ,IJ;enHTC.R 

Ha BHelllHIDID (r > c) .H. BHyTpeHHroro ( r < c) • Bo BHeWHeH 

3 



•· 

• 

06naCTH B3aHMO~eHCTBHe OllHCbiBaeTCJI cpaBHHTellbHO npo
CTbiM llOTeH:UHallOM, a 3ci>ci>eKT KOpOTKO~eHCTBYIOIUHX CHll 
Y'IHThiBaeTcH nyreM BBe~eHHH npH r = c rpaHH'IHoro ycnoBHH 
na norapnci>MH'IeCKyro npoH3Bo~yro BonnoBoii ci>YHKUHH. Cne.
~yeT 3aMeTHTb, 'ITO llOTeHUHan C TBep~blM KOpOM HBllHeTCJI 
·'laCTHbiM cny<iaeM MO~enH rpaHH'IHbiX YCllOBHH. ,lJ;nH HHTep
npeTa:UHH HYKllOH-HYKllOHHOrO B3aHMO~eHCTBHJI c.ycneXOM 
HCITOllb30BanaCb MO~ellb rpaHH'IHbiX YCllOBHH KaK 6e3 BHeqi- · 
nero /eM. pa6oThl/2, 4-611, TaK H c BHeiiiHHM noTen:unanoM / 7 ( 

Ilpn BBe~eHHH cl>enoMenonornqecKHX HYKnon-nyKnOHHhiX 
ITOTeH:UHallOB B03HHKaeT H3BeCTHaJI HeO~H03Ha'IHOCTh,06yc
nOBlleHHaJI TeM, 'ITO C 3KCnepHMeHTallbHbiMH ~aHHbiMH flO 
ynpyroMy HyKllOH-HYKllOHHOMY pacceHHHIO H ITO ~eHTOHY 

coBMeCTHMO MHoro noTen:unanoB c pa3nH'IHhiMH ci>YHK:UHo
nanhHbiMH ci>opMaMH, CO~ep:>KaiUHMH ~OCTaTO'IHOe 'IHCllO na
pa~eTpOB • .IJ;ononHHTenbHhiM KpHTepneM OT6opa Ta:Knx n_o-. 
Ten:unanoB MoryT · cny)KHTb 3KcnepnMeHTanhHhie .QaHHhie; 
KacaiOIUHecH cncTeMbi Tpex nyKnonoB. KoppeKTHbie ypaB:He
HHH ~nH CHCTeMhl Tpex CHllbHO B3aHMO~eHCTBYIOIUHX 'lacnru; 
6wnn nonyqeiJ:bi<I>a.Q~eeBhlM /8~ KaK H3BecTno, H~pa HHTer
panhHhiX TpexqacTH'IHhlX ypaBHeHHH · <l>aMeeBa Bblpa:>KalOTCJi 
qepe3· ~ByxqacTH'IHbie BHeMaccoBhle t -MaTpH:Uhi. Cne~·oBa
TenhHO, .·B03HHKaeT Bonpoc· 06 onpe~eneHHH BHeMaCCOBOH 

t -MaTpH:Ubi ~nH noTen:unanoB, Y'IHThlBaiOIUHX KopoT:Ko~eii
CTBYIOIUHe . cHnhi n·o Mo~enH rpanH'IHbiX ycnoBnii, · TaK KaK 
B 3T~M cnyqae nenh3H 3anncaTb ypaimennH JlnnnManna
IIIBHHrepa. O~HHM H3 MeTo~oB ·nocTpoeHHH t -MaTpH:Ubi 
B MO~enH rpaHH'IHbiX ycnoBHH HMHeTCH BBe~eHHe nce:B.no
'noniHiinana Bo BHyTpenneii o6nacTH /6,9 I. ,IJ;pyroii no~xo~ 
pa3BHT B ·. pa6oTax· /IO ,II~ r~e no:Ka3aHO, 'ITO He 3aBHCHIUaH 

OT 3Hep~HH norapHci>MH'IeCKaH npOH3BO~HaH BOllHOBOHci>YHK
:UHH Ha pa~Hyce rpaHH'IHbiX. ycnoBHii MO:>KeT 6b1Tb nonyqena 
C llOMOIUblO HeKOTopoii npe~enbHOH npoiJ;e~ypi.i, npHMeHHe
Moii K · noKanbHOMY noTen:unany cne:unan~>noro · Bli~a, ~eii
CTBYIDIUeMy BO BHyTpenneii o6nacTH. B 3TOM cnyqae KaK 

MaccoBaH, TaK H :BneM~ccoBaH. :BonnoBbie. ci>YHKUHH o6pai:ua-. 
IOTCH B HYllb BO BHyTpeHHeii o6naCTH. Ilocne~nee 06CTO
HTellbCTBO MO)KeT 6biTh HCITOllb30BaHO KaK HCXO~biH nyHKT . 
~iiH nony'leHHH BHeMaccoBoii t -MaTPHUhi. , HJrn<e. 6y~eT 
noKa3aHo, 'ITO BBe~eHHH rpaHH'IHOrO ycnOBHH ~na norapncl>-
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MH'IeCKOH npOH3BO~HOH BHeMaCCOBOH BOllHOBOH ci>YHK:UHH 
H ycnOBHJI o6paiUeHHJI B Hyllb 3TOH~YHKUHH BO BnyTpenHeH 

o6naCTH BllOnHe ~OCTaTO'IHO AlJH llOJiyqeHHB npaBHJibHOH 
~YX'IaCTH'IHOH BHeMaCCOBOH t -MaTpHUhl B MO,Aenn 
rpaHH'IHbiX ycJIOBHH 6e3 BHeiiiHero noTen:unana. TaKoii 
Me TO~ Mo>lffio C'IHTaTb ~''IHCTbiM" Me'{O~OM rpaHH'IHbiX ycJIO
BHH, Tal< KaK OH He T:i)e6yeT BBe~eHHH BO BnyTpelineii o6-
naCTH HH nceB~OllOTeHuHaJIOB, HH npe~eJibHbiX ci>opM cne
:UHallbHO no~o6pann:hlx noKanbHbiX noTen:unaJio:B: B pa6~Te/12/ 
llOI<a3aHo, 'ITO npe,AnaraeMbiH MeTO~ MO:>KeT 6b1Tb C ycneXOM 
HCITOJlb30BaH H B 6onee peaJIHCTH'IeCKOM' cnyqae. MO~enH 
rpaHH'IHhlx ycnoBHH c Hei<oTopbiM no.fen:unanoM Bo BHeiiiHeii 
o6nacTH. 

