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0 TOqHo pemaeMOH MOAenll CO B3811MOAeHCTBIIeM qaCTIIU 
pa3Hb!X COpTOB 

Ha np!IMepe 11311HroBCKoro aHTR¢eppoMarHeT!IKa co B3aiiMOAelicTB!IeM l!N 
Me*AY noApemeTK8MII paCCMOTpeHO MaTeMaT!IqeCKII CTporoe AOKa3aTenbCTBO 
CyllieCTBOBaHIISI ToqHoro B TepMOAHHSM!IqecKOM npeAene pemeHHSI AnSI CIICTe
Mbl CO B3811MOAeHCTBIIeM qaCTHU pa3Hb!X COpTOB, 

Coo6meHHe 06be,nHHeHJioro HHCTHTyTa g.QepHbiX HCCJie.QOBaHHii 

,lzy6Ha, 1973 

Brankov I.G., Shymovsky A.S • P4 - 7205 . 
On the Exactly Solvable Model with 
Interaction of Particles of Different Kinds 

Mathematically rigorous proof of existence of the 
exact (in the thermodynamical limit) solution for a 
system with interaction of particles of different kinds 
is given by the example of an Ising ahtiferromagnet with 
the interaction liN between the sublattices. 

Communications. of the Joint Institute for Nuclear Research. 
Dubna, ·1973 
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B coBpe:u:eHHOil ctaTHCTH.~ecKoil «lJH3HKe ocodoe BHHllB.HHe y,lle

xsetca HCCX8,llOBaHHD :U:O,ll9XDHHX 3a,llaq, ,llOOYCKa~HX, roqH08 peme~ 

HHe B TepKO.JlHHawqecKOK npe)lexe (N•-, V- oo , ~ =ccmst, r,lle . 

N - qHCJIO qacTHil H V - Od'!>CU CHCTeMH) H 003BOXHJJlltHX onpe,lle-

. XHTD aCH:U:OTO'fHqecK08 OOB9,ll8HH9 «lJH3Hq9CKHX B8XHqHH, T~HX KaK 

CBOdOiHaa aHeprHa H ee npOH3BO,llHHe, KOppexanHOHHHe IPYHKUHH H 

IPYHKUHH rpHHa. OcodeHHO 3Haq~T9XDHHD ycnex B 3TOM HanpaBX9HHH 

dHJI ,llOCTHrHyT OpH B3yq9HHH :U:O,ll9JILHHX raliHXDTOHHaHOB THna 

H.H.EorOXDdO.Ba - Eap,llHHa B T90pHH CBepxnpOBO,llHUOCTH/!, 2/. llpH

K8HSBmH~CII 3,lleC~ :U:9TO,ll 'ocHOBaH Ha BB9,ll9HHH TaK Ha3HBa~KOrO 

anripoxcH:u:HpyD~ero raMKHDTOHHaHa H :u:are:u:atHqecKH crporo:u: ,llOxa

sarexDCTBe COB0a,ll9HHII CBOdO,llHHX 3HeprHil liO,ll8XDHOI H annpOKCH

.opyD~el' cHeteK B tepilo,~J;imalli!qecxoK npe,lleJie. B )laJIDHeRme:u: :a 

padotax H.H.EoroXDdOBa (KX./'J-6/ dHJI H3yqeH mHpOKH~ Mace 

KO,ll9JIDHHX CHCT9ll KaK C OTpHUaTCJIDHHM, Trut H C OOJIOXHT9JILHHM 

qerspexq,epKHOHHHll napHHll B3aHKO,llelcT~He:u:. Oxa3anocL raxxe,. 

UO K qHCJIY 'fOqHO. pemaeuwc B T9pliO,llHHaKHqecitOK npe,lleJie MO-

~e.IILHHX 3~aq npxH~JiexaT cxcTe~, raKHJILTOHHaHa xoropax co-
.. 

