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O6paTHaH 3aAaqa TeopHH pacceHHHH B KBaHTOBOH Me

xaHHKe COCTOHT B OTbICKaHHH noTeHuHaJia V ( r) B ypaBHeHHH 

lllpeAHHrepa no TeM HJIH HHbIM aCHMnTOTHqecKHM CBOHCTBaM 

ero perneHHH /HanpHMep, no qia3e pacceHHHH o(k),co6cTBeH
HhlM 3HaqeHHHM (n , HOPMHPOBaHHblM KOJqlqlHUHe1-1TaM Nn 

HJIH no cneKTpaJibHOH qiyHKUHH/. MaTeMaTHqecKH cTporoe 

perneHHe o6paTHOH 3aAaqu, COAep•ameecH B H3BeCTHbIX 

pa6oTax H.M.renhqlaHAa H li.M.neaHTana, M.LKpenim, 

B.A.MapqeHKo H AP, /noApo6HhIH cnHCOK JIHTepaTyphI CM. 
/1 2 I 

B pa6oTax • /' OKa3bJBaeTCH HenocpeACTBeHHO He npu-

MeHHMbIM K aHaJIH3y JKcnepHMeHTaJibHbIX AaHHbIX no pac

ceHHHIO. ,IJ:eno B TOM, qTo qia3a pacceHHHH f{k) AOJI*Ha 6hITh 

H3BeCTHa npH O~k~OCl. <l>H3HqecKH JTO 03HaqaeT, qTo uy•Ho 

HMeTh AaHHbie no pacce HHHIO qacTHU CKOJib yrOAHO 6om,IlIHX 

JHeprHH. Ho Y*e npH cpaBHHTeJihHO He6oJibllIHX JHeprHHX 

qacTHUhl CTaHOBHTCH peJIHTHBHCTCKHMH H HX noaeAeHHe 

He onHCbJBaeTCH HepeJIHTHBHCTCKHM ypaaHeHHeM lllpe -

AHHrepa. 

IlOJTOMY npHHUHnHaJihHOe 3HaqeHHe HMeeT perneHHe 06-

paTHOH 3aAaqH AJIH peJIHTHBHCTCKHX ypaalleHHH KBa3HnoTeH

UHaJibHOro noAXOAal-1,4/. 3TOH 3aAaqe H nocBHI.QeHa Ha

CTOHI.QaH pa6oTa. 

HcnoJib30BaHHe MeTOAa BBeAeHHH HenpepbIBHoro napa

MeTpa H MeTOAa peryJIHpH3aUHH, pa3BHTbIX B /5--7 / AJIH 

perneHHH HepiJIHTHBHCTCKOH o6paTHOH 3aAaqH TeopbH pac

ce HHHH 181 , MO*HO pacnpocTpaHHTb Ha peJIHTHBHCTCKHH 

cnyqan, HcnoJib3YH pe3yJihTaTbl pa60Tb1 191 . ,IJ:eno B TOM, 

qTo B 181 B KaqecTae HCXOAHOro ypaaHeHHH paccMaTpHaa

eTCH qia3oaoe ypaaueHHe 1101 . 

d V(r,t) 2 
-- o (r, k, t)= - --- ·sin ( k r + o (r, k, t )) • 

dr k /1/ 
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I 

,ll;H~~epeHUHPYH no t o6e qacTH nocnenHero paaeH
CTBa, M0)KH0 nonyqHTL cnenyroiuee ypaBHeHHe 181 :· 

00 00 

f drZ(r,t)'sin2 [kr+8(r,k,t)]exp[-! f dr'V(r~t)x 
o t /2/ 

x·sin2[kr' +8 (r',k,t)]=k[B (k,t)-8,., (k)], 
. .J' "" 

rne 

. . . d 
Z(r,t)=.-.. -V(r,t), . dt .. /3/ 

! ' -

8 a (k) H BP( k,t) - cooraeic.TaeHHO, 3KcnepHMeHTanLHaH 
H np116IlH)KeHHaH ~a3a pacceHHHH. 

. Cm;;TeMa /2/- /3/ pell!aeTCH . npH 'HaqanLHOM yCil0BHH 

·· v(r,pj~ V
0 

(r)'. /4/ 

PewaH ypaBHeH~e /1/ C ~aqanLHblM 3HaqeHHeM no
TeHUHana V0 . H mrncr'aarrn.a · n~nr,qeHHhle · pewemrn B · /2/, 
onpenenHeM H~H3BeCTHY10 ~YHKUHlO Z(~, OJ. Torna H3 /3'/ 
nony_qa_IOT c,11eny10iuee npH6IlH)KeHHe JlJIH noTeHuHana · · 

V ( i- · , r ) = V ( r, 0) + r Z ( r, 6)', /5/ 

r,Lle r - war no nepe~rnHHOH t • 
· ,D;anee npouecc BLJqHcnen:Hii noBT0pHeTcH no Tex. nop, 

Il0Ka HC~OMhIH noTeHuHan He· CTa6HilH3HpyercH. 

