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~DH OllHCaHHH BpawaTeDLHhlX B036Y*AeHH~ RAep npeADO*eHhl 

pa3DH'IHLie MeTOALI I 11. linaroAapg ux npHMeHeHHIO yAanocL nony'IHTL 

PRA HHTepecHLIX pe3yDLTaToB. Ho HecMoTpH Ha OTAeDLHLie ycnexu, 

06lliHM HeAOCTaTKOM 3THX MeTOAOB CDeAyeT npH3HaTb HX HeAOCTaTO'I" 

HyJO o6ocHoaaHHOCTb. TaK KaK 3TH MeTOALI c !l>H3H'IeCKo~ TO'IKH 3pe­

HHH no· pa3HOMY 06'bHCHHIOT 06Hapy*eHHble B llOCDeAHee BpeMH aHOMa· 

DHH B llOBeAeHHH poTaUHOHHbiX llODOC, TO BOllpOCbl HX 060CHOBaHHH HMe" 

JOT npnHunnuanLHOe 3Ha'leHne. 

1JTO KacaeTCH MeTOAOB, OCHOBbiBaiOlliHXCH Ha !l>eHOMeHODOrH'IeC· 

KHX MOAeDHX, TO HMeH HaAe*HYIO MHKPOCKOllH'IeCKYIO TeopHIO, BCerAa 

MO*HO OTBeTHTb Ha BOllpOC • HaCKODbKO 3TH MeTOAbl 060CHOBaHbl. 

0pH OllHCaHHH BpawaTeDbHbiX COCTOHHH~ B paMKaX MHKpOCKOllH" 

'leCKHX MOAeDe~ o6LI'IHO HCllODb3YIOT raMHDbTOHHaH RApa, 3allHCaHHbiH 

BO "BHyTpeHHeH" CHCTeMe KOOpAHHaT /T.e. B CHCTeMe KOOPAHHaT, 

apawaJOweHCR BMeCTe CO cpeAHHM noneM RApa/, HO He BbiBOAHT ero. 

003TOMY HeDb3H CKa3aTb, BCe DH CBH3H BpawaTeDbHOrO ABH*eHHH 

~.BHyTpeHHHM Y'ITeHbl, HDH 'laCTb HX He npHHHTa BO BHHMaHHe. TaK KaK 

ace OC06eHHOCTH B llOBeAeHHH pOTaUHOHHbiX llODOC 06'bHCHHIOTCH CBH3bl0 

BpawaTeDbHOrO ABH*eHHR C BHyTpeHHHM, TO 3TOT BOllpOC npHHUHllH" 

anbHO Ba*eH. TaKHM o6pa30M, ADH o6ocHOBaHHH MHKPOCKOllH'IeCKHX 

MOAene~ Kpa~He Ba*HO Hay'IHTbCH nepeXOAHTb OT raMHDbTOHHaHa, Ja· 

llHCaHHOro B na6opaTOpHO~ CHCTeMe, K raMHDbTOHHaHy BO "BHyTpeH· 

HeR" CHCTeMe KOOpAHHaT. 

Bonpoc npeo6pa3oaaHHR K "aHyTpeHHe~" KOOPAHHaTHo~ cncTeMe 

TeCHO CBH3aH C TeMH TPYAHOCTRMH, KOTOPLie B03HHKal01' npH BbiAene· 

HHH a paMKax MHKpocKonn'leCKHX MOAene~ caMocornacoaanHoro nong 

RApa. ~eno B TOM, 'ITO HCllODb3yeMLie npH 3TOM MeTOAbl /MeTOA XapT• 

pu-<l>oKa,u- vnpeo6pa3oaaHne lioron106oaa/ HapywaJOT JaKOHLI coxpa­

HeHHH HMllYDbCa, MOMeHTa BpaweHHH, 'IHCDa 'laCTHU. OpOHCXOAHT 3TO 

llOTOMy, 'ITO AHHaMH'IeCKHe nepeMeHHbie, HBDHIOIUHeCH napaMeTpaMH 

rpynnLI CHMMeTpHH raMHDbTOHHaHa, He BbiAeDHIOTCH 83 'IHCDa llpO'IHX 

AHHaMH'IeCKHX nepeMeHHbiX. Oo:lTOMy llOCDe llpHMeHeHHR llpH6DH*eH· 

HbiX MeTOAOB raMHDbTOHHaH DHWb npH6DH3HTeDbHO npaBHDbHO 3aBHCHT 
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I 

OT 31'BX nepeweHHWX, B B pelynLTaTe Tep•eT BHBapBaHTHOCTL no OT· 
ROWIRIIIO 1C npeoGpa30B&HB.N, DPRH&JUIOUDUIN rpynne ero CHMMeTpHB. 
Bcu Clw y.llanoc• BW.Ile11BTL nepeweaawt, •smnoUUieca napaMeTpaMB 
rpymtW. CHNMeTpBR raMBnLTOHB&Ha, R JIBWL DOCne :noro npuMeHHTL 
DpBt5n&lKeHHWe NeTO.IlW K raMBnLTOHR8HY, 38BBCJill.lCMY OT OCT8BWHXCJI 
nepeweHHWX, TO HapyweHBJI 3aKOHOB coxpaHeHBJI He npoaJowno 6w. 
8WJIOJIIHBe lKe nepeYeHHWX, JIBnJIIOUUIXC. napaweTpaMB rpynnLI CHM· 
ueTpBB, B eCTL, DO-CYll.leCTBy, nepeXO,Il JC .. BHyTpeHHei" KOOP.IlBH8THOi 

