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BaeoeHue 

TeopeyuqecKoe H3yqeHue HH3Kone*amux x~epHhlX co

CTOHHHH HBnHeTCH cepbe3HOH npo6neMOH. 3KcnepHMeHTanb· 

Hhle ~aHHbie roaopxT o TOM, qyo pa3.rteneHne x~ep Ha 

c$epuqeCKHe H ~e$opMHPOBaHHble C xapaKTepHbiMH ~nH 
Ka*~OrO THDa KonneKTHBHblMH B036Y*~eHHHMH qacTO OKa· 

3biBaeTcx ycnoBHhlM. O~HaKo acer~a MO*HO Bbi~enHTb 

DOCne~OBaTenbHOCTb KOnneKTHBHhlX COCTOHHHH ~aHHOrO 

H~pa, OTnuqaromHXCH nHIIIb 3HaqeHHHMH HeKOTOpbiX KBaHTO" 

BbiX queen H CBH3aHHbiX 6onbiiiHMH MaTpHqHblMH 3neMeHTaMH 

MaTpHUbi nnoTHOCTH It/. BM.u.eneHHhle TaKHM o6pa3oM 

COCTOHHHH OOHCbiBaiOTCH ManbiM qucnoM CTeneueii CB060~hl, 

qyo HCDOnb3YeTCH B pa3nHqHhlX $eHOMeHonoruqeCKHX MO" 

~enxx. 

HH3KOne*amue COCTOHHHJI B cpe~HHX H TH*enbiX H~pax 

OpHHa~ne*aT KOnneKTHBHOH KBa~pynonbHOH BeTBH B036Y*" 

~eHHH, KOTOpag B $eHOMeHonorHtfeCKHX MO~enJIX ODHChlBa· 

eTCH DJITbJO KonneKTHBHhlMH Koop~HHaTaMH a2_fl I p. = 0, 
±I, ±2/ u DJITbJO HMnyn~ocaMH rr 

211 
121. Kouequo, ~nx 

ODHCaHHJI OT~enbHbiX 3KCDepHMeHTanbHbiX $aKTOB, TaKHX 

KaJ<· /J-pacna~. Ml-nepexo~hl, MO*eT cTaTb Ba*HbiM ytfeT 

CBJI3H pa3nH'IHhlX CTeneueii CB060~hl Jl~pa. Ho . OCHOBHhle 

xapaKTepucTHKH HH3Kone*amux ypoaueiil 3Hepruu, Kaa~

pynonbHbie MOMeHThl, 6hlcTphle E2 -nepexo~hl, 6e3ycnoaHo, 

CBJI3aHbi c KBa~pynonbHhlMH Kone6aHHJIMH ·cpe~uero nonx 

Jl)lpa. )J;nx onucaHHH TaKHX Kone6aHHH B $eHoMeHonorHtfeCKHX 

MO~enJIX CTpOHTCJI KOnneKTHBHhlH raMHnbTOHHaH 

H = T(rr,a)+ V (a), 
KOAA 

r.u.e 1 - KHHeTHtfecKaJI /Ja I 
ruJ1/3b/ Kone6aHHii. 

a V· DOTeHUHanbHaJI 3Hep· 
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Cy~ecrsyer MHoro pa6or /Jb/, r.D;e s pa3nH'IHhiX npH-

6nH)f(eHHHX, HCnOnh3YH HMeJ6~yJOCH HH4JOpMaUHJO 06 ypOBHHX 

cpe.D;Hero nOnH H.D;pa, Bbi'IHCnHnH flOTeHUHanhHYIO 3HeprHIO 

V. Pe3ynhTaThi raxHx pacqeroa HMeiOT 6onLwyiO ueHHOCTh, 

nocxonhKY .D;aiOT o6~ee npe.IJ;craaneHHe o 4JopMe cpe.IJ;Hero 

nonH H.D;pa, O.D;HaKO HX He.D;OCTaTO'IHO .D;nH nonHOrO .D;HHaMH

'IeCKOrO onHcaHHH. IlonhiTKH nocTpoeHHH H KOAA .D;enanHcb 

B paMKaX MeTO.D;a 6030HHOrO pa3nO)f(eHHH 4JepMHOHHhiX 

onepaTOpOB /
4
/. ~0/ OHH He 6biJIH ycneWHhiMH, flOCKOnbKy, 

KaK BhiHCHHn~~; S , TaKHe 6030HHhie pa3nO)f(eHHH nnoxo 

cxo.D;HTCH. B 6biJI pa3pa6oTaH MeTo.D; nocrpoeHHH xo

He'IHhiX 6030HHbiX npe.IJ;CTaaneHHH 4JepMHOHHbiX oneparopoB. 

OH oKa3ancx aechMa 34J4JeKTHBHhiM npH onHcaHHH napHhiX 

BH6pauHii 171. Ho npH Hcnonb30BaHHH ero .D;nH nocTpoeHHH 

H KOAA , OflHCbiBaiO~ero KBa.D;pynOnhHhie Kone6aHHH, 

CTpyKTypa KOTOpbiX HaMHOrO CnO)f(Hee, 'leM CTPYKTypa 

napHhix BH6pauH:ii, BCTperHnHCh cephe3Hhle TPY.D;HOCTH npH 

Bhi'IHCneHHH napaMeTpOB raMHnhTOHHaHa Ha OCHOBe TeX HnH 

HHbiX OCTaTO'IHhiX CHn. 

B .D;aHHoii pa6ore 6y.D;eT pa3BHT MeTo.D;, KOTOPl>IH no3sonHT 

flOCTpOHTb H KOAA , OCHOBhiBaRCb Ha raMHnhTOHHaHe MH· 

KpOCKOflH'IeCKOH MO.D;enH R.D;pa C npOH3BOnhHhiM OCTaTO'IHhiM 

B3aHMO.D;eHCTBHeM. IlpH 3TOM H KOAA 6y.D;eT KOHe'IHhiM 

H 3PMHTOBCKHM. BcR HHcilopMaUHR o6 ypoBHRX cpe.IJ;Hero 

nonR R.D;pa H OCTaTO'IHhiX B3aHMO.D;eHCTBHRX OKa)f(eTCR 3a· 

KniO'IeHHOH B He6onbWOM 'IHCne K034J4JHUHeHTOB. 3TO fl03BO· 

nHT npOBO.D;HTb paCCMOTpeHHe KOHKpeTHbiX R.D;ep B .D;Ba 3Tana. 

Ha nepBOM :nane HaHTH 3Ha'leHHR K034J4JHUHeHTOB, KOTOpbie 

.D;aJOT HaH6onee 6nH3KOe K 3KCnepHMeHTy OflHCaHHe CBOHCTB 

H.D;ep. 3aTeM, 3HaR. 'IHCneHHhie 3Ha'leHH~ K034J4JHUHeHTOB, 

oueHHTh ponh pa3Hhlx THnos o.cTaTO'IHhiX CHn B 4JopMHposa

HHH KOnneKTHBHbiX B036y)f(,D;eHHH. 