· 1: BL111IeonH.caHHL~ii MeT0,ll 181 .· · cnpaaennHB T0ilhKO npH 
ycno~HH,. qTo: 0 (0) ;,,,s, (oo)=Q, T.e. K0r,D.a HeT CBH3a~HblX 
_COCTOHHHH .H p_acc1;rnaa10rcH ~tpapH)KeHHbie_. qacTHUhL IJ03'
T0MY CHaqana .• 3T0T, Mel'on pacnpocTpaH~M Ha cnyqaii 
pac,ceHHR.!I 3apH~eHJ{hlX qacTHU, a, r,aK)Ke . CilY,'-laii, Karna 
B CHCTeMe HMeIDTCH CBH3aHHL1e· cocio_.!IHHH. IIycTL no.TeH
UHaJi B3aHMOneHCTBHH C0CT0HT H3 n:syx qacTeH V(r)= V1 (r)+ 
+ V2 (r,t), nP,HqeM l'z (rJ-H3BeCTHbIH noTe~uHan /HanpHMep, 
KYilOHOBCKHH noTeHuHan/. H , ~ (r. t} - . HeH3BeCTHaH. '-laCTh 
noTeHUHana / HnepHbIH noTeHUHan/ 
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Torna CBH3aHHble C0CT0HHHH B 'CHCTeMe ·nayx Ten 
onHcLrnaroTcH ypaaHeHneM IllpenHHrepa /nn.a npocToTLI no
Il0)KHM f=0 I. 

d 2 
2 

[~-k 11 -~ (r)]'l'n(r,t)=V2 (r,t)'l'n(r,t), /6/ 

2 6 , ~ 
rne E = k • co CTBeHHbie 3Ha'-leHHH :meprHH CBH3aHHbIX n n 
COCTOHHHH H C00TBeTCTBYlOI.UHe HM H0PMHp0BoqHLie K0HCTaH-
Tbl onpenenHIOTCH no ~opMyne 

00 (1) 
Nn=N1n+f drcI>n (r)V2 (r,t)'l'n(r,t), 

0 

(1) 

/7/ 

rne cI>n (r) H Nin - peweHHe ypaaHeHHH IllpenHHrepa H Hop
MHpoaoqHaH K0HCTaHTa C noTeHUHanoM Vt (r). 

B 3T0M cnyqae ~a30BbJe ypaBHeHHH nnH aMnilHTynLI 
pacceHHHH HMeIOT cnenyIOI.UHH BHn: 
d ( 1) ( 21 2 

a;- f ( r, k, t) = v2 ( r, t) [ cI> k ( r) + f ( r, k , t) <fl k r r)], / 8 / 

(1) (2) 
rne cI>k (r) H cI>k (r) - naa IlHHeHHO He3aBHCHMbIX pe-
lIIeHHH ypaBHeHHH IllpenHHrepa /6/ npH k 2> O H v2 =0 

,ll;H~~epeHUHPYH no t o6e '-laCTH ypaBHeHHH /7 / H /8/, 
M0)KH0 nonyqHTb cnenyroiuHe ypaBHeHHH: 

00 2 
J drZ (r,t)'I' (r,t)=(Nn -Nin ), 

o 2 n 

00 (1) (2) 2 
J dr; (r,t)[cI>k (r)+f(r,k,t)cI>k (r)] x 

0 

n> r2J 
xexp[J dr'[cI>k (r ')+ f(r',k,t)cI>k (r')]x 

t 

00 

( 2) 

x<l> (r 'Jl=[ F (k)-Fk ( k,t)l, 
k 3 

rne 

/9/ 
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. . . .. ,d .··. , ,,. 
.z2 (r,t).=-V 2 (r,0 

· dt · ·, 
/10/ 

F 
3

(k)H FP (k ,t) - cooTBeTCTBeHH0 3KcnepHMeHTariLHaJI H 
npu6nH:>KeHHaJI aMnnHTY.D:hl pacceJIHHJI. CHcTeMa ypaBHeHHH 
/9/ H /10/ p~maeTcJI npH HattanhH_oM,ycnoBHH_Y2 (r,Oh.E 0 (r). · 

