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Beeoeuue 

B TeopeTH'IeCI<HX pac~T_a.X CBOHCTB TpeXHYI<JIOHHhiX CHCTeM Ha 
OCHOBe ypaBHeHHH <l>a.zu~eeaa I/ B llOCJie~Hee apeMff lUHpOKO HCllOJih3Y • 
IOTC11 TaK uaJhiBaeMhie peanncTH'IeCKHe noTenuuaJihi, cornacoaaHHhie 
c ·3I<cnepnMeHTaJihHhiMH ~aHHhiMH no uyi<nou-uyi<JIOHHOMY BJaHMO~eii
CTBUIO B lUUpOKOH o6JiaCTH 3Hepruii /~0 300-400 M3B/. llpu 3HeprH11X 
nop11~Ka ueci<OJihi<HX coTeH M3B cyl.l.(eCTBeunhiM o6paJoM npo11BJI1leTc11 
CIIJihHOe OTTllJIKUBaHHe B 06JiaCTII MaJibiX, Me)KHYKJIOHHhlX pac CT011HHH, 
r ~e 6oJILWYIO po!IL ,urpaiOT nenoi<aJILHLie 3tbtlJei<Thi, npe~cKa JLmaeMhie 
MeJ·onuoii Teopneii I 2~ Tai<oii xapai<Tep Jl~epnhlx cnn na Ma!Ihix paccTo-
11HH11X MO)KHO HMHTUpOBaTb B tiJe.HOMeH_?JIOrH'IeCI<HX llOTeHI.(HaJiaX/ c

1
no· 

MOl.l.(blO npOCThiX HeJIOKa!IhHhiX MO~e!IeH • MO~e!IH TBep~oro KOpa 3 H!IU 
6onee o6l.l.(eH MO~e!IH rpaHH'IHhiX YC!IOBHH /M.r.y./ /4/.B M.r.y. BKJia~ 
oTTa!IKHBaTeJihHbiX KopoTKo~eiicTBYIOl.l.(UX cnn y'IHThiBaeTCff aae~enneM 
na pa~nyce Kopa rpannqnoro ycnoBHJI ~!IJI norapntiJMH'IecKoii nponJao~
noii aonnoaoii tlJyni<uuu. Ha paccTOJIHHHX, npeBhilUaiOl.l.(HX pa~uyc Kopa, 
B3aHMO~eHCTBHe Xapai<TepHJyeTCJI !IOI<R!IbHhiM llOTeHI.(HaJIOM. 

Kai< HJBeCTHO, H~pa HHTerpa!IhHhiX ypaaneHHH <I>a~~eeaa Bhlpa
)KaiOTCH qepeJ ~ayxqacTH'IHhie aneMaccOBhie t ·MaTpHUhi. Cne~oaa
Te!IhHO, BOJHHI<aeT aonpoc 06 onpe~e!IeHHH BHeMaCCOBOH t ·-MaTpHI.(hl 
~JIH peaJIHCTH'IeCI<HX llOTeHI.(Ha!IOB C OTTaJII<HBaHHeM Ha Ma!Ih!X pacCTOH • 

--uuHx, onuchiBaeMLIM c noMOl.l.(hiO M.r:y. B qacTHOCTH, a 3TOM cnyqae 
~!IJI t ·MaTpHUhi nenh311 JanucaTb ypaaneHne. JlunnMana-lllaunrepa. 
O~HHM HJ MeTo~oa nocTpoeHH!f t -MaTpHUhi a M.r.y. JIB!IffeTcn aae
~euue llCCB~OllOTCHI.(HaJia, BOCllpOHJBO~Hll.(ero ~!IH BO!IHOBOH·tiJyHKI.(HH 
npaBH!IbHOe 3Ha'leHHe JIOrapHtiJMH'IeCKOH npOH3BO~HOH na pa~uyce KO· . 
pa h/. ,IJ;pyroii no~xo~ paJBHT a pa6oTe I 6!, r~e noi<aJano," 'ITO ne Jaan-
CHII.(aH oT 3Hepruu norapntiJMn'leCI<aH npoHJBO,!l;HaH na pa~nyce I<opa 
MO)KCT . 6J>ITb llO!Iy'leHa C 'noMOl.l.(blO HCI<OTOpOH npe~e!IhHOH npol.(e~yphl, 
npnMeneunoii I< noi<a!IhHOMY noTenuuany cneuqanhnoro au~a. B 3TOM 
CJiy'lae BO!IHOBaH tiJyHI<l.(HJI lllpe~HHrepa BHYTPH pa~uyca I<opa TO)K~ecT· 

i 
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BeHHO o6pa~aeTCH B nynh. Ananoruqnoe o6cTOHTenhCTBO HMeeT Me
cTo u· ,ll;nH ncea,ll;onoTenunana 15/ c rpanuqnLIMH ycnoBHHMH, ne 3aan
cHrhHMH oT :meprnn. O,ll;naKo yKa3aHHhie Bhiiiie ,ll;Ba pa3nnqHhiX MeTo,ll;a 
npHBO,ll;HT K cyQ.teCTBeHHO pa3nHqHhiM Bblpa)l(eHHHM ,ll;nH BHeMaCCOBOH 
t ~MaTpHQhi 17! Ha Maccoaoii noaepxnocTH o6e t -MaTpHQhi coana,ll;a
ioT, H Bbi6op Me)l(,ll;y HHMH B npHHQHlle MO)I(eT 6hiTh C,ll;enaH Ha OCHOBe 
JdJdJeKTOB, B KOTOphiX cy~eCTBeHHhl BHeMaCCOBhie CBOHCTBa .ll:BYXHyK-
nOHHhiX t -MaTpHQ. B pa6oTe /B/ noKa3aHo, qTono,ll;o6HyroHeo,ll;H03Haq
HOCTh MO)I(HO ycTpaHHTh, ecnH JianO)I(HTh pa3yMHbie Tpe6oaaHHH Ha aHa
nnTnqecKne caoiicTBa n Ha acnMnToTuqecKoe noae,ll;eHne t -MaTpHQhl 
B M.r.y. C 3TOHTOqKH 3peHHH Bblpa)l(eHHe ,ll;nH t ·MaTpHQhl, COOTBeT
CTBYIO~ee ncea,ll;onoTeHQni:my /5/, cne,ll;yeT cqnTaTL nenpneMneMhiM, 
TaK KaK ona nMeeT He<bn3uqecKne nonroca npn nono)I(HTenLHhiX· JHep-
rnHX 19/. · . · 

