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B nocne,11,uee apeMH B KBaHTOBOH TeOpHH non11 / 1 I 6hrnH 
,11,0CTlffHYThl 3Ha'IHTenhHhJe ycnexH B onucauHH CHCTeMhl 
.11.BYX B3aHM0,11,eHCTBYIOII(HX 'laCTHl( ·c IlOMOll(hlO KBa3HilOTeu • 
uuanhHoro no,11,xo,11,a. 

KBa3HilOTeuuuanhHhle ypaauenHH OKa3anHCh BeChMa 
y,11,06Hh1MH KaK npu uccne,11,oBaHHH CBOHCTB CBH3aHHhlX co
CTOHHHH 121 , TaK H npu perneuuu 3a,11,a'IH pacce1111H/:1 

B pa6oTax 14 - 91 npe,11,no:>Ken ,11,pyroii aapuanT Tpex-
Mepuoii ¢opMynupoBKH 3a,11,a'IH .11.BYX Ten THna KBa3HilOTeu
l(HanhHOH, KOTOphlH Mhl H 6y,11,eM HCil0Ilh30BaTh B. uacTOHll(eii 
CTaThe. 

K 
•• /11/ V V 

aK IlOKa3aHO B , H3BeCTHhIH KBaHTOBOMexaHH'leCKHH 
MeTo,11, ¢a3oBhIX ¢YHKUHH 112•131 y,11,aeTcH pacnpocTpaHHTh 
ua cnyqaii penHTHBHCTCKoro .pacceHHHH .11.BYX CKanHpHhlX 
qacTHl( B paMKax KOHe'IHo-pa3HOCTHOrO ¢opManH3Ma KBa-
3HilOTeuuuanhHOH TeOpHH. IlpH '.HOM nonyqeHHhJe ypaaueHHH 
HBJIHIOTCH uenuueiiHl,IMH KOHe'luo- pa3HOCTHhlMH ypaaueHHH • 
MH. 

B pa6oTe 1181 6hrn npe,11,no:>KeH uecKonhKO uuoii, 'leM 
a 112 , 13 1 ,cnoco6 nony'lelrnH ypaaueuuii MeTo,11,a ¢aJOBhIX 
$YHKl(HH, KOTOphlH ,11,nH pacceHHHH penHTHBHCTCKHX qacTHl( 
OilHTh npHB0,11,HT K 06hlKHOBeH~hlM H~nuueiiH~M ,11,u¢¢epeu~ 
uuanhHhIM ypaaueuu11M nepaoro nop11,11,Ka, · npu'leM, a oTnH • 
'Ille OT 111 1, y,11,aeTCH coxpaHHTh. o6hI'IHhIH'CMhlCJJ "06pe3a
HHR" IlOTeHl(Hana. 

B uacToHmeii cTaThe pe3ynhTa·h1 118 I 0606ma10Tcn 
Ha cny'laH penHTHBHCTCKOro pacceHHHH .11.BYX 6eccnHHOBhlX 

• 'laCTHl( C uepaBHhlMH MaccaMH. 
1. Ilpuee)leM OCHOBHhle ¢opMynhl, ueo6xo,11,HMhle e .11.anh· 

ueiirneM. 
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KaK 6L1no noKa3aHo B 19•101 , 3a,n;alfa pacceHHHH ,n;Byx 
'laCTHU c MaccaMH ml H m2 H, COOTBeTCTBeHHO, 4-HMnynh
caMH pl H P2. CBO,D;HTCH K onncaHHIO ,D;BH)KeHHH O,D;HOH 
3!pcpeKTHBHOH 'laCTH➔IJ;hl C MaCCOH 11)12,=vm-;m; H OTHOCHTenh -
HhIM HMnynhCOM <1(12) B KBa3HIIOTeHIJ;HanhHOM none. ,[J;nH 
nonHoii 3Heprnn W = vs= y (ffj + p )2 B enc Te Me n;eHTpa 
Mace (p_ =-P =W nMeeM cooTHOIIIe~ne * 

1 2 

- ➔ 2 2 ➔ 2 2 ml +m2 ·· · ➔ 2 
W=ys =yp +m 1 +yp +m 2 =------~-_;._-__ym m +q , /1/ y 1 2 (12) 

ml m2 

Ilpn paCCMOTpeHHH 3a,n;a'IH pacceHHHH y,n;o6HO BBeCTH cne
,n;yroIIJ;yIO napaMeTpn3an;nro: 

I pl I= ml ·shxl , Pio= ml chxl , 

I P2 I= m2·shx2, P20= m2 chx2, /2/ 

q(12) = I q;12) =v ml m ;shx(12)' q(12)0=v mlm 2 chx(l 2) 

Tor,n;a /1/ npnHHMaeT npocToii BH,n;: 

W = m1 chx1 + m2 chx2 =(m1 +m2 )ch">y12j 

m shx = m sh-x_ • J J 2 2 I 

q = 2µ·sh X1+ X 
(12) . -"- 2 2 

·µ = ml m2 

m·i +m2 

/3/ 

IlonHaH aMnnnTy,n;a pacceHHHH f(W ,cos0)/ 0 ~ yron pacceH
HHH/ Ha 3HepreTH'leCKOH IlOBepXHOCTH y,n;oaneTBOpHeT cne -

. ; . . 