._ ; '-. ,- ~ ·' 

.. 2. Tenepb nepeii,n;eM K paccMoTpeHHI0 penJITHBHCTCKO· 
ro cnr1a·J1. ',[(nJI npOCTOTb! pacc~oTpH~. cny1:1aii pacc~HHHJI 
He 38.pJI:>KeHHbIX qacTHU, Kor.fra. B ... CHCTeMe He . ;IJMeeTCJI 
CBJI3aHHhIX cocTOJIHHii. Tor,n;a 4ia30OL1e · ypaaHeniiH HMeIOT 

cne,n;yroll\HH au,n:1 91: 

d 2µ 
cf;-ff (W,r)=- -_-_-_-_-_-----V(r)ve (r)x 

y'm m .shx_ . , 1 2 . . (12) .. /ll/ 

.. ; (1) • . (1) ·• . . 2.. 
x[cl> (r,q(12J)+fe (W,r)cl>e (r.~q (12/1., 

(1) ' 
cl>e (r,q(12))=·se (r,x.(12))+ . ' . 

r (+) .. . ( 1) · , +/ dr 'De (r, r ~~W ).V(r ') ,_ct> e (t ',. q(1 2) ), . 

/12/ 
(2) (1) 

cl> e (r' q(12)) = e e (r' x.(12)) + 

r (1) 

+fdr'D;+>(r,r~W)V(r ')«l>e.· (r.~q •.),_ 
o c. · . · (12) 

r.n:e 

(+) 2 Ve (r , ) " 
De (r,r~W)=. µ -----lO(r'-r)x 

--,-- ·sh x ym
1 

m
2 

. (12) 

~) ~) 
x[ee. (r ', x.(12)) ·se (r, x.(12) )-ee (r,xr121se (r~"><r12]1+ 

6 

l 
Ii 

~ 

' I 
I, 

! 

i 
! 

" :,• 

+ 0(-r-r') [2. ·is
0 

( r,x_ .·· )'s 0 (r',x )-
. . . c. · (12) c. · (12) ·, 

~) ~) . 
-e

0 
(r, X Js0 (r ', X ) -ea (r ', X. )·sn (.r,x )]I, 

c. (12) c. (12) c. ·1125 c.. . (12) 

(1) 
·sf(r, Xrt21 H ef (r ', )tf2y·· nHHeHHO He3aB,CHMble peureHHJI 
penJITHBHCTCKoro ypaBHeHHJI lllpe,n;HHrepa / 

1
, 

m1 +m2 · · . . . ➔ 2 · - ·· ml m2 
W =- ym1 m2 

-q(l2), q ... ym 1 mi'sh X , µ= . 'm m 12 (12) m 1 + m 2 VL1 2 . 

B 3T0M cnyqae ypaBHeHHe THna /2/ HMeeT BH.n;: 
00 . • 00. , 

f dr[Z( r,t)Ql (r,t)+Q (r,t)]exp[fdr'QJ(r',t)= /13/ 
0 2 r . 

r.n:e . .,[fe (W)-Fev(W,t)], 

2µ (1) 
Q

1
(r,t):z-------ve (r)[cl>e (r,q ,t)+ 

.r:.-. (12) 
V ml m2 shx.(12) . . . 

(2) . 2 
le (r,W,t)cl> 0 (r,q ,t)], 

c. (12) · · 

Q
2 

(r, t),= - __ 
4~ . V (r, t)vf (r) x 

y m1m2:sh'Xr12) 

( 1 J . ' . · (2) . .. 2.• 

,! q,e ( r , q(l 2), t) + f f ( r , W, t ) <f) f . ( r , q , t) ] X 
,. . . (12). 

/14/ 

. ·• d .(1) . . . . d (2) ' 
xl-<lle (r,q ,t)+fo(W,r,,t)-<llo. (r,q ,·t)], 
· dt · · (12) c. · dt c. (12) 

. 4µ . '· 
· Q (r, t)=·- ·· ·· · . V(r, t)v (r) x 

3 . - . •.. ··.•. e • .. . . ' . ' yml -~ --~h x;12):. .. . . . 
1· 



(1) (2) 
X [<Ii e (r,ql ,t)+fe(W,r,t)<lle (r,q ,t)]x 

( 2) (12) 

(2) 
x<lle (r,q ,t) 

(12) 

a ( 1) r (+) 
--<Ile (r,q ,t)=f ar'D e (r,r;W)x 
at (12) o 

(1) a a (1) 
x[<lle (r;· q(12ft)dtV(r;t)+V(r ;t)dT<f>e (r;~>'t)], 

a (2) r , (+) , 
dt <f> £ ( r, q(12), t) = / ar D £ ( r, r , W) x 

H 

(2) a · 
x[<f> e ( r , , q , t )-d- V ( r ', t) + V (r ; t) X 

(12) t 

a (2) 

x at <f> £ (r ', q(12/ t )], 

d 
Z(r,t)=---;r;- V(r,t). 