. Ilpou;e,ll;ypa npe,ll;enhnoro nepexo,ll;a/ 6 / npHBO.ll:HT K aneMaccoaoii 
t -MaTpnu;e B M.r.y., O.ll:H~3'aqHoii n o6na,ll;aro~eii npaannLHhiMH ana
nuTuqecKHMH caoiicTBaMH 8 • B JTOM cnyqae KaK MaccoaaH, TaK n 
BHeMaCCOBaH BOnHOBaH dJyHKQHH o6pa~aiOTCH B Hynh B o6naCTH KOpa. 
Ilocne,ll;Hee 06CTOHTenhCTBO. MO)I(eT 6hiTh HCllOnh30BaHO KaK HCXO,ll;HhiH 
llYHKT ,ll;nH nonyqeHHH KOppeKTHOrO Bblpa)l(eHHH ,ll;nH BHeMaCCOBOH 
t ·MaTpHQhl B M.r.y. 

Hu)l(e_ 6y,ll;eT noKa3aHo, qTo BBe,ll;enne rpaHnqHoro ycnoBHH Ha 
pa,ll;Hyce KOpa ,ll;nH norapHdJMnqecKOH npOH3BO,ll;HOH BHeMaCCOBOH Bon

HOBOH dJyHKQ~H H ycnoaHH o6pa~eHHH. B nynh JToii dJynKQHH. B o6nacTH 
KOpa OKa3biBaeTCH Bnonne ,ll;OCTa TOqHbiM ,ll;nH nonyqeHHH BHeMaCCOBOH 
t ·MaTpHQhl B M.r.y. 

TaKoii MeTO.ll: npHBO.ll:HT K Toil )l(e caMoii t - Ma Tpnu:e ,. qTo n nc
nonh3oaanne npe,ll;enLnoro Bhlpa)l(eHHH ,ll;nH noKanhnoro noTenu;nana 

. cneu:nanhHOro an,ll;a / 6.8/. C JToii ToqKn 3peHHH npe,ll;naraeMLiii MeTO.ll: 

. MOmHO cquTaTh B HeKOTOpOM CMhiCne "qHCThiM" _MeTO,ll;OM rpanuqllhiX 
ycnOBHH, TaK KaK OH He Tpe6yeT HH BBe,ll;eHHH nceB,ll;OllOTenn:HanoB, 
nn npe,ll;enhlihiX npon:e.ll:YP ,ll;nH cnen:nanLHO no,ll;o6pannhlx noKanLHhiX no
Tenn:nanoa. ,[(nH peanncTnqecKHX noTenu:nanoa c OTTanKnaanneM naMa
nhi:~ paCCTOHHHHX, OlliiChiBaeMhiM C llOMO~hlO M.r .y., paCCMa TpHBaeMbiH 
MeTO.ll: no3BOnHeT nerKo nonyqnTh nepenopMnpoaannoe ypaanenne Jiun
nMana-lllannrepa /6/ ,ll;nH qaCTH BHeMaCCOBOH t -MaTpHU:hi, CBH3aHHOH 
c noKanhHhiM noTenn:nanoM ane pa,ll;nyca Kopa. 3TH ypaanennH MoryT 
6biThnonyqenLI TOnhKO B cnyqae rpanuqnblx ycnoanii napa,ll;nyce Kopa, 
He 3aBHCH~HX OT 3HeprHH. 
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2.' BueMaccoeaJl 

'PacCMOTpHM cna• 
BHHM, npH KOTOphiX HM 
BHeMaCCOBOH t ·MaTpHl 
Y.ll:?BneTaopHeT ypaane1 

t e (p,k, z J = ·v e (P ,k/ + . 

·r,ll;e 

·v (p,kJ 
e 

ie (x}- cdJepnq~cKa~ clJ 

1 

• • IIapn:nanhHhie KO 
\ 
BHeM: 

ee (k,k,k
2

+ io 

I:,ll;e 0 f -napn:nanLHaH 
~BBO,ll;H B paCCM01 

·.BMeCTO /1/ MO)I(HO n< 
,ll;nH t £ f p, k , Z): 

te(p,k,z) 
00 

=-·(r2dl 

0 

lJ\e(r,z) j e (k r) 

r.,ll;e 

K. (r, r',·z) = e .. 



o~ITenLCTBO HMeeT Me

n )'CHOBHHMH, He 3aBH

JJ;Ba pa3HHtiHhiX MeTOJJ;a 

:H.HM JJ;HH BHeMaCCOBOil 

', t - Ma TpHIJ;bl C OBIIa~a

iMTL c~enan na ocnoae 

Me caoilcTBa ~ayxnyK

iw~o6nyro neo~noJnaq
[ble Tpe6o:BannH na ana

Ioae~enne t -MaTpnn;LI 

t. ~ Ma TpHIJ;bl, COOTBeT

ITaTL nerrpneMneMLIM, 

IIOHO)KHTeHLHbiX :mep-

BO~HT K BHeMaCCOBOil 

(~H rrpaBHHhHhiMH ana

KaK Maccoaa.H, TaK n 

. H)'Hh B o6naCTH KOpa. 