Hcnonh30BaHHe BHeMaccoBbiX t -Marpn:u, cooTBeTcT
BYIOIUHX MO~enH rpaHH'IHbiX YCJIOBHH, B TpeX'IaCTH'IHhlX 
ypaBHeHHHX <l>a~eeBa npHBO~HT K onpe~eJieHHhlM Tpy~HO
CTHM, CBH3aHHbiM C TeM, 'ITO 3TH ypaBHeHHH He HMelOT 
o~H03Ha'lnoro pewenHH 113 ~ B pa6oTe 114/ 61>mo noi<a3aHo, 

'ITO B 3TOM cnyqae H~pa HHTerpaJibHLIX ypaBHeHHH «<»aMeeBa 
Heci>pe~rOJibMOBbl ~a)Ke. ~JIB CBJI3aHHOrO COCTOJIHHH Tpex 
qaCTH:U C y'leTOM ~BYX'IaCTH'IHOro B3aHMOAeHCTBHB TOJibKO 
BS-cocToHHHH. CJie~oBaTeJibHO, B CJiy'lae ~ByxqacTH'IHhlX 
B3aHMO~eHCTBHH, OllHCbiBaeMhlX C llOMOIUblO MO~enH rpaHH'I
HbiX ycnOBHH, ypaBHeHHB «<»aMeeBa ~OJI)KHbl6blTb MO.AHci>H:UH
poBaHhl. HHiKe npe~JiaraeTCB npocToii cnoco6 Tai<oii MO.AHci>H
I<a:UHH, OCHOBaHHbiH Ha TOM, 'ITO TpeX'IaCTH'IHaB BOJIHOBaH 
ciJYHK:UHB ~Oll:>KHa y~OBneTBOpBTb onpe~eneHIIbiM rPaHH'IHbiM 
YCllOBHBM, BhlTei<alOIUHM H3 xapai<Tepa; ~ByXqaCTH'IHOrO 
B3aHMO~eHCTBHJI. IIOI<a3aHO, ·'ITO COOTBeTCTByrolliB:e rpaHH'I-. 
Hhle ycnoBHH ~nB Tpex'laCTH'IHOHBOllHOBOH.ci>YHKUHH 3KBHBa-

. neHTHbl Hei<OTOpOMY HHTerpaJILHOMY ypaBHeHHIO ~JIB ci>YHK:UHH 
OT .QBYX BeKTOpHhlX nepeMeHHbiX: IIpe~no:>KeH OCHOBaHHhlH 
na· MeTo~e Ey6noBa-ranepi<Hna /IS/ cnoco6 aJire6panqe
ci<oro peweHHB 3TOr,O ypaBHeHHB, 'ITO ll03BOnJieT B cnyqae 
Mo~emi rpaHH'IHbiX. ycnoBHH 6e 3_ BHeiiiHero noTen:unana cBe -. 
CTH pewenne TpexqacTH'IHOii 3a~a'lil I< peweHHIO CHCTeMhl o~
HOMepHhlX HHTerpanbHhlX ypaBHeHHH, panr KOTOpOH onpe~e
JIHeTCJI 'IHcnoM Y'IHThiBaeMhlX nap:unaJibHbiX Bonn. Jl~pa 3THX 
HH':(erpanbHbiX ypaBHeHHH HMelOT npOCTOH BH~ H OTHOCBTCH 
K ci>pe~ronbMOBCKOMY THITy. 
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§2. BHeMaccoea.R t - Mampuija e MooeAu zpaHU'IH&rx 
yCAoeuii 

)l;JIJI TOrO 'IT06bl llOJIY'IHTL HeKOTOpLie COOTHOWeHHJI, 

He06XO.D;HMLie B ,D;aJILHeiimeM, paCCMOTpHM .D;ByX'IaCTH'IHbiH 

noTeHn;Han V( r} , y.D;osneTsopsroll(Hii ycnoBHJIM, npH KoTopblx 

HMeiOT MeCTO ypaBHeHHJI THna JIHnnMaHHa-lliBHHrepa. B 

3TOM CJiyqae napn;HaJILHYIO f -KOMllOHeHTy .D;BYX'IaCTH'IHOH 

t -MaTpHD;LI t e (k' p' Z) MO:>KHO onpe.D;eJIHTL COOTHomeHHeM 
00 

t e < k , p , z > = -I r 2 
c1 r j ~ < k r > v < r > 'I' e < r , z > I I 0 . p 1 

CO Cl!e.D;yiOID;eH HOpMHpOBKOH: 
. 2 I i Be 

t f ( k , k , k + i 0 ) = k e sin Bf 

r,D;e Of - napn;HaJILHaJI ciJa3a pacceHHHJI. 