CBCTewe. 
Jqaqa BW,Il8n8HBJI .llBH&MBt{OCICIU nepeMeHHWX, CBJI38HHWX 

c rpyanol cawweTpaa·rawan•ToHaaHa, Gwna npBHUBDHanLHO peweHa 
• pat5oTe H.H.Iioromo6osa 12/. MeTO.Il H.H.Iioron106osa JaKniO'IaeTca 
B IC&HOHBt{eCKOM npeo6p&30B8HHB nepeMCHHWX, B pe3ynLT8Te KOTOpO­
ro cpe,llB HOBLIX nepeMeHHLIX DOJIBnJIIOTCJI DapaMeTpLI rpyDDLI CBMMeT­
pBR raManLTOHBaHa. B cany BHBapaaHTOOCTB HCXO.IlHOro raMBnLTOHB­
aaa B HOBOM raMBnLTOHBaHe 3TH nepeweHHWe OKa3WBaiOTCJI UBKnB'ICC­
ICBYR. Bonpoc 0 npeo6pa30BaHBB OCTaBWBXCJI nepeMeHHWX ylKe He CBJI· 
3aH c TpaHciiJopwauaoHHLIMB csolcTaawa raMBnLTOHBaHa. 3ToT MeTO.Il 
npBMCHJinC(_JI K peweHBIO palnB'IHLIX la,llaq Teopaa Taep.lloro Tena a Teo­
paR nona !31. K colKaneHHIO, MeTO.Il H.H.Iioronro6osa aenL3JI npBMe­
HBTL Henocpe,llCTBeHHO B cnyqae CRCTeYwiiJepYROHOB, raMBnLTOHBaH 
ICOTOpOft 3aDBCaH 80 BTOpB'IHO-KBaHTOB&HHO~ BR,IlO. /3a,llat{a BW,Ilene­
HRJI na.pa.weTpOB rpynnw CRMNCTpRR B Cnyqa,e rilNIIJILTOBBaHa, 3ana­
C&HHOro B TepNRHaX KOOP.IlBHaT R KNDYJILCOB OT,IlenLBWX HyKnOHO~ 
paccwaTpaaanac• a pa6oTax 14/1---:r:l · 
""· O.llHaKo l&.lla'ly MOlKHO peWRTL, ecna acnonLJOBaTL KOHe'IHWe 

t5o3oHHLie npe,llcTaaneHBJI IIJepwaoHHLIX onepaTopoa. 3TH npe,llcTas­
.UIIBJI 6wna· npeJUJOlKeHw a no.llp06Ho paccwoTpeH~ s pa6oTe Is/:, r.lle 
Clwno noKa3aHo, 'ITO .llnR 6aHapHLIX IIJepMBOHHWX onepaTopos cnpase,ll­
JIJIBO cne.llYIOIUee 6o.30HHoe npe,llcTaaneHae, Y.llOBneTsopRIOIUee TO'IHO 
8CIU ICONMyTaUHOHHLIM COOTHOWeHBJIM: 

a+ ••• .. 

a+a, ... I,b+ b , 
.• "'•, •J.I"' Jl Sll!l 'S Ill , Slit •JI• 

s s V"' ·s v 
J.l 

a"t ... b+ , -I 
· s ,. , sm ; s m , , 

s s s v "'v• 
, 

v.mv' 

b+ b+, , 
sa. •II"' s m ,,y m , 

·s v s v 

4 

b , 
V m •V m ', 

J.l J.l 

l 
f, 

4 
'~ 
~~ 

( ~ 

a , 
s m , 

s 

a .... b 
sm ·sm 

s s 
• s'm , ' r,lle 

s 

. , .•. ---~ ; , .I 

a + (a } - onepaTOpLI pmK,IleHH.H /YHH'ITO)Kel 
·s"'

5 
sm 5 

b ~m ,J.I m ( b sm •J.I m )- onepaTOpLI po)I<JleHH.H /yHH'ITO 
s J.l s J.l 

0 sm , s 'm , 0 J.1 m •I-
s s J.l 

[ b b , , ] 
sm , v m ' s m ,,JI m , 

s J.l s J.l 

- 0 sm ·ll'm ,Os'm •II m 
s II 5 ' II 

b -- b sm , J.1 m - 11m 
s J.l II 

s = n l r Ha6op KBaHTOBLIX 'IHCen, xapaKTepH3YlOILlH 
COCTOJIHHe; m 

5 
- npoeKI.(H.H O.llHO'IaCTH'IHOrO MOMeHTI 

paTOpHOH CHCTeMLI KOOp.llHHaT. 
Y.no6ao nepeiiTH K 6oJe-onepaTopaM, uMeJOll.lH~ 

MOMeHT H ero Dp?eKI.(HlO: 

All 
bsm •II"' = .J2 !- C; m i m b All(s, 

s 11 1\/l s s J.1 J.1 

,lJ;nJI onepaTOpOB 6030HOB H3BeCTHO ,nH!WlepeHI.(Hi 

neaue: 
+ 

b Ap. (sv) .... b Ap. (s11) -+ f Ap. (sv) , at. 

llOJTOMY MLI MO)KeM BLipa:lHTL raMHnLTOHHaH CHCT a 
I.I.(eHHLie KOOp.llHHa Tbl f ·(sv )H HMnynLCLI f ( ) H A.p. a Ap. sv 

u.neeii npeo6pa3oBaHH.H H.H.6oronro6osa. llpase.neM 
pa)KeHH.H onepaTOpOB 'IHCna qaCTHI.( H MOMeHT8 spai.I.(I 

nepeMeHHLie: .. a 
N = I 2[Ap. (sv} a{ (sv) 

Allsll Ap. 

.. 
Ill 

A71 
I .JA(A+l) CA- 11 '111 

ATITI, SJ.I 

5 

( 

f (sv}-
X11 a{A 11 



., 

a , a ~ b , rne s m , sm · sm , s m , ' ,... 
s s s s 

a 5~ (a sm ) - onepaTOpbi po:>K.IJ;eHHB /yHH'ITOiKeHHB/ 4JepMHOHOB; 
s s 

b ~m .v m ( b sm •V m )- onepaTOpbl poiK.D;eHHB /YHH'ITOiKeHHB/ 6030HOB: 
s v s v 

[b b , , ] 
·sm .vm' s m ,.v m , 

s v s v 
8 sm , s 'm , 8 v m •V 'm , 

s s v v 

- a.m .v'm ,8s'm .vm 
s v s, v 

b -- b sm , v m - v m , sm 
s v v s 

s = n [ j- Ha6op KBaHTOBbiX 'IHCen, xapaKTepH3YIOU\HX O.IJ;HO'IaCTH'IHOe 

COCTOBHHe; m 
5 

- npoeKUHB O.IJ;HO'IaCTH'IHOrO MOMenTa Ha OCb z na6o-

paTOpHOH CHCTeMbl KOOp.IJ;HHaT. 
Y.no6uo nepeiiTH K 6oJe-onepaTopaM, HMeiOU\HM onpe.neneHHbiMH 