,n;yroIIJ;eMy ycnoBHIO HOp_MHpOBKH: 

r.ne 

du 2 2 
df!. = C(m1 ,m2 ,_W_ JI f(W,cos0JI, /4/ 

* 8 ,n;aHHOH pa66Te BCIOJ:\Y HCilOnh3yeTCH' CHCTeMa- e,n;n
HHU, B KOTopoft h=c=l, 

.. 4 
• .. 

j 
tj 

11 
\ 
I 

2 4µ 
C (m1 ,m 2 , W ) = ) 2 , 

(m1 +m2(l-(m 1 -m )2/ W ) 
OHa CBH3aHa c KBa3nnoTeHn;nanoM V "nepenHTHBHCTCKHM 
o6pa3oM" 

f(W,co·se) =--5-; J( *(q(12)'1JV(r➔,r', W) X 

m (+) ( ➔ ')d ➔d ➔' 
xr ➔ r r r. 

q(12) 

/Sa/ 

Benn noTeHIJ;Han ~oKanhHhIH ( V(7.r°', W) =O(r-r') V(;, W) H 
uenTpanhHo cHMMeTpH'IHhIH (V (;, W) = V (r , W), r= I /1 J, TO 

µ ➔ ➔ (+) ➔ ➔ 
f(W,cos0)=--f(*(q ,r)V(r,W)'P ➔ (r)dr. /56/ 

2rr. (12) q(J2) 

➔ ➔ 

8 /Sa/ H /56/ t (q 
12 

,r) - H3BeCTHaH cpyHKIJ;HH Illann-
po / 141 , KOTOpaH c'±i§>)l(HT aHanoroM nnoCKOH BOnHhl 

q 12 -il 2; -1+1n/mim~ (+) 
(((q J)= ( ( Jo (1 0 ) , t=tn, n =lJ,'l'<i!(r.1- BOnHOBaH 

(12) •'m m {12) 
V 1 2 

lf)yHKIJ;HH' y,n;oaneTBOPHIOIIJ;aH' COOTBeTCTBeHHQ,HHTerpanhHhIM 
ypaBHeHHHM / B, 9/ 

(+) ➔ ➔ ➔ (+) ➔ ➔ ➔ ➔ • 

'l'q➔ (t)=((q jr)+fG (r,r',W)V(r~r'~W)x 
(12) (12 /6a/ 

m(+J (➔ ")d...,.d ➔" 
xr ➔ r r r , 

··. q (12) 

,n(+) ➔ /: ➔ ➔ (+) ➔ ➔, ➔-
T q (r) ="' (q ,r)+fG (r,r ,W)V(r, W)x 

(12) (12) ·. . 
/66/ 

x'I' <+) (;')dr➔', 
q(12) 

a $YHKIJ;HH rpHHa 
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a <+J(:, 1~ w J= ..1_ f e (Kc12), 1J t* (Kc12J ,-; , J 
(2TT)3 w m1 +m2 . I X v m m +K 2 

.• ym~ 1 2 (12) +u 
1 2 

➔ 

d Kc12) 
/7/ 

yl + K :12/ m lm 2 

IlafunanhHhie pa3llO)l(eHHH $YHKUHH e(q ,-;) 
cf+ (i;?, w) Ja.D;aIOTCH B BH,D;e: (l'l) 

'Pi+) (r) H 
' q(12) 

1 
oo e 

c ➔ ➔ - e . 
<:, ( q(12) , t) - -- e:o (2 +1) 1 Se (r, X(12)x 

ryml m2 ·sh X (12) 

➔ ➔ /8a/ 

X p _ ( q(12)t 
e q >, 

(12{ 

(+) 

'I' ➔ 
q(12) 

➔ . 1 00 e 
( t) = __ . ~ ( 2 e + 1) i IP e ( r, q < 12} 0 

rym1 m 2 sh x(12) E=o 

➔ ➔ 

q (12)'t 
x Pe(----), 

q(12) t 

/86/ 

(+) ➔➔, 1 oo_ (+) ,. ;.;, 
G ( r, r , W) = --- ~ ( 2 f +l)G ,, (r, r ,W) F (--). 

IJ n L e ' 
.4TTtt, = tt 

/8B/ 

Ilo,ncTaBnHH paJnO)l(eHHH /8a/, /86/ n /8u/ B /7 / n /6/, 
nonyt-mM HHTerpanhHOe ypaBneHne Ha rrap1rnam,HYIO aonHo-

BYIO <iiYHKUHIO: 

q,<+\r, q )=·s (r,x )+ f G(+) (r,r', W JV(r',W) x /9/ 
e c12> e c12J e 

(+) 
x'I' 

0 
(r~ q -)dr~ 

l (12) 

6 

,. 

( 
? 

. n.&111 
r.ne napunanLHaH <liYHKUHH rp1rna/,cM;, HanpHMep, / 

HMeeT HBHhIH BH,D;: 

2µv (r,) 
£ 

·a<+1 r,r ',W)~- ·shx(12J e < 1 2 

,, , (1) ( j I 0(r-r )e f r,x(12 x 

x ·s0 (t ', X ) + 
L (12) /10/ 

i ( t '-r) et) (r ', Xc12/se ( r, X (12))+ 0 (-r-r')[2ise (r, x(l .d X 

X ·s
0

(r',X )- e(;) (t,X )sf (r~X )-
c. (12) c. (121 (12) 

-e(fl)(t~X )s" (r,X J]I, 
( 12) c. (12) 

. TT ~1 
s

0
(r,x )=v-

2 
shx (-i) 

c. (12) (12) 

r(in/m1 m2 + f +1) 

f(irym m ) 
1 2 

X 

-f-1 /2 
X p . . i::--;;j -½ 

1ry1t 1"'2. 
(ch X ), 

(12) 