I. /IocmpoeHue KoAAeKmueHozo zaMUAb1IIOHUaHa 

raMH.J'IbTOHHaH R.D;pa 3aflHWeM B .D;OCTaTO'IHO o6~eM 
BH.D;e: 

4 

H= I 
jm 

+ 
E1 a jma jm + I 'G(jm,jm ;j;m;,i/m;)x 

j. ,m. 1 1 2 2 
l l 

x a~ a~ 
11 m1 12m2 

a., , 
12~ 

ai, m, 
1 1 

/1/ 

I 
I 

+ r ,IJ;e a }m (a jm ) - on epa TOphi pO)f(.D;eHHH jyHH'ITO)f(eHHR/ 

4JepMHOHOb; jm - KBaHTOBble 'IHCna O,II;HO'IaCTH'IHbiX co-

CT01IHHH; G (j
1
m

1 
,j

2 
m

2
;j;m; ,j;m 'i - npOH3BOnbHa11 

MaTpHUa B3aHMO,IJ;eHCTBH11, o6na.D;aiO~a11, O.D;HaKO, BCeMH 

CBOHCTBaMH CHMMeTpHH, cne.D;yJOIUHMH H3 CBOHCTB aHTHKOM· 

MyTa THBHOCTH on epa TOpOB a,: , a jm , 3PMHTOBOCTH ra

MHnhTOHHaHa H ero HHBapHaHTHOCTH OTHOCHTenhHO OTpa)f(e-

HH11 BpeMeHH. 
C noMOIUhJO u- v npeo6pa3oaaHH11 lioromo6osa I sf 

+ + a "'u a + jm j jm 

}+m 
(-1) 

" 

v a 
. j j-m 

MO)f(HO Bhipa3HTh H qepe3 oneparophiKBa3H'IaCTHU 

/2/ 

+ a. Jm 

aim . " 
Tax KaK B H BXO,IJ;HT He B3aHMO,IJ;e:iicTBHe cao6o.D;HhiX 

HyxnoHOB, · a 34JqJeKTHBHOe aJaHMO.D;eficTBHe, ,IJ;e:iicTsyromee 

B orpaHH'IeHHOM npOCTpaHCTBe HyKnOHHhiX COCT01IHHH, TO 

Mhl, B npHHUHfle, .D;On)f(Hbl HCflOnh30BaTh pa3nH'IHbie MaTpH· 

Ubi .D;n11 3a.D;aHH11 B3aHMO.D;eHCTBH11 B KaHanax 'laCTHUa -

qacTHUa H qacTHUa - .D;hipKa /9/. EcnH a3aHMO.D;eiicrsue 

,D;eHCTByeT B KaHane 'laCTHUa - qaCTHUa, Mbl BBe.D;eM .D;n11 

Hero o6o3Ha'leHue: 

G(i1 m1 ,j2m2;j;m2',j;,m')~ G~ (j1m
1
,j2mij;m; ,· j;m; ),. 

.[l;n11 B3aHMO.D;eHCTBH11 B KaHane 'laCTHUa - .D;blpKa o603Ha'le· 

HHe 6y,IJ;eT cne.D;yJOIUHM: 

G(j1m t'j 2m2; ijn; ,j;m ;; -> G c)i 1"' t'j;m ;; i 2m2' i; m; ) • 

Jiy.D;eM paCCMaTpHBaTh TOJfbKO 1I.D;pa, COCT01IIUHe H3 

qerHoro qucna HeiiTpOHOB H npoTOHOB. B raxux R.D;pax 

peanH3YJOTC11 nHWh COCT01IHH11 C 'leTHbiM 'IHCnOM KBa3H· 

qacTHU. Ilo3TOMY oT oneparopos a 1~ , aim y.D;o6Hee 

nepeHTH K 6HHapHblM 4JepMHOHHblM onepa~opaM: 

1 I 
qLNp.= 2 j,j ',m,m 

LN Lp. 
q __ ,c. ·' , (a; a;, , +a.,, ii. J, /3a/ 

1m 1m 11 Jm} m }m 1m 

'1 I 
LN Lp. -+ - + 

p .. , C. . , , (a . a., , -a., , a. ) ' /36/ 
11 Jm 1 m }m 1 m 1 m }m PLNp. 2 j,j ',m,m 
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r~e aim 
}+m 

= (-1) a J-m • K03!jl!jJHI.(HCHTLI 
Lfl 

C }m 1 'm' 
LN LN Kne6wa-rop~aHa; q11 , , pJJ, - npoH3BOJILHLie noKa 

KoJ!jl!jluuneHTLI; N- ~onoJIHHTCJILHoe KBaHTOBoe 'IHCJIO, paJ· 

JIH'IaiOII.(ee onepaTopLI c o~HHaKOBLIM 3Ha'leHHCM Lfl. Y~o6· 
HO BSCCTH CJIC~YIOII.(He 0603Ha'ICHHJI, CYII.(CCTSCHHO CO· 
Kpall.(aiOII.(He JanncL: LN k . . -

fl<= ,· ]mss,· J-m=s; 

l+m 
(-1) EO 

8 1
• 

LN C Lfl = k . q , , , - q ,, 
}J Jm j m 88 

LIV 
pjj, 

k 
KoJ!jl!jJHI.(HCHThl qsv 

'IT06LI OHH y ~OSJie TSOpJIJIH 

TOrOHaJILHOCTH: 

cLfl = k 
~ , - p 

Jmj th 88 

k 
, P sv Y~06Ho SLI6pa TL TaK, 

CJIC~YIOII.(HM COOTHOWCHH11M Op· 

~ k e 
"" q p =8 , 

s,v sv sv kf 

I k k - L ~ /4/ 
k 

q , p , - 2 ( u 8 "- , -8 ,8 , ) . 
SB vv sv B v BV B v 

k k 
HopMnposKa KOJ!jl!jluuneHTos q BV , p TaKosa, 'ITO no-

[ ] 
BV • 

CT011HHa11 S KOMMyTaTope q k, p f pasHa ll\p 

[ ] . ~ • ~ k e r- + - + J q •Pe = tu f -1 "" q ,p , a a +a a • /5/ 
k k s,B :v BS VB V B B V 

B npn6JIH>KCHHH xaoTH'IeCKHX !jla3 /roj SfOPLIM cnaraeMLIM 

s /5/ npeHe6peraroT. B 3TOM cnyqae ohepaTopLI qk •Pe 
Y~OSJICTSOp11IOT KOMMyTal.(HOHHLIM COOTHOWCHH11M, xapaK· 

TCPHLIM ~JIJI onepaTopos KOOp~HHaTLI H HMfiYJILCa, H MoryT 

6hlTL Ha3SaHLI 0606Il.(CHHLIMH KOOp~HHaTaMH H HMfiYJILCaMH. 

,[(sa ~pyrux KOMMyTaTopa HMCIOT SH~: 

[ ] ~ r k · e e k ) +·q , qp = - "" o , q ,q -,- q ,CI _ a a 
k B,B :v B SS VB BS V s V S 

[ ] ~ k e e k -+ 
p k ' p n = "" o , ( p , p - , - p ,p -,) a v a B 

L B,S :v s BS VB BS VB 

6 

/6a/ 

/66/ 

i\ 

HcnoJIL3YJI /4/, MO>KHO n"~?~aJaTL /TipHJIO>KCHHe 1/, 'ITO cy· 

ll.(ecTsyeT o6paTHoe npeo6paJosaHHe oT onepaTopos q kPf, 

(qk,pfl,[qk, qf]' [pk ,ppl KOnepaTopaM aVaB, 

at at , at a v • TaKHM o6pa3oM, o6a ua6opa onepaTopos 

3KSHSaJieHTHhl. 

