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B38HMOJleliCTBHeM ] / N K COOTBeTCTByiOUIHM <!JyHKUHHM B TeOpHH MOneKy

n5!pHOrO nonH, 

Coo6meHMe O&beJl)!HeHHOro MHCTMTyTa H.llepHbiX MCCJJe.(lOB8HMit 

,ny6Ha, 1973 

Brankov J .G. 

On the Magnetization and Magnetic 
Susceptibility of an Ising Model 

with the Interaction 1 ' N 

P4 7000 

Mathematically rigorous estimates are found for the 
closeness of magnetization and magnetic susceptibility 
per spin in an N -body Ising model with the interaction 
] / N to the corresponding functions in the molecular-field 
theory. 
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B tpa,lJ;JUUIOHHOM OO,II,XO,II,e K C:HCT6MaM MHOr:HX tlaCT:HU B03H:HKaeT 

6CT6CTB6HHHll BOnpoc.o TOM, HaCKOnhKO 6nHSKO tepMO,II,:HHaMHti6CKHe 

XapaKtepHCT:HKH CHCT6M C ClonhillHM, HO KOH6t!HUM t!HCnOM tlaCTrtU, Otpalli8.IlT 

CBOllCTBa npe.n:enbHUX CleCKOHet!HUX CHCTeM, OC066HHO B6nH3f! TOtleK 

rpasoaoro nepexo.n:a a nocne.n:HHX. qactrtt!HO otBet Ha noctaaneHHUll aonp.oc 

y.n:aetcSI no.nyqr~n'·a cnyqae npoctux Mo.n:enen, .n:onycKaDIJirtX TOt!Hoe 

B tepMO,II,HHaMHti6CKOM ·npe~e.ile pemetll'le. __ , 

B p~ao~:e)I/. auna ~~.nyt~eHa oueHKa a·n;so~t~ ,nnotHOCTH caoao.n:Holl 

:mepn:H j
11 

( e, h) .D:JISI }/- taCTHtiHoll Mo.n:en:H HsHHra c noctoSIHHbiM 

B3a:HMO,II,ellCTB:HeM Bl'l,ll,a 'JjN! 

(I) 

r.n:e 
(2) 

( J - KOHC,TaHTa 'oClMeHHOrO B3a:HMO,II,eilCTBHSI, 

t«- MarH<ITHHll MOM6HT 4aCTH U; ., h_ - BHemHee MarHHTHOe none, 

g- Tewtepatypa) K npe.n:enhHOil cjlyHKUHH L.,( e),) : 

·j ~~(~,h> -1...,ce,h) 1 ~ zle~f:N- 412.. (3 ) 

B paccuatpHBaeuoM cnyqae 1.,.,(e,h) .coana.n:aet c nnotH!icnn csoelo.n:-

Hi>ll 3HeprHI'I ~ 0 (&,h) B teoprtH MOJieKyJISipHOrO OOJISI: 

(4 ) 
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•· 

rAe C = C(FJ,h} ecTb pemeHHe ypaBHeHHSI ca.MocornacoaaHHSI: 

,; .· J..A. JC+tth . 
C =v"l • -·· . . e . (5) 

peaJIH3YIDIIlee aelCOJ!DTHb!ll MHHI1MJM · cpyHKnnH (4) ' ( cu.l2f): 

., ''t 

f 0 (C) = MiM f(c) 
·• { c 1 ' 

(6) 

IIonb3YRCb repMHHonorHelt IXJ.Cloru/2 /, Cly.n;eM cquran, _qro <PYHKUHH :rle,h) 
onl'!cua~er repMOAHHa.Ml'lKY "annpoKCHMnpyDmen cncreMu", ltoropoti craanTcR 

B COOTBeTCTBJle '"raMHJ!bTOHHaH" 

IJ 

J{0 =- ( 'JE -t;tth ).2. a; l + ~ 'JNC2 
·· 

t=i 1 

',;•:; (7) 

3UBI'!CSII~l'li1 or napa.MeTpoB ca.MocornacoaaHHSI C(&,h). 