-f f(irym 1m 2-eJ /11/ 
) - · !!_ sh X (i) - x 

cf(r,x(12) -Y2 (12) r(irym
1

m
2

) 

£+1 /2 xP. (chx ), 
irymm - ½ (12) 

1 2 

(1,2} ) ( ) + '•. ( ) e O { t 1 X = Ce t 1 X -. l so t, X 1 
c. (1,2) (12) c. (12) 

i+l 
Vf (r:)= (-1) 

r(-iry m1 m 2 + £ +l)r(irv~ 

r (--it .jm l m 
2

) r (it ym1 m2 + £ +1) 

1· 



A /7 8 11/ 
H, HaKOHe, 0(r) - o6o6~eHHaJI CTyneH'!aTaJI <PYHKUHJI ' '--.-
YqHThIBaJI npaBHno KOMnneK'CHOro conpJI)KeHHJI 

. * . * (1 ,2) * (2 ,1) 
Sf =Ve Se ' Ce = Ve Ce ' e e = Ve e f ' 

H3 /10/ MO)KHO y6e.n;HThCH, 'ITO .u;nH <PYHKUHH rpnHa cnpa
Be.n;nHBO COOTHOllleHHe: 

(+) , Ve (r') (+) , 
Ge (r,r,W)=--';...._-Gn (r,r,W). 

Ve (r) l. 

/12/ 

. ..;(+) 
3aMeTHM, 'ITO, ecnn BBeCTH HOBYJO <PYHKUHJO 'Pe ( r,'fr_2J= 

== ve(r)'P~+h, qr12>), To_ oHa B cnny /12/ 6y.n;eT y.n;oBneTBo
pHTh ypaBHeHHJO: 

ij,~+)(r, q )=s~ (r, X. )+ J ie+)(r; r,W )V(r; W )We(r;q )dr'/13/ 
l. (121, l. ·112) (11) 

Il3 /9/' /10/ H /11/ HaXO.IJ;HM, 'ITO npn r ➔ 00 <PYHKUHJI 
q,(+)( r,q ) HMeeT cne.n;yJO~YJO acHMilTOTHKy: . 
e r12> e 

J(rVm1m2X(J.2, 7) 
1rf. 

m(+)(r q )- ·sin (n./ m1m2Xr12)-
-c e ' r12> -

T)+f/WJ e , /14/ 

r.u;e 

. 2µ ' . . . , (+) 
fe(W )=- . f s=e (r, )((12) JV (r, W )'Pe (r,qr1ddr /15/ 

-Vm1m2·sh)y12) 

- napunanhHaH aMnnnTy.n;a paccemrHH, a ee CBJI3h · ·c qia3oiI 
pacceJIHHJI 8e(W) H.IJ;HaroHanhHhIMilO e 3neMeHTOM S-MaT
PHUhl ·sf. (W) .n;aeTCJI npoCThIMH COOTlIOllleHHJIMH: 

le ( W )= ·se(W )-1 

2·i 

;Se(W!sin8 (W), 
= e e /16/ 

Tor.u;a .IJ;JIJI nonHoro ·ce-<i:emrn c yqeroM /4/, /!5/ u·/16/ 
llMeeM 

8, 

:, 

( 
"I 

ch . 2 1 
00 e 2 

a=f- d0=411C(m1 ,m2,W )- I (2 +l)lfe(WJI 
. dO q2 &o . 

(12) /17/ 

=,411C(m ,m , W2J-1- I (2e +1)sin 28 (W). 
1 2 q2 e=o f. 

(12) 

2. 3.u;ech noKa:>KeM' 4TO MeTO.IJ;, pa3BllThlH a 116 !Mo:>KHO 
npnMeHHTh K perueHHJO ypaBHeHHJI /9 /. 

EcnH KBa3HilOTeuunan - KBa.n;paTH'iHO HHTerpnpyeMaH 
cpy11Kun11, TO cnpaae.u;nnao cne.u;ym~ee pa3no:>Ke1me: 

(+) 00 

V(r,WJ'Pn (r,q )= I A (W)<I> (r), 
i. (12) n=1 n n 

/18/ 

r.n;e 

(+) 
· An(W)= f<l>n* (r)l'(r,W)'Pp (r,q(l 2 )) 

/19/ 

H <l>n (r) - IlOJIHhIHHa6op H3BeCTIIhIX cpyHKUHH. 
no.u.cTaBJIHH pa3JIO)f(eHHe / I 8/ B ypaaneHHe /9/ H B 

onpe.u.enenne napuuaJihHOH aMnJIHTY.U.hI / I 5/, nony'IHM: 

(+) 00 

'Pe (r, q ) = Se (r, X ) + I A (W )'Vo (r, q ), 
( 1 2) (1 2) n=-1 n l.n (1 2) 

/20/ 
00 

f f.(W )= /:
1 

An(W) ff.n (W), 

r.u.e 

'P
0 

(r,q )= JG(e+)(r,r',W)<I> (r')dr', 
l.n (12) n 

/21/ 
2tµ 

f O (W )= - ------ f S e*(r, )( )<I> (r)dr. 
l.n .-- (12) n 

•'m m ·shx 
V 1 2 (12) 

11TaK, Mhl npe.IJ;CTaBHJIH perueHHe ypaBHeHHJI /9/ n nap
unanhHYJO aMnnnTy.n;y pacceJIHHH B cpopMe /20/ qepe3 
ueH3BeCTHhle K03(pqJHUHeHThl pa3no:>KeHHJI An(W ). CHCTeMa 
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anre6p_aH1IeCKHX ypaBHeHHH Ha 3TH K03!p!pHUHeHTbl nonyqaeT