On epa TOphl q k , Pp , [ qk ' P f l • [ q k ' q p ] • [ Pk ,p f l 
y~OSJICTSOpJIIOT CJIC~YIOlllHM KOMMyTal.(HOHHbiM COOTHOWe· 

HHJIM: 

[[q ,rd, P l=IK f qt, [[qk,A. l,qnl=- ILkPnt P,, 
k ·r n t k n t ·r t 

[[qk,qnl,p l=- I Nkn p ,[[qk ,qo ], q l =-IM n q , t n t tn t t L n t ktn t t 

[[p ,pn l,p l= I U o p '[[pk ,pol' q l= I Tkfnt qt' /7/ 
k t n t ktnt t t n t 

r~e Ko~cTaHTbi Kkfnt , Lkfnt H T.~. SLipa>KaiOTCJI 'lepe3 

qBV 'P sv • 
JlerKO SH.IlCTL, 'ITO KOMMyTaTOp JII06biX .llSYX H3 3THX 

onepaTopos JISJIJICTCJI JlHHeHHOH !jlyHKI.(HCH paccMaTpnsae· 

MLIX onepaTopos. HanpnMep, 

[[ qk,qo],[ P ,p ll=[[[ q ,qo],p ],p l-
L n t k t n t 

- [[[ qk' q f]' P t ], P n l =- ; N kPnr [ P r ' P t l + 
/8/ 

+I Nkftr 
r 

[p 'p l. 
r n 

3Ha'IHT, onepaTop&I q k, Pp , [ q k, Pel H T • .11. o6pa3yiOT 

JaMKHYTYIO anre6py. lloJTOMY cTpyKTYPHLie KOHcTaHThl 

Kkfn t H npyrHe .llOJI>KHLI Y~OSJieTSOpJITL COOTHOWCHHJIM, 

CJie)lyiOll.(HM H 3 TO>K.IleCTS .sfK06H. TIOCKOJILKY Ha6opbl on epa· 

Topos q k , P f , ( q k , p p l , f q k , q f ] , [ P k , Pp ] H at at , 
a.__a , a+ a 3KSHBaJieHTHbl, 3TH COOTHOWeHHJI Y~OBJICT· 
--vs sl' 

BOpJIIOTCJI TO>K.IleCTBeHHO. 
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,L(o . eHX nop paeeMOTpeHHe 6LIJIO «J;lopMaJILHO TOl.JHLIM. 

Hawa Ja)J.al.Ja COeTOHT B TOM, l.JT06LI H3 raMHJILTOHHaHa 111 
BLI,lJ,eJIHTL TY ero l.faeTL, KOTOpaH OnHeLIBaeT TOJILKO eo

eTOHHHH, . npHHa)J,Jie*a~He KOJIJieKTHBHOH KBa,ll,pynOJILHOH 

BeTBH B036Y*,lJ,eHHH. ,L(JIH 3TOrO H3 Beero Ha6opa onepa TOpOB 

q k , p e MLI eoxpaHHM JIHWL nHTL on epa TOpOB o6o6~eH
HbiX KOOp.D;HitaT qL=2p. Ill = 0, ±1, ±21 H nRTL o6o6~eH-
HLIX HMnyJILeOB P L =2p. • C HX nOMO~LIO MO*HO nOeTpOHTL 

Bee eeMeHeTBO KOJIJieKTHBHLit KBa.n;pynOJILHLIX eoeTOHHHH 

TOl.JHO Tai< *e, KaK 3TO .D;eJiaJIOeL B «J;leHOMeHOJIOrHl.feeKHX 

MO.D;eJIHX npH nOMO~H onepa TOpOB a 2p. H "2p. • 
Jiy.n;eM npe.n;nomiraTL, l.JTO HaM H3BeeTHLI Ha6opLI KOJ«J;l

«J;;HUHeHTOB q sv , p sv , xapaKTepHJYIO~HX OeTaBJieHHLie 

on epa TOphi q 2 /l .H p 2 , ,L(JIH BLil.JHeJieiJH!f qsv H Psv MO*eT 

6LITL HenOJIL30BaH Mei!o.n;, paJBHTLIH B 1 ?; • JioJiee ,lJ,eTaJILHO 

3TOT BOnpoe 6y.n;eT paeeMOTpeH B OT.D;eJILHOH pa6oTe. 

Heo6XO.D;HMO eoxpaHHTL H Bee KOMMyTaTOpLI onepaTopoB 

q2/l H P2/l • fipH BLil.fHeJieHHH )J;BOHHLIX KOMMyTaTopoB, 

TUna [[q 2/l , p 2p.'],P.Jp. ,], B npaBOHl.faeTHpaBeHeTBa 6y.n;eM 

OeTaBJIHTL JIHWL eoxpaHeHHLie HaMH onepaTOpLI q 
2 

, 

p2 • B JTOM JaKJIIOl.feHO OeHOBHOe npu6nu*eHue .n;afHoH 

pa'GoTLI. 0eHOBaHHH )J;JIH Hero eJie.D;yiO~He. fioeKOJILKy one

paTOpLI q2/l H P 2/l no onpe.n;eJieHHIO HBJIHIOTeH onepaTo

paMH, reHepupyiO~HMH KOJIJieKTHBHyiO KBa.n;pynOJILHYIO BeTBL 

B036Y*.D;eHHH I3TO HaKJia.D;LIBaeT *eeTKHe orpaHHlfeHHH Ha 

qss' , Pss, , HO BOnpoe 0 BLil.fHeJieHHH JTHX KOJ«J;l«J;;HUHeHTOB 

J)J.eeL He paeeMaTpuaaeTeHI, To .D;JIH JTHx onepaTopoa 

XapaKTepHLI 60JILWHe BeJIHlfHHLI Ma TPHlfHLIX JJieMeHTOB, 

eBH3LIBaiO~HX KOJIJieKTHBHLie eoeTOHHHH. ,L(JIH OeTaBWHXeH 

onepaTOpOB 3TH MaTpHl.JHLie 3JieMeHTLI 3Half"TeJILHO MeHLWe 

no BeJIHl.JHHe. A TaK KaK MLI paeeMa TpHBaeM TOJibKO KOJI

JieKTHBHbie eoeTOHHHH, TO BJIHHHHe 3THX onepaTOpOB BBH.D;y 

MaJIOeTH Ma TpHl.JHLIX 3JieMeHTOB HeBeJIHKO, H MLI MO*eM HX 

He Yl.fHTLIBa TL. B e«J;lopMynupoBaHHOM npu6nu*eHHH on epa To

PLI q 2 , p2 Y.D;OBJieTBOpHIOT KOMMyTaUHOHHLIM eOOTHOUie

HHHM,Il eoanf.n;aiO~HM e 17 I, Ho HH.D;eKeLI ''k ,, , ''f" , "n" , 
"t" npHHHMaiOT Tenepb TOJILKo 3Hal.feHHH 2p. I p. = 0, 

±1, ±21. ,L(JIH eoKpa~eHHH Janueu 6y.n;eM onyeKaTb HeMe

HHIO~HHeH HH.D;eKe "2". CTpyi<TypHLle KOHeTaHTLI HMeiOT 
ene.n;yiO~HH BH.D;: 