. B paeloTe/I/ ClUJ! pa3BHT MeTo~, ll03BOJ!S!IDII(l'li1 C llOMOII(biD HepaBeHC~Ba 
(J) l'l C yqeTOM CBOllCTB <;llyHKnult JIJ (&,h) oneHHBaTb ClJIH30CTb 

npOH3BO~HUX OT y~eJibHOH CBOClO~HOlt·3HeprHH f,.,(91 h) no TepMOAHHa-

MHqecKI'!M napaMeTpaM ( {7 II: h ) K COOTBeTCTBYJllliHM 

npol'l3DO~HilM, or npe~eJibHOll <PYHKIUm j 0 (9,1-t) • B 3Tolt paelore Clb!JIH 

nonyqeHbl OUe!IKl'l ClJII'!30CTH 3!1TpOnHlt H ·BHyTpeH!IHX 3HeprHlt l!a;O~HY ; 
• .. ~ • < • 

qacruey, COOTBeTCTBYDIIll'lX Ci!_CTeMaM (2) U (7). 

B IIUCT OSIII(elt paeloTe HCCne,zyeM Iionpoc 0 ClJIHSOCTH nepnux .ltBYX 

Jnpmi3BO~Hux or y.n;enbHolt caoelo.n;Holl 3HeprHH f;., (&,h) '-''no !JarHHTHOMY 

llOJ!D; a HMeHHO: 

MN (e,h) = 

H 

'C>5N{8,h) 
'Oh 

4 

r"'· ; .· 

(8) 

,]' 

li 
.I 
~ 

l 
I 

I - -

-x _ (e·i ) __ 'dz.:f,.,c&rh) 
. N Jf\ - . 'Ohz 

(9) 

rAe M,.,(&,h)- HauarHnqeHHorin, a X~.~{&,J.t)- aocnpHHMq~~:aocn 

CHc;eMil (2) Ha OAHH y3eJI 1 COOTBeTCTBeHHO K YAeJIDHOlt HaMarHHqeHHOCTlf 

f\1°(&,h) H BOCllplmMqJIBOCTH ):
0 {&,h). B TeopHl'l MOJ!eKyJISipHoro 

llOJ!Sl: 

M0 (&,h)=- ()jo(&,l,J=ML_ (&n) (IO) 
. 'dh I · 1 

' 

Xo(e, h)=- -i.fo((),h} :: ;«2 . • (II) 

~ hz. seAl Jr-;:11- 3 
0TMeTHM 1 npel!t,lle BCero, HeKOTOpue BUl!:HUe CBOltCTBa if>YHKnl'lH 5f\l(t11h): 

I. IIp~~:-JineloM KoHeqHoM 

aHamtrlfqHa no & H h. 
N . IPYHKUHH fN(&,h) aemecraeHHO 

ao acelt oel.nacrl'! onpe,IteneHI'!Il 1): 

{ 
0~ &<:oo 

J)-
- -oo < h < 00 

B qacTHOCTl'l, ace ee npol'l3BOAHI:le no h. HenpepuaHu a :D 
2. f,.,(&,h)- qeTHM <:IJYHKUHII MarHHTHOrO llOJISI 1 T.e.: 

5/i (&,h) = .f,., (&,-h). 

(12) 

(IJ) 

Jlna .n;oKa3a.TeJibCT:sa no en eAR ero' yTBepJB:AeH na AOC ±ar o<IH o np e,1t craBHTb 

t, (&1 h) B BH.n;e: 

r . & . ~ ~ -!X (o;a, ... ,o-,.} ;h) 
j}l{e,h) =-- ~L- · --·L, e 

N o::l-+f ,..~-+f 1-- "'11--
H nocno11b30BaTbCH HHBapHaBTHOCTbD raMHJ!bTOHHaHa /{ ( CM.(2) ) 

OTHOCKTeJibHO npeOClJB30Bal!HS! ~z.-:_CJ'/',h_--h! 