C.H nyTeM no,D.CTaHOBKH /20/ e /19/, KOTopyIO MO)K}lO 

perna Tb MeTO)J.OM pe,D.yKUHH 1161 • TaKOH MeTO)J. 6bIJI npHMeHeH 

)J.JIH perneHH.H HepeJI.HTHBHCTCKOH Ja,D.a~H . Tpex Te JI 117 I H 

1IHCJieHHhie pac1IeTbl noKa3aJIH, 1ITO B pa3JIO)KeHHHX THna 

/18/ MO)KHO orpaHH1IHTbC.H npHMepHO ceMblO - .u.ec.HThIO 

1IJieHaMH. 3To no3BOJI.HeT Ha,D.e.HTbCH, 1ITO npHMeHeHHe 3TOro 

MeTO,D.a K perneHHIO pemITHBHCTCKOH 3a,D.a1IH pacc~HHH.H, 

a TaK)Ke ,!J.JI.H HaXO)K,!J.eHH.H YPOBHeii 3HeprHH CB.H3aHHhIX 

COCTO.HHHH B CHCTeMe .!J.BYX TeJI MO)KeT OKa3aThC.H 3qJ!peK

THBHbIM. 

3. Teneph o6paTHMCH Henocpe.u.cTBeHHO K BhIBO.D.Y .u.nip

ipepeHn;HaJibHoro ypaBHeHHH nepeoro nopH,D.Ka Ha napunaJih -

uym aMnJIHTY.D.Y pacce.HHHH /15/ .u.eyx 6eccnHHOBhIX penH

THBHCTCKHX qacTHU C HepaBHbIMH MaccaMH /BbIBO,!J. aHaJio -

rHl.IHbIX ypaBHeHHH ,!J.JIH pacceHHHH 1IaCTHU co cnHHOM He 

BHOCHT npHHUHnHaJibHbIX 3aTpy,D.HeHHH, eCJIH yqeCTb pe3yJih-

TaTbI 16•151 /. 

IlyCTb noTeHUHaJI 3aBHCHT OT ueKOTOporo napaMeTpa 

,\ -Tor .u.a BOJIHOBaH ipyHKUHH H napunaJibHaH aMnJIHTy.u.a TO)Ke 

JaBHCHT OT 3Toro napaMeTpa. ,ll;nipipepeuuupyH no,\ ypae

ueHHe /9/ H COOTHOillenne /15/, 6y.u.eM HMeTb: 

• (+) . (+) • (+) . 
'1'

0 
(r,q ,A)=JG 

O 
(r,r~W)V(r~W,,\)'1'

0 
(r~q ,A)dr' 

L (1~ L L (1~ 

/22/ 
(+) • (+) 

+JG
0 

(r,r~W)V(r;W,,\)'1'
0 

(r~ q ,A)dr~ 
L · L (12) 

. 
fe(W,A)=-

2µ 
• I -~- [ J-s * (r • V ml m shx f · 'Xo2} V (r,W,,\) x 

2 (12) 

(+) 
X \JI f ( r , q ( 12)' ,\) dr + 

/23/ 

'J . . . . • (+) 
+ s~(r,x )V(~,W,,\J'l'e (r;q ,AJdr'], 

L. (12) . · - (12) ... 

IO 

I 
\ 

r.u.e • d 
1e=cfA 1e 

• (+) d (+) • d 
'Pe =d,\ 'l'e , V = d,\ V. 

YMHO)KHM Tenepb ypaBHeHHe /22/ ua qi(t>v(r,W, ,\) H npo

HHTerpnpyeM no r • ConocTaBJIHH ,D.aHHOMY ueHTpaJibHOMY 

noTeHu;HaJiy V(~W,,\) nocJie,D.oBaTeJihHOCTh o6pe3aHHbIX Ha 

pa.u.nycax ,\ noTeHn;Hanoe 

V( r, W,,\) .. V(r, W)0(A- r ), /24/ 

r.u.e 0 - o6bI1IHaH cTyneH1IaTaH IPYHKUHH, n, YIIHThIBaH /12/, 
/ 13/ H /23/, ITOJIY1IHM: 

2 µ (+) 2 
t e r w , ,\ J = - - - v r ,\ , w J ve (,\ J [ w e (,\ ,A J J. / 2 5 / 

yml m2 shx(12) 

B peJIHTHBHCTCKOM CJiyqae, B OTJIH1IHH OT HepeJIHTHBHJ

_Ma, acnMnTOTHKa BOJIHoeoii IPYHI<UHH HacTynaeT He B TOIIKe, 

r.u.e "06pe3aeTcH" noTeuunan, a TOJihI<O npn r ➔ 00 • B 3TOM 

MO)KHO JierI<o y6e,D.HThCH, eCJIH ypaBHeHHe /9/ nepenncaTh 

B BH,D.e: 

8) (1) 
'I' 0 ( r, q , ,\) = &. ( r , X ) + [0 (W, ,\) e O ( r, X ) + 

L (1~ f (1~ L L (1~ 
/26/ 

+ f D~+)(r,r',W)V(r',W,,\)'l'~+)(r',q ,A)dr', 
L L (12) 

(+} 2µve (r') " (1) 
Do lt,r',W)=- __ _::._ ___ l0(r'-r)[eo (r',x )x 

L -- L (12) 
. ymlm2shx(12) I 

xs (r,x )-e0!rr,x )s,.,(r',x )]+ 
f (12) L (12) [ , (12) 

+ 0(-r"-r ')[2-is
0 
(r, X )s

0 
(r ', X )-

L (12) L , (1 2) 

/27/ 

(1) , (1) , 
;...en (r,x ) so (r ,x )-en (r,x )so (r,x J]l. 