~9PJ8T O,llROBp9M8RHO qJieRH C OOJIOZHT9JILHHK H OTpHUaTeXLHHll 

B38HMO,ll8ICTBH9M/5/: 
~· . . ft • 

H: T + 2V L n.cn: -2vL. 'Joe 'J.t. .,,; · (I) 
.t•.f .C•4 

OneparopH T' nil ,3... Y.JlOBJI9TBOpiiDT 3,ll9CL H9KOTOpHll od~HM 

~OOOJIHHT9JILHHM ycJIOBHsYo AnnpoKCKUHpy0..A raMKJIDTOHHaH ,llJIS 

faJDIX CHCT.9M CTpOHTC.IJ Jl C00l'B9l'CTBHH. C npHHUHOOK DHJDiaKCa 

( .. )hi H.H.EoroJIDdoBa MJI. • · 

B \ro ze. BpeMa npE!,llCT8BJUl9T 3HaqnTeXLHHI HHTepec OdOdul9-

EB9 yK838HHHX UCl'O,llOB )lJI.IJ cnyqaa :U:O,ll9JILHHX rawtJILl'OHH8HOB CO 

B3aB:UO,ll9tiO :BifCJI qacl'Hl\ pa3XHqHHX COpTOB~ npH11Cpoll KOl'OpLIX 
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uoryx C~yzx:L uarHBXHKH, COCXORmHB H3 HBCKO~LKHX B3aHUO~el!cx
BYD~HX ue~y codon_n.o~pemexox •. _ 

-PaccuoxpHU npocxe~mHH c~yqaH ~Byx HSHHrOBCKHX 3KBHBa~eHx

HllX DO~pemeXOK BO BHBmHBJl JUlrliH:i:HOU no~e h . • l!RCJIO Y3~0B B 

xa~on H3 no~pemexox odo3HaqHu qepe3 I{ • Ey~eu cqHxaxL, qxo 

B3axuo~encxBHe ue~y no~pemexKaHH Hueex decxoHeqHuH p~Hyc 

(B npe~e~e N-+ oo) it HHXBHCHBHocn ~IN , r~e J -·~t. > 0 • 

raw~LtOHHaH CHCXBW_ 3~~HU B B~e: 

1t. ... _ .,t(h.lz. o;Cf) + z., a;'',) + .1 r (T, (••cr. {l) 

. I f. ' -N I•J ~ I . (2) 

3~BCL jH - MarHHXHHJ! l.LOMBHX aXOMa, <ra (1 1 - ~ - KOUDOHBHXa 

UaXpM~ llay~H··H BepXHHI! HH~BKC YKa3Wlaex COpX qaCXHll, COOXBBT
CXBYD~HX-DO~pemexxau. 

l13 coodpaxeHHI! y~odcxBa BBe~eu c~e~yn~He odo3HaqeHHH 

s~ ... .! t a:u, . s ... .! ~ (r.ti> 
" .. N.+ .f .' :,.N_I' 

H npe~craBHu.rawmLXOHHaH (2). B B~e:. 

x.-. -fth.N (s1 ~ s,J ~ ~,.; s.s~ . .(3) .... - . ,.. ' .. 

.JlMee nepenifmeu raUHJxLTOHHaH (3) 'roE,ItecrBeHHW odpa3ou: 

4 t 4 '1 t 1(--tthNS,_+~?-N.S -2::JN,(S,_+Sz ), . . (4) 

r~e s :. s.+s1. TaKHM Odpa3ou, w npHIIIJIH K ll,OAB~LHOI! CHCreue 

THna (I), H ~MLHel!mee HCC~B,ItOBaHHe dy,~ter DpOBO,ItHXLCH B COOT:- _ 

BBTCXBHH C. npHHI(HDOU. UKHHuaKC~ H.H.EorOJIDdOBa· (UJI/5/t pac~ . 

cuorpeHHoro .~t~H cnyqan KBa3HCnHHOBHX cHcreu·B padorel71. An
npoxcHUHpy~Hl! raUHJILTOHHaH ,~tJia cxcreuu (4) Budepeu B B~e 
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.... 

\ 

"" 

!I 
i: 

\ 

I 

r 

> t 
'ieo(C,ChC~)=N~ ('lC.-:JC.C-f'k)S.,-: 

IC•• 
-. t. t 1 - - :JN ( c - L C..t ) • 
2. .C•( 

(5) 

Tor~a, otteBH~Ho, 

.... 
7-t. = J<. (c,c.,c~.) + lt (c,c.,c.z.), (6) 

r~e 

- . . z. z 4 t 
'l(.(C1 Cc,Cz.) •-i JNf.