8 

K = I K ((-/4 

ILziL 2IL3IL 4 fM f 
cfM cfM 

2p.?-p. 4 2p.32p.2 

IL3 fM fM 
+ (-) c 2p. 2-p. c2,.,. 2,.,.• 

1 3 4 2 
), 

p.3 fM fM 
L = I L f (( -) C C 

ILz IL2IL3,.,. 4 fM 21Lz 2IL4 21L 22IL 3 

IL4 
+ (-) 

fM 

c2,.,. ;,.,.3 
fM 

c 211 2-p.4 '"'2 
), 

+ 

+ 

M 
ILt fM 

I La((-) C2p. 2-p. 
fM -

C 2-u 2-p.2 r3 ILz IL2 IL 3 IL 4 fM (. 1 4 

IL2 fM fM - (-) c c ) 2p. 2-p. 2-p. 2-p. ' 
2 4 3 1 

IL1 fM c fM 

2p.3 2-p.l 
T 

,.,.1 ,.,.2 ,.,.3 ,.,.4 
=I K ( (-) C 

fM f "tL 22,.,.4 
• 

IL2 fM 
-(-) c2,.,.12,.,.4 

N . 
,.,.1,.,. 2,.,. 3,.,. 4 

U =-T 

fM 
c 2p.3 2-p.2 

=-M 
IL1IL2IL4IL3~ 

IL1IL2IL3IL4 ILziL2 IL4 IL 3 

), 

PJJ,PJJ~ 
8 v v v 

K ·=50 I q p f , 'Jj,jj, 
8,s .v,v s 8 Jl 8 

j ,-} 'I js s Jl 
X(-) j8, 

j , 2 

1: 21 
2 2 f ., 

191 
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L =50 I q p q q X e s s , v~v, 1 1 , 1 1 , 1 1 , 1 1 , 
I I 8 8 J.l 8 S J.l J.l' J.l 

, , -} I j 
X (-) s J.l, j: ~ J.l, 21 

J 2 
J.l 

2 2 e 
OnepaTopbi q ,p ,[q ,p ,] , [q ,q , ] , [p

11 
,p

11
•] no

npe>KHeMy o6pa3fiOT 
11Ja~H})iyro a.ltreefpy. Ho nocKonLKy 

'IHcno on epa Topoo B anre6pe yM~HblliHnocL, HapylliHnacb 

3KBHBaneHTHOCTb Ha6opoo onepaTopoo a:a;; , av as , 
a:av H qp. ,pp., [q

11
,p

11
,],[q ,q

11
,], [p ,p11 ~.CooTHOilleHHJI )lnJI CTPYKTYPHbiX KOHCT~HT, cne,lly;ci.QHe H3 TO>K

)leCTB JIK06H, Tenepb He y .llOBneTBOpJIIOTCJI TO>K,lleCTBeHHO, 

a HaKna)lbiBaiOT )lOllOnHHTenbHble orpaHH'IeHHJI Ha CTpyK

TypHble KoHcTaHTbi. Mo>KHO noKaJaTb /llpuno>KeHHe I 1/, 
'ITO 3TH orpaHH'IeHHJI cne)lyiOI.QHe: 

K 1 =K 3 =L 1 =L 3=0, K 0 = K 2=K 4 :K, LcrL
2

=L 
4
=L. 

fiO)lCTaBnJIJI 3TH COOTHOilleHHJI B /9/, nonyqaeM 

(+) 1'-3+114 (+) 
K =KG , L =L(-) G , 

P., p.2p. 3~'-3 ~'-t~'-2 P.3P. 4 P., ~p.3 p. 4 Ill~ -p.3 --p. 4 

(-) P.t+il2 (-) 
M II JJ. II II = LG II ' T = -K( -) G 

r-r 2r3r4 ~'-t r2/l3ll4 P.1P.2P.3P.4 ~'-tP.2--p.3-p 4 

(+) 1'-2 p. 3 
·a =L(-) (S S +S S )+(-) S S 

P.1P.2P.3114 
2 

P..P3 -11:1114 1'-tl'-4 --p.2p.3 P.l/12 -p.3p.4' 
\ 

(-) ' 1 P.t 
G = -((-) 8 S 

P.Jl2P.3P.4 2 --p,P., p.2p.4 

/10/ 

p.2 8 8 ). 
- (-) -" P P.zP. 4 

,..2 3 

10· 

j/' 

llpoCTOH BH)l CTPYKTypHbiX KOHCTaHT Cyi.QeCTBeHHO ynpo

I.QaeT aHanH3 KOMMyTaiJ;HOHHbiX COOTHOilleHHH. MO>KHO no

KaJaTL, 'ITO H3 3Toro aHanHJa cne)lyeT 

L p.+p. 
[p ,J, [q ,q, ]= -(-1) ,p 11 P. K -p. --p. 

[q ,p, ]=(-1r+p. 
11 11 

, 

[ q , , p 
--p. -p. 

], 

a )lnJI ocTaBiliHXcJI onepaTopoo cnpaoe)lnHoo cne,llyiOI.Qee 

npe)lcTaoneHHe B TepMHHax onepaTopoo KBa,llpynonLHLIX 

6030HOB b ;/1 , b 211 /nHHeHHO CBJI3aHHbiX C 

1 + 11 . 11 + 
a =- ( b + (-1) b ) H rr ,- J_ ((-1) b -b ). 

211 ..;2" 211 2-p. 211 ..;"2 2-11 211 

Y.llOBneTBOpJIIOI.Qee BCeM nony'leHHbiM Bblllle KOMMyTaiJ;HOH
HbiM COOTHOilleHHJIM: 

qp. 

---
'1/L 

+·i--r 
2 ~ - + 

=(_'!'in) '1/1-'1/KL I b b (-1/b , 
v KL v ~v 3/ 2--p. 

qp. (-1)/lP 2 . ~ + -- + 
--i--..=1!.-=(-) b '1/1-'1/KLib b 
.j[ '1/K V KL 2p. v 2v 2v 

. - 1 + p.+p. , + 
[q ,p, 1=·r..jKLI--

2
(b

2 
b

2 
,+(-) b

2 
,b2 )+ 

p. p. p. p. -p. - p. 

1 - + 
+ -= S ,, , (1-..j KL I b b ) I /11/ 

'1/KL ,..,.. v ~ 2v ' 

L p.' 
(q ,q ,] =-((-1) 

p. p. 2 

+ p. 
b b , -(-1) b ,b 

2p. 2-p. 2p. 2-p. 
). 

II 

"" 
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TaKHM o6pa30M, Mbl nonyqunu cne.IJ;ylOIQHH pe3ynbTaT. 

B o6IQeM cnyqae mo6bie O.IJ:HO'IaCTH'IHbie onepaTopbi MoryT 

6b1Tb TO'IHO Bbipa:>KeHbl qepe3 qk 'Pk ' ( q k 'p f ], ( q k 'qf ) 

[pk,pf] /llpuno:>KeHue I/. Coxpauua TOJlbKO KonneKTHBHble 

OrrepaTOpbi q p. •Pp. H HX KOMMyTaTOpbi, Mbl IIOJ1Y'IHJ1H 

rrpH6J1H:>KCHHbiC Bbipa:>KCHHJI ,ll;JlH O.IJ;HO'IaCTH'IHbiX orrepaTOpOB 

qepe3 q , P. , [ q , p , ] , [ q ,q , l /llpuno:>Keuue II I/, 
a 3Ha'IIT, Jl B Tep~uu!fx onep/Topga KBa.IJ;pynonLHbiX 6o3o

HOB /11/. TaK KaK raMHJ1bTOHHaH, nony'leHHhiH a pe3ynb· 

TaTe u, V • rrpeo6pa30BaHHJI raMHJlbTOHHaHa /1/, IIOCTpoeH 

H3 O.IJ;HO'IaCTH'IHbiX OrrepaTOpOB, TO B HTOre Mbl IIOJly'laeM 

6o30HHoe npe.IJ;cTaaneuue H .IJ;nJI JToro raMHJ1bTOHHaua. Mo:>K· 

HO rroKa3aTb, 'ITO JTo npe.IJ;cTaaneuue cne.IJ;yroiQee: 

H=w Ib + b +/-li (-1/ b+ b + 
p. 2p. 2p. p. 2 p. 4-p. 