MOMeHT H ero npoeKUHIO: 

b sm .v m 
s v 

AIJ. 
..j 2 ~ C j m ; m b All (sv) · 

AIJ. s s v v 

)J,ng onepaTopoa 6oJonoa HJBeCTHO ,nH<P<llepeuuHanLHoe npe,ncTaa­

neuHe: a + 
b AIJ. (sv) ~ b AIJ. (sv) ~ f )..ll (sv) ' 

a {All (sv) 

flo3TOMY Mbl MOiKeM Bblpa:lHTb raMHnbTOHHaH CHCTeMbl qepe3 o6o6-
a 

ll\eHHbie KOOp.IJ;HHaTbl f A/sv)H HMnynLCbl a{\ (sv) H BOCllOnb30BaTbCB 

"ll . 
H.neeii npeo6pa3oaaHHB H.H.Iioron106oaa. llpHae,neM ,nng npHMepa ahl­

paiKeHHB onepaTOpOB 'IHCna 'laCTHU H MOMeHTa apai.UeHHB qepe3 HOBbie 

nepeMeHHLie: a " 
N = ~ 2{)..p. (sv) ar (sv) /1/ 

AIJ.SV Ap. 

a /2/ 
A Art 

f (sv) 
1 = ~ '1/MA+IJ cA.,'lp. X11 a f, , (s v) 
ll A7]rt' sv Art 
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I 

A 
A • 

0TMeTHM, 'ITO onepaTopLI N H Ill JaaucxT OT acex .n;uuaMH'IeCKHX 
nepeMeHHbiXf A (sv~ KOTOpbie BXO.D;XT B Ja.n;aqy. 

B raMunCTOHHaHe, JanHCaHHOM B na6op~TOpHOH CHCTeMe Koop­
.D;HHaT, yqTeM TOnbKO napHble H KBa.n;pynonLHble OCTaTOlJHLie CHnLI: 

Ho I (~s 
s 

HQQ = - K I 
IL 
+ 

H = H 0 + H pair + H QQ • 

• >..)N ; Hpair = 
'S 

(-1) IL Q 
2jJ. 

Q ; 
2-IJ. 

N I = a sm a·sm s s s 
ms 

A 
·j-m + 

= I (-1) 5 5 a 
+ a 

sm 
5 

·s ms s 
s -m 

~A +A 
- 4 

A (A+)+' 

Q21J. = I 2 
.<sm lr Y 

s s ',, m , 
5 

2 jJ. 
I , + 

·s m , >a a , 
·s s m s 

s s 

s m , 
s 

B npe.n;cTaaneuuu onepaTopoa fAIL (sv) , 
a 

a fAll (sv) ...... 
N I 2 f >.. r sv; a 

>..jJ. v jJ. a f AIJ. r sv J 
s 

A+= I 2yj +.L f (ss)- 2..;2 I 
s s 2 00 ssyA,\' 

y(2'A+1 )(2>..'+1) 

A"IJ.IJ. It, 
X 

X (-1 /s+il/ +>..+>.." 
,, . . ,, ,, a 

A Is , I v 1 c A 1J. , f ( s s '){ , (s v) , 
j >..' >.. AIJ. ,\ 1L AIL ,\ 1J. a f \ , , ( s v) 

A . 1 
I 2y}s+2 
s 

s ~ 1L 

a 
a f (ss) 

00 

6 

.'I· 
').::. 
?. 

i 
~: 

'itt 

.. 

',j 

j + j - >..' 2 
(-1) s v y2A'+ 1<sllr Y 

2 II s Q2jJ. 2 I 
ss 'vA 
A, rrq, 

~~ a 
x C , , f (sv) , 

>.. ~ 21J. ,\~ a{, , , (s v) 
,\~ 

B CHCTeMe, KOTOpax OnHCbiBaeTCX TaKHM raMI 
ryT B03HHKHYTb CTaTH'IeCKHe napHble KoppenXUHH 
.n;e<IJopMauux. HcnonLJyeMLie .n;o cux nop npu6nu>KeH 
TbiBanH 3TH 3<iJ<iJeKTbl TaK, 'ITO Tepxnacb HHBapHaHTH( 
aHa no OTHOWeHHIO K BpaiQeHHIO B <1Ja30BOM npOCTpa 
c coxpaueuueM qucna qacTHU/ u B o6LI'IHOM Tpen. 
CTBe. ll03TOMY H3 .D;HHaMHlJeCKHX nepeMeHHbiX, on 
Heo6xo.n;nMo c c•Moro Haqana Bbl.n;enHTL yron ¢ , 

A a 
npx>KeHHLIH on epa Topy qucna qacTHU N=- 2 i - , H y 

a¢ 
qepe3 KOTOpble /H TOnbKO qepe3 KOTOpbie/ Bblpa>Kae 
MeHTa apameHHX. BLI.n;enua 3TH nepeMeHHLie, Mbl n 
peHHeH" KOOp.D;HHaTHOH CHCTeMe,He HapyWHB 3aKOHOE 
na lJaCTHU H MOMeHTa BpaiQeHHR . 

lloKa>KeM, 'ITO 3Ta 3a.n;aqa pewaeTcx nph no~ 
npeo6pa3oBaHHX nepeMeHHLIX: 

fAIL (s v) 
e i¢ I 

lt. 