}{(a;!, ... , u;,i; h)= X ( -rs:.~ •. .. ,-a} j- h f 
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Ciie,D;cTBHe: lis nenpepHBHOCTH npoKSBOAHUX 'Cl' £., (~h)/;Ht' 
1 

h:: 1,2 . . ... ' 
(eM. I). K tleTHOCTH ciJYHKUHH. 5,(&1 h.) no h CJie,eyeT 

odpal!leHKe B HOJ!b B TOtJKe h. =0 . BCeX HetieTHUX npOK3BO,ll;HUX no 

BHemneuy nOJID: . 

r;;zt.H .:f, c e,h) / = o, 
oh2

1C:H lt:.o 
( k '::: 0,1, 2, ... ) . (I4) 

B tJaCTHOCTH 1 B CKCTeMe H3 KOHetJHOrQ tlHCJia tJaCTHU OTCYTCTBYeT 

CnOHTaHHaR HaMarnKqeHHOCTb: 

";>5Jf(&,h) I =- o ~ 
M.v(&,h=O)=- ~h 1-t·o 

3~ Y,D;eJibllaR CBOdO,D;HaR sneprMR .f.v ( e, h) ecTb BlffiYKJiaR 

(IS) 

BBepx ciJYHKUHR:MarHHTHOrO nOJIR h BO BCelt OdJiaCTH 

BHTeJibH0 1 ,D;McpciJepeHUHPYR BUpaxenKe (5) ,D;Ba pasa no h 
:/) • .UeltcT-

, no .llytJKM: 

'd.ahf,{&,h) = -~ (J..t. ~i!) 
I· }I t=f 

(I6) 

K 

"2. z.N .v 4 "' )1. -" £ l&h)=-L/(iz.a:~ -(-Z:.Oii> )~O~I7) 
rc>h1. "' ' e '\ 11 ,,, ' . N •=• 

4. HaMarnHtleHROCTb Ra o,D;ny tJacmey M~(e,h) ecTb BwnyKnas 

BBepX ciJYHKUHR BHemnero nO Jill B 06JiaCTK S)i-: 

:zyt= { ?~ 9< ~ 
o~h.<-.oo 

H BUIIYKJiaR .BHH3 B 06JiaCTH :i)- : 

J)-=· { 0 '-.&< ~. 
-oo~h S.O 

6': 

' 

~t 
I 

: 
-~ 

i' 
\. 

' .. 

i ,, 
" 

\ 

\ 
I 

I -

I 
l 

. I 

.l 
·'~ 

. 3-ro YTB.eplt,ll;eHKe CJie,eyeT H3 HeJRBeHCTBa rpKcpciJHTCa Tpenero 

nopH,D;Ka /31: ·. · . . . . 
'2. ( hJ lNZ 3 ll ~ 0 , h~o 

'C> M" e, :::!!!..__ [<t~)-3<.!2)(I)+2(Ii) 1 . L 
'0 h'l , e i! i! l . ? o J h- o 

r,D;e 

Il• ~ j_ r:ri.i ,,, 
3aMeTHM Tenepb 1 tJTO lD Teop.eMe rpHqxpHTCa 0 nOCJI e,D;OBaTeJibll OCTH 

BUnyKJIHX ciJYHKUHlt/
4/, H3 CXO,D;HMOCTH nocJie,D;OBaTeJibHOCTK y,D;eJibiiUX 

CB060,D;IIHX 3HeprHlt ( CM. (3) ): 

~ J,..(a,h) =L ... (e, h) , e,h c :0 
N-oo . 

(18) 

COrJiaCHO CBO!lCTBY 3 1 CJie,D;yeT CXO,III{MOCTb IIOCJie,D;OBaTeJibiiOCTH npOH3BOA- . 
. '() 
IIHX 'Oh ~f-/(9,h) K ~pOH3BO,ll;HOli OT npe,ItenbHOli rpyHKUHH . ;h !:,

0 
( &)t); 

Uwt {, JAI (tJ,h) = :, Lo(&.h) 
Jll-oo " ull\ . 

