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CnHH-IjJOHOHHOe aaaHMOAellcTaHe B rellaeH6eproscKOM 

¢eppoMarHeTHKe 

MeronoM nayxapeMeHHbiX ¢yaituHII fpHHa paccMaTpHsaeTCSI saaHMOAell

craHe COHHODOII H ~OHOHHOII nOACHCTeM, noriy'leHO ypaBH9HHe llafiCOH8 C SIB

III•IM BHJlOM llnR MSCCO.BOrO onepaTopa ljlyHKUHH fpHH8 nonepe'!HblX KOMnOHeHT 

COHH8 H npOB91l9HO COnocrasneHHe C peaynbTSTOM JlHSrpSMMOII TeXHHKHo 

Cool5uteHMe 06be~HeHHoro MHCTHTyTa JUtepHbiX HCCJie.noaaHHA 

,nyi5Ha, 1973 

Vuhajlovic F.R. P4 - 7291 

Spin-Phonon Interaction in the Heisenberg 
Ferromagnet. 

Using the two time Green,function formalism, the 
spin-phonon interaction in the Heisenberg ferromagnet is 
investigated. The Dyson equation, with the explicite 
expression for the mass operator of the transferse spin 
components is obtained. An approximate treatment of the 
mass operator leads to the results that can be-uniquely 
related to those of the diagram technique. 
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1. Beeoeuue 

B ue.naaH:eii pa6oTe I I/ 6bi.fw nonyqeuo TO'Iuoe ypaaueuH·e 
,lJ;aHCOHa .D:-!UI ,nayxapeMeHHOH· CllHHO~OH · tiJyHKUHH rpHHa 
B. MO,nenH reii3eH6epra H Haii,neHO COOTBeTCTBHe Me:>K,ny 
npH6nH:>KeHHbiM pacmenneuH~M Maccoaoro ~nepaTopa ~?"a.r- _ 
paMMHoii TexHHKoii BaKca-JlapKHHa·llHKHHa /BJill/ 2 

• -· 

. B uacToHmeii pa6oTe Mbi paccMaTpHaaeM ·MarHHTHbie 
B036y:>K,neHHJI B CHCTeMe B38HMO,neHCTBYIOlUHX CllHHOB H tlJo· 
HOHOB, nonh3YBCb MeTO.IJ:OM ypaoHeHHH .IJ:BH:lKeHHJI ,nnJI 
.IJ:BYXBpeMeHHOH tiJyH~UHH rpHHa / 3~ llpH llOMOlUH BBe,neHHJI 
H~J:I.PHBO.IJ:HM~IX. 'laCTeii_ cnHHOBbJX «PYHKUHH rpHHa, npe,n· 
no:>Keuuoro o /I/, 6y,neT nonyqeuo ypaoueuHe ,D;aiicoua 
C JIBHbiM BH.IJ:OM ,nnJI M8CCOBOrO onepaTOpa tiJyHKUHH rpHHa 
« S£ ISf>>.llpH6n_H:>KeHHOe'.J)aCmenneHHe Maccoooro on~pa Topa 
npHBO.IJ:HT K .IJ:HarpaMMaM, KOTOphle. COBna,naiOT C )(HarpaM· 
MaMH, nony'leHHbiMH o6o6meHHeM' TeXHHKH BJIU ua cnyqaii 
cnHu·tlJouou:Horo o:iaHMo.neiicTBH~.;'a 14/ H .rtaiOT~·cooToeT·. 
CTBYIOlUHe Bbipa:>KeHHJI ,nn11 .. 3~ TYX8HHJI MarHOHOB C KB83H·. 
HMnynbC8MH q -=/0 H q = 0 3a C'leT CllHH·tiJoHOHHOrO B38HMO·. 
,neiicTBHJI. 

3anHWeM raMHnhTOHHaH CllHHOBOH H tiJoHOHHOH no.il:cHCTeM 

1;,;_~ 

c. y'leToM. B3aHMo.neiicTBHJI Me:>K,ny HHMH, B03HHKaromero .. 
6naro.nap11 HJM~HeHHIO JtiJtiJeKTHBHoro noTeHUHana npHMoro 
o6Meua I (ke. -R.n) ·npH. Kone6aHHH aToMoo peweTKH. Ec.JlH 
orpaHH'IHTbCJI_ rapMOHH'IeCKHM npH6JIH:lKeHHeM ,nJIJI tiJoHOHHO,H 
no.ncHcTeMhi, TO a JIHHeiiuoM no MaJibiM cMemenHJIM.aTOMOB. 
npH6JIH_:lKeHHH HMeeM . 