/15/ 

/16/ 

AnropHTM qncneHHOro pemeHHH COBMeCTHbIX ypaBHeHHH 
/13/ H /16/ c HaqanbHhIM ycnOBHeM V (r, 0) = V o<rJ aHa-
norHqeH a,L(rOpHTMY' rrpe.L(nO)KeHHOMY B pa6oTe / 8/ , 

3aMeTHM, qTo B HepenHTHBHCTCKOM npe.L(ene (r ➔ oo) 

a (1) 
IPYHKUHH Qr ➔ 0 , ~ <f> e ➔ 0 

d (r) 
, a"t" <f> £ ➔ 0 H ypaBHeHHe 

/13/ rrepeXO,L(HT B o6blqHoe ypaBHeHHe THIIa /2/. 

3. ,ll;o CHX rrop IIpH perneHHH o6paTHOH 3a.n;aqH pacceHHHH 
IIOTeHuHan BOCCTaHaBnHBanc11 no KOCBeHHbIM 3KCIIepHMeH
TanhHhlM .n;aHHhlM / C,L(BHrH qia3 H aMrrnHTY.L(hl/. :61,mo 6bl Beeb
Ma )KenaTenhHO TaK CtpOpMynHpOBaTh o6paTHYIO 3aJJ,aqy 
pacce11HH11, qTo6bl B KaqecTBe HHIPOPMaUHH Hcrronh3OBaTh 
Herrocpe.L(CTBeHHO H3MepHeMbie Ha OIIblTe ceqeHml pacceHHHH. 
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Hn)Ke MhI o6c:y,nn:M o.n;Hy H'3 B03Mo~1:1cicieii TaKoii rrocTaHoB- · 
, I<'H •3·a'):(aqH '.L(nH' Hepen11niBHCTCKoro 'ypaaHekH~ Illpe.L(HHrepa. · 
Hcnon1,3y11 MeTo.n;, pa3anT1,1ii' B' pa6oie 19 I, 'M())KHo noiJyqHl'h · 
cne,ityroJtiee· paBeHCTBo .n;mi: rionHoii a'Miimity.iiLi pacc'e'11HH11: 

a . ~ ➔ ., , µ ➔· (+),.. . (+). ➔ • d ➔ ' 

-f(Js, ,ka,t)=--fdrq,k (r,t)</,:.. (r,t)-V(r,t)~ 
at . . . -. 4 TT.· . a --k b · dt 

·, /17/ 
EcnH pacceHHHe ·rrpoHCXO,L(HT Ha ueHTpanhHO-CHMMeT'

pH'leCI«>M IIOT~HUHane :s IiyneBOH yron, TO paBeHCTBO /17/ 
HMeeT ·BH.L(: · 

a . µ ·2 a . 
-- 1(0= 0, t)=--.f dr r. [-- V (r, t)] x 
dt 2TT . · · dt 

. . (+) ➔ ·• · (+) · ➔ /18/ 
-x fan ➔ ¢ ➔ rr,tJ¢ ➔ (r,tJ. 

r k --k . a, . b 

00 
B 3TOM cnyqae 

2 
fdrZ(r,t)r I an ➔ 

ypaa1:1eHne THIIa /2/ 38.IIHllieTCH Tai<: 

O r 

(+) ➔ (+) ➔ 
¢, ➔ (r,t)<p ➔ (r,t)= 

ka --k a 

=~ [ I (t ,k, 0= 0)-19 ( k, 0= 0)], p µ 

- /19/ 

r.L(e 
. a . 

Z(r,t)=-V(r,t). 
_ .. at . 