B Kallt,I{Olt T.OtJKe, B KOTOpOR ih t
00

(9,h) Cyl!leCTByeT H HenpepUBHa 

no h • ,llpyrHMH CJIOBaMH 1 nOCKOJibKY j
00

(&1J,);o j 0 (9,h), 
cxoAHMocTL naMaraHtJennocTH M/ll(e,h) Mo,D;enbnon cHcTeMu ( eM. (8) ) 

K naMarnHtJennocTH M0(9,h)~annpoKCHMHPYDl!lelt ( eM. (10) ): ·. 

-~ MN(tJ,l,)-= M0 (&,h}-=f1C(&,h) 
N-~ . 

. (19) 

HYeeT MeCTO 

PemenHe 

BO .BCeX TOtJKaX nenpePuBHOCTH c!JyHKUHH C ( e,h) no h . 
C(a,h) ypaanenHR MoneeyJIHpRoro non11 (5), peanH-

3YDlllee a6conDTHUlt MHIIKMJM nJIOTHOCTH CB060,D;IIO~ 3HeprKH rce,h) 
no C ( yCJIOBHe (6) ), eCTb ciJYHKUKII HenpepHBHall-K ,D;HcpciJepeHUHpye-
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~ 
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. ·-Mall llO h. Bes.n;e,. 3a HCKIIIl'leHHeM 06JiaC:nt h = 0 1 o·~ 9< &e. (.&e=-'J). 

B 3TOR 06JiaCTH, KaK H3BeCTHO, ypaBH6HHe (5)-HMeeT ,li;Ba HeTpHBHaJILHUX 

. pemeHH~. C-t;2 = ± ( ( &, 0). ( ( ( 6~ 0) > 0) H O,li;HO TpHBHaJII>HOe. C-1 = 0. 
. BBH.n;Y 'leTHOCTH «lJYHKrtHH r (~h1 C(&,h)}j)t;,o no C Jf) , YCJIOBHe ·. . 

MHHHMYMa oT6HpaeT cpasy o6a neTpHBRaJI:&HHX pemenHa ± c (&
1 
0). · 

li3~3a neo6xo.n;HMOCTH YCTpaHHTL .n;By3Ha'lHOCTL tPYHKUHH c cs; h) B 

06JiaCTH. h :0, 0 ~ 9<. 9, , BBO.n;HTCll ,li;OllOJI~HTeJI:&HHR ripHHQHll 

onpe.n;eJienHa cnonTannoR HaMarHH'lennocTH ( CM. MeTo.n; KBasn:cpe;nHx / 5/ ) : 

M o ( e, o) = Uwt t c te, Jt) > o. ( o~ & < ec:) (2o) 
h-o 
h >0 

TaK, onpe.n;eJiennaa y.n;~JI:&naa Ha.MarHH'lennocn M 0 
( &

1 
h) IDLeeT 

B tfJeppOMarHHTH0£1 06JiaC_TH . ( 0~8< &c) pa3pHB nep~oro·pO.Ia CJieBa 

B TO'lKe h = 0·. 

IlocKoJI:&Ky np11 JID6ou N cnpaBe)J;JIHBO nepaBencTBO ( CM. (15) 

H (20)): 

Mo(&,O)- Mw (&1 0) = M0 (B/0) > 0 ~(O~&~&c) ~21 ). 

TO B o6mCTH h = 0 ' 0 ~ & < e, . CXO,D;HMOCTL (19) ne HMeeT .. 
MeCTa. 

*)3aMenaa h. na - h, B ypaBneHHH (5), y6eX.n;~eJlca, ~'lTO 'C"(19,-h)=- C(~,hl 
CBo6o.n;naa 3HeprHa r ( B,h J C(&,~)) HHBapHaHTHa OTHOCHTeJILHO 

npeo6pasoBasHa h--tt: V(c9,~;·c(P,h))= J0 (B,'-l1,-c(e,l-t)) 
. ' OTKy,D;a CJie.nyeT, 'lTO ··r(&,0 1 C::lt~,C>J) = r(&1 0,~C(6,0)). . 
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06paTHM BHHMaHRe :Ha xaprutTep !R3PHBa HJIOTH OCTH IBMarHH'leHHOCTH 

npe.n;eJI:&HoR uo.n;en:&noR CHCTeMu: Moo(/91 ~)= ~ M11 (&,h). 
. . . N~- .... 

li3 HenpepUBHOCTH ~ 0(&,h) npH h4 0 .H paB8HCTBa (I9)_~Jie.n;yeT 
CYIIlBCTBOBaHHe npe.n;eJioB: 

Moote,o+)= ~ Moo(&,h) -=Mo{&,O) >o, 0!19<&e 
n-.o 

·h-::>0. 