)30BaHO·KaK HCXO~Hhlil 

BH ~HH BHeMaCCOBOil 

'annqnoro ycn(>BHH na 

Oil BHeMaCCOBOil BOn

oil <iJyHKIJ;HH. B o6naCTH 

nytieHHH mi:eMaCCOBoif 

t···MaTpHn;e,tiTO II HC

KanbHOrO IIOTeHIJ;Hana 

rrpe~naraeMLiil MeTo~ 

" MeTO~OM rpaHHtiHhiX 

[ IICeB~OIIOTeHIJ;HaHOB, 

laHHhiX. HOKaHLHbiX IIO

)TTaHKIIBaHHeM Ha Ma

Y.; pac CMa TpiiBaeMLiil 

aHnoe ypaanenne Jlnrr

~ Ma TpHIJ;bl; CBH3aHHOil 

3Tn ypaanenni MoryT 

mnil na pa~nyc e Kopa, 

l 
I .I 

1 
l 
I 

' I 
! 

-I 

l 
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2.· BHeMaccoea.R - Mampul/a e Mooe/lu zpauut.tHbiX yc/loeuu 

'PacCMOTpHM CHatiana IIOTenn;nan 'V (r) , y~oaneTBOp.HIOIIJ;Hilyc.iiO
BIIHM, rrpH KOTOphiX HMeeT MeCTO ypaBHeHHe JlniiiiMaHa- IIIBHHrepa ~HH 
BHeMaCCOBOil t -MaTpHIJ;hi. Tor~a e -KOMIIOHeHTa t -MaTpliiJ;hl te (p,k, z) 

Y~?BneTBOp.HeT ypaBnennro: 

. oo 'V 0 (p,p')t 0 (p',k,z) 
2 '2d , L L 

t (p,k, z) = 'V 
0 

(p ,k) + - J p p e L 7T • p 12 -z 

r~e 

'V (p,k) 
e 

0 

"" J r
2
drje (pr)'V(r)je(kr), 

0 

/1/ 

/2/ 

j (x) - c<iJepnqecKaH <lJynKIJ;HH EeccenH. 

e . Ilapn;nanLHLie KOMIIOHeHTbl t - Ma TPIIIJ;hl B I 1/ HOPMHPOBaHhl ycno:.. 

BlleM: 

z i? e .. 
T e ·sm o e , /3/ 

r~e 0 f -rrapn;HaHLHaH <1Ja3a pacce.HHIIH. . 

BBO~H B paCCMOTpeHHe BHeMaCCOB)'IO BOHHOBYIO<iJYHKIJ;IIIO 'I' kf(r, z),' 
BMecTo /1/ MO)KHO nonytinTL cne~yiOmee 3KBnBanenTnoe OIJpe~enenne 

~nH t f ( p, k , z): 

te(p,k,z) -rr
2
drj (pr)'V(r)'l' o (r,z), e kL 

r.~e 

0 

j e (k r) 

00 

f r'
2

dr'Ke (r,r~z)'V(r') 'I' kf (r',z) , 
0 

00 

K r· , J 2 r p 2 dp f r, T , Z = -;; . 

i e(prJie(pr'J 

p2-z 
0 
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/4/ 

/5/ 



::={ i ,[i h ~l) ( ..;--;; ,') j £ ( .,;;: ')' 

. - (1) - -
i J z h ( J z r) j ( J z r') , 

P e 

(1) 

Vz =Is, z= s2+ io' 

i y' z =-y 2 ' 

r .< r', 161 

r > r'; 

171 

h f. (x). -. c~epuqeci<aH ciJyHI<~HH raHI<enH 1- ro po,n;a. 
113 ypaBHeHJIH 151 H BbipameHHii I 4/ H 17 I cne.n;yeT, liTO npu 

r ... oo 'I' (r z) HMeeT BH.n;: .e , . 
. (1) . -· 

'l'
1
e (r,z)"' iefkr)+ iJz te(vz,k,zJhe (Jzr). 181 

Onpe.n;enHM ciJypbe- I<oMnoHeHTY BHeMaccoaoii aonHoBoii cllYHI<~HH 

'I' .e (r, z): 

<l>.e (p,z) 
2 00 

11 
J r 2 dzje (prJ '1'

1
e (r, z ). 

. 0 

191 

Tor.n;a, ucnonhJYH cooTHoweHH.JI ·I 41 - 161, MO:>KHO nonyt~HTb cne.n;yro-
~ee Bbipa:>KeHHe ,n;nH BHCMaCCOBOB t ·MaTpH~bi: 

k TT 2 J k t (p, , z) = - (p - z)[ ¢ (p, z)- - o(p- )] . e 2 .e P 2 
1101 

Hai<oHe~, JaMeTHM, liTO .n;mi BHeMaccoaoii aonHOBoiiciJym<nBH 'l' 1 e ( r, z) 
HMeeT MecTo, cornacHo hi, .n;uciJciJepeH~HanbHoe ypaBHeHue: 

d2 ..!__:!__ ere+l) +z-'V(r)]'l' (r,z)=(z-k2Jie(kr) Ill/ [-2 + . d 2 ltf. 
dr r r r 

C rpaHHtiHbiM ycnOBHeM 181 npH r -> .oo • 

6 

PaccMoTpHM ,II;l 
BHewHero noTeH~uam 
coaoii t -MaTpH~bi 6y, 
no:>KeHHH: 

. 11 ,n;nH MO,IJ;enbH 
H MO,n;enbHOH t - Ma· 
181 H 1101; 

2/ Mo.n;enbHaH 
ycnOBHHM: 

· 'I' (e) ( r, z} 
lf 

d (i) .. 

c -[r'l' (r. 
dr .e ··. : 

r.n;e c - pa,D;Hyc I<op: 
MeTp. 3aMeTHM, liTO 
Cor nacHo 181, B · o6r 
BH,IJ;: 

(e) 
'I' (r, z) • e · ie (kr. 