.H H H ·• '"' 
.·+ f .. + 8.£~ /Ii• 
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~z 1 +- zz 
H =-h.,So --I J(e-mHSoS +S S 0 ) 

s e. " 2 e~m " ~ m " /la/ 
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kj kj kj 
He = I ... . 

kj 
/lB/ 

int 1 a a a + - z z 
H = - - I v (e-m)( u - u ( s II s + s s II ) ,- I 1 c / 

se 2 e~m.c£ . " m m " 

a . .\ ~': : .·,. t_ __. 

. r,ne S e ( a=+,-,zJ-orrepaTOp CIIHHa B YJJie pemeTKH e = <R f >, 
~,,":' JL,B llz ~ Jee.MaHOBCKaH 3HepJ.na'· BO BHeiiiHeM·:t'ylaqiH,THOM 

.:qp.p:e H. •;.e. ii . n a tr - orrepaTopJ>_I,PC!JK.rumna n yun .. ITpJKeuua 
mo.HoHa . c .rronapnJaiUieiL- j, BOJIHOBhiM BeKTopoM"q . n qac
.TQj-pii,, <ilijf /B. Jiam~~~e~llie.M Mhl. QfilaHH'IHMCH pacc~fO!Pf'! ;
HHCM· ·aKy<(Tmi:ecK_HX cPOHOHOB1 ~03_TQ,MY :j . IIpHHHMaeT 3Ha-
~~HH~, ,1,_~,.3/; ;.~:- .. , , ·: •'' .· :· .'; . , ,,, . · Jc' -~~:;. . -~ c! 
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~;. rrpoe.~_!.l:ffSl, C,Me~eHHH Y3Jia, f, Ha OOh a ; e kj - • e,nHHH'_IHhlH 
BeJ,<To:p .~ rronap~3.a.n:nn.;. M,.- Macpa,.jlT,OMa; ·N, T: .~Reno _"8.T()MOB 
B,.J5.P.IIGTa.!J~e H;_ . _. , · , 1,, ;,·... :. ·.·: ,,,-, 

~,_.~ .. :.-: . , ~i~·-.: at tip_.' .:._i). ~;;·,:·,'~· 7>·-l·:·;_ ·:··,,·: 
v ·re.:.. mJ,~- (R-· .;;,•.it Ja. ·re-mJ ·: ·· 

. ,, .I · a £ . m .··, 
~· ;:,· ,. ,./3/ 

J r ' ~ : ' ' • ~ '! 10 \ • • ' I I . . • I ~ ; .\ .11. 

• t ~ . • !"; • 1 -.~ • : : . ~. ... . 
... •: 2.._. Ypaeueuue~.,gauco1tp , . O/l.Ji · c;:nuuoeoii. fPYHKlJUU-Fpuua 

. •:- .' -·- :.;t··~·. ··: .•1. ··- ;··,.· ·.'-!:~.": - ~·. _... ! •. 

.,, • ;!(nJI, _,_ orrpenenf;!HHJI ·. c~eKrpa· · B036y)f(,neunii -::. MarHH'l'Hoii 
rro.ncncr.eM~r paccM:oTpnM: ypaBneHne . .nna crrnnoBoii <iJYHKUHH 
J'pnua'I'U ;::: ... --. ':· , __ ,,; :.~ .. , . .. :,. ;·,_ .. ,,., r: . , :. --· - ·.- :-

. .,#.•~·~). '1<1, {~t;!~--·,;:.;:r.•l -,· --
+00 .J -i<il(t-t) + - .IJ<il ) 

cee, (t-t')=«Se (tJ; se,(t'J»= f_;_
2
,
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r,ne IIpHHHTbl 06bi'IHhle 0603Ha'leHHH .IJ;JIH .IJ;BYXBpeMeHHhlX 
TepMO.IJ;HHaMH'ICCKHX cbYHKUHH rpnua I 31. Ilonb3yacb ypaB- . 
HeHHHMH .IJ;BHJKeHHH .IJ;JI.H+ orrepaTOpOB B rrpe,ricTaBJieHHH reii-
3CH6epra sf (t)=eiHt Sf e -iHt, rronyqaeM cne,nyiOmee ypaB