M_{s, o-J = ~ N_(e,h)='-M 0 l&,o) < o, 
h~o 
h<O 

B TO BpeMSI Ka.K Mool e,o) = 0 .• HaMarHHti8HHOCTL B TO'lKe paspuBa' 

CJIB,D;yll H.n;ee 0 KBa3HCpe.n;nHx/5/ H B COOTB8T~TBHH C onpe.n;eJI8HH8M 

(20) CllOHTannotl Ha.MarHH'leHHOCTH annpOKCHMHpylllll81 CHCTeMH, HYXHO 

nepeonpe.n;eJIHTL, noJiaraa: 

Moo(&,o} = M-(9, 0~) z. M°C&,o) 
n 

· M~ (&,h1o);M:.o(B,kl=o) E M 0(&;~;:o). 

Tor,11;a JlOXHO CllHTat.L, 'lTO p;eJI:&~He HrutarHH'l8HHOCTH CHCTeK (2) H. (7) 

B TepMO,D;HHaKH'leCXOJl npe,D;eJie COBHa,D;aDT. 

Bepneuca, o.n;saxo, K samewy HCCHe.n;oBaBHil noswoJHocTH 

nonyllenHa paBHOKepuott no noJID. Ot:(eHXH 6JIH30CTH BeJIHtiHH M0 (&,tt) . 

H M111 (&,!,) • IlpHBe.n;eK ¢opwyJIHpOBKy. Jiewm IRCJOTH/I/, no3BOJIHDIJtelt 

pemHTI> noCTaBJxeHnyD sa.n;a.qy. 

neKliB.. · ny~n J a.,., cxJl ~J"·=d, 2, ... 

uenpepHBHO ,li;H~epeHUHpyeJ~Hx Ha cerKeure 

HOCJie,li;OBaTeJI~HOCTL 

·o,_·~ )(' {f qJyBKUHa'x, 

HJlelliJtJIX B Itax.n;on TOtllte HHTep:ea.Jia ' ( 01., g r npOJtSBO,IJ;HH e 'cnpaBa 

BToporo iJOpR.n;Ka a.~ { X'-t·o) · , n~H'leK': 
'· i., ~ . 

9 



l 

I 
I 

I 

l' 

'I 

I. I a.,j (')() I ~ E,., ( o.., 8) - 0 VX e Lt::~.;&] 
N-oo 

. \ s q 1 
2 • IIOCJie,l(OBB.'reJILHOCTL BTOpHX npOH3BO,l(HHX cnpa.Ba { a.,., (X+O) l 

paBHOCTeneHHO orpaHH'leHa Ba HHTepBaJie (Ot.,{,) HJIH CBepxy: 

,, 
ct,v (X+ 0 ) ~ L( A, t) (o~L(o.,tJ.::""') 

HJIH CHH3y: 

" p a.,v(X+o) ~-L(o..,o} 

Tor,l(a cnpaBe,l(JIHBo HepaseHCTBO: 

,lUI.fl BCeX 

H Bcex 

I c:t~ (X) I ~ 2 ~·!-,_,-(-o.,-C-) l.-( D.-, g-j' 

Ql 0 I· 
0..1-o ~X' b-3 , 8'>o 

I •I' (II N >N , r,~~;e tv H o y.J(oBaeTBopHDT ycJioBKD: 

J'2 
E/1/(o..,t) ~ 7j L.{o.,{,). 