BHeMaccoBaB BOJIHOBaii ciJyHK~B 'I' e p ( r ' z) B I 11 
Y.D;OBJieTBOpHeT HHTerpaJILHOMY ypaBHeHHIO: 

00 

·'Jifp (r, Z) = ie {pr):.... f r'
2
clr'Ke(r,r', Z) V(r') 'l'fp (r','ZV21 

0 

r.D;e 

K f ( r, r'' Z) = ~ j P 2d j f ( P r) j f ( P r') 
TT p-------

0 . p 2..., z ' 131 

j e<x) - cciJepH'IeCKaB ciJyHKD;HB liecceJIB, z = E +if ' E -
3HeprHJI B C.D;.M. )l;JIB llOTeH~aJIOB V (r) C KOHe'IHLIM pa.D;Hy

COM .D;eHCTBHB H3 BLq)a:>KeHHH 11-31 CJie,D;yeT aCHMllTOTH'Ie

CKHH BH.D; BOJIHOBOH ciJyHKD;HH 'l'fp (r, Z) : _ 
- - (1) 

'1'£ (r,Z) ""je(pr)+i...JZte(...JZ,p,Z)he (...jZr), 141 
P r~oo 

. (1) 
r,D;e he{~- cciJepH'IeCKaB ciJyHK~B raHKeJIB nepsoro po,D;a. 

JlerKo BH.D;eTL, 'ITO MaTpHn;y t e (k' p' Z) 111 MO:>KHO Bbipa-

3HTL qepe3 clJypLe-KoMrroHeHTY <llfp (k, Z) BHe'>iaccosoH: son

Hosoft ciJyHKD;HH lJ.I f { r, z) : 

t (k p Z) =(k 2-Z)P[<ll 11 (k, Z)-~ o(k- p)]. 151 
e • • r.p 2k 
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PaccMoTpHM .D;anee MO.D;em. rpaHH'IHbiX ycnoBHii 6e3 

BHemHero noTeH~ana Bo BHemHeii o6nacTH. IlpH onpe.D;ene

HHH BHeMaCCOBOH t -MaTp~bl 6y.D;eM C'IHTaTL, 'ITO Bbl

llOJIHeHbl CJie.D;y~e npe.D;llOJIO:>KeHHJI: 

11 . .D;JIJI MO.D;eJILHOH BHeMaCCOBOH BOJIHOBOH ciJyHKD;HH 

'I' fp ( r, Z) H MO.D;eJILHOH t -MaTpHD;LI cnpaBe.D;JIHBLI COOTHO-

meHHJI /41 H 151; · 
21 MO.D;eJILHaJI BHeMaCCOBaJI BOJIHOBaJI ciJyHKD;HJI Y.D;OB

JieTBOpJieT rpaHH'IHLIM ycnoBHJIM: 

'I' e p ( r' z ) = 0 ' r ·< c ' 161 

d 
c[ - r 'I'" p ( r, Z)] = £, [ r 'I', ( r, Z)] , 17 I 

dr L r= c c. t.p r = c 

r,D;e c - pa.D;HYC rpaHH'IHbiX YCJIOBHH, KOTOpbiH MO:>KeT 3aBH-: 

CeTL OT f , £ f - HeKOTOpbiH BeiD;eCTBe]IHLIH. napaMeTp. 

Mo.D;eJIH TBep.D;oro Kopa pa.D;Hyca c cooTBCTCTBYJOT fe ·=oo. 
B. 06JiaCTH r > c BH.D; BHeMaCCOBOH BOJIHOBOH ciJyHKD;HH 

onpe,D;eJIBeTCB COOTHOWeHHeM 141: 
- - (1) -

'I' f p ( r. z) = j e ( p r) + i ....; z t e (....; z ' p' z) h e (....; z r) ' 181 

'ITO npH yqeTe rpaHH'IHoro ycnoBHB 171 Henocpe.D;CT-BeHHO 

npHBO.D;HT K CJie.D;yiOID;eMy Bblpa:>KeHHIO .D;JI.ii ll!>JlYMaCCOBOH 

t - Ma TPHD;bl: 

ge (pc, fe > te <fZ.p,Z) 191 vz ' n~l < .;z c, fe> 
r.D;e 

gf(x,££) = x jf-1 (x)- (f + ff) jf(x)' 

D(l) {x, fe) = xh (I} (x) - (f + ff) h (l} (x) 
1101 

e · f-1 e 
BHeMaCCOBaB t -MaTpHn;a OITpe,D;eJIBeTCB COrJiaCHO COOTHO

- meHHBM 151 H 181, C yqeTOM YCJIOBHB 161: 
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t ~ ( k, p, Z) = -( k - Z) F f ( k, p) + 

- 2 o> . - . - te<v'Z,p,Z) 
iy'Z (k -z) he (y'Z c) Ff(k,y'Z)] , 

jf(y'Z c) 
+ [ i_e (kc) 

/11/ 

r,IJ;e c 
F £ ( k , p) = J r 

2 
d r j f ( k r) j e ( pr) • 

0 
IIyTeM np.aMoii npoBepKH nerKo y6e,IJ;HTLc.a, 'ITO npH Be~ecT

BeHHLIX f e BLipruKeHHe /11/ ,IJ;JI.H t .-MaTpH~LI Y,IJ;OBJieTBO

p.aeT ycnoBHIO CHMMeTpHH 

t e ( k ' p ' z) = t e ( p ' k ' z *) "" t e ( p ' k ' z) 
H COBlla;D;aeT C COOTBeTCTByiO~M BLJpiDKeHHeM, nonyqeHHLIM 

B pa6oTe /10 I Ha ocHoBe HcnonL30BaHH.a Bo BHyTpeHHeii 

o6nacTH r < c ypaBHeHH.a /2/ c noTeHiulanoM cne~HaJILHo:ii 
cPOPMLI. 0CHOBHLIMH MOMeHTaMH ".H3JIO)KeHHOro BLIIUe MeTO,IJ;a 

.HBJI.HIOTCH: a/ HCllOJIL30BaHHe rpaHH'IHLIX YCJIOBHH /6/ H /7 /; 
6/ npe;D;nOJIO)KeHHe 0. TOM, 'ITO COOTHOUieHH.H /4/ H /5/, 
He CO,D;ep)Ka~He B .HBHOM BH,IJ;e llOTeH~ana, HMeiOT MeCTO 