A 
DIL ,. ( 0\,. ( sv) , 

D ,\ -
IJ.It. - <IJyHKUHX BnrHepa. TaK KaK HOBLIX nepeM 

6onLWe, lJeM CTapbiX, TO He06XO.D;HMO HanO>KHTb HaF~ 
HHTenbHbiX ycnOBHX: 

'II (FAit. ( sv)- r Alt.( sv))}= 0, 4>
11 

(F,\It. (sv)- JA,. (sv) , 

r.n;e c - qucnar >.,. (s v) 6y.n;yT onpe.n;eneHLI a .n;anLHeii 
au.n; .n;ononHHTenLHLIX ycnoauu HaM noKa He aa>KeH. H 
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'II 

Q21l 2 :£ 
i + i - >..' 2 i i , A' 

( -1) 5 v "1/ 2 >..' + 1 <s ll r Y ll s '> l v 
5 I x 

2 2 A j 
ss 'v>.. s 

>..'71.,, 

\· a 
1\•'f/ f ( ) ---xC,, sv ') 
>.. 11 2p. >..., a{, , , (s v 

>..., 

B CHCTeMe, KOTOpa.R OllHCbiBaeTCJI TaKHM raMHJ1bTOHHaHOM, MO· 

ryT B03HHKHYTb CTaTH1.JeCKHe napHMe KoppeJ1JIQHH H KBaAPYll0J1bHa.fl 

Ae<lJopMaQHJI. HcnoJ1b3yeMbie AO cux nop npu6J1H:>KeHHbie MeTOAbi yqu­

TbiBaJ1H 3TH 34J4JeKTbl TaK, 1.JTO Tep.sJ1aCb HHBapHaHTHOCTb raMHJ1bTOHH· 

aHa no OTHOWeHHIO K apaiQeHHIO B 4Ja30BOM npOCTpaHCTBe /CBJI3aHHaJI 

c coxpaueuueM qucJia qacTHU/ H B o6bi1.JHOM TpexMepuoM npocTpau· 

CTBe. fi03TOMY H3 AHHaMH1.JeCKHX nepeMeHHblX, OllHCbiBaiOU(HX .SApO, 

ueo6xoAHMO c caMoro uaqaJia BbiAeJ1HTb yroJ1 ¢ , KanouuqecKH co-

- a 
npJI:>KeHHbiH onepaTopy qucJia qacTHQ N=-2i-, H yrJ1bi 3iiJiepa () , a¢ z 

qepe3 KOTOpbie /H TOJ1bKO qepe3 KOTOpbie/ Bbipa:>KaeTC.fl onepaTop MO· 

MeHTa apameHHJI. BbiAeJ1HB 3TH nepeMeHHbie, Mbi nepeiiAeM K "auyT· 

peHHeH" KOOpAHHaTHOH CHCTeMe,He HapyWHB 3aKOHOB coxpaHeHHJI 1.JHC • 

Jla l.JaCTHQ H MOMeHTa BpaiQeHHJI. 
IloKa:>KeM, 'ITO 3Ta 3aAa'la pewaeTc.s npu noMomu cJieAyiOmero 

npeo6pa3oBaHHJI nepeMenuwx: 

fAll (sv) = e i¢ :£ 
le 

A 
Dille (()\le (sv), /3/ 

D>.. -11 ~e - <lJyHKQHJI Buruepa. TaK KaK HOBbiX nepeMeHHbiX ua qeTwpe 

60J1bWe, qeM CTapbiX, TO ueo6XOAHMO HaJ10:>KHTb HaF~S v)l.JeTbipe AOllOJ1· 

HHTeJ1bHblX yCJ10BHJI: le 

'I'(F\ (sv)-r\ (sv)))=O ,tl> (F).Ie(sv)-l).~e(sv) = 0, 71 = 1,2,3, 
1\le 1\le 71 

rAe c - qucJiar Ale (s v) 6yAYT onpeAeJ1eHbi B AaJ1bHeiiweM. KoliKpeTHbiH 

BHA AOllOJ1HHTeJ1hHhiX ycJIOBHH uaM noKa ue aa:>KeH. HaiiAeM Bbipa:>Kenue 
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a 
,IJ;n.H a f (s v) qepe 3 HOBbie rrepeMeHHbie: 

At-t a a r/J a 3 a 01 a ----= --+ :£ ---+ 
a f\ (sv) a f\ (sv) a rP 1=1 a f\ (sv) ao1 

1\/-( 1\/-( . 1\/-( 

a FA '1r. , r s , v 'J a 
+ :£ • -----
.\'ks'v' a {A (sv) aF.\'~t'(s'v') 
, , /.L a F , , (s v ) · 

BenH'IHHy A It Bbi'IHCnHM, HCIIOnb3Y.H COOTHOIUeHHe, 
/3/: a fA (sv) 

/.L -ir/J ,\* 
F ( sv) = e :£ D f 

.\It /.L t-tlr. At-t 

H rrpasHno .D;HcllciJepeHu;HposaHH.H D -ciJyHKUHii I 61 : 

Tor.D;a 

aD A -

t-t• = i :£ DA, ..,j.\(.\+ 1) C .\11. 

lr.'11 t-t• .\11.'111 ao 
1 

( sv) , 

q 
111 

( ()) . 

o6paTHoe 

a F .\'It, (s 'v ') 

- i F , (s'v')-~- ,\'11. 
-i¢ ,\* 8 , , 

e D ,8 .\.\' s 11 ,s v 
a{ At-t (sv) a f (sv) /4/ At-t 

t-tlr. 

a o \ '•, 
- i :£ 

•" 111 

l ./ , , 1\ 

a·-,-A-t-t-(-sv-) vA(A +1) C .\'~t'r11 q111 F.\'11." (s'v'). 

B pe3ynbTaTe ,IJ;n.H a Mbl rronyqaeM: 

a{At-t (sv) 

a -i r/J .\ * a a r/J a ; 
e :£ D + i ( -i-- -) + /5/ 

• , A • ' a F , r sv J a f r s v; a r/J 2 a f At-t (sv) 

r.D;e 

.\It At-t 
a o1 a 

----(--- i 

A 

+ :£ :£ q (O)L ), 
a f (sv) a (}1 

At-t 
11 111 11 

A a 
n = 2 :£ F (sv) ----· 

All. 
,\ll.sv a FA 

1 
(sv) 

a .\It 
----) C , F (sv) 

L = :£ ..,j A(,\+ 1 .\II. 171 A 1t a F , (sv) 
11 .\11.11.' ,\11. 

SJI 8 

I 

/5/ 

16/ 

~ 
I 

1 
~ 

,I ,,. ,, 

EcnH socrronL30BaTLC.H xopomo : 
TOpOB IIpOeKUHH MOMeHTa Ha OCH 

TO 

a 

A 

{<) ~ -1 
J._ =-i .. q 

11 l 111 
A 

~. D A 
11 /.L II. 