Ot~eBH,I!;HO, paBHouepHyD no h oueHitY uaJI~CTH B eJIHIIHHH: 

r.J{e 

I M,., (&,h)- M 0 (e,h J/ E 
'V~,.,{&,"'J 

'()"' 

A,.., c_s,h) .. j·u~.hJ ~ L,le,h) 
' . ' 

(22) 

(23) 

cJie,JJyeT HC:&aTL B o6Jia.CTH, r,l(e: I) uauarHHtleRHOCTL I'1°C~,l:t) 

aenpepuBHa, 2) BocnpHHilt~HBocn X 0 (lJ, h) :. 'U M·u~, "J paBRouepuo 'bh ' ' 
orpauxqeaa no h , T .e. HJIIi1 npH aaJ!JtqJIJI •cJia.6oro• uarRKTHoro 

no11.11 : I hI :? ~ > 0 ( npH _JlD.6oA Teunepa.zype), HJIH B na.pa.ua.rHHT-

aol 06JlaC'rJl $ > Sc. ( npH Jlll00K noJie k ) . 
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PaccuotpHil cHat~aJia cJlyqal HaJIHIIH.fl BHemuero noJlH: 

lhl-:28>0, 

KOr,l(a pa3HOCTL nJIOTHOCTelt CB060)(HHX 3HeprHI ~IJ (9 1 h) y,l(OBJIBTDO- · 

pHeT BCBil YCJlOBH.fi:U: Jlellllli npH Jlll00M . 9 • 

orpaHHqeHHOCTL CHH3Y: BTOpolt ripOH3BO,li;HOit: 

3a.MeTHM 1 IITO_pB.BHOilepHaH 

~z~~~~~~,h) = XN(&,J.t)- Xo(&,h) ~ 

2- X 0 {&,h) 2 -L 2 (c9j, (1"1'2'8>o) 

CJie,l(YeT HenoCpe,li;CTB6HHO H3 BHnYKJIOCTH BBepX CB060,li;HOI 3HeprHH 

5,.., ( &1 h) no nO Jill ( CBOICTBO j ) : 

)(,.,(&,h) 2.0 

H orpauHqeuuoctH X"<&,lt) BHe ~-OKpeCTH OCTH Kp~THII ecitolt 

TO'IKH *): 

t ' (~) 
o~X0 {S,h)= . jU ~ f"1 :.L;tCJlJ l"\28>o 

&c.4·l J~tz'' ~- 'J a ' 
ft 

IlpHilBH.fl.fl tenepL JI6Ml!Y It nocJie,li;OBaTeJILHOCTH _ f ~N {hJl Ha 

HHTepBB.JlB.X h € (- oo 1 - 8 l H . h 1£. [l}, 00 ) · llORYlJliM OUeHKy 
.· ' . 

6JlH30CTH y,ll;eJILHHX HB.IIB.I_'HHqeH~OCTelt: , .· · · ,. ," 

. . . . . • . .. · , .. It, . (25) 

· jM 11 f&,"1-M 0CE~,Jt>l"= lVENlBJL1ltPJ'= 2:~ (j:} ~r.r 11'~., 

*) JtliH noey'leHHH OI:l6HKH (24) llH HCllOJIL30Ba1IK: -ypaBHBHHe (5). H ; 

aepaBeHCTBO : .d2,X "2 ;:X ( c~. xau/
21). . 

. '(. .· _;: ._, !'":' .· ':.; ,r . 
·' ·"·..J. 

~ c.~· ·~ -r._ .; • 

:7h 
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I 

cnpaBe~HBYD ~na Bcex: 

litL~8+3'>o 1 &'> 0 

H Bcex N, y~osneTBOpHDIIIHX ycnoBHD: 