H B CJiyqae MO,IJ;eJIH rpaHH'IHLIX YCJIOBHH. C ::noii TO'IKH 

3peHHH pa~CMOTpeHH~ii MeTO,IJ; cy~eCTBeHHLIM o6pa30M 

OTJIH'IaeTc.a OT MeTo,D;a pa6oTLI /10 I HoT MeTo,IJ;a ncea,IJ;ono

TeH~HanoB /6,9/ 

· §3. MooeA& zpaHU'lHbiX ycAoeuu e 3aoa<Je mpex <Jacmut~ 

,lJ;n.a llpOCTOTLI 6y,IJ;eM pacCMaTpHBaTL npOCTeiiDIHiiBapH

aHT TpexqaCTH'IHOH 3a,IJ;a'IH - CB.H3aHHOe COCTO.HHHe Tpex 

6eccnHHOBLix TO)K,IJ;eCTBeHHLIX qacTH~. TaKoe orpaHH'IeHHe 

He llpHH~HllHaJILHO H B TO )Ke BpeM.H ll03BOJI.HeT HaH6onee 

llpOCTLIM CllOC060M H3JIO)KHTL npe,IJ;JiaraeMLIH MeTO,D; MO,IJ;HcPH

:i<a~HH Tpex'laCTH'IHLIX ypaBHeHHH B cnyqae, KOr,IJ;a napHLie 

B3aHMO,IJ;eHCTBH.H OllHCLIBaiOTC.H MO,IJ;eJILIO rpaHH'IHLIX ycno

BHH. PaCCMOTpHM CHaimna 3a,IJ;aqy 0 CBH3aHHOM. COCTO.HHHH 

Tpex TO)K,IJ;eCTBeHHLIX 6030HOB, B3aHMO,IJ;eHCTBHe KOTOPLIX 
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onpe,IJ;en.aeTc.a napHLIMH ~eHTpanLHLIMH noTeH~anaMH V(r) , . . . ' .. 
TaKHMH, 'iTO HMeiOT MeCTO. KaK ,IJ;BYX'IaCTH'IHLie ypaJ3HeHH.H 

JlHnnMaHHa-lliBHHrepa, .TaK H Tpex'laCTH'IHLie ypaBHeHH.H 

f'l>a,IJ;,IJ;eeBa. KaK . 06LI'IHO, BBe.zieM B CHCTeMe ~eHTpa Mace 

KOOp,IJ;HHaTLI Jbco6H: 

-+ -+ -+ 
sl=r2-r3, 

.... -+ 1 -+ -+ 
p=-r +-(r +r) 

1 1 2 2 3 ' /12/ 

r,IJ;e .1i :" pa,IJ;Hyc-BeKTOp i -ii 'laCT~LI. 
Hap.a,D;y C KOOp,IJ;HHaTaMH /12/ 6y,IJ;eM B -,IJ;aJILHeiiUieM _, ..... - ..... -. 

HCllOJIL30BaTL KOOp,IJ;HHaTLI s 
2

, p2 . H · s 
3

, P. , llOJiy'laiO~ec.a 
H3 /12/ nyTeM ~HKJIH'IeCKHX nepecTaHoB&K HH,IJ;eKCOB, a 

TaK)Ke HMllYJILCLI k i , q i, ·conp.a)KeHHLie COOTBeTCTBYIQ~M 
KOOp,IJ;HHaTaM · JIK06H ~ i , pi . BonH9Ba~ lPYH~H.H CHCTeMLI 

Tpex TO)K,IJ;eCTBeHHLIX 6030HOB 'P ( s l , pl ) , CHMMeTpH'IHa.a 

OTHOCHTeJILHO JII06LIX nepecTaHOBOK 'laCT~, 6y,IJ;eT HMeTL 

BH,IJ; 

-f -+ _,.. -+-+ ... _. 

'P(;1 , P1 )=1/ds 1 ,p1) +l/J(s2'P2) +l/J(s3,-P3)' /13/ 

npH'IeM cP)'HK~H.a ¢ y,IJ;oaneTaop.aeT .· ypaBHeHHIO l'l>a,IJ;,IJ;eeBa· 

B KOOp,IJ;HHaTHOM npe,IJ;CTaBJieHHH 

(V 2 + 
$1 

3 2 -+ -+ . -+ -+ 
- V -++ E) ljJ ( s 1 , p1 ) = V ( s 

1
) 'P ( s 

1 
, p 

1 
) ' 

4 pl 

- . 

/14/. 

r,IJ;e -E -. :meprHH CBH3H Tpex 6030HOB. 
1 

.. 

ECJIH paCCMaTpHBaTL COCTOHHHe C cPHKCHpoBaHii'hlM llOJIHLIM 

MOMeHTOM L; TO l/J ( it, p) MO)KHO pa3JIO)KHTb iio o6o6~eHHLIM 
yrJIOBLIM. cPYHK~H.HM Y tf. : . . 

-+ -+ . .. L · LM -+ -+ 
ljJ(s,p) =-~ ¢v.·(s,p) YO. (s,p) 

v. 
/15/ 

LM _. -+ -+ -+ 
Y (s,p) =~(£>.mp.jLM)Yn (s)Y~·(p) 

£>. mp. c.m . 1\f' . 
/16/ 

-~. 

y fm (~) - Cc}'lepH'IeCKHe rapMOHHKH, 3aBHC.H~e OT e,IJ;HHH'IHO-
-+ . . 

ro BeKTopa.B HanpaBJieHHH -·s. 

9 

•· 
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• 

«<»yH~Hro lfrA ( s,p) ~ /15/ npe.ncTaBHM B Bu.ne 

L 2 
010

2 L . 
iflv .. (s,p) =-;; [ q dqt{lf.A (s,q) J_x(qp).. /17/ 

. L 
Tor.n~ H3 /13/-/15/ cne,nyeT, 'ITO cilypLe-KoMUoHeHTa iflr__x (s,q) 
6y.neT· y,noBneTBOPBTL .nu<WlepeHD;HanLHOMY YPaBHeHHIO: 

d2 
[-

ds2 
1 

2 d 
+--·--

t (f+l) 

.S 2 
. I 

3 2 L + · E- - q - V ( s ) ] t/1 ( s ,q) = 
s] ds

1 
4 I f.A 1 

L 
= V(s

1
) Sf.A (s 1 ,q) , 

r.ne . 