A 

:£ ( -1) 11 ~ 
11 11 

:£ l 
II.' 

A 

~ 
-1j 

a¢J 
-(-i ~-

a fll.t-t (sv) a f At-t (sv) a r/J 

\* a -ir/J D 1\ , ___ _ 
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Ecnu aocnonh30BaThCH xopowo H3BeCTHhlM awpa~eHHeM ~nH onepa­

Topoa npoeKUHH MOMeHTa Ha OCH BHyTpeHHeH CHCTeMhl KOOp~HHaT 
A 

~ . I -1 a = -£ q -
71 1 .,., 1 a e 

l 
A ,\l 
f D ,\ = I D ,\ , ..J ,\( ,\ + 1) c , 

' l ,\l 1.,., .,., p. l, p.l 

A A 
.,., ,\ --- ,\ 

I ( -1) f f D = ..J ,\( ,\ + 1) D l 
.,., .,., -T/ 11l 11 

TO 
A 

a a¢ . a n . ae, 
(-£---)+ti q 

a f ,\p. (sv) a f ,\ (sv) a ¢ 2 l a f (sv) 
11 ,\11 

A A 

(f - L )+ 
Til T/ T/ 

* a icp D ,\ ~---
+ e- I p.l' aF ,(sv) 

l, ,\l 
?_j__ ao 1 

qT06hi HaHTH Bhipa~eHHH ~JIH a f (sv) H f -, Heo6xo~HMO HC-
,\

11 
a ,\

11 
(sv) 

llOJih30BaTh ~OllOJIHHTeJihHhit: yCJIOBHH, H3 KOTOphiX CJie~yeT, 'ITO 

a<ll.,., a F ,\ ~l , r s , v , J a ·ell .,., 
/7/ 0 I 

ar (sv) \'l'''a[ (sv) ,\11 1\ sv ,\p. aF,\'A:'(s'v') 

H auanorH'IHO ~JIH 'I' . Hcnonh3YH /7/, /4/, /5/ H /6/, nonyqaeM: 

,\* a<ll 
D T/ 

11 l a F ,\l (sv). 

a¢ A 

2 a f ----- [n 'ell ] -i¢ 
,\ (sv) ' :T/ + e I 

11 l 

i I aez A 

' f q [L m T/ l a (s ) T/'l T/,' 'l' ] 
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H aHanorH'IHOe ypaaHeuue c 3aMeuoii 
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a 
a f AtJ. (sv) 

x((-2i.!_ 
o¢ 

• a rrsv) 

A a AtJ. a <I> 71 -I A 
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A 

(f 
71 

A 

-L ) )I. 
71 

/10/ 

[ a -. ·<~> 1 = [ . _a , 'I' 1 = 0 
JlerKO nposepHTb, "'TO a{~ .. ( s 11 ) ., a{, ( s v) , OTKy,na cne" 

A A 11f.L ~ 

,nyeT, "'To[ H, 'Cll
71 

1 = [ H, 'I']= 0 ·3To 3Ha"'HT, "'TO .nononHHTenbHbie ycno­

BHJI COBMeCTHMid C raMHnbTOHHaHOM. llo,ncTaBnU /10/ B /1/ H /2/, 
nonyqaeM: 

A . a 
N=-2'a¢' 

" 
A 

I = I D 1 
(()) f 

/). 71 /J.'Tl 71 
/11/ 

10 

3TO 03HaqaeT, "'TO yrnbi ()1 H ¢ JIBn.IIIOTC.II TeMH AHH~ 
peMeHHidMH, KOTOplde ODHCbiBaiOT BpallleHHe B 061d"'H 

H ~a30BO¥ npOCTpaHCTBaX. B OTnH"'He OT /1/ H /2/, 
N H 1/J. 3asucenu oT scex AHHaMH"'ecKux nepe1 

OHH Bldpa>KaiOTCJI TOnbKO qepe3 yrnbi ()
1 

H ¢ · 
B HOBbiX nepeMeHHbiX raMHnbTOHHaH HMeeT BH,n: 

- G -+ - 4 
H = H - - A A - K I (-1) Q Q 

0 4 4 24 2-4 

H 
0 

A 

a 
2 I ( f - .\) F.\ 4 ( s ")a g (sv) 

s ).4 ).4sv 

a 1 
2 I vis + 2 a g (ssJ 

s 00 

- + 1 - ...,...__. 
A = 2I vi +y F (ss)-2.j2 I v(2>..+1)(2A'+1, 

s s 00 s·s'vM' 

,\"4 4 '4, 

,\" · · )."4" a 1
,s' 

1
v ·1 C)l 4 ,\, 4 , FH (ss') F).'ie ,(sv) · ('s 

,\ A a g>..,
4

, 

X I 
i 

s 

; +i -,\' ---- 2 
Q = 2 I (-1) 5 11 .j2A'+1 .<:s!lr Y lis'> 

24 , ,,, 2 
ss J.IIV\ 

4 '4, 

. , .\4, a 
i I , A F (sv) -----

xlv s IC,\'4"24 ,\4' ag (s'v) 
2 ,\ is >..'4" 

II 



3TO 03HaqaeT, qTO yrJibl () l H cP JIBJIJIIOTCJI TeMH ,IJ;HHaMHqeCKHMH ne­

peMeHHbiMH, KOTOpble OUHCbiBaiOT BpameHHe B 06bJqHOM TpexMepHOM 

H ~a3osoy npocTpaHcTsax. B OTJIHqHe oT /1/ H /2/, r.ne onepaTOpbi 

N H 1 ll 3aBHCeJIH oT scex .D;HHaMHqecKHX nepeMeHHbiX, ceiiqac 

OHH Bblpa)KaiOTCJI TOJibKO qepe 3 yrJibl ()1 H cP • 
B HOBbiX nepeMeHHbiX raMHJibTOHHaH HMeeT BH,IJ;: 

G -+ - lt. 
H = H - - A A - K I (-1) Q Q 

0 4 lt. 2/t. 2-lt. 