. 8. f1J 
N > 6ft 'F (t1 8,1,_ · 

)Ina y~oelcTBa c~enaeM 3aMeHY · J = 8'- f H nepenHmeM 

pe3ynbTaTU (25) - (27) B B~e: 

npu 

H 

(m J''z ,,~ I M# (e,~J- M 0 (&,~) I ~Af' ? · tr , 

~~~ "2J>O 

tJ :::> 2S(:; ~ 
~JJl. 

(26) 

(27) 

(28) 

(29) 

(30) 

Bocnonb3yeMca Tenepb oneHKoR (28) u noKazeM ClnH30CTb y~enbHUX 

wrHHTHUX BocnpHHWlHBOCTeR X# { &, 1'1) H X 0 
( 91 "') npH BKnD'leHHOM 

BHemHeM none. 

JieltcTBHTMbHO, no OTHomeHHD K nocne~oBaTMbHOC.TH \ MN(e,~}-f1°(6l,~JJ, 
pacmLaTpHBae~toR Ha HHTepBanax hE (- e>o, ~ 8 ] t-t hE l 6', o.,;. ) , 
BUITOnHH6TCil rrepBoe yciiOBHe neMi.!u. CrrpaB6MHBOCTb BTO.QOro.ycnOJJHH 

( orpaHH'l6HHOCTb BTOpUX IlpOH3BO~HUX .Clle~~ '~J!H CHH3yf' ' , 

nerKO YCTaHaBmmaeTCH C IlOMOilll>D CBOltCTBa .. 4 '' BHrryKnOCTH nnOTHOC TH 

HaMarHH'leHHOCTH M,., (B 1h) ; 

'il 2 C>?.. M 0(~ 41 
'C>hoz. L~wf&,hJ-Mo(&,~l] ~- -ah"L, ~ La(e,n. 

(J.,::zJ>o) 
H 

'j)7.. l 0 . 'd2f-1.(9,J,} 
--ah-z. M,.,lf),J.t}-~ <&,.,J] :?-:- -ott1 ?-L 1 C&)a), 

( h~-a~ o) 
12 

. (31) 

(32) 

(, 

• 

r.ne 

L3 (t7) 8) -= 3s/1 
'J 8~ (33) 

IlpliBe~eM BUBo.n BupaxeHHa.(33)_'.nna L3 (fJ,J) • JlHqxpepeHnHpyll 

.nBaX)lu ypil.BH eHHe (5) no h · H rrpHHHMaa :Bo BHHMaHne HelleTI~YD 3a

BlfCHMOCTb HaMarHH'l6HHOCTH OT IlOJIIl, Halt~eM: 

_ o4 H
0

f&/h) ~-·x. l1. 2e~ I E./ X o(&,h) (34) 
'0 h 2. . ~ [&-J(1-c.")]~ . 

C rroMOillbD rronyqennux B pael oTe /I I oneHoK: 

ec 
~ JC: -1ft£, 

H 

nonyqaeM: 

zet'IC'/-· ~.2.eft··o ~~ 
Xo u;,J,..J - (~ 2. X l&,l-.) - 'J. J.t"~ 

. "JC'trtt) ' .. ' .· 
ilO.I(CTaBnflll (35) B (34), yele~aeMCil B crrpaBe~HBOCTH (33). 

HTaK, · c ylleToM (28) - (33 ), cornacno 'neuMe; nonyqaeM 

CJie.I(yDIIIYD oneHKY: 

I X,.,{&,l,J -X 0
(B, hJj ~ 2/2JE,,(&JL~{~j' L3{8,J{ = · 

•.. {J. .M ({})Jig { S. )'('f ··N-11!~. -'t 3 t..:. - - . . . . - 8 J f18 
~ ' I • ' 

. :~ . 
.I(nll BC6X - ... ~~ :. . -~- ..... 

-. ·-

.·· . ; .... . ' . ' .. , .... ' 
lhl 2 0'-4-8. >D.:. 8 ·>o ·, ·· 

13,. 
;. .... ~ 

' ' 

• f ~ • ~ 

~-:· ~ i 

• 1_ ~.;, ~ (. 
- •.• :!!-' 

(35) 

-·.,· 

'- (36) 

(37) 

>-



t 
1 

. . · 

,. 

.~.~· 