H npu.~r·> c y.n;oaneTB< 
YC!!OBHH 113/ H libip; 
B M.r.y.: 

(e) 

ee rvz·"~' 

r.n;e 

·ge(x,feJ 

v ~1) 'r x, fe 



/6/ 

/7/ 

)JJ;a •. 

/7/ cne,IJ;yeT, 'ITO npH 

} . -· 
(,jzr). /8/ 

JIHOBOH $YHKUHH 

/9/ 

)KHO llOJiy'IHTb CJie,IJ;yiO-

- k)]. /10/ 

B0~4JyHKUHH 'l'lf (r,z) 
:!ypaBHeHHe: 

PaccMOTPHM JJ;anee MOJJ;eJib rpaHH'IHbiX ycnoBHii /M.r.y./ 6e3 

· BHenmero noTeHUHana BHe pa.IJ;Hyca Kopa. IlpH onpe.IJ;eJieHHH BHeMac

couoii t -MaTpHULI 6y.IJ;eM C'IHTaTb, 'ITO BblllOJIHeHLI cne,IJ;yiOIUHe npe,IJ;no

JIO)KeHHH: 

1/ JJ;JIH MO,IJ;eJibHOH BHe~faCCOBOH. BOJIHOBOH $yHKUHH lJ! k(t ( r, Z) 
H MOJJ;eJibHOH t ·MaTpHI.{bl t (e}(p, k, z) cnpaBe,IJ;JIHBbl COOTHOWeHHH 

/8/ H /10/; e 
2/ MOJJ;eJibHaH BHeMaCCOBaH BOJIHOBaH $yHKI.{HH YJJ;OBJieTBOpHeT 

YCJIOBHHM: 

, (e} 

'I! kt (r, z) 0' r .< c /12/ 

d (e) 
c-d [r'l! (r,z)]i 

r ~:e r= c 
+ 

(e) 
= {

0 
[r'l! (r, z}] 

L kf r=c+ 
/13/ 

r.IJ;e c - pa.IJ;Hyc Kopa, c + = lim ( c ± · t:) , fe - MOJJ;eJILHLiii napa-. 

MeTp. 3aMeTHM, 'ITO fe = -oo f-+ 8ooTBeTCTByeT MO,IJ;eJIH TBep,IJ;oro Kopa. 

CornacHO /8/, B o6nacTH r> c BOJIHOBaH $yHKUHH 'I! (eJ (r, z) HMeeT 
• e BH,IJ;: 

- (e) - ( 1) ie (kr) +ivz te (,jz,k, z)h e (.J'Zr) /14/ 

H npH · r> c y.IJ;OBJieTBOpHeT ypaBHeHHIO /11/ c 'V (r)=O • M3 rpaHH'IHoro 

YCJIOBHH /13/ H Bbipa)KeHHH /14/ HaXOJJ;HM llOJiyMaCCOBYIO t ·MaTpHUY 

B M.r.y.: 

(e) 

t (...jZ,k, z) = . e ' . /15/ 

/16/ 
( 1) ' ( 1) ' ( 1) 

D ( x, f ) = xh (x) - (f + f ) h (x) . e e e-1 e e 

7 
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·~ 

..• 

·.~· 

. ;;-' 

BneMacconaH t. -MaTpHn;a onpe,IJ;emreTcH H3 . Bhipa~eHHH /9/, /10/ 
H /14/ C y'leTOM YCJIODHH /12/: . 

( ") 

., .t e r P , k , z J - r P _
2

- z J Fe r P, k J t 

,·+. 

(e) -
t f. (\Jz,k,z) 

ie(.[Zc)· 

/17/ :· 

-- 2 (~ -[j (pc) -iyz(p -z)h (.,jzc)F (p,y'z)], e e r. ·· 

r,IJ;e ·C 

r r2 drj (pr)j (kr). 
e . e · F (p,k) 

e 
0 

BhipameuHe /17/ ,IJ;JIH t -Ma~pHD;hi, KaK ner.Ko y6e,IJ;HThCH, npH neme'c·T
neHHhiX fe y,IJ;onneTnopneT ycnonmo cHMMeTpHH I 1o 1. · 

(e) (e)* . * (e) 
t e (p,kz)= t r (k,p,::: J= t e (k,p:::J, /18/ 

' I • 

H COBlla,IJ;aeT C COOTBeTCTBYIOIJ.J;HM Bbipa>KeHHeM, llOJiy'leHHbiM B pa6o
Te /~/ c noMOIJ.J;hiO nne,IJ;eHHH noTenn;Hana cnen;ilanbuoii $opMhi H nocne
,IJ;YIOIJ.J;ero npe,D;eJihHoro nepexo,IJ;a. 

3: BueMaccoeaJI t - Mampu1.1a npu uaAuttuu. e3auMooeiicmewl 
eHe K'opa 

B o6meM cnyirae, Kor,IJ;a n o6nacTH nne 'pa,D;Hyca Kopa (r > c) ,IJ;eli
CTnyeT JIOKaJihHhiH noTeH;n;HaJI V (r}; 6y,IJ;eM C'IHTaTh; '1-r:o nneMacconan 
nonuonan <IJynKn;nn 'I' A:f. (r, z) no,IJ;'IHHHeTCH ycnoBHHM, ananorH'IHhiM 

/12/ H /13/:·. 

'~~.~:e(r,z) 0' r .< c /19/· ·. 

d 
c.-··-[r'1' (r,z)]! _ 

dr kf r-c+ 

/20/' f [rW 
0 

(r,z)] _ 
.f. . A:t. r-c+ 

8 

'.1 ·, 

·.l·l 
"~ .. 