1
(S.t -CI() +1lN (S'-C.) • 

Onpe~e~HM y~eJILHYD cBo6o~HYD aueprxm .~t~H npoH3BOJILHOI! 

}( -qacrHqHOI! CHCXBUH 1,i nocpe,~tCXBOU COOTHOIIIBHHH 

~[SSl =- ! ~sf e-iSS "· 

K.noxazeu, qxo B repuo,~tHHauHqecxou npe,~texe nnoxuocrH cBodo,~t

HllX 3HeprKI! ,ltJIH raUKJILTOHHaHOB 'X, K 'Jl9 (C,Ct,Cz.) COBn~aD;, 
a :i:a:ae onpe~eno qHcxa C , C1 , C1 • 

llepeDHIIIBJl HCXO~HHI! UO~eJILHHlt rauHJILTOHHaH (2) B B~e: 

ll. • 1!+ - -1
4 JN f s; . ••1 I 

(7) 

r.~te 

Jt .. • -rhs + f =rNsz. (8) 

QqeBH,ItHO, 
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... 

-

r.n;e 

,._ 
"Jt-+ =-J<+(C}+ 'K+(c.) 

I 

J(+(C.)=N(:JC.-~k)S" -i::JNC~ 

){+(C.)-= !JN(S-C)
1
• 

(9) 

B xo.n;e .n;aJI&Hellmero .n;oxasa:ren&c:rBa HaK noa~oOx:rca cJie.n;yo
~aa :reopewaxl. 

TeopeKa H.H.EoronDOOBa. ITycr& raKHJI&TOHHaH cxc:reuu 
KOZHO npe.n;c:raBH%& B BH,ll;e -~ .. n. +Si. 
Tor.n;a KK8DT 1.!8C%0 H8PaB8HCTBa 

~<ii>s 'ft.nl -fl.S.] ~ ~<s>sO/ em) 
r.n;e ( • • ·) ooosH~11aei cpe.n;Iiee 3Ha11eHxe. . 

B cKJIY :reopew H.H.EoraJlDdosa .n;u cHc:rew (9) xKeeK: 

i(X+(cl} 'flX.-].:_ftX+(c>},!<i+<cJ).: 
N ~ ~~. 

salie~IW,,11:ro <fi+C~J)a !'JN((S-C.)2
.) ~0~ 

)laJiee, HHHHJiaJIDH08 3H.a118HH8 pa3HOC:rK DJIOTHOC:rell CBOOO,ll;HHX 

3Heprxll l! a:roK HepaseHcue peanxaye:rca npx BHOope :'faHOOJl&lllero 

3Ha118HH.R f[)4(C)l, paccKa:rpHBaexoll Kalt ~YHitiUUl napaye:rpa 

C o YCJIOBK8 KaKCHyYKa npHBO,ll;HT X COOTHOIII8HHSIM 

~ftx..(cJlf. = o , 
lC c .... c. 

atnx+(C)] I· ' 0, 
acz , .. ,. 

x/3ra reopee dlVIa npe.n;n~:a:~~a ?H.H.~~roJlmOoBHKl! 1956 r. 
B CBSI3H C KIHHKaJl&HHK npHH~OK ~JlH CBOOO,ll;HOII 3HeprHX. Ee . 
AOEa3areJI~C%BO ,ll;aHO B pa0o:ref6/ 

. ~ 

6· 

;] 
i' 

•\ 

. . ··]' 
. ' 

li . I 
'1 

.. !). 

o:rxy.n;a 

c. =-- zfAt :Jc. -~~ 
9 

Sa.Ke:rm.r, 11:ro l! o:rcy:rcuwe noJui Co1l.O K f[X .. Co)]=-6~2; npK 

JIDOiiX rpKXCKpOBaH~. 3Ha118IDUDC f\ K 9 DJIOTHOC:r:&. CBOOO.n;HOII 

3HeprKK f [jC+(CJj ;aza:e . SIBJIR8TCSi orpaHH118HHOII B8JIH11liHOII. Jro 

SIBJISI8%CSI YCJIOBH8K npHK8H8HHSI K CHCT9K8 (7) OO~ero K8TO,ll;a-Kc-
) ~ .. 

cne.n;oBaHHSI cnHHOBiiX s~a11 c orpnuaren&HHM B3aHMo.n;ellcrBHeK . 