H Bcex N , YAOBJieTBopHDI!\UX O.Jl;HOBpeMeHHoycnoBHD (.30) H 

HepaBeHCTBy: 

N > (1Jf(f,t( ;t()ef· 
ITpoBO.Jl;ll ~ \36).' (38) aaMeHY J = 8'.;., . ~ 1 _HaH,ll;eM OKOHtB-

TeJibHO: 

\ 
. o · ·. * 1'1 ( e)%( e)4

'" · _ ft X,..,ce,h)..., X (e,"JI f gl(i8 -;r T ? . IV s 

)!;}Ill Bcex 

\h\:28::>0 

H Bcex N , YAOBJieTBopHDI!\HX yMoBHD: 

eJ 
2S6 (fttW· 

& lr ,rz 
-':>-

1 ::J - 3 

N>{ 2S6 ( 4,rzj~(I).l ( 'J )
2 t ~ 412. 

. 3. e jJ ':J-3 

PaccMoTpHM Tenepb napawarHHTHYD odnacTb: 

(} > J = ec . 
B :noR odJiacTH BocnpiiiHMqHBOCT~ MoneKynaimoro nonll X°C&,J,) 

paBHOMepHO orpaHHqeml no . · h . Ha BeeR OCH _; Oc> . .: h < 00 : 

0 ~ X0 (&,J,) ~ t2. (&-&c.)= _f!_ . 9-'J 
( & >J) 

(.38) 

(.39) 

(40) 

(41) 

. C42) 

H O~eHKa dJIR30CTH HaMarHII!qeHHOCTeR Ha O.Jl;HY qacTHuY ,ll;nll MO)l;enbHOR 

H annpoKCHMHpYD~elt CHCTeM npii!HHMaeT BH.Jl;: 

IM,I&,h)-M 0(&,h)'~ 2.31~ (tJ''+(1- ;r''2..N- 1~'t. (43) 

cnpaBe)l;J!HBHlt I!pH nDdllX h H. · }/ $-:·~ '.. .. 
.. ,;.-::: .. 

14 .. 

I' I .. 

,., ' . 

.~ 

.,., __ :. 

3aMeTIIIM, O.Jl;HaKO, qTO CMeHa 3HaKa BllnyKn~CTU Ha~arH~eHHOCTH 

MN (&,hJ B ToqKe h=O He no3B~JilleT .~PoBeCTH u B napaMarHHT-

HoR odJiaCTH paBHOMepHyn Ha Been OCH -oo< h< oo on:eHey 6nu3oCTH 

y.Jl;enbHHX BocnpHIIIM~HBOCTeit XJJ(&1 h) H X 0 (&,h) • TaK, npR 

f} '> J . , HCXO.D:ll H3 (.34) H ( 42), ,IIOJiyqHM: 

\ 
";)z. Mol&,hlj-= ·2efilcl z. Xol&,l·\) ~ 

. · ~hl. . [&-J(1-E 2)] · 

. . 

·ze l ....... 
L 1M = L~(& -Sc.) 

(&-J)s . . 
( (9 > J;,. &c.) 

0Ticy,l\a 1. C yqeTOM CBOl!C.TBa (4) ~ npu h20 cne.nYeT: 

()2. . . . . ' ..... 
~ht. [ MN{&,h)'-MeC&,h)] ~ L3 {&-&c:) , (44) 

a npH h ~ o: 

·-~~7. [MAI[~,~j -M 0 (li),h)j?-L3 (&-ec). (45). 

'11pHMeHRll npH ft ':> J JleMMY K noCJI~OBaTeJibHOCTIII 

l MNCe,J.l}-M 0 (&,hJ! Ha IIIHTepBanax 1-tE (-oo,o] 11 h~ [o,oo) 
no OT,n:BJibHOCTH; HaXO,I\IIIMi 

b(.v c&, ~)...: .xo (&,h) I~. "~rz ·~z (~)'h. (1- ~(~ N~~~8 (46) 

npu 

/hl2J>o/ ()>J 
, , ~ I 

(47) 

··III 

.. N > s 1l (/& ) 
8 

( ; }( 1 - .; ro :: ,. 
. (48) 

. .. 

15 
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