·'· 

'"" ;~. · .. 

y,.: 1.~ . 

.; .:; . .~~ 

liy,IJ;eM TaK>Ke ·· C'IH1 
t ·MaTpHD;a CBH3aHa 
/10/ ... 

B o6nacTH r·> 
JieTBOpHeT ,IJ;H$$epe1 
BHHMH /8/ .H /20/. ] 

'I' ·· (r, z) 
A: e 

(e) 
r ,IJ;e _'I' A: f. ( r, Z) ~ I 

nueumero. noTenn;Ha: 
~HH~eTb~~~paBH~HH~ 

2 . 0 
d 2 d l 

[.-2-· + .:..__ -· -
dr . r d r 

.:, c noTeun;m1rioM 'V(r) 
.. , , n;uiO f' pHil a . G f. ( r, ( 

' ,IJ;a, cornacno /2i/, 
' . . - . . . 

· ... _panhnoe ypannenHe, 

. .. . ( ") 

. 'I'-~ e ( r:, z) = '1'. A: e:J r 

TaKHM o6pa3oM, 
~· .~' ~ . 
l:f 

. . G e ( r' r' i z}' . B M .J 

'nne,IJ;eM n'emecTnem 
C HOMOIJ.J;biO 'COO THOll 

::: 

. l· . ~-. 

~ . . " "l ~ 

.· .. ; .. 
:: .. ~ •. 

.• 

d.. je) (') .'+' · · · r = e 
. A:f. 

r,IJ;e o e (k)- $a3a I 
H /15/, CJie,IJ;yiOIJ.J;HM 

..... · 



3 · Bhipa~eHHH /9/, /10( 

jzc)F (p,:yT)], · e ... 

'p z), 

/17/' 

/18/ 

eM~ nony'IeHHhiM B pa6o
ffanbuoii I!JopMhLH nocne-

la,IJ;Iiycaiopa·(r> c) ,D;e~~ 
UTa Th·;· 'ITO BHeMaCCOBaH 
yCnOBil~M·; imano_rH'IHhiM . 

-..... 

. , 
t 

l 
~'. ·. 

'·:'. 

'' 

/19/··· .(' 
., . : ..: ~ . 

- /20/' 

. ~ . 
'· .. . ' 

•";;-~: . 

.. 1 

., 
/21/ 

(e) 

r,IJ;e IV,. e (r, z)- BHeMaCCOBaH BOnHOBaH I!JyHKUHH /14/ B M.r.y. 6e3' 
BHeiiiHero noTeHUHana, a HOBaH I!JyHKUIIH X 1t. e (r, z )B o6naCTH r > c no,IJ;
'IHHHeTCH ypaBHeHHIO 

.:· 

d
2 

. 2 a ere + u 
[-2- +-- - ---- + z] XL 0 (r, z) ='V(r) 'I'L 0 (r, z). 

dr r d r r 2. "' L .. L 

•;..., 

/22/ 

. '-' ~ 
c noTenuuanoM 'V(r) oTnH'IHhiM OT HynH TonhKO npnr>c .. BBe,IJ;eM I!JynK-·-· 
UH.IO rpuHa Ge (r,r'; z) O,li;HOpO,D;HOro (V(r)=O) ypaBHeHHH /22/. Tor- .:•' 
,IJ;a, CormlCHO /2l/, ,IJ;nH 'Jilt. e (r, z) 6y,IJ;eM HMeTh cne,IJ;yiO}Uee ~HTer- ... 

. panhHOe ypasH(mue, HBnHIOJUeecH aHanoroMypaBHennH /5/: ·· . · · . 

. (e) oo 2 . 
_'l',.e(r,z)= 'll,.e (r,z)"':' ( r' dr'Ge (r,r',z)'V(r')'ll,.e (r',.z). './23/ 

c 

TaKHM o6pa30M, Ja,IJ;a'la CBenach K nocTpoeHHIO I!JyiiKUHH ·. rpHHa 
. Ge (r, r', z} ·a M.r.y. 6e3 BHenmero noTeHumina. ,D;mx ee noc:!po~~HH 
BBe,IJ;eM a·erueCTBeHHhie BOnHOBhie liJYHKUHH Ha MaCCOBOH llOBepXHOCTII 
C HOMOIUhiO COOTHOIIIeHHH: · 

. (e) 
¢ . ' (r) = e ,.e /24i 

r,IJ;e 0 e (k)- $a3a pacceHHIIH B M.r.y., onpe,D;en.HeMaH, cor naCHO ·/3/; '·:' 
II /15/, cne,IJ;yiO~IIM BLipa)KeUJieM: 

9 
~ . ' . 

~-

; ... 

r,· ... ., 



2ioe(lt.1 , 

e =- D(t(kc,fe). 

Dt
1 

(k ~ , fe J 
1251 

( 21 . (21 ( 21 
rAe De (x,feJ=xhe_ 1 (x}-(f+feJh·e (x) 

(21 
he (x} - c<lJepH-

qecK3.H IPYHKU:HH raHKenH 2- ro POAa. 