. L .. oo 2 L 

s f.A (sl ,q) =I PI dpl jA (qpl) sf.A (si ·~)' 
0 

/18/ 

/19/ 

L LM-+ -+ -+ -+ -.,. -+ 
s ( s 1 'p ) =I dO dO .... y * ( s 'p )[ t/1 ( s 'p ) + t/1 ( s 'p ) ] • ex 1 ~~ . p

1 
e.x . 1 1 , 2 2 3 3 

/20/ 

HanH'IHe CB.JI3aHHOrO COCTO.JIHH.JI Tpex 'laCTHIJ; B03MO)Kll0 

HHWL npH ycnOBHH -E > f i , r,ne f i - .UBYX'IaCTH'IHLIC 3Hep

rHH CB.JI3H ,nn.JI noTeHD;Hana · V ( s) • B 3TOM cnyqae nerKo 

nocTpOHTL ciiY~HIO rpuHa · G f (s 1,s'
1 
,E- ~ q 2) ypaBHe

HH.JI /18/, TaK KaK COOTBCTCTByiDII.{ee O,IJ;HOpO,IJ;HOe ypaBHCHHe 

He 6y,neT HMCTL pemeHH.JI HH npH KaKOM q: . 

Gf(s,s' 1 Eq) =-iy'E q 'Jify'E (s< ,Eq) c/Je(s'> ,Eq)'/21; 
q ' 

r.ne 

3 2 y'-E . y' E 3 2 
E = E - - q , = 1 - + - q • /22/ q 4 ' q . 4 

'JI fy'E(s,E), cpy_ (s,E) - nHHeiiHo He3aBHCHMLie peweHH.JI 

O,IJ;HOpO,IJ;HOrO ypaBHCHH.ll /18/, BC.nyll{He ce6.JI aCHMUTOTH

_'ICCKH KaK /4/ H hjl) ( y'E"" s) , COOTBCTCTBCHHO. 

10 

I' J 

:. 
I 

·~ 

Jiy,neM ,nanee C'IHTaTL, ·'ITO UOTCHD;IIan . V { s) HMCCT 

KOHC'IHLIH pa,nuyc ,ne:iiCTBH.ll c, He 3aBHC.JIIl{HH OT f • Tor,na. 

C ROMOII.{LIO ciiYH~HH rpHHa /21/ nerKO y6e,IJ;HTLC.JI, 'ITO 

peweHue ypaBHeHH.JI /18/ MO)KIIO npe,ncTaBH~L B BH,ne /16/ 
L . . 

1/1 ( s, q) 
fA 

L' - {1) 
=O(c:-_s)Xn (s,q)+O(s-c)iy'E hn (-'E·s)_ 

LA . . q L v q 

Ff~(q), 
./23/ 

r.ne O(x) ~ 1, x > 0; O(x) = 0 , x < 0 , 

L 
00 

2 · L . 
F (q) =Ik dktn(k,...[E,E) Z _(k,q), e.x 

0 
L · q q ex /24/ 

Z L(k,q) =j s 2 ds0(c-s) jn(ks) SnL(s,q), 
£A . 0 L . LA I 

/25/ 

X L(s, q) ex 
oo oo . L 

= I s, 
2 

d s, I k 
2 

d k j e < k s '> G n < s; s ',.E q > v < s '> z < k ,q) , 
0 0 L fA 

/26/ 

te(k,-JE",E) -· nonyMaCCOBa.JI .UBYX'IaCT!I'IHa.JI t -MaTpHD;a. 

Ilpe,ncTaBneHue ciiYHKD;HH ifle X ( s, q) B BliA,e /23/ 3KBHBa

neHTHO BLipa)l(CHHIO /4/ ,IJ;H.JI ,IJ;BYX'IaCTH'IHOH BOHHOBOH ciiYHK

D;HH u 6y,neT cny)l(HTL o,nHHM H3 ocHoBHLix MoMeHTOB-npu 

BLIBO,IJ;e_ MO,D;HI}!Hu;HpOBaHHLIX TpCX'IaCTH'IHLlX ypaBHeHHii, .JIB

HLIM 06pa30M Y'IHTLIBaiOII.{HX_ CHHryn.JipHLIC KOpOTKO,IJ;CH,; 

CTBYIOII.{He CHHLI, OUHCLIBaeMLie MO,IJ;CnLIO rpaHH'IHLIX ycno-

BHH.. . 

IlpH nony'ICHHH .UBYX'IaCTH'IHOH t -MaTpHD;LI /11/ Hap.JI,ny 

C BLipa)l(CHHCM /8/, BLITCKaiOII.{HM H3 /4/, HCROHL30BaHOCL 

TaK)l(C ycnOBHe /6/. lJTo6LI UOHy'IUTL 3KBHBanCHTHOe ycno

BHe ,IJ;H.JI TpCX'IaCTH'IHOH ciiYHKD;HH, paCCMOTpHM ypaBHCHHe 

cl»a,n.neeBa· /14/ C HOpManLHLIMH UOTCHD;HanaMH V(s) B HM

nynLCHOM npe,D;CTaBnCHHH: 

... ... 2 . 3 2 . -1 ... ... 1 ... ... 3 2 ,. 
,P(k, q) = [ 27T (k + 4q -E)] I dq1 t(k,21J +q .. , E ~4 q ) X 

II 



-"'~··· . 

;.:, 

,· 

• 

·-+ 1.,..,. ·· _.. 1-+-+ 3'2 .-+.I-+-+ 
X t/J(-q- 2q',q') + t(k,- 2q- q', E- 4q )t/J(q+ 2q',q')]. 