HCHHe .IJ;JIH cPYHKUHH rpnHa /4/: 

(i:~a .:..h)Gee, (e-t'J = 2<S;>Bee,B(i-t'J + 
dt 

~ ( z + z + + ., I £- m) «( S Sn - S 11 S ) · m t. t. m (t} 
se: r t 'J.» + 

m 

/5/ 

+ I Va(£-m}«((ua- u a)(s~st- stsm+)lftJ;se:ri'i>>~ 
m,a 

Y.no6uo BBeCTH 3HeprHIO MarHHTHhiX B036yJK,neunii B rrpn-
6nnJKeHHH cpe.n;uero nona, KaK 3TO 6hmo· rrpe.nno*e:uo B/l/ 
c rroMOIUhiO uerrpnBo.n;nM:oii no crrnnoBhiM·orrepaTopaM ciJynK

UHH rpnua: 

z + z + ir - z ·+ z + - . 
«(SmSe -se s ml ISe,»=«(SmSe -Se Sm)l~e-» 

+ - . + -
- A e m « s e I Se, » - A m e « s m I Se,. » ... 

/6/ 

3.n;ec:b K03cPcPHUHCHThl A em . Bbi6HpaiOTCH H3 ycJIOBHH o6pa
m~una·B uynh ueo.nuopo.nuoro qneua B ypaBHeHHH .nna uerrpn
BO.IJ;HMOH cPYHKUHH rpnHa 

<[(Smzst- Sezs:) ir 'se-;1> = 0:. /6a/ 

H3 jToro ycnoBHH, y'IHThlBaH orrpe~eneunc 

K03cPcPHUHeHTOB IIpH f f. m IIOJiyqaeM: 
. 1 % z - -1:· 

An =A n = (2<SeS >+ <Se S. >) • 
t.m . mt. 2 <S z> m m ._ 

e 

/6/, .IJ;JIH 

/7/ 

. 3TH K03ciJcPHUHeHTbl orrpe,neJIHIOT ypaBHeHHe .IJ;JIH .,CIIHHOBOH 
cPYHKUHH rpnua B rrpH6JIHJKeHHH cpe.nuero 'rroJI.Il I sf:~ - .. . . 

( C<J- h)Gel, ( C<J)=2oee,<S .>+I l(e -m)A£in.l Gfi, (C<J)-G:e,(!il) I, 
." m . ·-

/8/ 
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· p~Q.IeHife ~,<?Toppro, ~M~.;T.._.~~:P.-.:, ,.~ . ;,;.: , . ., .... ,,<'y.. 

... s% . 
• = , 1 · · lq re-e~J ·2< e > ... 

Gfe; (ClJ) .=·-.I e 
. : ·:·: :·.N -q., ClJ. -· 

E~· .• , 
q1 

k. ;,~ 

• •• ~ 1-

: <-_ .• · ••• 

/8a/ - . . ~. 

.· .. ··:-

3HeprHH CIIHHOBLIX B036ym,neHHH B cpe,nHeM CIIHHO.BO~: UOJie 
pasHa: ... 

1 i;re-;;1 
E ... = h + - I I ( e - m J Ae ( 1 - e J • 

q N em m 191 

YpaBHeHHe .D:JIJI IIOJIHOH cPYHKUHH rpHHa /5/ c_y'!eTOM ypaa
Hel{HJI /8/6y,neT HMeTb BH,n: 

• j :_ "' 

1 
Gee, r ClJ) = Gee, r ClJ) + I Geo r ClJ) x .· 

. . 1 f 2 _<( S,£ > 

· " . ·. ·' ; + · z + lr . - · · /10/ 
x II llf-mJ«(S :S·· ..,.s .s r ISe,»· +.,. m · mf fm ClJ 

--4 ~ ! 

·a··. ca a.+ .. +··-
+·I V'({.:..m)«(u 1 -um)(S~S£-SezSm)ISe;·»~: .. ' 

ma 
... 