L (12) L (12) l (J2) L (!2) 

II 



qT06hI le ( w, A) 6brna qJH3H"'!eCKOH aMIIJIHTy,noii B TO'-IKe 

o6pe3aHml A, Heo6xo,nHMO BBeCTH HeKue qiyHKUHH <tf/'fr,q(l2f',) 
qepe3 ypaBHeHmI, KOTOpbie Mhl orrpe,neJIHM HH)Ke. TOT,na 

/26/ MO)KHO rreperrucaTh TaK: 

(+) (1) (2) 
'11

0 
(r, q , A)= <I> 0 (r, q , A)+f O (W, A)<l>0 · (r,q ,A), /28/ 

L (12) L (12) L L (12) 

Ilo,ncTaBJIHH /28/ B /25/ u 3aMeHHH A Ha r, rrony'-IHM 

OKOH'-la TeJihHO ypaBHeHHe J];JIH rrapuuaJihHOH aMIIJIHTYJJ:hl pac -

ceHHHH: 

2 (1) L f (W ,r)=- /1 V(r, W )v (r)[<I> (r,q )+ /29/ 
dr e _r::::--=- ·s e e (12) 

vml m 2 h°)yi2) 

(2) 2 
f (W,rjV (r,q )], 
e e (12> 

(1,2) 
r,ne HeH3BeCTHhie qJ_?'HKUHH <I> £ (r, q(1 2) ) HaXOJ];HTCH H3 

cne,nyromux ypaBHeHu_u 

r 
<l>(l)(r,q )=S (r,x )+JD~+h,r;W)V(r;W) X e (12> e (12J O c. /30/ 

<1> (1) (, )d , x 
O 

r,q r, 
L (12) 

<1>~2) (r,q 02/=e<;> (r, x(12) )+j ntlr,r;W)V(r;W)x 

<I> (2)( , ) d , x 
O 

r,q r, 
L (12) 

/31/ 

· ( 1 ,2) 
TaK KaK <pyHKUHH <I>£ 3aBHCHT OT IIOTeHUHaJia, TO 

rrpu '-IHCJieHHhlX pac'-leTax ypaBHeHHH /29-31/ Heo6xo,nHMO 

HHTerpnpoBaTh COBMeCTHO, HarrpuMep, CTaH,napTHhlM~eTo

J];OM PyHre - KyTTa. 

Ecnu )Ke perneHHH ypaBHemiii /30-31/ H3BeCTHhI, TO 

qepe3 HHX MO:>KHO IIOJIY'-IHTh, IIOJ];CTaBJIHH /28/ B /15/' 
rrapuuanhHYlO aMIIJIHTYJJ:Y pacceHHHH B BH,ne: 

12 

f ,.. 

' !_ 

2
/1 fs* (r,x )V(r,W)<V1)(r,q )dr 

ymm·shyl £ (12) £ (12) 
f (W)= _ 1 2 ''{12) , /32/ 
e 1 + 2µ fs

0
* (r, x_ )V(r, W) <1>~

2lr, q ldr 
, . liii"zn ·s1-n., L . Tl 2) . L (12) 

V 1 2 "A(.12) 
CaMH ypaBHeHHH /30-31/ HBJIHlOTCH ypaBIIeHHHMH Bonh-

Teppa BTOporo pq,na, rrpu perneHHH KOTOphIX PHJJ:, IIOJiy'-leH

HhlH MeTOJ];OM rrocne,noBaTeJihHhIX rrpu6JIH:>KeHHH, CXOJ];HTCH 

Bcer,na, He3aBHCHMO OT BeJIH'-JHHhl IIOTeHuuana B3aHMo

,neiicTBHH. 

Ilo,ncTaBJIHH Haii,neHHhie TaKHM o6pa30M perneHHH B /29/ 
H /32/' 6y,neM HMeTh rrpit6JIH)KeHHhie Bhipa)KeHHH ,nm1 aM

IIJIHTYJJ:hl pacceHHHH. B qacTHOCTH, B rrepBOM rrpu6JIH)KeHHH 

ypaBHeJrne /29/ HMeeT BHJ];: 

d 2µ 
dr fe(W,r)=--::::::::--V(r,W)ve<r)[se<r,x 

2
)+! e(W,r)x 

{in m ·shx (1 ) 
1 2 (12) 

(1) 2 
xee (r,x(li]], 

I 
/29 I 

Y'-IHThIBaH / 16/ u / 11/, MO:>KHO rrony'-IHTh H3 /29 / u /29 '/ 
aHanorH'-IHhie ypaBneHHH ,nJIH <pa3hI ·pacceHHHH n ,nuaroHaJih -

HOrO IIO £ 3JieMeHTa S - Ma TPHUhl. 