/27/' 

Onpe,l\eJIHM ·,1\anee BHeMaccoayro .1\BYX'IaCTH'IHYIO BOJIHOByro 

ijlyHKUHIO' 'I' p rr' Z) c noMOIUhiO pa3no,KeHHH: . 

.... f -+ -+ 
'1'-+ (r, Z) = 477 ~ i '1'11 (r, Z) Y

11 
(r) Y! (p) • /28/ 

p _ t m '-P Lm t.m 

Tor,l\a, cornacHo /5/, ,1\ByxqacTH'IHag t -:Ma TPHUa 6y,l\eT 

CJie,l\YIOIUHM o6pa30M Bl:dpa)KaT&CH qepe3 4Jyp&e..;KOMno

HeHTY <l> p { k, Z) BOJIHOBOH 4JyHKUHH lJI ; { t, Z). : 
-+-+ 1 2 ... 3 -+-+ ' 

t(k,p,z) =- (k -Z) [ <I> ... (k,Z) -{277) o{k-p)]./
29

/ 
417 p 

IIO,l\CTaHOBKa • /29/ B ypaBHeHHe «<»aMeeBa /27/ H HCfiOJI&-

30BaHHe COOTHOWeHHH /13/ npHBO,l\HT K CJie,l\yiDJUeMy Bl:dpa

)KeHHIO ,1\JIH nOJIHOH BOJIHOBOH 4JYHKUHH B HMnyJIDCHOM npe,l\

. CTaBJieHHH: 

...... 1 -+ ... 32 
'P(k ,q) =--3 I dp<I>p,.(k1,E- -q ) X 

1 1 {277) 4 1 

' . 1 ... ~-- '"3 -+ - -+ 1 ... 
X [ t/J {- - p - .·,- q ' p - - q ) + 
. 2 41 .. 2.1 

/30/ 

{. 1 ... 3 ... -+ l -+ ) ] + t/1 - - p + - q ' - p· - - q • 
2 4 1 2 1 

KaK y)Ke yKa31:dBanoc&, npHBe,l\eHH&Ie B&IWe cooTHomeHHH 

nony'leHI:d ,1\JIH o6Di11HI:dX .1\BYX'IaCTH'IHI:dX noTeHUH.aJIOB . V (s) • 
IIpe,l\nOJIO:>iOIM Teneph, 'ITO B3aHMO,l\eHCTBHe Me>i<,l\y .1\BYMH 

·'laCTHUaMH OfiHCI:dBaeTCH MO,l\eJii.IO rpaHH'IHhiX YCJIOBHH 6e3 

: BHemHero noTeHUHaJia. B 3TOM CJiyqae HeT HHKaKHX OCHOBa

HHH OTKa3hlBaT&CH OT cooTHomeHHH ·/13/, onpe,l\eJIHIOIUero 

CTPYKTypy TpexqacTH'IHOH BOJIHOBOH · 4JyHKUHH. B MO,l\e.i:IH 

rpaHH'IHI:dX ycnoBHH B&Ipa)KeHHH /6-8/ o.ztilo3Ha'IHO onpe,l\e

JIHIOT napUHaJihHYIO BHeMaCCOBYIO BOJIHOByro 4JyHKUHIO 'l' £p {r, Z) 

i2' 

H, CO~JiaCHO /28/, BHeMaCCOByiD 4!YHKUHIO .lp p (;, Z) . H. ee 

4Jyp&e-KoMnoHeHTY <I>· ... {k, Z) • Cne,l\OBaTeJIDHO, B ,1\aHHOM 

cnyqae 6y,l\eT · cnpaae.z&HBI:dM cooTHomeHHe /30/, CBH3hlBaro

mee fiOJIHYIO Tpex'laCTH'IHYIO 4JYHKUHIO lJI (k, q) C BHeMaCCOBOH 

.1\BYX'IaCTH'IHoii 4JyHKUHeii <I> -p OC", E q) • H3 Bl:dpruKeHHii /30/ 

H /6/ CJie,l\yeT, 'ITO BOJIHOBaH 4JYHKUHH /13/ ,1\0JI)KHa fiO,l\'IH

HHThCH YCJIOBHIO: 

'l'(-:1 ,pi) = 0' s 1 < c ' /31/ 

B npe,l\nOJIO)KeHHH, 'ITO pa,l\HYC rpaHH'iHI:dX YCJIOBHH He 3a

BHCHT OT f • 3TO npe,l\fiOJIO)KeHHe He HBJIHeTCH npHHI{HnH

aJihHI:dM H ,1\epaeTCH TOJihKO pa,l\H npOCTOTI:d. '3aMeTHM, 'ITO 

H3-3a CHMMeTpHH 41YHKUHH 'I' { ;t1 , p1 ) · /13/ a/31/ BMecTo 

s l MO)KHO fiHCaTh s 2 HJIH s 3 • ,ZJ;ng CHCTeMI:d Tpex pa3JIH'I

HI:dX qacTHU rpaHH'IHoe ycnoBHe /31/ ,1\0JI)KHO 61:dTh 3aMeHe

HO TpeMH pa3JIH'IHI:dMH ·:' YCJIOBHHMH COOTBeTCTBeHHO . no 

nepeMeHHI:dM s 1 , s 2 , s 3 • CooTHomeHHe ~/23/, nonyqeHHoe 

,1\JIH HOpMaJI&HhiX noTeHUHaJIOB V(s), npe,l\CTaBJIHeT co6o:H 

npocToe pa36He.HHe 4Jyp&e- KOMnoHeHTI:d Ha ,1\Ba cnaraeM&Ix': 

4JaKTOpH30BaHHYIO aCHMfiTOTH'IeCKyiD 'laCTh' BHe 06JiaCTH 

,1\eHCTBHH noTeHUHaJia V (s) (s> c) H OCTaTOK, OTJIH'IHI:dH OT 

Hyng npH s <c. B cnyqae MO,l\eJIH rpaHH'IH&Ix ycnoaHii 6e 3 

BHemHero fiOTeHUHaJia HeT OCHOBaHHH OTKa31:dBaThCH OT 

aCHMfiTOTH'IeCKOH 'laCTH B /23/ H B TO )Ke BpeMH, COrJiac

HO /31/ H /13/, HeJID3H nonaraT& Xk (~, q) = Q npH s<c. 
«<»yHKUHH Fe~ (q) B: xl5._ (s, q) (s <c) CJie,l\yeT·,paccMaTpH

BaTh KaK HeH3BeCTHhie 4JyHKUHH,, ,1\JIH KOTOpl:dX
1
He06XO,l\HMO 

nony'IHTh COOTBeTCTBYIOIUHe ypaBHeHHH. 