:rxna.lfJi /Bf. B ~OO%B8TC%BHH C ue:ro.n;OM ~OOTH/6/ HK88K He~~ 
B8HC%l!O 

r.n;e 

0 ~ tni.tt f [lt.(C1,C~)] - S [R] ~ 
(CtoGa) 

£N . ._ N-~ 191 H. 

£N 
/ 

. t. ., 1 1 
~0 (C,,Ca.J a 1(,.- 'JN Z C,~,. + 2: 'JN! C., 

eC•1. : .. •h1 

(II) 

)laxee, He:rpy.n;Ho BH.n;e:rD, 11:ro 

.. .. ~ 

''·ieo(Ci,c,) • lto (C,c,,c~,) + )(+(C) · , ,(12). 

r.n;e r~&:romiaH X.(c,c,,c,.) onpe)teJiiercSI coorHomeHKeK (5)~ · 
BHOBD BOCDOJI&Sy&KCSI reopeMOll li.H.EorOJIDOOBa. HyeeK 

·. . 4 -o ~Jl x.{~4·'~->1.:.. ~ tx.cc.c,,c.,.)] ~ li <:~~ .. <~l)-u c· ., . . . "'• c,c,,c,) 
', 

WKCHpyeK 3,ll;8C& napayerpH Col . ; ror.n;a HaHJiy11maSI annpOltC~Ka-

~a B 3TOK HepaBeHCTBe peaJIH3JeTCSI npH BH00pe HaHOOJI&mero.· 

3~a118HHSI IPYHIUUlH nx.(c,c.,cJlno napallerpy c • Cpe.n;Hee B npa

. :Boll 11acrx Ko:a:er. OHr.~ oneHeHo npa · noKOIIIH reo pew Baxa:-E~oxa

~e J{OKHHHilHCa, ~OOOI!IeHHOll Ha CJiy11all.oneparOpOB ilayita B paOO
re/lO/. ITony11ae~o~ 
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I. 

' 

i' '. ' 

,• 

0~ HX.(C,,c.n- mcu nx.(c,c4,CI.ll ~ JN (13) 
. (C) , 

r,~~;e f 
111

- N-i • fuluoe BHpruteHKe ,~~;JI.a: cBoClo,~~;uo£1 auepro annpo

xcHUHp~eR cHcreKU (5) HKeer BH,It: 
~ f 2 JJ_ _, l(C-C~~o)-,4'1. l 

f[x.cc,c,,c~.)J•- ~ Jct..-f!Jz:lc., -e"'"2"' 9 . 

Herpy,~~;uo BH.lteu, t~ro .pyuxJ:U{.a: S [1f.lC;c.,c,)j .a:BJiaerca HenpepHB-

uoR H ,D;HqJ.pepeHJ:U{pye:u:oR no napauerpy C K ,~~;ocrHraer cBoero 

MaKCKKYUa npH HBKOTOpOM KOH8'1HOM 3Ha'I8HHK f: : 

tNJL)C HX.(c,c,,c~,)] ... ~ L x. (l:, c.,c,Jj . 
(C.) 

IT03TOMY H80ClXO,D;HM08 ycJIOBH8 KaKCHMYKa npHBO,II;HT K CJie,D;yD~euy 

ypaBH8HHD ,II;Jl.ll onpe,D;8Jl8HHII C 

' t . . '-
=~- ~ ~ J(C-'-')-ft" c L. e . ' .t•i 

(I4) 

HKBD~euy 8,D;HHCTBBHH08 pemeHHB K onpe,D;8Jlli~8MY C HBIIBHHM 

· oelpaao:u: qepea napauerpH c, , C1 • q>yHKIUtll f[X.(~.~.c,)}aaBHCHr 
' . 