B HepeJIHTHBHCTCKOM. rrpe,nene /29/ u /29
1 

/ rrepexo,nHT 

B H3BeCTHOe ,nuqiqiepeHUHaJihHOe ypaBHeHHe J];JIH rrapunaJihHOH 

aMIIJIHTYJJ:hl pacceHHHH /1 2 ,1 3 I. 
3aMeTHM, '-ITO TaK KaK ypaBHeHHH /29/ u /29 / HBJIHlOT

CH o6hlKHOBeHHhIMH ,nuqiqiepeHUHaJihHhIMH HeJIHHeHHhIMH ypaB

HeHHHMH 11epBoro rropH,nKa, TO K HHM rrpuMeHHMhl MeTOJ];hl 

Teopuu B03MymeHHH H JIHHeapH3aUHH, pa3BHThie J];JIH Hepe

JIHTHBHCTCKOrO CJiy'-laH B /l 2 ,131. 
Ecnu KBa3HIIOTeHUHaJI He 3aBHCHT OT 3Hepruu H 3a,naH 

B BHJ];e IIPHMOyrOJihHOH ff.Mhlt/ Vo - . rny6HHa IIOTeHunana, 

a. - ero rnupuHa/, peJIHTHBHCTCKaH 3a,na1.Ja .n;Byx Ten· perna-
eTCff. TO'-IHO /7/ . . . 

. , . 

YpaBHeHue Tnrra /29'/ ',nnH TaHreHca qia3hl pacceff.HHff. 

/B cnyqae. in/'=llli"':m =1 r3B H e=o / . 

,'13 



d ~ 2 
-r.-tgo

0
(W,r)=- -[·sinrx+tgo0 cosrx] ;W=2E=2chx. /33/ 

ar ·shx 

pelllaJIOCb ,IJ;JIH pa3JIH'-IHbIX napaMeTpOB noTeHI.J;HaJia H JHep

ruii MeTO,IJ;OM JIHHeapH3aUHH H '-IHCJieHHbIM HHTerpupoBaHHeM 

ita 3BM no MeTo,ny PyHre-KyTTa, u cpaBHHBaJIOCb c TO'-IHbIM 

perneHHeM. Pe3}'JlbTaTbl npHBe,neHbl Ha puc. 1 H 2, H3 KO

TOpbIX BH,IJ;HO, lffO ypaBHeHHe /29 '/ HBJIHeTCH ,nocTaTO'-IHO 

xopolllHM npu6mrn<eHIIeM K TO'-IHOMY ypaBHeHHIO /29/. 

4. B CJiy'-lae HeJioKaJibHOrO IlOTenuHaJia (V(r,r',W)= V(r~r, W )) 
BbillleilpHBe,neHHbIM CilOC06OM MO)KHO IlOJIY'-IHTb CJie,nyIOIUYIO 

CHCTeMy ypaBHeHHii.: 

d 2µ OJ 
-le(W, r)= - ----'---- vf(r)[<I> f (r,q )+ 
dr yrnmshx (12) 

1 2 (12) 

(2)( ]f 'W ["'(1), +fo(W,r)<l>o r,q j V(r,r, )"'o (r,r,q )+ 
L L (12 L (12) 

+f,,.(lf,r')<l>~
2
lr',r,q )] dr', 

L L (12) 

( 1) , , r (+) , ,, ,, 
<l>o. (r,r,q(12)=S (r,x )+fD (r,r ,W)dr x 

L J f (12) 0 f 

f V( " "' W)"'(l) ( " "' - ) cir"' x r ,r , "'f r , r , q(l 2) , 
/34/ 

"'( 21 ,_ ) (1) ( , ·. ) fr D(+)( "UJ) d,, 
'1'

0 
(r ,r,q =e 0 r_,X + 0 r,r ,n r X 

L (12) L • -(12) 0 L . 

. (2) 
x f V(r ';r"'~W J<l>f (r",r'",q(l 2))dr'". 

£' Ecirin pacce1111ne n~oncxo,nHT Ha ,nayx noTentinanax 

(V=V
1
+~) H perneHHe ypaBHeHHH /9/ C O,IJ;HHM 'u3 IlOTeHUHa

JIOB, HanpHMep, V1 H3BeCTHO, TO CHCTeMy ypaa'ueflilii /29-
. 31/ MO)KHO o6o6IUHTb Ha JTOT CJIY'-laii. 

· IlycTh ¢P((r,q(12j) ~ cf/lf r;q(12,,J - ,nBa JIHHeiiHo H
0

e 3aa~cu-

.14 
'! 

. p::i 
C') 

~ 

.,...... 
0 

>9< 

a CO 
,C\i 
II Ii 
~o 

~ 
•::;;,-

-~hl9. 
,;.• '/ : .. . ~,, ' . """' ,&,. """' . -,,,, ....-!: ,, 

•11 
f .. , 
I 
I , 
I ,, 

'I 
1 

r, 
r, 

,,?f f. 
- -~ 

"!li' 

p::i 
C') 

~ 

\A) 
1' 

tJ 
Q 
~ 

• "'t1 

l..t) 
~ 

"" ~ 

~ 
• 
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~ 
• 
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,-. 
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-~ 
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:a = 
::a = 
::r:: =-
::r:: cd 
Q) "' 
i=: = (.) 0. = cd ::r Q) 

Q) ::r:: 
0 = 
::r:: i::: 

ai ~ . :a 
:= ::r cd 0 
::r:: >, f-, i::t 
a,i:::f-<0 
3 0 >, f-, 
Q) t::~ Q) 
0, I :a 

' , .. Q)' 

Q)O\ '-<0-· 
ON ::r::N 
;:,: ti::: >, ti::: 

~=ll;= 
::r ::r:: >, ::r:: = Q) i::t Q) 
f-, ::r:: 0 ::r:: 
:= IXl f-< IXl 
t::cda,cd 
cd°'::E°' ::r:: >, >, 
cda,Oa, 
a,:=t:::= 
0 ::r:: :a= 
::r::aJa,Q) 
::r 3 := 3 
OaJ::r;:QJ 
f-<O.c110. 
I I j::Q I 