BBe,l\eM 4JyHKUHH X ( s, iJ) H <I> ( l,p) cornacHocne,l\yiOJUHM 

onpe,l\eJieHHHM: 

-+ -+ 2 oo 2. L LM -+ -+ . .-
X(s,p) =- ~ I q dq x£..\(s,q) j..\(qp) yll\ (s,p)' /32/ 

"£..\0 .LI\ 

-+ -+ 2 oo 2 - (I) -
<I>(s_,p) =- ~ I q dq iy'E h 

11 
(y'E s) x 

17 £..\ 0 q (. q /33/ 

L _ LM -+-+ 

x Fe .A< q > r.A < q P > Y n < s, P > • 

13 



• 

Tor~a. cornacHo 1231 H 1171, ycnoBHe 1311 c ·noMo~LID 
COOTHOWeHHH 1131 · H /151 MO>KHO npe~CTaBHTL 'B BH~e 

e < c - s 
1 

> x < s 
1 

, iJ 
1 

> + e < c - s i > e < c - s 2 > x<-; 2 , p2 > + 

-+-+ '-+-+ 
+ e ( c - s 

1 
> e < c - s 

3 
> x < s3 , P 3 > = - R < s 1 , P 1 > , 

1341 

r~e 

-+ .... [ -+ -+ -+ -+ ] R(s
1
,p

1
)=0(c-s

1
) O(s

2
-c) ct>(s

2
,p

2
) +0(s 3-c) cl>(s 3,p3 ) • 

-+-+ 
EcnH BBeCTH «iJypLe-KoMnoHeHTY F( s, q) 

O(c- s) X(~,p) = ~ f dq e iqp F(§,q) 
' ( 217) 

/35/ 

TO paBeHCTBO 1341 npHBO~HT K HHTerpanLHOMY ypaBHeHHID 

~~.H F(s,-q>: · 

-+ -+ -+ -+ -+ -+ 
-+ -+ 1 .... -+ -+ ... ik s ;...ik...s' -iq p' 

F(si~q 1)=---6Jdkidq'ds2dp2e. I I· :.:2 220(c-s')x 
( 217) ' ' 1 

1361 
'* • , , .-+ ,...:,, _. -+ 

1q p -+ -+ 1q p -+ -+ -+ -iq p -+ -+ 
x[e .2F(s'

2
,q')+e 3F(s~,q')]-fdpie llR(s 1,p1 ). 

3To HHTerpanLHoe ypaBHeHHe Yfi06Ho pewaTL c noMo~Lro 
MeTo~a Ey6HOBa- ranepKHHa /IS~ }l;n.H 3TOro, cornaCHO 

pa6oTaM /l 7 /, BBe~eM nonHyiD CHCTeMy OpTOrOHallLHLIX 
«iJyHKUHH ¢ n . ( -;) : . 

-+ -+ -+ -+ . 
fds¢ (-;) ¢* (s) =o ,, I.¢ (s) ¢* (s') =o(s-s'). I I 

n n' nn n n n 37 

TaKyiD CHCTeMy BCer~a MO>KHO llOCTpOHTL, ecnH yqeCTL·;qTO 

0 2 ( x) =e(x) H <f> (s) BLI6pa TL B BH~e 
n 

¢ (-;) = O(c -s) Y (-;) s~Xn (s), n={fmv}, 1381 
n fm LV 

14 

r~e X h ( s) .. - nonHHOMLI CTeneHH v c ycnoBHeM opToro

HanLHOCTH 

00 ' 2£+ 2 ( ) ( ) 
fdsO(c-s)s X sxf,s 
0 ' . ev . v 

= 0 , ' vv 

C TOqHOCTLID ~0 HOpMHpOBOqHOH KOHCTaHTLI COBUa~aro~He 

. ( 0 ,2f+2) 2 s .· . . ~ c 
c nonHHOMaMH JIKo6H P (--- 1) • YtmTLIBa.H CBOHCTBa . ' v . c 

-+ -+-+ 
«iJyHKUHH <f> ( S) , MO>KHO npe~CTaBHTL F (s, q) B 135/ B BH~e n . 

-)4- -+.-+ 

F ( s' q) = ~ ¢ n ( s_} F n ( q) • /39 I 

BBe~eM ~anee «iJYHKUHH M (q) 
n 

-+ -+ -+ ~--
M (q) =fds¢* (s) e 1

qs 
n n 1401 

lf3 ycnoBH.H 137 I nonHOTLI H opToroHanLHOCTH «iJYHKUHii 

<f> n (~ cne~ye,T nonHOTa H OpToroHanLHOCTL «iJYHKUHH 

M tq) 1401: 
n 

1 .... -+ -+ ' 1 -+ :.... -+ -+ ... ;. 
--.. JdqM (q)M*,(q)=o ,, --3 I.M~(qlM* (q')=o(q-q'). 