X 

- + 
x y'(1-y'KL(; b;:,b2V +1))(1 -yKL:b2vb

2
v)+h,c,)+ 

+I( I 
p.,p. ~ '1/ 

2 , ~----=F 

C p. b+b+b ,y' 1-y'KL Ib b +h.c,)+ 
2"1211 2f! 2p. .:;p v 2v 2v 

(+) + - + 
+ 2g I b 2 (1- y' KL I b "· b2v ) h2" , 

p. P. V"V r 

/12/ 

( ±) 
r.IJ;e KOHCTaHTbl w , g , f IIPHBC.IJ;CHbl ~ llpHnO:>KCHHH IY. 

IITaK, HCXO.IJ:JI H3 raMHnbTOHHaua JI.IJ;pa c npoH3BOnbHhiM 

OCTaTO'IHbiM B3aHMO.IJ;CHCTBHCM,Mbl IIOCTpOHJlH KOJ1J1CKTHB· 

HbiH raMHJlbTOHHaH, KOTOpbiH CO.IJ:CP:>KHT TOJlbKO OrrepaTOpbi 

KBa.IJ;pyiiOJlbHbiX 6_?30HOB b2; , b 
211 

, 3TOT raMHJlbTOHHaH 

HMCCT 3aMKHYTbiH BH.IJ;, 3pMHTOB H Y.IJ:06eH .IJ;JlJI KOHKpeTHbiX 
pac"l.feToa. 

raMHJlbTOHHaH /12/ 3aBHCHT OT IIJITH rrapaMeTpOB w, 
g(±) , f H y' KL, H3 KOTOPLIX O.IJ:HH HMeeT pa3MepuocTb 

JHeprHH, a B Ka'ICCTBe 'ICTb~CX .IJ;~yrux MO:>KHO Bbi6paTb 
6e3pa3MCpHbiC BCJlH'IHHbiW/g -), g +;g(-,)f jg(-)H ~. 
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0THOlliCHHJI JHeprHH 6y.IJ;yT 3aBHCCTb TOJlbKO OT 'ICTblpex 

6e3pa3MepHbiX napaMeTpoa. H xoTJI qucneHHble 3Ha'leHHJI 

JTHX napaMeTpOB Mbl HaH.IJ;CM, mirnh Bbi'IHCJ1HB KOJc}Jc}Ju· 

D;HCHTbl qsv , P sv , HX c}JH3H'ICCKHH CMbiCJl MO:>KHO BbHIC • 

HHTb, HCIIOJ1b3YH Bblpa:>KCHHH, rrpHBC.IJ:CHHbie B rrpHJ10:>KCHHH 

IY, H 3HaJI TY ponb, KOTopyro urparoT JTH napaMeTpbi 

a raMHJlbTOHHaHe. BenH'IHHa 1 /y"'KL xapaKTepu3yeT MaK· 

CHMaJ1bHO B03MO:>KHOe 'IHCJ10 6030HHbiX B036y:>K.IJ;CHHH B CHC· 

TCMe, T.e. rny6HHY KOJ1J1CKTHBHOrO IIOTCHD;Hana. llOJTOMY 

OD;CHHTb JTOT KOJc}Jc}JH:UHCHT MO:>KHO, 3HaJI BCJ1H'IHHY 6apbepa 

w 
.IJ;CJlCHHH. 0THOlliCHHe -(-) nponop:u;uouanbHO cyMMe JHep

g-

rHH KBa3H'IaCTHD;, YMHO:>KCHHbiX Ha HCKOTOpbiH BCCOBOH 

c}JaKTOp, H IIOTOMY Orrpe.IJ;CJlHCTCJI IIJlOTHOCTblO O.IJ;HO'IaCTH'f· 

HbiX ypoaueii a6nH3H noaepxuocTH <l»epMH. Ouo pacTeT c 

yMeHblliCHHeM nnoTHOCTH H y6LIBaeT c ee pocToM. KoJc}lc}lu-

/+) 
D;HCHT -

g(-) 
xapaKTepH3yeT OTHOlliCHHC BKJ1a.IJ;OB T·'fCTHbiX 

H T ·HC'ICTHbiX KaHanoB B3aHMO.IJ;CHCTBHH B KOJ1J1CKTHBHbiH 

raMHJlbTOHHaH jT-qeTHOCTb OTHOCHTCJlbHO orrepa:u;HH OT· 

pa:>KCHHH BpeMCHH/. BenH'IHHa OTHOlliCHHJI _f_ 3aBHCHT OT 
g(-) 

pacnpe.IJ;CJlCHHH BCJ1H'IHH MaTpH'IHbiX 3J1CMCHTOB MaTpHD;bl 

B3aHMO.IJ;CHCTBHH OTHOCHTCJlbHO IIOBCpXHOCTH <l»epMH. 3Ta 

BCJlH'IHHa Mana .IJ;J1H CHMMCTpH'IHOrO pacnpe.IJ;CJlCHHH H B03 • 

pacTaeT, ecnu TaKoe. pacnpe.IJ;eneuue uecHMMeTpH'IHO. llpo

unmocTpupyeM JTO YTBep:>K.IJ;CHH~ Ha rrpHMepe, KOr.IJ;a OCTa· 

TO'IHOC B3aHMO.IJ;CHCTBHe COBIIa.IJ;aeT C KBa.IJ;pynonb·KBa.IJ;py· 

nonLHbiM. B JTOM cnyqae 

I 2 [ , 20 20 1- I <s r Y s > (u u ,-v v, )p p,. 
, 20 . s s s s sv s v 

s,s ,11 

CoxpaHHH .IJ;nR npocTOTbl TOnbKO .IJ;HarouanLHble JneMeHTbl 

(i¥
20

) H npeue6peraR caepxTeKy'IHMH norrpaaKaMH, nony

qaeM: 
(+) 2 20 2 (-) 7 20 ;2 

1-I <s[r Y
2 

[s>I(P ) -I <s[rY [s>I(p ), 
s 0 v sv s 20 v sv 
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(+) 
r~e I 03Ha'laeT cyMMHpoaauue no ypoBHHM BLIWe 
noaepxuocTH cf>epMH, a I(-) - CYMMHpoaauue no YPOBHHM 
HH)f(e noaepXHOCTH <f>epMH. fipH CHMMCTpH'IHOM pacnpe~e
neHHH 3Ta pa3HOCTb pasHa uymo. Ecnu KBa~pynon&Hhie 
MOMCHTbl HMCIOT pa3HbiC 3HaKH ~nH YPOBHCH BbiWe H HH)f(e 
noaepxHocTH cf>epMH, To :na CYMMa pe3Ko B03pacTaeT. 