EcnH B · rpaHHqHOM YCllOBHH 1131 {£ He 3aBHCHT OT k H Z 

f e ( k' z) = f e = cons t' 126/ .-
TO· c rroMOillLID rrpHMoro BLJqHcneHHH HeTPYAHO y6eAHTLCH, qTo Macco

BLie BOllHOBLie <lJyHKU:HH 1241 OpTOrOHallbHLI: 

00 

Jr 2dr¢(e1 (r}cp(e1 (r) 
1t. e 1t. '£ 

c 

" ~ 0 (k- k'). 1271 

KpoMe Toro, n cnyqae, KOrAa rpaHHqHoe ycnonHe 1131 HMHTHpyeT 

.fai<oe B3aHMOAeiicTBHe B o6nacTH r < c ,AnH KOToporo HeT CBH3aHHLIX 

COCTOHHHH, <lJyHKU:HH cp (:1 (r) 1241 o6pa3yiOT IIOllHYIO CHCTeMy: 
. lt.L 

00 

r k 2 dk ¢ (e
1 (r} ¢ (e) (r') 

• • 1c e · 1c e " 2r~ o(r-r'). 1281 
0 

ITocneAHee o6cTOHTenLcTBO HaKnaALIBaeT ellle. OAHO orpaHHqeHHe ·Ha 

{£ . ,lJ;eHCTBHTenLHO, OTCYTCTBHe CBH3aHHbiX COCTOHHHH B M.r·.y. 6e3 

BHeiiiHero IIOTeHU:Hana 03HaqaeT, qTO, COr naCHO 1251, <lJyHKU:HH 

D (t (k c, fe ) , orrpeAenHeMaH BLipa)f(eHHeM I I61, ne AOll)f(HaHMeTL 

nyneii B nepxneii rronyrrnocKOCTH KOMrrneKcHoii rrepeMeHHOii k . B qacT

HOCTH, AllH f = 0 3TO ycnOBHe BbliiOllHHeTCH.TOllbKO B cnyqae {f >. 0, 
. H3 ycnoBHSI opTor.onanLHOCTH 127 I H ycnonHH rronnoTLI 1281 

AllH · cp ti (r) cneAyeT, qTO <lJynKU:HH rpHHa 'G f (r,r',z) B ypaBHeHHH 

1231 HMeeT cneAYIO~HH BHA: 

"" ¢ (~1 ( r) ¢ ( j_ ( r') 
2 J k 2 dk 1t. k 'G ( r, r 'z) e k 2 -· z 1291 
" 0 

10 

' 

•• 
i 
! 

'* ·I' 
1 
~ 

t 
• 1 

B AallLHemneM YA06F 

BHAe. ,Ll;nH :noro JaMc 

;BHH HOpMHpOBKH 131 t 

HO rrpeACTaBHTb ·n BH,IJ 

¢ (e1 (r) 
. lt.f . 

l..[ ioel 
2. e . 

lfCIIOllb3YH COOTHOIIIeJ 

AnH c<lJepHqecKHX <lJyHJ 

AllH G f (r, r', e) MO)f(] 

·c (r, r', z) 
f 

K (l o· 
'·L 

(e1 2, 
X k t (k, k, k + i 0 e . 

rAeKe(r,r',z) o 
poBaHHSI BO BTOpOM CJ 

llYIIllOCKOCTH KOMJillel 

(e1 k k k · ·eer •• +£oJ 
•-TO . eAHHCTBeHHbiM IIC 

z = B + i £ I. Tor A a 1 

'Ge (r,r',z)=Ke('• 

OrrpeAenHM AaJ 

rpHHa: 

'G · (p, r'1 z) = • 
e 



/25/ 

(2} 
he (x) - cclJepu-

He 3aBHCHT OT k H Z 

/26/ 

y6e.IJ;HThC.!I, qTo Maceo-

~ - k' )". /27/ 

~ITOBHe /13/ HMHTHpyeT 
:OTOporo HeT CB.!I3aHHblX 
IOITHYIO CHCTeMy: 

r'). /28/ 

e O.IJ;HO orpaHuqeHue·ua 
cocTO.!IHHH B M.r·.y. 6e'3 
,r.riacuo /25/, clJyHKn;HH 
>f · / 16/, ne .IJ;Orr>Kna HMeTb 
nepeMennoii: k • B qacT
IhKo B cnyqae fe >. o, 
YCITOBH.!I ·IIOITHOTbl /28/ 
'G f (r, r', z) B ypaBHeHHH 

/29/ 

J 
~ 

I 

B ,IJ;arrbnefuueM Y.IJ;06Ho npe,IJ;CTaBHTb 'G e ( r, r~ z ) B HeCKOITbKO HHOM. 
BH.IJ;e. ,[(n.11 3Toro 3aMeTHM, qTo H3 onpe.IJ;enenuii:/24/u /14/·u H3 ycno
BH.!I HOpMHpOBKH /3/ t ·MaTpHD;bl CITe,IJ;yeT, qToclJyHKD;HH ¢ (e} (r) MO>K-
110 IIpe,IJ;CTaBHTb B BH,IJ;e: l f 

1 ioe(k} (l} -ioe(k} (2}. 

2 [ e h e (k r) + e h ~ (k r)] 

JiCIIOITb3Y.!I COOTHOIIIeHHe 

h ( 11 
(- x) 

e 
(-I)eh(2J(x) 

e 

/30/ 

.IJ;IT.H cclJepuqecKux clJynKn;uii: raHKen.H, c noMOID;hiO /30/ Bhlpa>Kenue /29/ 

.IJ;ITH G e (r, r', e) MO>KHO 3anucaTb cne,IJ;yJOID;HM o6pa30M: 

G (r, r', z) 
e 

• 00 

t 
== K e ( r, r', z) + ;- J 

-oo 

k 
2 

dk 

k 2 - z 

(e} 2 (1} (l} 
x kt (k,k,k + io)he (krJhe (kr'), e . 

X 

/31/ 

r.IJ;e K f (r, r', z) onpe.IJ;en»eTc» Bhipa>KenueM /6/. KonTyp HHTerpu
poBaHH.H BO BTOpOM cnaraeMOM B /31/ MO>KHO 3aMKHYTbB Bepxneii: no
ITYIIITOCKOCTH KOMIIITeKCIIOH nepeMeHHOH k • TaK KaK, cornacHO /28/, 

. t(e} (k,k,k + io) He HMeeT IIOITIOCOB B Bepxneii: nony"nnOCK(lCTH, 
TO e,IJ;HHCTBeHHblM IIOITIOCOM 6y.IJ;eT k == Vz /HMeeTC.!I B BH.I(y, qTo 
z == '£ + i£ /. Tor.I(a Bbipa>KeHHe /31/ IIpHBO.IJ;HTC.!I K BH.I(y: . 