,l(JIJI orrpe,neJieHHJI_. cPYHKUHH TpHHa an.na «A ( tY/ se:te.,} >> 
'lA .,; (S~ S :+:~:S z Sm+j}'' linn .{u a_u ~ )( s· zs+.l::s'z.s ·+jj, •'axo~· 

. . . " . . ., ' I. .. f . .. . f. m . ,., ,m e . e . m . <• • 
I I - -·, :';, :, .\ f. • ~ '

0 
J : ,: • ), ' 0

: • • • ,• ', ~- ' ~ • ' / •' ., • • 0 • ' , .,/ • ,• 

.D:HIUHX B rrpaayiO 1.faCTb. /10/, BOCIIOJIL3yeMCH. MeTO.r{OM 

.D:HcPclJepeHD;HpOBaHHJI cPYHKUHH rpHHa no BTOpOMy_ BpeMeHH \ :; '' a . . \ r ~. - .. 

t-i -. -hJ«A(iJ; se~te'J» = B(e- e'J<[A,se: l> + · a .t ~ ~· . · ; · . • ·' ... . ..... 
.>, , • ' ~ • ' It : ~ :. : <1.' ; :" ~ t .' I· ,:, __ • t_.: _._: 

+I, /(f'-m'J..«A(tJ~ (S111z,se;~se;sm-,J(t')» + .. /11/ 
. m . . ( . - ·, . , . ··, 

{3 . . %- ~-- fJ. {3. 
+ '· I .. ' v (t'- m I)'<(< A (t) ; l ('S~ ,S·e;· -.se, s ~,Hue., t-:U ,;,J.I(t ')>~. 

m '{3 l' • •. : • •~:''~·.:. Y'":• "io.tr·• · , ·~·. · -:.:.!~;r··· ·-·~~· 

· "· 'sao.ni H~rtpm3o.nu; .. r'Lie rrb ··c·rrHHoin.ni oiiepaTopal..{~ oi'~ 
HOCHI.QHMCH K MOMeHTy BpeMeiiH t', cPYHKUHH rpHHa aHaJio-

:J; 

"'I 

L 

l;' 
' 

! 

. i 

rH'!HO . /6/, UOJIY'I?-e:M _ypaBHeHHe .D;JIH !lJypLe·.KOM:noHeHT 
cPYHKUHH rpHHa /11/ B BH,ne: 

«A 1 s-= >> . f'. 
1 

I Gfo' , (ClJ} I I ·J( {'"-m ') x · 
2<S > 1' I m' 

z - · z - ir 
x « A 1 r s ,se, - se, s ,J » + 

/1la/ 
m · m ClJ 

+ I v {3({,- m') «A I (u ~- u ~)(S z,se:- se~ s -:J>>. l' 
'Q · · I· m . m. · m,. ClJ m ~ . 

r.,ne ·MLI Y'-liiH, '-ITO. COrJiaCHO OIIpe,neJieHHIO· HenpHBO.D:HMLIX 
clJyHI(IJ;HH rpHHa /6a/ Heo,nHopo,nHLIH 1.JJieH B /11/<[ A, Se-;]>=0. 
YpaaHeHHe /8/ MomeT 6LITI> 3anHcaHo'B an.ne: 

Gee, (ClJ} = Gfe, (ClJ) +. I, .Gel (ClJ~Pff,(ClJ}Gj,e,(ClJ},/12/ 
. . - .ff . 

r,ne p ff' ( ClJ), t;ra3LIBa:eMbiH. 06bi1.JHO pa,nHaiJ;HOHHbiM OIIepaTO
poM, HMeeT an.n: 

a fJ 
I V (f-m}V (f'-m')x 
'a~· . mm ~ · 

( 2 < s i >) 2 p ff' (ClJ} 

( a a z + z + I · fJ fJ z - zs- .. x « u . -u }( S S - S S } ( u , -u ,)(S ,S ,-S, ,}» + 
I m ml lm I mml fm ClJ 

+ I l(f.:.m}l(f'-m')«(Sz s+_szs+i'I(Sz,.s-,_s;s-,/>> + 
, m I f m m ·/ · I · m · ClJ 

mm 

+I l(f-m.)V{J(f'-m')«{Szs+_szs+)l(u{J-u{JHSz,S1-;:_s1~-l>> + 
· 1Q m I I m I m m · ·m' · ClJ 

mm ~ 

+ I 
mm 'a 

a · a a· 
V (f-·m)l(f'-m')<<(u -u )x 

I m 

z+ z+ z- z-
X (SmSI -S1 SmJI(Sm,s

1
,-s

1
,.sm,)>>ClJ .. 