I I. llomeHIIUQ/lbHQJI 3Hep2UJI oe¢opMaiiUU 

H3 nonHoro KonneKTHBHoro raMHn&TOHHaHa /12/ MO)f(
Ho Bhi~enHTb noTeHu:Han&Hyro JHepruro ~e$opMaU:HH. 3To 
~acT HaM B03MO)f(HOCTh c~enaTb PH~ Ka'leCTBeHHhiX npe~
CKa3aHHA 0 XapaKTepe CITCKTpa KOnneKTHBHLIX COCTOHHHH. 

B Ka'leCTBe nepeMeHHoii, orrHCLIBaro~eii ~e$opMau:uro, 
o6LI'IHO ucnon&3YIOT cpe~Hee 3Ha'leHHe onepaTopa KBa~py
non&uoro MOMeHTa Q2 1J. • Bee~eM a paccMoTpeuue JTOT 
onepaTop H B&Ipa3HM ero, KaK JTo 6Lino c~enauo BLIWe ~nR 
raMHn&Touuaua H, B TepMHHax onepaTopoe b + , b 
PeJyn&TaT cne~yro~uii: 2p 211 

Q2 =h(b+ vi-vKLib
2
+ b

2 
+ 

11 211 1/ 1/ 1/ 

+vi-y/(i ~ b;vb2~,~(-1)11 b2-p. )+ /13/ 

2v + 
+RIC

2
,
2 

b b ,, 
v,v' v 11 2v 2v 

r~e 

h- I<jll r 2 Y20 IIi' >(u
1

v
1

, + u
1

, v
1 

)pjj', 

2 2 2 2 
R -I<illt Y lli'>(u u, -v

1
v,)l .. ,.lp

1
.
1 

p.,
1 

• 
. 20 j j J J J 11 1 1 1 

,lJ;nH Bbi~eneHHH nOTCHU:Han&HOH 3HeprHH Y~06Ho B /12/ 
nepeiiTH B CHCTeMy KOOp~HHaT, Bpa~aiO~YIOCH BMCCTe 

14 

l 
~I 

) 

CO cpe~HHM noneM H~pa. 3TO n03BOnHT Bbi~enHTL HBHO 
3HeprHIO BpameHHH H KHHCTH'ICCKYIO 3HeprHIO Kone6aHHH. 
TaKoii nepexo~ ocymecTBnReTcR c noMom&ro npeo6pa3oea
HHR: 

11 b -
b+ +(-1) 2-p. -D2((})a

0
+ 

211 -- 110 
v2 

2 - 2 -
D112 (()) +D 11_~ (()) 

y2 
a 

2p -a 2 , 

r~e yrn&I 3iinepa () onuc&rearoT apameuue, a nepeMeHHLie 
a0 ,a 2 - Kone6aHHR cpe~uero nonR R~pa; D 2 - «l>YHKU:HH 
Buruepa. llocne uecno*HLIX npeo6pa3oeauft~. ucnonL3YR 
TOT $aKT, 'ITO 

11 + 
i (-1) b 2-g-b 2.JL = 1T 

v2 -· 2,1 

. a - _., ___ ' 
- a a 211 

nonyqaeM 

2 

b
+ D o 

- 11 
2n- --(a ,.. v2 o 

2 2 
a Dl12 +D 11-2 a 

- -)+ -(a-da.)+ a a 2 2 a 2 0 

2 2 
D112 -D p.. -2 

+----~ -- 0 y2a
2 

+ 

2 -" " 2 " _,, 
Dllr (y3aof-r+a2l:.1)-Dil_J (a~l +y3aof1) 

+------------------~------------------
y2(3ag -a~) 

.. 
3~ec& f. 0 + 1 - onepaTopLI npoeKu:uii MoMeHTa epameHHH 
Ha ocu cu'cl-eMLI Koop~HHaT, )f(CCTKo CBR3aHHoii co cpe~HHM 
noneM. 

tJTo6&r Bhi~enHTh noTenu:uan'JJIYIO 3He~ruro, Hy)f(Ho npe
He6peq& BKna~oM onepaTopoa f 0 +

1 
, - , _j)__, c Ko-

•- a a aa 
0 2 . 

TOpbiMH CBR3aHbl "lHeprHR BpameHHH H KHHCTH"'ICCKaH 3Hep
rHR KOne6aHHH. ficpeMCHHaR a0 OnHCLIBaeT aKCHan&HyiO 
~e«<lopMaU:HIO $opMbl H~pa, a nepeMCHHaH a 2 - OTKnOHCHHe 

IS 



or aKcHanLHOCTH. HaH6onLIIIHH HHTepec rrpe,D;craan.HeT 3a

BHCHMOCTL JIOTeH:QHanbHOH :meprHH OT aO. fiOJTOMY ,D;n.H 

rrpocroTLI MLI BCIO,D;y 6y,D;eM rronaraTL a 2 =0. Tor,D;a 

+ 2 1 
b ::: D -=..ao• 

2fl flO ...j2 /14/ 

llO,D;CTaBn.H.H /14/ B /12/ H /13/, Bblpa3HM H H Q
2 

'lepe3 
a . fl 0. 

2 --- 2 
wa 0 (+) (-) 2 ...jKLa 0 

H= --+(8 +g )a 0 (1- ------) + 
2 2 

3 ...jKLaJ 
-2--, 

----
f a .11-+- 0 v 

17 yKL.g R •' ), 
Q =D2 ( ...j2hao ...j 1- -2-+;14 o 

2fl fl0 

Orrpe,D;enHM uoayro rrepeMeHHYIO Q cne,D;ylOIUHM o6pa3oM: 

2 
Q 2 fl = D flO Q (a 0 ) • 

Haii,D;H o6paruoe Bhlpa)KeHHe a 0 = a 0 (Q) H rro,D;cTaBHB ero 

B H , BLipa 3HM H tJ:epe 3 Q • 3ro H 6y ,D;eT rroreu:unanLHaH 

JHeprHH ,D;e$opMa:UHH. Oua JaBHCHT or JIHTH rrapaMerpoa, 

O,D;HH H3 KOTOpbiX HMeeT pa3MepHOCTb JHeprHH, a ,D;pyroif -

pa3MepHOCTb KBa,D;pyrronLHOrO MOMeHTa. 1i
1
e3pa3MepHbiX rra

paMeTpOB ronLKO rpH. Ouu H 6y,D;yT orrpe,D;enJITL $opMy KPHBOH 

rroreu:unanLHOH JHeprHH. O,D;HH H3 rpex rrapaMerpoa xapaK

repH3yer JinOTHOCTb O,D;HOtJ:aCTH'IHbiX COCTOJIHHH B6nH3H 

JIOBepXHOCTH ~epMH, a ,D;Ba ,D;pyrHX • pacrrpe,D;eneHHe MaT

pH'IHbiX JneMeHTOB Ma TpH:Ubl B3aHMO,D;eHCTBHH H orreparopa 

KBa,D;pyrronLHOrO MOMeHTa OTHOCHTenLHO JIOBepXHOCTH ~ep • 

MH. EcnH TaKHe pacrrpe,D;eneHHH CHMMeTpH'IHbl, TO C yaenH
'IeHHeM JinOTHOCTH O,D;HO'IaCTH'IHbiX COCTOHHHH JIOTeH:QHanb