H 
0 

A 

a 
2 I ( f - A) FA lt. ( s v) a g (sv) 

s Alt. ,\lt.sv 

a 1 
2I vis +y ag (ss) 

s 00 

- + 1 - ; +; + A+A" 
A = 2I vi +y F (ss)-2v2 I v(2A.+l)(2,\'+1) (-1)

11 

v X 

s s 00 s· s 'v A.A.' 
,\"lt. lt. 'lt., 

A" . . A"~e" a 
1
s' 

1
v ·1 C\ \'1e' F\ (ss') F\,lt. ,(sv) ( , )' 

>..' ,\ nit./\ 1\lt. 1\ ()gA."It."·sv 
/12/ 

X I . 
J 

s 

i +i ->..' --- 2 
Q = 2 I (-1) 5 v v2A'+1 .<:sllr Y lis'> X 

2/t. , \\' 2 
ss v 1\A 

lt. 'lt., 

, a 
j j , A' Ale F (sv) -----

xlv s }CA'~t."21t. Ale' ag (s'v) 
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a<I> . -1 " aw 
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~ [ n' • ell 1 x - 1 r t w 1 _ r .. Ill 

1 Tf Tf ,.,., Tf, • n , T 
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A A 

x I ( N - n ) - I [ n , 'ell ] X-! ( ~ , - L , ) I . 
.,.,.,, TJ TJ'f/ TJ .,., 

0 
OT nepeMeHHhiX ,.1, ¢ raMHnhTOHHaH JaBHCHT TOnhKO qepe3 nocpe.n:-

CTBO onepaTopoB ~ · H N . OTcyTCTBHe .RBHoii JaBHCHMOCTH oT () 
1 

H 

¢ 03HalfaeT, 'ITO 7-aMHJlhTOHHaH HHBapHaHTeH OTHOCHTeJlbHO Bpame­

H!fH B I\06hi'IHOM H c1Ja30BOM npOCTpaHCTBaX, a C06CTBeHHbie 3HalfeHH.R 

N H '£2 coxpaH.RJOTC.R. Cne.n:yeT no.n:qepKHYTh, 'ITO Mhi nony'IHnH .n:n.s 

raMHJlhTOHHaHa Kai< ciJyHI<UHH onepaTOpOB f 3aMKHYTOe Bhipa:>KeHHe; 

a He 6eci<oHe'IHhiH PJI.IJ:, I<ai< B pa6oTax /7/. 11 

Cne.n:yromHii 3Tan cocTOHT B Bhi.IJ:eneHHH caMocornacoaaHHoro no­

n.s .s.n:pa c noMOIUhJO I<aHOHH'IecKoro npeo6paJoBaHH.R: 

F (s 11) .... r, (sv) + {3 + (sv). a .... ~,\!e (sv) + {3 Ale (sv), 
>.~e 1\" Ale aFAie (sv) 

+ 
r.n:e {3 (sv}(f3Ai sv))- onepaTophl po:>K.n:eHH.R /yHH'ITo:>KeHH.R/ 6oJo-

•. Ale 

HOB, f (sv), ~ (sv) - c - 'IHCna, KOTOpble MO:>KHO HaUTH H3 yc-
).le ).le 

noBH.R MHHHMHJaUHH H. B npu6nH:>KeHHH caMocornacoBaHHoro non.s 

JaBHCHMOCThlO raMHJlhTOHHaHa OT on epa TOpOB 6030HOB npeHe6peraJOT. 

Ho H B 3TOM npu6nH:>KeHHH raMHnhT2HHaH oc'raeTCJI onepaTopoM, a He 

c -qucnoM, noci<onLKY JaBHCHT OT £ . Ou HanoMHHaeT raMHJlhTOHHaH 
TJ ~ 

poTaTopa BO BHeWH~M none, TaK KaK co.n:ep:>KHT Kai< JlHHeHHhie, TaK 

H I<Ba.n:paTH'IHLie no f
77 

qneHhi. • 

llpe:>K.n:e acero ueo6xo.n:HMO .n:aaroHanHJOBaTh raMHnhTOHHaH, 

nonylfeHHhiH B npa6na:>KeHHH caMocornacoaaHuoro non.s ( H cc ). Tonhi<O 

nocne .n:aaroHanHJai..{HH MO:>KHO nony'IHTh ypaBHeHH.R .n:n.s r Ale (s11) H 

~Ale (s11), MHHHMH3Hpy.s co6cTBeHHLie JHalfeHH.R H cc : 

a.<Hcc>I 
= 0' 

a .<H cc >, 
= 0. 

a F (s11) 
Ale 

a ~ (s11) 
Ale 

12 

lHalfeHBJI rAA (sv) a·~ }.A (sv), aoo6me roaopJI, 6y.n:yT 
1 

COCTOJIHBA C pa3nB'IHhiMB NOMeHTaMB J • 
B 3Toi pa6oTe, o.n:HaKo, Mhl acnonLJyeN .n:pyro:A 

JlY'IBTL Henocpe.IJ:CTBeHHYIO B03MO>KHOCTL .IJ:nJI canoe 

pe3ynLTaTOB C KpeHKBHr-wo.n:enLIO, XOTJI .IJ:nJI peWeli 

nyTL 3~a'IBTeJlLHO MeHee y.n:o6eH, lfeM paCCMOTpeHHI 

lfeCTBe He3aBBCBMOi nepeNeHHO:A .IJ:nJI BapLBPOBaHBJI 
A , + 
u>.A_!_s~), a He 3aBBCJill.lYIO OT 18 ;\A (sv) B BAA (sv) 

KOTopyiO o6o3Ha'IBM qepe3 AAA {s11) • Bwpa>Keuae .IJ:Il 

Ha B npB6nB>KeHBB CaMocornaCOBaHHOrO sonJI MO>KHO 

B /12/ 3aMeHBTL F A (sv) .. r >.A (sv). I-- ... A ;\A( 
>. a g u .( s 11 J 

·fA A (sv) a AH (s11) aenL3JI aenocpe.n:cTBeHH'6 onpe.n:eJ 

MBHBMB3ai..{BB H cc, nOCKOnLKy HMeeTCJI COOTHOWeHBe 

xo.n:aNo Y'IBThiBaTb npa aapLHpoaaHBB. llo.n:cTaan.sJI 
a 

f Ap. (s1l) B a f (sv) B /2/ H cpaBHHBa.R peJynLTaT C 

Au .. ,\A 
~. = I y;\(;\+1) C , F'AA (s~ 

.,., 'AA A' 'Al lTJ 
. s 11 

Tor.n:a B npa6nB>KeHBH caNocornacoaaHHoro nonJI: 

f .,., 
'AA I 

I y;\('A+l)C, r (s11)A 
'AU, H Z:TJ AA 'Al 

SJI 

3TO .IJ:OnonHBTenLHOe orpaHB'IeHBe Ha f'Al (s11) aA'Al 

yqecTL npa aapLapoaaHHH. Y'ITeM 3To .n:ononHBTenLHOe 

HhiM cnoco60M, BKJliO'IHB ero B raMBJlLTOHBaH C nOMOill 
JlarpaH>Ka 0 : 