/13/ 

7 



.;: 

- ,• .. MacCOBhiH O~epa;Top;,. fi 11,Jw),: rionHoii:. lPYH.KUIIH rpHHa, 
onpe,nemieMhiH ypaaHeHHeM ,LJ.aiicoHa: ; · :-: ·. ·· 

: cf£,_(w) Cfl'- ( w) + l:,-- Cf {w) TI11, ( wl,C1,e,(w), /l 4/ 
. If. . I.~ . . . .. . . 

_CBJI3aH C onepaTOpOM p. ,(w)ypaBHeHHeM:. 
. If . 

.. 
. P , (w) 

fl . ll , (w) + l: II 0 ~(w) C£0 , (w) Po , ( w). . /15/ · 
If · _ ££,. ft. · I · r. I · · 

.TaKHM o6pa:~oM, o:H npe.nc.Taan~eT co6cnieHHYIO /HiiH cHnhHO. · 
CBJI3aHHYIO/ qa?Tb onepaTopa pf~t;) (w), He co,nep~au{yiO 
qacTeH, ___ coe,n!fHeHHbiX· _ o,nHOH . n_HH~eii .· G~~. ( w). _qepexo,nJI K 
!IJyp:be_"- paJnmKeHHID no nno~KH·M· ~onHaM, aHamu:H'IHo ',(8a/, 
perneHHe ypaaHeHHJI ,!J;aiicoHa /14/ 3anHIIIeM a· BH,ne:_ . · 

.. . . • ~ ~ . "' t • •. • ....., 

z 
. ,_ 1 . .. iq·r£.,...£'J 2<Se > 

G ,~(w) = "- l: e E 2<Sz>II (w) f£. N-+ w- -+- o ... _ 
q q • r. _q 

/16/ 

. _,.,. 

3,neCh MaCCOBbiH onepaTOp~ 9npe,nenJieTCJI; cornaCHO /131 
, H /15/, . 

. ... ..... ..... ..... . 

. 1 . ·:..i·;,e_;e, ') / \ . 1 : -i;1e4. ') . (c) . ' - .. 

IIi(w)= N f£~ e ~~ (w)=N ~>e, . Pf£, ((J.l)./l 7 l 

e 

Cm;KTpallbHaJI nnOTHOCTh ·MarHHTHhiX B036y)K,neHHH ,nnJI 
BOnHOBOI'O BeKTOpa '• q onpe,nenJieTCJI MHHMOH qacTbiO liJYHK-
UHH rpHHa lt7/: .. , .. 

. \.· 

(
... . 1 

g q, w) =--1m G 
1T 

2-<Sez >f' ( w) 
(w+id= q 

[w...;.E -d...{w)] 2+ f' !,.((J_l) 
. q . q. . q .. 

•1181 

r,ne C,nBHr 1:!.-+(w) H nonyiiiHPHHa f'-+ (w) onpe,nenJIIDTCJI Heyn-
q q 

pyrHMH npoueccaMH pacceJIHHJI: 
~- ., •. 

1:!. ... (w) = 2 < S
0
z > Re II ... (w}, 

q r. q ' 
·~ 

8-
.. 

I 
~ 

"i! 

~ 

~ 

z .· . 
r ... ( w) = - 2 <So > I m II -+ ( w + i E) •. 

q r. q 
119/ 

PaccMoTpHM .nanee HeKOTOphie npH6nH)KeHHJI ,nnJI Maccoaoro 
onepaTopa /171. · 

3. llpu61luJICeHHOe Bbl'-IUC/leuue Maccoeozo onepamopa · 

llpH. o6Cy)K,neHHH qneHOB C HeynpyrHM pacceHHHeM, 
onpe,nenJieMhiX MaccoabiM onepaTopoM 113/,117 I, JaMeTiiM, 
'ITO ,nnH H30TpOnHOI'O raMHnhTOHHaHa ren3eH6epra lla/ 
OTCYTCTBYIOT CBJI3aHHble cnHH-IiJOHOHHbie B036y)K,neHHH / 6

/ 

H n03TOMY MO)KHO npeHe6pe'lh no'cne;nHHMH ,nayMH qneHaMH 
a I 13/ ./ OHH ,naiOT aKna.n 6onee BhiCOKoro nopH,nKal. KpoMe 
TOI'O,- npeHe6peraeM Heynpyi'HM cnHH·CnHHOBhiM paCCeHHH· 
eM-,KaK B /4/, H orpaHH'IHBaeMCH paCCM.OTpeHHeM npH6nH· 
)KeHHJI BT.oporo nopJI,nKa no cnna-4JOHOHHOMY BJaHMo,neii
CTBHIO, KOTOpOe OnHCbiBaeTCH nepBbiM qneHOM B MaCCOBOM 

onepaTope 113/. 
,D;ayxapeMeHHbie CnHH·i~JoHOHHbie !IJyHKUHH npH6nH)KeHHO 

pac~ennHeM: 

{3. z - .a z + 
<u , (t) S, (t}S, (t)! u S S > = 

I· m· f· f m f. 