Ha.H 3HeprHH ,D;e$opMa:UHH MeHHeTCH, KaK JIOKa3aHO Ha 

puc. 1. EcnH $HKCHpoaaTL rrnoruocTL O,D;HotJ:acTH'IHhiX co

croHHHii, a JaTeM yaenH'IHBaTL acHMMerpHJo B pacrrpe,D;e-
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JieHUU MaTpU'IHidX 3JieMeHTOB MaTpUn; B3aUMO,l(eHCT.d.HJI U 
Ksa,npynom.uoro MOMenTa, TO U3Meueuue noTeun:uanLuoii 
:1uepruu 6y,neT TaKUM, KaK noKa3auo ua puc. 2. H3 3Toro 
pucyHKa BU,l(HO, 'ITO B03MO>KHa CUTyan;ua, npu KOTOpoii: 
y noTeHn;UaJILHOH 3Hepruu eCTL ,nsa MUHUMyMa: O,l(UH npu 
uynesoii, a ,npyroii npu OTJIU'IHoii oT uyna .ne<IJopMan:uu. 
B 3TOM cnyqae npu ueoonLwoii pa3uuue s rny6uuax oooux 
MUHUMYMOB B cneKTpe KOJIJieKTUBHidX COCTOJIHUH MO>KeT 
noJIBUTLCJI HU3KOJie>Kalll;ee 0+ COCTOJIHUe C ,ne<IJopMan;ue:it, 
OTJIU'IHOH OT ,ne<IJopMan;uu OCHOBHOrO COCTOJIHUJI. 

I I I. CneK111P KOAAeK1fiU6HbiX coc1fiO.RHuri 

fiepeii:,neM K TO'IHOMy peWeHUIO 3a,naqu C raMUJILTOHUa
HOM /12/, 3aBUCJIIII;UM OT 'leTidpeX Oe3pa3MepHidX napaMeT
pOB. O,nuu u3 uux - MaKcuMaJILuoe qucno 6o3ouos, npuMeM 
paBHidM 8, 'ITO rpyoo COOTBeTCTByeT seJIU'IUHaM oapLepos 
.neneuua, o>Ku,naeMidX .nna a.nep c A- 100. HauoonLwuii 
uuTepec npe,ncTasnaeT cnyqaii: 6onLwoii acuMMeTpuu s pac
npe,neneuuu 3JieMeHTOB MaTpUJlLI B3aUMO.l(eHCTBUJI OTHOCU
TeJILHO nosepXHOCTU ~epMU. fi03TOMy Mid <IJuKCUpyeM napa
MeTp, xapaKTepU3YIOIII;UH nJIOTHOCTL O,l(HO\faCTU\fHidX COCTO
JIHUH TaK, 'lTOOid ooecne'lllTL CTaOUJILHOCTL MUHUMyMa 
noTeHUUaJILHOH 3Hepruu npu HyJieBOH ,ne<IJopMan;uu, U oy,neM 
MeHJITL napaMeTp f, xapaKTepu3yromu:H acuMMeTpuro. MLI 
noJiytfUM CneKTPLI B030y>K,neHUJI, npuse,neHHide Ha puc. 3 
B nopa,nKe B03paCTaHUJI BeJIU\fUHid napaMeTpa aCUMMeTpUU 
f. H3 pucyuKa su.nuo, 'ITO c pocTOM f onycKaeTca Oj co
cToauue, TaK lfTO s nepexo.nuoii oonacT~ ouo uaxo.nuTca 
s6JIU3U nepsoro 2+ cocToauua. llpu ,naJILHe~weM ysenuqeuuu 
napaMeTpa f 3TO COCTOJIHUe CTaHOBUTCJI OCHOBHidM, U Mid 
nonyqaeM cneKTp B030y>K,neHUJI, xapaKTepHLIH ,l(JIJI,l(e<IJopMU
posaHHidX a,nep. Ho cpe,nu so36y>K.aeHHLIX cocToauuii noas
naeTca c<IJepuqecKoe o+ cocToauue. 
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HpuAoJICeHue I 

fiepenuweM /3a/ U /36/ B COKpalll;eHHidX 0003Ha\feHUJIX: 

1 
qk=2 

k + + - -I q, ,(a ,a ,+a ,a,), 
''BJI B J1 Jl B B ,JI 

/1.1/ 

i ~ k - + -+ p =-2 ~ P, ,(a ,a, -·a ,a,). 
k , 'SJI S J1 Jl S s ,JI 

/1,2/ 

YMHO>Kaa I 1.1/ ua p k , /1.2/ ua q k , cyMMupys no "k ''H sv sv HCnOJIL3YJI /4/, nonyqaeM: 
k 

I -Lr++ --) k p s v q k- 2 as a v + ava s ' 

~ k ·i -+ -+ 
~qsv Pk=-(a a -a 11a~. k 2 

113 /1.3/ cne,nyeT 
k a+a+= 'I.(p q 

s v k sv k -·za 
s 

k a q __ p ). 
v sv k 

/1.3/ 

YMHO>KaJI /5/ Ha 
HaXO,l(HM: 

k 
pss' U q f , , CYMMUpys no ''k"u "f, , vs 

I pk ,qe ,(o o +·i[q ,p
0

])=.l.(1-o ,-o ,)x 
k,e ss vs kf.. k (. 4 ss vs 

( - +x a a 
v s 

+ 1 -+-+a a ) + -o (a a , 
sv 4sv ss 

113 3TOrO paBeHCTBa CJie,nyeT: 

+ +a a ,). 
s s 

...J...ra:+a: +a+a )=Ipk qe _(oko+·i[qk···Po ]), 2 s s s s e ss ss (. (. 
k, 

1 - - + -(a+a +a a )(1-o ,-o ,)= 
4 v · s s v vs ss 

=i I. Pk,/ ,[q ,n,], v,;,. s. 
k,e ss vs k ·r 

AHaJIOrH'IHO U3 /6a/, HCDOJIL3YJI /4/, llOJiyqaeM: 

k e 
~ a ·a , ( P--,..' P ss' -'< V s V"' k,e 

k e 
p_ ,p _,J[qk' qo ]= vs ss (. 

=Lra:+;; -a+a)x(2-o -o -o -o J• 
4 v s s V ss' ss' Jl s ' vs 
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H.cnon&3Y.II 1661, Mo>KHo Bblpa3HT& (a~a 
8
-a!aJ 11epe3 

.[pk,pf) • 3TO roBOpHT 06 3KBHBaneHTHOCTH onepaTOpOB 

£qk,qf 1 "[pk •Pe 1• 

llpuAOJICeHue II 

H3 TO>K.D.eCTB 11Ko6H 

{q ,p ,p '=0, {q ,p ,q 1=0, 
Ill ll-2 ll-3 Ill ll-2 ll-3 

r .D.e I a, b, c I = [[ a, b ] , c] + [[ b, c] , a ] + [[ c, a ] , b], 
H cooTHoweHHi 11 I cne,D,yeT: 

T =K -K 
,.,.2 ,.,.3,.,_1,.,. 4 Ill ,.,. :f 2,.,. 4 llt ,.,.2,.,. 3,.,. 4 

N =L - L II 
· ll31ltll2P. 4 ll-3 llf- til 4 ll til 2/l 3r4 

I I 1.11 

llO,D,CTaBn.ll.ll 181 B I1I.11 H HCnon&3Y.II CBOHCTBa K03$$H
UHeHTOB Kne6wa-rop,D,aHa, nony'laeM: 

K f f f Ke , f' 2 2 f ' 
( )(1-(-1) J =-(1+(-1) J I ( )(1-(-1) )(2f'+1J 1

2 2 
f I 

.C, f' Lf, 

II I .21 
H3 III.21 cne,D,yeT, 'ITO K 1 =K 3 =L 1 =L 3=0. 

llO,D,CTaBnJI.II 181 B TO>K,D,eCTBa JIK06H: 

H q" , p "1, £ q 
11

, q e 1 ,p, 1 = o, 1 £ q,.,. , p), £ p., , p e 1. p ~ = o. 
H npupaBHHBaJI K03$$HUHeHTbl npH O,D,HHaiKOBbiX onepaTopax, 
nonyqaeM: 

I ( L ,Kc •? , - L c , 
,.,. , 1"'1/P. <:.P. '::. v I"'<:.P. 