T1 
- 'Ale 
H = H - I 0 I v 'A( 'A+ 1) C r, (s11) 

cc cc T/ 71 'All' 'Al'I·TJ 1\l 
s.11 

,lJ;n.R onpe.n:eneHH.R 07J cny>KaT .IJ:OnOJlHHTenLHbie ycnOJ 

nepenHCaTh nonylfeHHOe BhiWe Bbipa>KeHHe .IJ:Jl.R fl B 
NeHTOB MaTpHULI nnoTHOCTH: <a+ a >, , cc 1.<a 

sm vm 
s v 

.<a a > 
11m11 sms ' KOTOphie npOCThiM o6pa30M Bhipa 

r ( Sv) H A ( s,J) ' TO nony'IHTCJI 06bi'IHOe Bbipa>KeH Ale .u 
TOHHaHa Kpelll<HHr- MO.IJ:enH. E.IJ:HHCTBeHHOe OTJlH'IHe ( 

'ITO H CO.IJ:ep:>KHT TpH KOMITOHeHThl onepaTopa MOMel 
cc 

13 



3Ha'leHBJI r}.l (sv) B · fj.>.•(sv), soo6ute rosop11, 6y,D;yT palnH'IaT&CJI ,D;JIJI 

COCTOJIHBI C pa3JIB'IHblldB NOMeHTaMB f • 
B 3Toi pa6oTe, OAHai<o, Mbl acnon&3yeM ,D;pyrol nyT&, 'IT06bl no­

ny'IBTJ> Henocpe,D;CTBeHHYID B03MO~HOCTb ,IJ;JIJI CODOCTasneHBJI HaWHX 

pe3yJI&TaTOB C KpeHKHHr·MO,D;eJIJ>IO, XOTJI ,IJ;JIJI peweHHJI 3a,D;a'IB 3TOT 

nyT& 3~a'I&Ten&HO MeHee y,D;o6eH, 'leN paccuoTpeHHbiH Bi!~We. B Ka· 

qeCTBe HelaBBCBMOH nepeMeHHOi ,IJ;JIJI sapb&posaHBJI BCDOJiblYeM He 
A · + a 
u H ls v_) , a He 3aBBCJIIQYIO OT 1fj Al (sv) B 8 Al (sv) 'laCTb ----, 

__ ,ag>.• (sv) 

KOTOPYIO o6o3Ha'IHM 'lepe3 AAl (sv) · B~a~pa~euae ,D;JIJI raMBJibTOHHa· 

ua s npa6na~euaa caMocornacosaHnoro son• MO~Ho nony'IBT&, ecna 

B /12/ 3aMeHBTb F ,\ l (sv) ... r ,\1& (sv). I ----- ... A ,\1&( s v )· BenB'IBHhl 
()gAl,( sv) 

r,\ l (sv) B A,\l (sv) HeJib3JI Henocpe,D;CTBeHHO onpe,D;eJIJITb B3 ycnoBHJI 

MRHRMR3aiJ;RH H cc, DOCKOJibKY RMeeTCJI COOTHOWeHRe, KOTOpoe Heo6· 

xo,D;RMO Y'IRThlBaT& npR sap&RposaHRH. llo,D;CTaBJIJIJI Bblpa~eHHJI ,D;JIJI 
a 

f AjL ('sv) H a{ (sy} B /2/ H cpaBHHBaJI pe3yJI&TaT C /11/, HaXO,IJ;HM: 

>.11 .. ,\1& a 
f. = I y ,\( ,\+1) C , F ,\1& (sv) ---

'TI ,\ll' ,\l l'fl ag '(sv) 
•v ,\1& 

Tor,D;a B npu6nu~eHHH caMocornacosaHHoro non11: 

Al 
I yA{A+1) C , r (sv)A ,(sv). 

All&' ,\l 1:., .\l .\l 
f., /13/ 

•v 

3TO ,IJ;ODOJIHHTeJibHOe orpaHH'IeHHe Ha r,\l (sv) uA,\l (sv) He06XO,IJ;HMO 

yqecT& npu sap&uposaHHH. Y'ITeM 3TO ,D;ononnuTen&Hoe ycnosue o6hl'l" 

HhlM CDOC060M, BKJIID'IHB ero B raMHJibTOHRaH C DOMOlQbiD MHO~HTeneii 

JlarpaH~a 0 : n . 
- ---- ,\1 
H = H -I 0 I -J,\(A+1) C r (sv) A ,(sv)· 

cc cc 'TI 'TI All' ,\1'1., ,\1 ,\1 

•·v 
.l(nJI onpe,D;eneHHJI o., cny~aT ,D;ononHHTen&H&Ie ycnoBHJI /13/. Ecnu 

OepenHCa Tb DOJiy'leHHOe BhlWe Bblpa~eHHe ,IJ;JIJI B B TepMHHaX 3Jie • 

MeHTOB MaTpH:U:bl ITJIOTHOCTH: .<a+ a, >, , cc 
1
_< a+ a+ >, 

sms vmv sm vm 
.<a a '> s v 

vmv sms - ' KOTOpbie npOCTbiM o6pa30M Bbipa~aiOTCJI 'lepe3 

r, (Sv) H 1\ (s,,) , TO ITOJIY'IHTCJI 06bi'IHOe Bbipa~eHHe .l(JIJI raMHJib· 
1\l ,\1& 