/20/ 

Hcrron1,3y11 OIITHqecKyIO TeopeMy H .n;ncnepCHOHHhie co
OTHOllleHHH .n;nH peam,HOH qacTH aMnnnTy,L(hl pacceHHHH/ll I , 
F (k, 0=0) MO)KHO Bbipa3HTh Herrocpe,L(CTBeHHO qepe3 ceqe-
HHe pacceHHHH 

.. · . . .. . . k ··• 
I (k;0=0)~Ref(k,0)+·i-· -a(k), ' , ' ,·. ,, . , ' _.. 4 1T , ; 

1 00 

Re F(k, 0) =-
2
- P f ak ' 

2TT 0 

k '
2 

a( k ') 
k ,2_k2 

oo - · · · • - e +1 
•,.-Ree~ (2t +1) ~ -J). , INne.,1

2
' 

k .... 
nf ( k nf -k )' 

/21/ 

• • ., ~ < -~ 

-19 



TaK )Ke,KaK U B npe,nb1,nymux nyHKTax, CUCTeMy ypanHe· 

HUH /19/ u /20/ pernaeM COBMeCTHO, Y'iUTLrna11 paBeHCTBO 

/21/ u c HayanbHbIM ycnoBUeM Tuna /4/. 
. Perna11 ypannenue lllpe,nuHrepa c Hat.IafLHLIM(.yiaqeHueM 

noTem~uana V0(r), naii,neM qiyHKUUU ¢ft u ¢-k , a 3a-
a b 

TeM HJ /19/ u neuJBeCTHYIO q>yHKUUIO Z(r,t);na nocne-

,nyromeM mare npoue.nypa nonTop11eTc.H c noTenuuanoM 

V = V0 + r Z. 3aMeTUM, t.ITO TaKoii no)].XO)]. K onpe,nenenmo 

Z(r,t) 6onee npuBneKaTeneH, _T.K. o,nnoBpeMeHHO yt.IHTLrna

eTcH BC.fl COBOKynHOCTb Henocpe,ncTBeHHO U3Mep.HeMLIX Ha 

onLrTe '.JKcnepHMeHTanLHLIX )].aHHLIX a(k), nonHoe cet.IeHue, 

k !e - '.JHepruu CB.H3aHHbIX COCTO.HHUH U Nne ·HOpMUpo

BO'iHbie KOHCTaHTbl CM/ /21/. KpoMe Toro, ypaBHenue 

Tuna /19/ MO)KHO IlOJiyt.IHTb U ,nnH CUCTeMbl ypaBHeHUH. 

TaK KaK 06bI'iHO CHCTeMa ypaBHeHHH. nonyqaeTC.H npu 

perneHUH Ja)],at.IH Tpex Ten u 6onee, TO TaKOH Il0)].XO,!J; MO>KeT 

OKa3aTbC.H OTnpaBHbIM nyHKTOM npu nocTaHOBKe o6paTHOH 

Ja,naqu )].n.H MH0roqacTH'iHblX CHCTeM. 

3aMeTUM, 'iTO )].fl.fl pen.HTUBHCTCKOro ypaBHeHH.H lllpe

)].HHrepa 6hlno 6hl HHTepeCHO BocnonLJOBaTbC.H nO)].XO)],aMH 

K o6paTHoii: Ja)].aqe, paJBHThIMH, HanpnMep, renLcl>aH.n<>M - -

JleBHTaHOM, MapqeHKo/1 / HnH MeTO,!J;OMa 1, r)].e noTeHunan 

BOCCTaHaBnHBaeTC.H no BCeM q>aJOBbIM C)].BHraM npu 0)].HOH 

'.JHeprHH. O,nHaKO TO o6cTOHTenLCTBO, 'iT0 acHMilT0THKa 

pen.HTHBHCTCKOH BOllHOBOH cl>YHKUHH He HaCTynaeT TaM, r)].e 

noTenuuan npaKTHt.IeCKH paBeH Hynro/9 1, Jarpy)].HHeT He· 

nocpe)].CTBeHnoe pen.HTUBHCTCK0e o6o6meHHe '.JTHX no)].xo

)].0B. MO)KHO na,ne.HTbCH, 'iT0 Hccne)].oBaHH.H B '.JT0M HanpaB· 

neHUU Il03B0nHT rny6>Ke Il0H.HTb CBOHCTBa perneHHH pen.fl• 

THBHCTCKoro ypaBHeHH.H H, B qacTHOCTH, Bbl.HCHHTb - KaKHe 

acHMilT0TH'ieCKHe CBOHCTBa '.JTHX perneHHH 0)].H03Iiat.IHO onpe

)],en.HIOT KBaJnnoTenuHan. 

MLI HMenH B03M0)KHOCTb o6cy)K)].aTb nonpocLI, CB.HJaHHble 

C MeT0,!J;OM BBe)],eHHH nenpepbIBHoro napaMeTpa C E.Il.)KH)],· 

K0BLIM, r .H.MaKapeHKO H A.B.PaKHTCKHM, Ja t.ITo npnH0CHM 

HM rny6oKyIO 6naro)].apHOCTb. 
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