TOJlbKO Or napaMerpOB C~ H liBJlli8TCll HenpepHBHOR H ,D;HqJ.pepeH-

UHpyeuoR no Ct , C1 • MHHHKH3Hpyeu renepb uepaBeucrBo (13) no 

napauerpall C, H C1 • lb4eeK: 

o ~ W\W\ Hx.(c,,c~,l]- in£41 "'CJ.K f[x.(c,c,,ca.l}, ~ 
(Ct.Ct.) - (Co,Ca.l (C.) 111 

KouClKHHpya aro uepaBeHcrBo c (II),nonyqae~~: OKouqareJibHO 

Ott8HKY 

\ ~ H'll.(~,c,,c~,)}- f [XI\" V, -tEN - o . (I5) 
l C.,t,) , .. -

8 

.i 

Paccuo:rpHK Boripoc. o cy~ec:rsoB"wmH KHHHJJyua .pyuxnim f[~.(c,c,,czl] 
no napauerpau ell . llpHHHKaJJ. BO_ BHH~HHe . BllpallteH~~ ·. (5) ~· (8) . 

H (9), c noMOJllbD :reopeKU H.H.EoronnCloBa uaxo,~~;IW 
. . I 2 . .2. . . . . . 

f [ lt+(~ll-13 + ii lf, (\Co~\ ...;.1). ~ f LX.(l",c,,c~.)] ~ 
' . ' . 2 .. 

~{ldtt(~)] --i:J +~li1~1Cot\-t:1);. 
o:rxy,~~;a cne)iyer c~eciBoBaHHe aelco;nruoro MHHHlljua 'lflyiUt!UfH 

f{Jt.(c,c,,ca,>J B :Hexo:ropoa· rotixe' (~ .. i,). Oneu'xa. (IS) YCTMaB.:. 
. . ' , . .._ ,, . 

JiHBaer coBna.zteHHe B :rep:u:o,~~;HHa!JHqetxoli npe,~~;eiu3 y,~~;eJILHmc cBo-

Clo,~~;uwc auepuA f[x.(i,~,Z"J} r.ff [X] • Heoelxo,~~;H:u:oe ycnoai!e 

3KC:rpe~ npH~OAHT,~ C1Ie,D;yD~HH ypaBH8HHKM ~na·napa:u:e:rpoB·C~: 

rJ. ...... ,2. :(I6) 

H3 CHCT8MH (I6) C yqeTOll (14) rioJiyqae:u: CHCTeMy ypaBHeHHR,ItJIH 

onpe,~~;eneHHJJ napa:u:e:rpoB'Cwt : 

Cot-- tAt. lc,. """r" 
.. 9 

" 1:·:· 

,., 

rl.r#-f' , «.,p•4,2. 

. '· 
~-' 

, .... 

(17) 

YpaBHeuun (17) HBJianrca ypaBHeHHJJKH ~~:onexynapuoro nons 
){Jill ){Byxno,~~;pemeroquoro U3o:rponHoro aH:rHlfleppoJ4arue:rHxa. 

H3HHra. Hx pemeHHJJ ~ npe,D;CTaBJIIIDT COCIOR OTHOCHTBJlbHYD 
.~ '- ' ' ' 

uauaruHqeuuocu ua O,D;HH .cnHH B coor,aercTBYDII!HX no,~~;pemerxax. 
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CJie.nyeT OTMSTHT:&, 'iTO yCTBHOBJI8HHHe B pa6oTe pesyJIDTaTH 

6e3 Tpy,ll;a 06061!1810TCH Ha CJiy'ia! IIpOR3BOJIDHOrO 'I!RCJia no.npemeTOK. 

ilo,no6H08 paCCMOTPSHHS MOX8T 6HT:& TaKES IIpOBS.li;SHO B CJiy'iae, KOr,na 

ytmTHBaeTCH B3aRMo,nei'icTBze B no.npemeTxax. Taxoe o6o6meHRe Be.neT 

K R3MeHeHHD napaMeTpa :J B BiipBJiteHHJDC ( 4) 1 ( 5) • 3aMeTRM1 Ha

KOHeU, 'iTO npe,nJIOllteHHIDl 3,ll;eC:& MSTO.ll; HCCJie.li;OB8.Hl!SI sa,na-q CO B3aR