(217)" n n nn (217) n n· 

Cne~oBaTenLHO, B 1391 F n Cq) MO>KHO pa3nO>KHTL no CHc

TeMe «iJYHKUHii Mm Cq) H nonytmTL .nn.H F ( ;, v OKOH-.ia

TenLHOe pa3llO)l(eHHe: 
'•; -

-+ -+ -+ -+ 
F(s,q) =I. C ¢ (s)M (q), . nm n m · 

nm 
141/ 

npHqeM ~n.H K03«iJ«iJHUHeHTOB C nm H3 HHTerpanLHOrO ·ypaB

He.HH.H 1361 nonyqaeTC.H cHcTeMa nHHeiiHLIX Heo~Hopo~HLIX 
ypaBHeHHii. OKoHqaTeriLHO ~n.H 3THX Ko3«iJ«iJHnHeHTOB nony

qaeM cne~yro~ee BLipa)l(eHHe: 

1 nm . 
C · =- '::£ (A-) N , , , nm .. , n'm, n m 

nm 

r~e MaTpHua A n~ , HMeeT BH~ 
nm 

A nm = 0 0 B nm B * n 'm' , , , , + , ,+ 
n m nn mm . n m nm 

1421 

.. 
15 



• 

- nm l Jd_.d~M ( 1 -+ ... ,) (""\ .._. }-+ (-+') B , ,= --6 q q - -
2 

q- q M* qJ WJq+- q')· M , q , 
n m ( 211) n _ m n 2 m 

. ....... -/43/ 
1 ... ... ... ..... (... -lqp ( ...... ) 

N = -
3 

f ds d p d q ¢ * ( SJ M * q) e R s, p • 
nm (271) n - m 

IlOACTaHOBKa B /20/ tP ( fli • li) ' cor nacHo /32/ H /33/, 
B~M . - - ,.. ... 
·'· ( s. , p . .) = (} ( c - s i) X (; i • P\) + (} ( 8 i -c) <P ( 8 i 'Pi ) 
'f' 1 1 

H HCIIOJib30BaHHe Bb!pa:>KeHHJI /42/ AJIJI K031);i<iiHUHeHTOB pa3-

JIO:>KeHHJI F (~, q) B /35/ 1103BOJIJieT C IIOMOl:QblO /25/ CBeCTH 

TpexqaCTH'IHYIO 3aAa'ly K peweHHlO CHCTeMti OAHOMepHbiX 

HHTerpaJibHbiX ypaBHeHHii AJIJI <iiYHKUHH Ff..\. ( q) • IIpH'IeM 

paHr CHCTeMbi 6yAeT OIIpeAeJIJITbCJI 3Ha'leHHeM IIOJIHOrO 

MoMeHTa L H 'IHcnoM Y'IHTLIBaeMLix napuHanLHLIX KoMno

HeHT e H A. 
PaccMoTpHM HecKOJILKo noApo6Hee oocTOHHHe L = 0 

IlpH y'leTe TOJibKO.HyJieBbiX nap:QHaJibHbiX KOMIIOHeHT f=A=O. 
B 3TOM cnyqae <iiYHKUHH cp (ft) HMelOT BRA: 

n 

... l . 
¢ (s) =--O(c-s)x (s), 

n -- n ·..jtk 

( ) 
. . . (O ,2) 2 s 

rAe Xn s Bbipa:>KaiOTCJI qepe3 nonHHOMbi JIKo6H P (--1). 
n c 

JIBHbiH BHA 3THX <iiYHKUHH, a TaK:>Ke <iiYHKUHH Mn (q) IlpH

BeAeH B pa6oTe /IS/. B AaHHOM cnyqae paccMaTpHaa.eMaJI 

TpeX'IaCTH'IHaJI . 3aAa'la CBOAHTCJI K peweHHlO OAHOrO HH

TerpaJibHOrO ypaaHeHHJI AJIH <IIYHKUHH. F{q) ~ Fg
0
tq): 

F(q) = j" q'2 dq'S(q,q') F(q 1
). 

0 
llerKo BHAeTL, 'ITO npH nepexoAe K HOBoii <IIYHKUHH F(q)= 
=e:xp(- ~ y c) qF (q) 3TO ypaBHeHHe IlpHo6peTaeT BHA: 

q 

F(q) =fqq'dq'exp(- ~y c- ~ yq, c) S(q,q')F{q'),f44/ 
0 - 3 2 q 

rAe r; =- E + 4q · 

16 

HanHti:He 3KcnoHeH:QHaJILHoro MHO:>KHTeng o6ecrre'IHBaeT 

KBaApaTH'IHYIO HHTerpHpyeMOCTb- 11Apa ypaBHeHHJI /44/: 
CneAyeT 3aMeTHTL, ,:ITo paccMoTpeHHLiii BLIWe_ MeTOA. 

MOAH!lJHKa:QHH TpeX'IaCTH'IHbiX ypaBHeHHH JIBJIHeTCJI, IIO CYTH 

Aena, 1IpH6JIH:>KeHHbiM MeTOAOM. B 3TOM OTHOWeHHH OH 

OTJIH'IaeTCJI OT MeTOAa, HCIIOJib30BaHHOro B pa6oTe /19/ H 

ocHoaaHHoro Ha HcrronLJoaaHHH HeKOTO.PLIX · crioiicTB ABYX

'laCTH'IHOH t -MaTpH:Qbi B MOAeJIH rpaHH'IHbiX YCJIOBHH. 

B JaKJIIO'IeHHe cneAyeT CAenaTL ABa Ja:Me'laHHJI. Bo-rrepBLIX, 

B pa6oTe /IS/ rroKa3aHo, 'ITO CXOAHMOCTL paJno:>KeHHii rro 

flJyHKUHHM ¢n (s) H Mn{q) AJIH S- cocTOJIHHJI O'leHI.- xopowa11. 

-Bo-aTopblx, a qacTHOM cnyqae ·TaepAoro Kopa H3Jio:>KeHHLiii 

MeTOA AaeT IlpH6JIH:>KeHHOe peweHHe Tpex'laCTH'IHOH 3aAa'IH, 

TO'IHOe perueHHe KOTOpOH IlpH yqeTe TOJibKO S -KOMIIOHeHT 

6blno rrony'leHo B pa6oTe /20 /*. · · 
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