= <uf3(t)~a·><S z (t)S·- (t)S z s+ > 
, , , f 

f f m f m. 

/20/ 

r.ne IipeMeHHhie KoppenHUHOHHhie !IJyHKUHH cMeiUeHHH Bhi
'IHCnHIOTCJI n~ O,nH~IiJOHOHHOH !IJyHKUHH rpnHa . 

{3 +"" <u_,(t)na>:, J dw· 1 _iWt 
' . i . 2 w/(} e 

[-_:_lm«u~lu ~ »' ]. 
1T & i W+il 

-"" 
17 e -1 /21/ 

TaKHM o6pa30M, ao aTopoM nopH,nKe no cnnii-lboHo:imoMy 
BJaHMO,neiicTBHIO .,nnH Maccoaoro onepaTopa /17 I, ncnonh-
3YH /201 'n cneKTpanhiioe npe,ncTaaneHHe ,nnH !IJyHKUHH 
rpHHa B /13/, nonyqaeM: 
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(S-:ph} 1 l: -· X 

2 ~S e> ll; ( CIJ) = M 1 . ( CIJ) ":= 2<S[ > -ff. 'm,;.. -:_ .-
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_ IIepBLIH •meH a itiar~pHLIX cKo6i<ax ·oripe.n~nHeT pacceH
uue: .. MarunTHLix B036y)K.neuuii c: y•mcTHeM _1,ououoa B cpe.n
HeM none z -KoMnoHeHThi criuuoa· f,,,<S£>_),aTopoii: •meu 

. .,, 
y'-IHTLIBaeT .nononuuTenLHYIO nepe.naqy .HMnynLca_.cHcTeMe 
CDHHOB~ . D03TOMy' a' -~nHH~OB;nHOBO~ rrpe:n:~n~ 3-i~- BKna.nLI 
HMeiOT paJnH'-IHyio aCHMDT.01'HKy. ,lJ;nH KoppenHUHOHHo_ii $yHK
tiHH K£e,~ ( t) ·a. .nanLue.ifriieM ucnonLJyeM cTanlt!ecKoe 
npu6nu>Keuue f{ f£\ (e) "' K &_z, • · · .: 

. qneHbl B MiCCOBOM onepaTope MO>KHO npe,ncTaBHTb rpa
$u-lieCKH, ecnH II;Onh30BaTbCH ·cne,n}'IOII.(HMH npaBHnaMH CO-
OTBeTCTBHH /pHC• 1/: . . 

•. . . • a . 
Cnuu;.$ou'ouuoe l}JaHMo.iJ:eiicTBHe V (f-m)o6oJHa'-IHM aonuu
cToii nHHHeii Me~.ny Y3JI<lM-~ f H m ,KoppenHUHOHHYIO $yHKUHIO 
K :~e ( t) - .UBOH~OH nuiim;'H co CTpenKoii OT y3na e ' ' 
K yJny m :-Koppe'iiHUHOHHyro li>YHKUHIO K :; 'C.naoiiuoii nuuueH: 
Me1f.UY yrnaMH f 'u. m ~- $oHOHHYIO KoppenHUHOHHYIO $yHKUHIO 
.'<u m,/t)ut > -ny;uKTHPHOH nuuueii u<S[>- KPY>K!<OM. :Kp~Me 
Toro, .nnH cfnocTaane~~H c I 4/ yJnY. ,e .no6aanHeM axo.nuyro 

. iiHHHIO (- ),a· y3ny f' ''BhiXO.UHYIO (f-). _3TH nHHHH> COOT
BeTCTBYIOT HyneBbiM $yHKUHHM rpuHa B ypaaHeHHij /12/. 
HcnonLJyJi : 3TH ~ npaailna:, _ paJnH'IHLie IieuyneBLie _qneHLI, 
KOTOphie COOTBeTCTBYIOT pacceHHHIO MarHHTHhiX B03Gy>K,ne
HUH B cpe.nHeM none ·/ -KmdDOHeHThl CDHHOB B /24/, 'MO>KHO 
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v a re-m)= 
a . I -+ -+-+-+ 
D Uf-m)=; _ ~ iQaJ ... _tQff-m·J 
L N -+ Q e 