0 
.-.N 0.M 
=:=:==: 
cd cd 0. cd 
IXl IXl '-< IXl = = Q) = o.o.f-< 0. 
~~~~ 

i::x:1 
C') 

~ 

lt") ,a. 
~ 

o·oo 
• • 

c<"\J 
I 
ll u 
~~ 
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' ' I 
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(D 
• 

0 

('t) 
• 

0 
N 

(.) 

= ll; 

MbIX peweHHH ypaeHeHHH /9/ ·c IIOTeHI.(HaJIOM VI H acHMII· 

TOTHKOH 

<pt) (r,q(12)):: ·sin( r yinl m2 ~2)- ~f.. +~ e_(X(12}), . 

. 1rf. 
(2) i(n/m1m2'Xci2F2+Se(X JJ 

,1., (r q ) ~ e 1 (12> 
"tJf '(12) ~ r 

r.z:i;e S 1e (x02j - cpa3a pacceHHHH Ha rroTem.i:nane v1 • Tor.z:i;a 

BMeCTO /29-31/ . 6y.z:i;eM HMeTb CHCTeMy ypaBHe_HHH BHJJ;a: 

d 2µ . (1) 
di"~ (W,r) =------V2 (r,W)vf(r)[<I>

1
fr,q

12
j+ 

vm7ii:shx · · ( 
1 2 . (12) 

(2) . 2 
+·ff(W,r)cf>lf (r,q(12/], 

/35/ 

(1,2}. (1,2) . ,. (+) , , 
cf> 0 {r,q )=<p0 (r,q )+JD 

O 
(r,r,W)V

2
(r,W)x 

le. (12) c. (12) o le. •· 

(1,'l) 
xcf> 0 (r~q )dr: 

1 c. · (12) . · 

0 · nr+J r • WJ · .f+>/'. ·w;· / ... '/27// ·· · .. TJIHque l f r,r , • OT '1' 1r~r, . CM. · · COCTOHT 

TOJihKO B TOM, qTo cpyHKQHH s (r, -X · ) H e(l) (r, x ) 3a • 
MeHHIOTCH Ha ,1.,(l, 2 >,r q ). f (l 2) f (l 2) , 

'fJ f 1 ' ,(12) : . 

6. Ilpe.D;CTaBJIHeT HHTepec 11,0JiyqHTb cpa30Bbie ypaBHeHHH 

JJ;JIH IIOJIHOH aMIIJIHTYJJ;hl pacceHHIJ:H. 

· -Benn '1<ea3n110TeHQHan: CHMMe"fpnqeH, .To MO)KH·o Harrit- s 

caTh aHanornqHo /6a/ ypaeHeHHe, KOTopoe rroTpe6yeTCH 

HaM JJ;JIH BhlBOJJ;a CHCTeMhl ypa,aneHHH Ha IIOJIHYIO aMIIJIHTYJJ;Y: 
~ •. - • ; f - ;. 

m ➔ /::I< ➔- ➔ I r+> ➔~ . -~ -,., ;, . .,. ➔• :...,; I 6./ -r➔ (r)=s·(q ,r)+G (r,r,W)V(r,r,W)-r➔ (r?drdr. 3 
q(12) (12) q(12) 

riycTh KBa3HrioTenu:uan 3aBHCHT or·\ rrapaMe'Tpa . A:' · 

I~, 



➔ ➔ ➔, 
➔ q(l 2) ➔ r ➔ , r 

Tor.na, BBOA.!l e,nHHH'IHhie BeKTOphl n =--' n = - 'n = - ' q q r r 
(12) 

BhIOHpaH noTeHUHaJI B BH.ne: 

'W ➔ ➔ ' ' ➔ ➔- 0 \ V ( r, r , , ,\, n , n ) = V ( r, r , W ,n, n ) ( I\ - r) 

n ,neii:CTBYH TeM )Ke cno"coooM, ,To n a nyHKTe 3, IlOJIY'IHM: 

a µr 2 
~(l) ➔ 

-a-f(r,W,it,it )=---IJ[<I> (r,ql ,it ,n )+ r q 2 TT ( 2) l q 

+f~(2h,q ,ii,n )f(r,W,ii ,n )dn➔ ]dii x 
(12) l 2 2 q 2 l 

/37/ 

J V( 
, W ➔ ➔ ') [ m ( l) ( , ➔ , ➔ x r,r, ,n,n -v r,r,q ,n,n )+ 

(12) 

f 
(2J , ➔ ... , . ... ➔ ... 1 ... , I 

+ <I> (r,r ,q ,n ,n )f(r,W,n 3 ,n )dn3 dr , 
. (12) 3 

r.ne 

~ ( l} ➔ ➔ .4 TT ~(l) ➔ ➔ 
<I> (r,q ,n ,n )= -- I <1> 0 (r,q )Yo* (n1)Y. (n ) 

(12) l q rq(l2)em WI (12) WI l'm q 

~(2) ... ~ .4TT ~ - (2) * ➔ ➔ <I> (r,q ,n ,n )=- ~ <1>
0 

(r,q )Y0 (n )Y0 (n) 
(12) l 2 r em WI (2) WI l WI 2 

m( 1)( , ➔, ➔ .4TT lm(l)( , * ( ➔"Y ~,. "' r,r ,q ,n ,n)=--- -v0 r,r,q )Y n,.0 1n,, 
(12) rq WI (12) em . WI 

(12) 

m (2)( , ~ ➔ ') 14rr ~ m(2) ( , - JY* n )Y. ( ... ') 
'l' r,r.,q(12)'ll31n = -r-e:n "'em r,r,q(12 ~n3 em n 

~(1) -(2) 

H <I> em ' <l>Sn 
(1) 

<I>em 
(2) 

<I> em y,nOBJieTBOp.!IIOT ypaBHeHH.!IM: 