-2 
'Ge (r,r',z) ==Ke(r,r';z)+(iJz) 

(e} - - (1} (1} 

te (Jz,Jz, z)he (J'Zr)he (Jzr'J. 

Onpe,IJ;eiTHM ,I(anee clJypbe-KOMIIOHeHTY ·c e (p, r'; z) 
rpuna: 

'G (p, r'1 z) = 
e 

2 00 
2 

"J.r drje(pr)'Ge (r;r',z). 
c 

II 

/32/ 
clJyHKD;HH 



: .. .. 

11cnonh3YH Bhipa)KeuHe 1321 .nnx 

Ge (p,r',z) HMeeTBH.n;: 

'G (r,r~·z), nerKo noKa3aTh, qTo 
e 

, , 2 1 [. , . _ (e) . (1) .· , 
G (p,r,z)=--

2
- ]

0
(pr)+tyzt 0 (p,yz,z)h 0 (yzr)], 

e " P - z l. l. l. 

HITH, cornaCHO 1141 H 1181: 

2 (e) 

- 'l' " P 2 - z p e r r', z J • /331 G (p, r'; z) 
e 

Cne.nonaTenLuo, ·c (r, r'; z) MO)KeT 6b1Th npe,n;cTanneua cne,n;yiOI.QHM 

o6pa30M: f 

DO j e (pr) 'l'(;)e (r', z) 
·c , 2 2 d 1341 . (r,r;z)=-(p p e " . p2- z 

0 

IJonyqeHHbiX COOTHOWeHHH BllOITHe ,D;OCTaToquo, qTo6hi BbiBeCTH 
HHTerpanLuoe ypasueuHe .nnx qacTH nonuoii t -MaTpHIJ;hi, CBH3auuoii 
·c mieWHHM noTeHIJ;HarioM ·v ( r) n o6nacTn r> c ,ll;nx :noro ueo6xo.n;HMO 
nocnoilh30BaTbCH COOTHOWeHHeM I 101 H yt.ieCTb, qTo BHeMaCCOBaH son-

' HOBaH 4JyHKIJ;HH 'l' k f (r, z) y,n;OBITeTBOpHeT HHTerpaiTbHOMY ypaBHeHHIO 
1231. C llOMOI.QbiO Bhipa)KeHHH 1331 nerKO llOKa3a Tb, qTQ HMeeT MeCTO 
cne,n;yiOI.Qee COOTHOWeHHe: 

te (p,k,z )= t~e)(p,k,z) + "Te (p,k;z), 

r.ne, auanoruqno Bbipa)KeHHIO I 41 

"T (p,k,z) 
e 

DO (e) 

J r
2

dr'l'pf (r,z)V (r)'l'kf (r,z). 

c 

1351 

1361 

11cnonb3YH .nanee Bblpa)KeHHe 1341 ,IJ;ITH 4JyHKIJ;HH rpHHa G e ( r, r~ z) , 
H3 onpe,n;eneHJIH 1361 H ypaBHeHHH 1231 MO)KIIO nonyqHTb ,D;JIH "Te (p,k, z) 
IIHTerpanLnoe ypanHeHHe nma JlHnnMaHa-IIIBHHrepa 111: 

12 

\ 
i 

. ·~ 

.. 
l 

. I 
I 
~ 

"T e (p,k, z) = ·v~ 

00 

+ ~ r p'.2 dp, -
'lT . 

0 

KOTOpoe BMeCTO 4JYJ 
neMe.HThi 'V(r): . . 

' ( 1) 'k ', 'V (p,_,z}=-
f . ' 

(2) 
'V (p,k,z):= 

e 

Mo.nenh rpa11uq 
HH KOpOTKO,D;eHCTBY 
YKITOHHOrO llOTeHIJ;Ha 
TOHI.Qee BpeMH ne>?.. 
oKa3ano,_qTo B M:.r.· 
HIJ;hi I 17 I H nepeHop 
:oryT 6LITh nonyqem 
biX 4JopM noKanL~hlx 
{JIX npaBHITbHOe 3Ha· 
opa. PaccMoTpeHHhl 
HH 1121 H 1131 ,IJ;ITH 

pe.n;nono)KeHHH, qTo 
Hell H BHeMaCCOBOH 
[ocne)l.Hee o6cTOHTe 
e I Bl npe.n;nono)Kenm 

. OIT)KHa JIMeTb TaKHe 
npe.n;enxeMaH ypanH· 
He CHMMeTpHH /18/ 

I ei.QeCTB.eHnhix f e n,r 



nerKo noKa3aTb, qTo 

. OJ . . 
z)he (i}zr')], 

/331 

~cTaBnena cne,IJ;yromnM 

1341 

·oqno, qT06bi BblBCCTH 

-MaTpHUbi, CBH3aHHOH 
LJ;n.a 3Toro neo6xo,IJ;HMO 
,qTQBHCMaCCOBaHBOJI

:rpallbHOMY ypaHHCHHIO 
.aTh, qTQ HMCCT MCCTO 

135/ 

'z). 1361 

IIH rpnna Ge (r,r~z)' 
wnyqnTh ,11;n.a ·re (p,k, z) 

repa/11: 

'Te(p,k,z)= 
(I) 

'V e (p,k, z) + 

00 
·v(2J.r 'J·r 

2 
+- J p, .2 dp, 

e p,p,z e 

1T p, 2 - z 
0 

1371 

KOTopoe BMecTo cl>ypbe -o6pa3a 121 BXO,IJ;HT BHeMaccoBLie M:aTpnqnbte 
TieMC.HTbl 'V(r): . 