Q /25c/ 
... -+ -+ 

I a tO(f.-mJ 
=-~1-+e 

N Q Q 

-+-+ 

Z% 

K f£' 
I ~ i;;ff-f'J zz -+ 

N ... e· K (q), 
'/25!1./ 

q 

r11.e 
E-+ /8 .. 

n ( E q) = ( e q _ 1 ) -1 
JI 

N(w-+ )-( 6f/8 -1 
k 1 - e -I) , 

ll.ll.H nepaoro 'l_neHa B tiJnrypHhiX cKo6Kax B /24/_nonyqaeM 
Bhipa:>KeHHe: 

. ' -~-

{1) 
M ... ·(w) = ~ 

q kj 

2 I +N(cu... )+n(E ..... ) N(w.+·)-n(E ... ~J 
lA (q,k)l { kt . q-" · + ki q~"l, 

w-E ... -+- w-+ w-E-+ -++W-+ · 
q-k k/ q-k ·k;:_ 

/26/ 

r11.e 

·% 

i<S > -+ -+ 
A (q,k)= f [(k,e-+ )(! ... _f.,. ... }+(q,; ... )(/-+ -+-/-+}]. 

1 · . y
2

MN.wli ki . " q-k k/ q-k q . 

Bhtpa:>KeHHe /26/ nonHOCThJO cosna11.aeT c aHanorH'IHhiM 
Bhipa:>KeHHe.M, nonyl.feHHhiM B I 4/.lionee~Toro,Ka:>Kll.OH )J.Har
paMMe Ha pHC •.. 2 MO:>KHO COUOCTaBHTb COOTBeTCTBYJO~YIO 
lJ.HarpaMMY B I 41, npn.:.eM HX Bblpa:>KeHHH nocne 'l>ypbe
pa3no:>KeHHH coana11.aJOT. 3a TyxaHHe M:arHoHa, cooTBeT
CTBYJO~ee /26/, C HCUOnb30BaHHeM /19/ MO:>KHO 3aUHCaTb 
B BH!J.e: 

{I) -+ ... 2 ' ' . 

r ... (w) = TT !- I A I ( ij, k) I ((N ( w;:. )-:-n( Eq-1))8( w -E:-t+WTt/+ 
q kl 1 ,. 

/27/ 
+(N(w-+ ) + n(E-+ -+)+I)B(w- E ... -+-w=-+.)1. 

.k/ q-k q-k k1 . 
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PaccMoTpeHHbie npoueccbi ll.Hccnnaunn 11.a10T Hyneaoii BKna11. 
:B 3a i'yxaHHe MarHoHoB npH q ... 0. 

~ )J;HarpaMMbi . c Oll.!foif'n:ern·en' a"~aHMO!J.eifcr·BH.H, npHBo
lJ..H~He K Han6onhllleMy :Bknatry· ,· :B 3aTy7!ine · MarHoHoa 
B OKpeCTHOCTH KpHTHt.i~CKOif TeMnepaTypbi 4 ,~MoryT 6biTb 
nony'leHbi 3a cl.feT 'lntma ; :- · i: · : 

a {3 K ; z ..... + ( -.. {3 {3 (') a a) 
V (£-m)V (£'-m') i'm Kf.'f tl<(ue,(tJ-um' f-)(ue -um > 

B /24/. HcnonL3YH c:ipopMynnpoaaHHhie npaanha cooTBeT
CTBHH, nonyqaeM lJ.IIarpaMMbl, llOKa3aHHbie (Ha pHc .. 3: 

qneH, KOTOphiH B MaccoaoM onepaTope cooTBeTCTByeT 
ll.HarpaMMaM Ha puc.:' 3, ;IjocJte--·<PypLe-pa3no~eHHH /25/ 
11.aeTC.H Bbipa:>KeHHeM > ~": ; , 

. (21 ... ~2 z'i I+N(w-+k.)+n(E ... ~' ... ,) 
M {w)= ~ I B (q'1 k)l~ K_./~{ :< 1 q;q · + 

'Q q'kl · 1 .- q "7." w-E ... -+,- w -+. /28/ 
q -q . k1 

N ( w_. )-n( E~ .,.,) 
+ kj __ q-9'1. 

w-E-+ ... ,+ w.;·. · 
q-q k1 

. 
" • 

' ;. 