K •? , + 
.,,.,. "'" 

+ N e? ,K , , - K _.,. , M c , , ) = 0, 
71<:.'::. p. I"' I' V p.v.,p. T/<:.P. V 

I ( K c , L , ? , - K , L •cl'. , + 
p., I"'<:.P. p. .,.,v P.""''P. p. .,.,v II 1.31 

+ 1 71e,,.,., L p.vp. 'v, - L ""',.,., u 11e,.,. 'v, J = o. 
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IlO,D,CTaBn.ll.fJ: /9/ B /11.31, Hcnon&3YJI CBOHCTBa K03$$H
l.{HeHTOB Kne6wa- rop,D,aHa H 6 j - CHMBonoa, HaXO.D.HM: 

f f' f - -
(1+(-1) )(1+(-1) )(1-(-1) )(Kf Le,-LeKr)=O, 

f f' f - - - - II 1.4/ 
(1+(-1) )(1+(-1) )0-(-1) )(Lf Kf,-Kf L f)=O, 

r..Qe 

Ke 
(_ 

Lf 

Ke, 2 2 f' 
J = I ( J (2 f' + 1) I 

2 2 
f I· 

f' L f' 

113 I I I I .4/ cne..QyeT, 'ITO 

L 0 =L 2 =L 4 o.L, K
0

=K
2

==K
4 

,:K. 

llpuAoxeHue I I I 

PaccMoTpHM npoH3Bon&H&Ii onepaTop BH.D.a 

B: Ib a+a. 
sv 8

V " v 
3TOT onepaTop Y.D.OBneTBOpJieT KOMMyTaQHOHHbiM COOTHO
WeHHJIM: 

" 
[B,q 1= I 

ll ss 'vp. 
(b 

sv 

, 
p. p. 

- a a b_ -) q , p , q 
S V II S Vs ss p. 

p. , 
-z I (b +a a b __ )(-1) qP. q-p. p 

s s vp. , sv s II • II s vs , s s , p., ' 

rii,p l== 
p. 

- I 

I 
ss 'vp.' 

b p. -p. ( b +a a __ )(-1) p p ,q , 
811 s v liS vs'Ss p. 

p. p.' 

ss 'vp. 
( b - a a b _) p ,q , p ,. 

Sll S II 'f7 s S s Vs p. /Ill. I/ 
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-

"' HaH:neM Bbipa)l(eHHe nn11 B qepe3 [q ,p ,] , [q ,q ,]. )l;n11 
:noro 6yneM HCKaTb B a cnenyroi.QeMJ.LaH.lte: J.L J.L 

§ =·i ~ f ([q ,p ,]-·i8 ,)+ ~ g (q ,q ,}. /111.2/ 
J.LJ.L , J.LJ.L, J.L J.L J.LJ.L J.LJ.L, J.LJ.L' J.L J.L 

IloncTaanu /U I .2/ a /I I I .1/ H npHpaaHHBaH KoJ!lltl~HuHeHTbi 
npH O.D.HHaKOBbiX onepaTopax, nonyqaeM: ., , 
-Ig ,M, 7 I (b -o o b __ )q .. p"~,, 

J.LJ.L J.LJ.L TfTf ss 'v sv s v v s v s ss 
J.LJ.L 

I g ,N , ,=I (b-oo b __ )pTf ,q.,~' 
J.LJ.L J.LfL Tf'Tf SS 'Jl SJI S Jl J1 S S S J1 

J.LJ.L 

I f , L , , = I (b + o 
, J.LfL J.LfL TfTf , SJI S 

0 b_-)(-1)., q-Tf q.,, /111.3/ 
Jl JIS , ' S S JIS ' 

J.LJ.L ss Jl 

I f ,K , ,= I ( b + 
J.LJ.L' J.LJ.L J.LJ.L TfTf ss 'v sv 

., _., 
o ob __ )(-1) p ,p ,, 

s v v s v s ss 

Ilo,lJ,CTaBIT111I /10/ B /II 1.3/, HaXO,lJ,HM: 
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g =- _1_ I (b b J.L , J.LJ.L, 2Lss'v sv-0 s 0vvs) ((-1) q-J.L,pJ.L _ JIS Ss ' 

J.L' , 
-(-1) q"'#l pfL ), , , 

JIS SS 

1 J.L+J.L' , 
f ,=-I (b +o o b __ )((-1) p-J.L p'il-

J.LJ.L K s s v SJI s Jl Jl s JIS , SIS , 

8J.LJ.L' I 
- -6~ ., 

., 
p"',p ,). 
JIS SS 

IlpuAoJICeHue IY 

2 
W= I ( f, +f,,)(P .. ' ), 

jj , J J " 

r+~_)__ I 
g - 2y KL i1J2J;i; 

2 
[·G ~ _01 i2 ; i; i; )x 

(+) (+) (-) (-) 
(Lv . . v

1
,,, pi . p

1
,1, :;.Kv

1
. v

1
,
1

, qi . q
1

,
1

, )+ 
11 12 1 12 1 1 2 12 1 12 12 1 1 2 12 

2 , . , ( (+) (+) , 

+2Gw(j1j2 ;j1 12) LuJ
1

J
2

uJ;1; PJ1i2PJ1i; + 

(-) (-) )] -Ku u,,-q q,,,, 
+ j 1 J 2 j Ia 11 j 2 j 1 J 2 

1 =-10(2(1:./
12 / 12 I 

K ·'i'·' ~ 121 
1 2 

1 
[ 

2,. ,,., (+) (+) 
'Gc(11 1

2 
i1/

1
)v . . u,,

1
, + 

~ 11 12 112 

Ji -J, 
2(-1) t 2 (i .. ,, j,) (+) 

,_ 1 12,]1 2 UJ' 
w 1 1 2 

(+) ] 
V , J, X 
11 2 . 

J; -J, 2 2 2 
X (-1) I l p ,, ., ., J J pj'}, p,, ·'' 

1 1 1 1 2 1 12 1 
2 1 2 

Gc(j
1 

i
2 

;j;j
1
') = I,m, Gc (i1m1 ,j 2 m2 ;j;m; ,j;m;)x 

~ m1m2m1 2 ~ 

2M 
XC. 

11m1j 2m2 

2M 
c, '·' , ' 

j1m1 1 2m2 
2 , 

Gw (j1 j2 ;j;j;) = mr'fi
1
'm;w(jlm1,j;m/ ;j2m2 ,j2 m2')< 

. , . , m , 
11+12+ 1+mz 2M 2M 

x(-1) C. ·' ,C. ·'~m' • 
1tm11 1-m1 12m2 12 2 

Is! 3,lJ,eCb f. • 3HeprHH KBa3HqacTHU , 
J 

(±) 
u =u v ± u v 

Jj , j j, j .• j 

(:!:) 
v =Uu,-vv. 
jj' j j + j j' 
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