TOHHaHa K~~HKHHr·Mo,D;eJIH. E,nHHCTBeHHOe OTJIH'IHe COCTOHT B TOM, 

'fTO H CO,nep:>KHT TpH KOMDOHeHTbl onepaTopa MOMeHTa f B HMe· 
cc ., 

13 



I 

eTCJI, COOTBeTCTBeHHO, TpH ,IJ.OUOJIHHTeJihHhiX YCJIOBHJI ,IJ.JIJI onpe,IJ.eneHHJI 

MHO>KHTeneil JlarpaH>Ka~ 0
17 

• Ho 3TO ornuque npHHQHnHaJihHoe, no­

CKOJibKY KoMnoHeHTbi f He KOMMYTHPYIOT .D.PYr c .IJ.pyroM. B pe3ynh-
TI u 

rare perneHHJI sapuaQHOHHOH 3a,IJ.a'IH Mhi nonyqaeM He c -qucno, JIB-

JiliiOIJ..(eecJI 3HeprHeH COCTOJIHHJI JI,IJ.pa C MOMeHTOM I, a HeKOTOphiH one­

parop, Bbipa>KalOIQHHCJI qepe3 KOMUOHeHThl f , KOTOpbiH eme HY>KHO 

.D.HaroHaJIH30BaTb. 17 

Mo>KHO 6biJIO 6bi He pernaTh sapuaQHOHHYIO 3a,IJ.a'ly, a HanucaTh 

ypasueHHJI .D.BH>KeHHll ,IJ.JIJI MaTpHQhl nnoTHOCTH. B 3TOM cnyqae npu 

Bbl'lHCJieHHH KOMMyTaTOpa MaTpHQbl UJIOTHOCTH C O,IJ.HOttaCTH'lHbiM ra­

MHJlb TOHHaHOM CJie,IJ.OBaJIO 61.1 Y'lHTbiBa Th He TOJlbKO TOT cPaKT, 'ITO 3TH 

BeJIH'lHHbl JIBJIJIIOTCJI MaTpHQaMH B npocTpaHCTBe O,IJ.HOttaCTH'lHflX COCTO­

liHHH, HO H TO, 'ITO OHH 3aBHCJIT OT KOMnOHeHT onepaTopa -• , KOTO· 

pbie ne KOMMYTHPYIOT ,IJ.pyr c ,IJ.pyroM. B pe3yJibTaTe B y~asueuuJix 
UOliBliTCll cnaraeMbie, B03HHKlUIJ.e npu e,IJ.HO-, .D.BYX- H T.,IJ.. KpaTHOM 

KOMMyruposauuu oneparopoB f
11 

• llonpasKa, B03HHKlUaJI B pe3ynh­

rare O.IJ.HOKparnoro KOMMyruposannll, 6hlna nonyttena ,IJ.pyruM cnoco-

6oM B neKUHJIX C. T. lienJieBa ua Me>K,IJ.yuapo.D.HOH rnKone no cTpyKType 

li,IJ.pa I Anyrnra, Maii 1972/. 
B cnyttae aKcuanbHOH CHMMeTpnu .D.OCTarottuo paccMaTpHBaTh 

spameuue TOJlbKO BOKpyr O,IJ.HOH 83 .D.BYX OCeH, nepneH,IJ.HKYJIJipHhlX OCH 

CHMMeTpHll C pe,IJ.He ro nOJIJI JI,Il.pa. B 3TOM CJiyttae ,IJ.OnOJIHHTeJibHhie yc­

nopHll 6y,IJ.yT CO,Il.ep>KaTb JIHlUb O,IJ.HY KOMnoHeHTy onepaTopa MOMenTa 

f , H qpo6JieM, CBll3aHHbiX C HeKOMMyTaTHBHOCTblO pa3JIH'lHhiX KOM­

..v,oueur f', He B03HHKHeT. M1.1 nonyttnM o6bittHyro cl>opMynupoBKY Kpeu­

Kuur- Mo,IJ.enu. 

,lJ,pyroH nO,IJ.XO,IJ. K onucaHHIO Bpall(aTeJibHOrO ,IJ.BH>KeHHJI JI,IJ.ep 

H KOppeKTHblH cnoco6 Bbi,IJ.eJieHHJI ,IJ.HHaMHtteCKHX nepeMeHHhiX, onu­

CbiBalOI.QHX Bpai.Qe HHe, 6biJIH npe,Il.JIO>KeHbl of g/ , OCHOBHOe OT JlH'lHe Ha­

rneil pa6oTbi oT I sj, COCTOHT B TOM, ttTO Mhl nonyttaeM 3aMKHyToe Bbi­

pa>Kenue .IJ.!lll raMHJibrouuaua, onucbiBaromero opamaTenhnoe .D.BH>Ke­

nne, a ue pH.D. no CTeneHJIM oneparopa MOMenTa. 

Mbl y>Ke OTMettaJIH, 'ITO B CJiyttae aKCHaJihHOH CHMMeTpHH HalU 

pe3yJibTaT UOJIHOCTblO nepeXO,Il.HT B 06hi'lHYIO cPOpMynHpOBKY KpeHKHHr­

MO,IJ.eJIH. Ho nonytteHHbiH raMHJibTouuan ,IJ.onycKaeT paccMoTpeuue 

H CJiyttaeB, KOr,IJ.a HeT aKCHaJihHOH CHMMeTpHH. 3TO O'leHb Ba>KHO 

B CBli3H C BbiCKa3biBaeMbiMH B UOCJie,IJ.Hee BpeMll npe,IJ.nOJIO>KeHHJIMH 

0 B03MO>KHOH ,Il.HHaMutteCKOH ueaKCHaJibHOCTH, pacTyiQeH C pOCTOM 

MOMef1Ta I /9/. 
B 3aKJirotteHue aBTOpbi Bhlpa>KaroT npuJHaTeJibHOCTb corpynnuKaM 

or,IJ.ena reopuu H.D.pa 3a o6cy>K,IJ.eHHe pa6oTbi. 0,IJ.HH H3 asTopon /P .,[J,./ 
nOJib3yeTCJI CJiyttaeM OTMeTHTh MHOrO'IHCJieHHbie H noJie3Hbie ,IJ.HCKYCCHH 

no sonpocaM, no,IJ.HHMaBrnHMCJI Bhlrne, c B.Phl6apcKoH. 
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