MO.li;SHCTBH8M 'tiBCTHU pasJIH'qHHX copTOB oKasHBaeTCH cnpaBe.li;JIHBHM K 

B ropas.no·6oJiee CJIOXHOM CJiy'tlae CKCTeMHrelseaoeproBcxoro TKna. 

ilOJIHaff nporpaMMa .li;OKa38T8Jll>CTB8 TepMO.li;KHaMK'tleCRO~ 3KBHBa

~HTHOCTK MO,ll;eJIDHOR K annpOKCKMKPyDI!Ie~ CKCTeM npe,nnoJiaraeT TaKllte 

YCTaHOBJI8HRe 6JIK30CTK BCSX IIpOH3BO){HHX CB060.li;HIDC aueprK~ B 'l'ep

MO.li;HHBAm'tleCKOM npe,neJie. TaKOe .li;OKa38TeJIDCTBO MOllteT 6HTL OCYI!IeCT

_BJieHO Ha ocHoBe.CJie~ea Jie~9/. 
Jler.wa. ilyCTL . { a.N (.x) J , N = 1,2, ••• , :... nocJie,noBaTeJIL-

HOCT:& HenpepBBHO ,nKtixf;epeHUKPYeMHX Ha cerMeHTe 0. ~ X !:: ~ 
qJyHJ([Ut:lt, HMelllltJ[X B Kalr):(OI_ TO'tiKe HHTepBaJia t Cl 1 & ) IIpOHSBO.li;HHe 

• cnpua B-roporo nopJI.lUUl a.M ~x + o) , npK'tleM:-

I• 1 o.,.C~tll' ~ tN~a,& > -a , vx e.(a,t].. N-- { 11 J II. llOCJie){OBaTem.Hocn BTOPHX npoasBO.nHHX cnpSBa a" t~+o) 
paBHOCT8II8HHO OrpaHK'ti8H8 Ha· ( Q 1 & ) · . CBepxy 

a.~{>t-tO)~l<a,t) 
1 

(Lla,6)">0}: 

IL7DI CHKSY 

-~~ (lC +O) ~ -Lta~t), ( L<.a,&) >0). 

Tor.na. cnpaBe.n.mmo HepaBeHC'l'BQ: 

\ Q~ (li•O)\ ~ 2. /t:.,.<.a,8)-L(r.,t) 

.nmt Bcex 
I. I 

a .. &~ x!: &-\ s' > o 

10 

·.-,. 
H Bcex N ~ N & '_·. ~ ~io~JieTBoPmiT · yCJioBHD: 

... · ... I 
. , -r.ne . · N. . :a _ 

~·1. 
eN, (a,&) E, 4 L.(a,S ), • 

., - --. --- -· ;..: ~ . 

0603Ha'tlaJI liepes QN pa31!0CTL ~.li;_E!Jll>HOH II aiiiipOKCHMK-

PYIOII!8MCB060.D:Hb!X'3HeprHfl.H yciTa':irk~~-~~~-H~~Ocpe,nCTBeHHmc 
Bli'mCJISHRH orpaHH'l:SUHOCTL COOTB8TCTBYJOlllHX IIpOH3BO.li;HRX

1 
IIpii no- .. 

MOII!H Jie!W.m JierKo Mon:o; rio~:&· 6.misocii.-""rrpo.Hs~~~~: cBo6o.namc 

:mepr.!rl1 no rroJIIO II Ter.mepaTYPe ~ 

B 3aKJIIO'tleHHe aBTOpH C'ti.HTaJ!lT npiDITUHM .noJiroM no6Jiaro.napKTL 

rrp*ccopa H.H.EoroJIJ060Ba (WI.) .. 3a_BHIDJiaHKe K pa6oTe li uemn,r~~ 

saMe'IaHIDI, a TaKllte B.A~3arpe6HoBa · sa··rroJiesuHe· o6cYJit,ll;eHRF.r.--- · '---· 

.lJ:a:TSJ?aTypa: 
l '7' - .. ~ .:;; "': 
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