~-· ... ."'• ...... _. • .. ~ -~ 

' ~ 

" . 
. "' ;; . . .. 4 

r11.e ... ... ' . -+ -+ -+;: )! ( ·-· }/ ] B ( k) - · {{q-k e,t -+ -+- q, e-+. -+ • q, - ·• . ' kj- q- k ; k1 q 
q N-'2M· · • v :lt)-+ .. ~· ~-; 

I· k/ ;. . ._,, c. 

3aTyXaHHe MarHOHOB, ~COO'(BeTCTBYJO~ee Bhlpa*eHHIO /28/, 
HMeeT BH!J.: ~ ,. ~ 

(2) ·4, ... 2 r 
r ... (w)= TT ~ IB (q ;k,)l ((N(w-+. J-n(E ... ~,)Jx 

r.+ . • .• : "' q -q . 
q q kl 1 .... ;., • ..,, ... -,--·. ~ 

... r . 

x B(w-Et-;1+Wki )~(N~~k/J+n~~-;-9)+ 1)~ 
... '.. . . 

/29/ 

; \-;-... ... .._.,. !· 
~r )}·.zz, xu w -·E ... -+ ,-cu-+. K;-+, :t. . 

q -q . k1 ~q - k- . f ., 

' , CHoaa nonyqaeTc.H :nonHoe coana11.eHHe !1.Haq5aMM, np_e,n;-
cTaBneHHhiX Ha pHC. ~,- 'lr ·cu6i'Be1't:T8yidtl{lt)t""'";:i;HarpaMMaM 
a! 4(n Hx BKna,n;oa a MaccoBLIH onepaTop Mf;-phfw).pbi'IHc
neHHe Koppen.HUHOHHOH tPYHKUHH K ;z B /28/ H /29/ He 
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MO:>KeT 6biTb npoBe):leHO H3llO:>KeHHbiM 3,l:leCb "npOCTbiM 
MeTOAOM ypaBHeHHH ABH:>Ke~mH:', ee MO:>KHO onpe_,nenHTb 
IIplf6!11f~e!fHO·?;.-:JIH600 Me'{Of,(O~·'":o,l:lHa:r;paM~J.{O~j~eX~HI<H f 2f, 

; -- j ,. ; J • • .. - -.-f ~ ' ,. - l .... -. " .· ~ , . . : { . . - ·; . __, .. 

nn6o 6.onee ·cno:>KflhiMH npH:e:MaMn; oc·iio:BaHHhiMH ita ypaa-
HeHnnx ABH:>KeHH!J~ f ~¥.: ,_~a,npnMep.,_ !71 I. 

~ ~ ·- - ~ -; ........ "\ ' • }>-- • -~ -r 1 . ' 
Tai<HM o6pa3oM.',i '::)(cTalioantnt'Hoe, cooTaeTcTane n.nar-

paMMHo:H TeXHHI<H H ypaaHeHHH ABH~eHHH .nnn nayxapeMeH
ll~~~ WP,M-oAJ!HaMJflepi<~~ clJYHI<UHit; !p_liiift~ nae'!'~:Bo3:Mo~HocTh 
aH:n~eTi.;· c · yqeThM ··I<ai<oro ·-I<nacha 'nnarpaMM: caB:3aHa Ta 

nn~~:~!faJJ._.~.JI?Po~.?~~~~H~ ~ IIPJ.I, o6ph!J3~S,~~-;~e.rr"9~I<H ypaaHe
HHH .-,;..n;mr! .CJIHHO~Oll-.. :clJyHI<~HW~ rpnfia·. ;,,fipnM:eHeHHe 3TOrO 
MeTO,l:la npH yqeTe~ CIIHH-clJOHOHHoro B3aH~OAeHCTBHH acex 
nopHAI<OB paccMoTpeHo B pa6oTe fs/ 

·- .. CqnTaro CBOIIM npnnHTHhiM no.nr_oM Bhipa3HTL...6nar,o,u.ap
HOCTh H.M.finai<H,l:le 3a IIOCTOHHHbie.o6cy:>K,l:leHHH H COBeTbl . 
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