;: r TT (r,z)V(r)'P (r,z), ·vlelJ(p,k,:-)--·-.""r 2d m(eJ (eJ 
pe k e 

c 

(2) oo 2 (e) 
'V (p,k,z) =- J r dr'P (r,z)'V(r)j (kr). 

e pe e 
c: 

4. 3aKA10'leHue 

Mo,IJ;enh rpannqnbiX ycnoBHH .aBn.aeTc.a Y.D:OOHhiM cnoco6oM onnca
n.a KOpOTKO,IJ;eHCTBYIOJ..QeH OTTaJIKHBaTellbHOH KOMllOHCHibl HYKJIO~
YKJIOHHOrO llOTCHUHana, OTHOCHTCJibHO KOTOpOHMC30HHaH TeOpHH B na
TOHJ..Qee BpeM.a ne MO)!(eT ,IJ;aTb na,IJ;e)!(HbiX npe,IJ;cKa3annii:. Bhtiiie 6Lmo 
OKa3aHo,.qTo B M.r.y. KOppeKTHOCBbipa)!(elfHC,!J;JIHMO,IJ;CllhHOH t -MaT

HUbl 117 I H nepenopMnpoBannoe ypamieime JlnnnMana- IliBnnrepal37 I 
;oryT obiTh nonyqeHhi 6e3 BBe,IJ;eHn.a nceB,IJ;onoTenunanoB nnn npe,IJ;enh

hiX <l>opM noKaJihHhiX noTenunanoB cneunanhHoro BH,IJ;a, BocnpoH3BO,IJ;H
!HX npaBHJibnoe Jnaqenne norapnci>MnqecKoii: npoH3BO.D:HOit na pa,11;nyce 
opa. PaCCMOTpeHHbiH MCTO,!J; OCHOBaH ua BBC,!l;CIIHH rpannqJiblX ycno-. 

HH 1121 H 1131 ,!l;JIH MO,!l;enhHOH BHeMaCCOBOH BOJIHOBOH <i>YHKUHH H na. 
pe,IJ;nOJIO)!(CHHH, qTo MC)!(.Il:Y MO,IJ;CJibHOH BHeMaCCOBOH BOJIHOBOH <i>YHK
neii: H BHeMaCCOBOH.t -MaTpHUCH HMeeT MCCTO COOTHOIIICHHe 1101. 
[ocne,.n;nee OOCTOHTCJibCTBO cornacyeTCH C BbiCKa3aHHbiM If pa6o
e /s/npe,IJ;llOJIO)!(CHHCM 0 TOM, qTQ npaBIIJlbHaH t -MaTpHUa B M.r.y. 

. OJI)!(Ha HMCTb TaKHe )!(C anaJIHTHqecKHC CBOHCTBa, KaK II t - MaTpnua; . 
npe,IJ;en.aeMa.a ypaBneHHeM JlnnnMana- IliBHHrepa. B qacTHOCTH, ycno

ne CHMMeTpnn I 181 Mo,IJ;enbnoii: t - Ma TPIIUhi Bhmonn.a eTc .a TOJibKO npu 

I CI..QCCTB_eHHbiX f e B.rpannqnoM YCJIOBHH 1131. 
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B o6UNM cnyqae, Kor,rJ,a B o6nacTII nne pa,IJ,IIyca Kopa ,IJ,eiicTayeT 

JIOKaJihllhlll llOTeHI.J,HllJI, na BHeMaCCOBYIO BOJIHOBYIO <ilYHKIJ,HIO HaKJia,IJ,hl" 

aaioTcn ycnoann /19/ II /20/, TaKIIe )l{e, KaK n B M;r.y. 6e3 anernnero 

. noTe nun ana. TioKaJano, 'ITO ypaanenne /37/ TIIna JIIInnMaHa -Illannre

pa ,II,JI.fl tiaCTII t "MaTpHII,hi, CBH3aHHOll C BHeiiiHIIM llOTeHIJ,IIaJIOM, MO)I{eT 

6hiTh llOJiytieHO TOJihKO B CJiytiae, KOr,IJ,a B rpaHII'IHOM YCJIOBIIII /20/ 
{ f He 3aBHCHT OT k II z • 3TOT <PaKT Henocpe,IJ,CTBeHHO CBH3aH C yc • 

JIOBlleM /12/ ,IJ,JIH BOJIHOBOH <iJyHKII,IIII, KOTOpoe B HeKOTOpOM CMhiCJie 

HBJIHeTC.fl H,IJ,eaJIII3aiJ,neii. Eonee peaJihHhiM 6hiJIO 6hi CtiHTaTh, 'ITO f e 
3aBHCHT OT 3Hepriiii II B 06JiaCTH Kopa BOJIHOBaH <iJyHKII,IIH ,II,OCTa TO'IHO 

6hiCTpo JaTyxaeT. B paMKax paccMoTpeunoro MeTo,IJ,a TaKoe none,IJ,eHIIe 

BOJIHOBOH <iJyiiKIJ,HII B 06JiaCTII r < c MO)I{HO annpOKCIIMIIpoaa Th HeKO • 

TOphiM CHJihHO 3aTyXaiOU.J,IIM <PopM<iJaKTOpOM, CO,IJ,ep)l{all.I,HM napaMeTphi, 

KOTOphie MO)I{HO paccMaTpHBaTh KaK napaMeTphl MO,IJ,eJIH. TaKaH 803" 

MO>KHOCTh 6y,IJ,eT paCCMOTpeHa B CJie,IJ,yiOU.I,IIX C006U.J,eHHHX. 

B JaKmotienne anTop 6naro,IJ,apnT B.E .EenHeaa, H.Ehe,IJ,Htia 

H A.JI.3y6apena Ja noneJHhie .IJ.HCKyccHn. 
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