i?h,q )=se* (r,x )+! D(f+)(r~r~W)dr'fV(r;r'~W)x 
WI ( l 2) (1 2) 0 

-;;_ (1) ( ,, ) d ,, x-v
0 

r , q r , 
WI (12) 
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_;:(2)( j (l) ( ) JrD(+) ( ,.W) d ' JV( ' ,,.W) -v0 r,q =e
0 

t,X + 
0 

r,r, t r,r, X 
WI (12 L (12) 0 L 

X 4> (2)-(r ,, ) cir ,, em ,q<12> , 

_Jl)( ' Ji S (' ) Jr D(+)(' ,,.W)dr"JV(,, "'W) "'o r,r, q = 0 r , X + 0 r ,r , r ,r , x 
WI (J ) L (12) 0 L 

cI>(l)(r" r'~' ) dr'" /38/ 
X em ' ' q(l 2) ' 

m<2>( , . ) (l)( ' ) JrDA-)(' ,,.W)d "JV( ,, "'W) -v r ,r ,q = e r ,X + r ,r , r r ,r , x 
em r12J e c12J O e 

,F,(2) ( ,, ,,, ) d ,,, x-v r ,r ,q r ·. 
em c12> 

YpaBHeHHe /37 / MO)KeT CJIY)KHTh OTnpaBHOH TO'IKOH npH 

no11y11eHHH npnoJIH)KeHHhIX BhlpalKeHnii: ,nJIH nonHoii aMnJIHTYAhl 

pacceHHHH. 

7. If, HaKOHeu, B 3TOM nyHKTe paCCMOTJ)HM ypaeHeHH.!l 

AJI.!l napuHaJihHOH aMilJIHTYAhl pacceHHH.!l BHe 3HepreTH'leCKOH 

noeepXHOCTH. 

2µ (+) 
l 0 (p ,q )= - -----J·s[ (r,x )V(r,W)'l'e (r,q ,p )dr, 

L (12) (12) ,/in"ii('"'.shx (12) (12) (12) 
1 2 (12) 

/39/ 

(+) 
r,ne IJlf ( r,q(l 2 ) , p(l 2 )) y,n~BJieTBOp.!IeT HHTerpaJihHOMY 

ypaBHeHHIO BHe_3HepreTH'leCKOH noeepxHOCTH: 

( +) 
q, I) (r,q tP )=So (r,x )+ 

L ( 12J (12) L 

J (+ .l , , )m(+) /40/ + G0 {r,r, W)V(r ,•W -r
0 

'(r,q ,p )dr. . 
L L (12) (12) 

3,nech p(12)=V m1 m 2 shx H q(12)= Vm1 m 2 shx(12). Tor,na, 
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cne~y.11 n. 3, nony,.mM cne~ymll.(ee ypaBHeHIIe ~nn: aMnnHTY~hl 
BHe 3HepreTHtJeCKOH IlOBepXHOCTH: 

d 2µ 
- f (p ,q ,r) =- -----
dr e (12) (12) ../'iiiJii-::sh V(r,W)ve (t) X 

1 2 x(12J 

(1) (2) 2 
X [cf>n (r,q )+! n(W,r)<Iin (r,q )] X 

l. (12) l. l. (12) 

/41/ 

(1) (2) 

x[<I> e (t m,q(12)' p (12/+ 1e (p(12]q(12{)cf>e (r,q(12/L 

r~e 

(1) r (+) , ,. 
cf> n (r,q J p )=sn(r,xJ+JD (r,r,W)V(r,W)x 

l. (12 (12) l. O 

<I> (1 )( ) dr , 
X e t,q(l 2) 'p(12) 

(2) (1) r (+J , , 
<l>n (r,q )=en (r,x j+fDnfr,r,W)V(r,W)>< 

l. (12) l. (12 O l. 

/42/ 

"'(2) , 
X "'e (r,q(1 2Jdr, 

YpaBHeHHe /41/ 0TH0CHTenbH0 fe(p ,q tr) pernaeTCH 
B HBH0M BH~e (l 2 ) (1 2J 

f e (p(12)' q (12)t )= j Q ~<tl 2)'q')cfl (l) (r; q(l 2) '1c12) ) X /43/ 
· x[ exp J Q (q ,r'? <1/2> (r';·q )] dr; 

r~e r' (12) f (12) 

2µ (1) 
Q (q(t:Z);t)= - . · V(r,W)ve (r)x [cf> f (r,q )+ /44/ 

_r.:.- ' ' (12) 
vm 1m 2 sh'Xr12) 

(2) 
+ f (W,r)cf> (r, q )], 

e e (12>. 

YpaaHeHHe /43/ 3a~aeT cnoco6 BLixo~a 3a noaepxHOCTh 
3He·prirn~HMnynhca; npH'iel\1 Ha~o 3HaTh •«l>'l_>( r,q

172
,,pa

2
5BHe 
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3HepreTH'iecKoii noaepxHOCTH, a «1>(2) (r, q I: H l/W,r') - Ha 
3HepreTH'ieCKOH IlOBepXHOCTH. e (l ) 

ABTOPhl Bhlpa)KaIOT HCKpeHHIOIO 6naro~apHOCTh B.M.Bu
HOrpa~oay, P.M.Mup-KacuMoBy H H.E .. CKatJKoay 3a 06-
cy)K~eHHH H KPHTH'ieCKHe 3aMetJaHHH. 
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