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BBeJleHHe 

ra11,rnnbTOHH8HbI, Hcnonb3Y0Mbl0 Jln!il. onncamrn OJlHO'i8CTH'IHOI'O H KonneK

THBHOI'O JlBH)K0HHH B )lecjJopMHp0B8HHb!X HJlpax, o6bI'IHO He HBnSIIOTCH poTa

UHOHHO-HIIBapHaHTHb!MH, T.e. He KOMMYTHPYIOT C KOMilOH0HT8MH onepaTopa 

yrnOBOI"O MOMeHTa HJlpa r/L ( µ = ±. 1 ) BO BHyTpeuuell: CHCTeMe KOOpJlH

uaT. ¢H3H'l0CKH 3TO osuaqaeT, '!TO cpeJlH BHyTpeHHHX Bos6y:ameunll: CHCT0Mbl 

C rrpoeKUHell: MOM0HT8 H 'l~THOCTblO K TT= 1 + .)lOn)KJIQ COJl0P)K8TbCH OJlHO 

HecjJH3H•1eCKOe ( "llYXOBoe") COCTOHHHe,. I!pHII8)lne)Kall1ee KonneKTHBH~ll: Bpa

maTenbHOH B0TBH. nnH BhllleneHHH "llYXOBOI"O" COCTOHHHH B IIOCne)lHHe I"OJlbl 

6hmH rrpe.ttnO)K0fibl M0TO.tlbl BB01l0HHH llOIIonHHTenbHb!X OCTaTO'!HblX B38HMO

Jl0HCTBHli, cnnosolt rrapaMeTp KOTOpb!X onpeJlenHeTCH H3 ycnoBHH, 'IT06b! 3TO 
. /1 2/ 

COCTOHHHe HMen_o uynesyJO 3UepI"HIO ' • 

/1/ 
B pa6oTe HCIIOnb30BanHCb OCT8TO'lllb10 ueuTpo6e)Kflbl0 B38HMOJl0HCT-

BHH, cnnosoll: rrapaMeTp KOTOPbIX COBil8Jl8eT C o6paTUb!M MOMeHTOM HHepUHM 

/2/ . 
CHCT0Mbl IIpH ycnos1rn OTJleneHHH "JlyXOBOI"O" COCTOHHHH. B pa6oTe BBO-

JlllnHCb OCTaTO'IIIbJe KB81lpyrronb1Ib10 CHnbI C rrpoeKuiien KBa.ttpyrronbHOI"O MO'."" 

MeHTa m = + 1 ' -

3 



.. 

.. 
Bb160p T8Kl:IX KBanpynonbHb!X B381:1MO)leHCTBl:lll H8M npencTaBmieTCSI 

6onee ecTeCTBeHHbIM, nOCKOnbKY OHi:! nononHSIIOT o6hI'IHO ncnOnh3yeMbie 

KBanpynonbHbJe cnnbI C . m =o, :!:.2 • MoMeHT HHepIIl:11:1 Cl:ICTeMbl B 3TOM cny-

'lae nonyqaeTcsi ns ycnoBHSI coxpaHeHnsi yrnoBoro-MoMeHTa. 

B )l8HHOH pa6oTe nnsi OT)leneHl:ISI ,, nyxoBoro" COCTOSIHl:ISI 1:1 BOCCT8HOB

neHl:ISI pOT8IIHOHHOii HHBapnaHTHOCTH BHyTpeHHero P8Ml:lnbTOHH8H8 ncnonbsyeT~ 

/2/ • 
csi 6onee npocToii, 'leM B pa6oTe , MeTon, npenno)KeHHhm MapwaneKOM 

/3/ 
H BeHesepoM •• 3TOT MeTO)l nosBonsieT BOCCTaHOBl:ITb pOT8IIHOHHYIO l:IHBa-

pnaHTHOCTb B KB83H6030HHOM npn6nn)KeHl:IH H ycTaHOBHTb. HeKOTOpbie o6mne 

COOTHOUleHHSI M0)K)ly O)lHO'laCTH'IHbIMl:I M8Tp1:1'1Hb!Ml:I aneMeHT8Ml:I onepaTopa 

yrnoBoro MOMeHTa H MynhT1monbHOPO onepaTopa aqiqieKTl:IBHb!X OCT8TO'IHb!X 

B381:1MO)leiiCTBHll ( He o6SI38TenbHO KBanpynonbHbIX). cnpaBennnBbie B n106oii 

O)lll0'18CTH'IHOH Monenn H l:IHB8pl:laHTHbie npn BKnIO'leHHl:I n106b!X nononHnTenb

HbIX OCT8TO'IHb!X B38HMO)leHCTBHH. TTpn 3TOM 0K83bIBaeTCSI, 'ITO ceKynsipHoe 

ypaBHeHne )lnSI '18CTOT qll:13H'i0CKl:IX 7+ •B036y)K)leHHll B CT8Tl:1'10CKOM npe-

nene ( w ➔ 0) onpetienSieT qiyHKUl:IOHanbHYIO CTPYKTypy MOMeHT8 1:1Hepu1:11:1 

CHCTeMbl npn BKnIO'leHnn n106bIX OCT8TO'IHbIX B381:1MO)leHCTBHH. 

P~QT8UHOHH8SI l:IHB8QH8HTHOCTb B MeTone cnyqafiHoii ffi83bl 

nnsi npoCTOTbl paCCMOTpl:IM Cl:ICTeMy TO)K)l0CTBeHHblX HyKnOHOB B He

KOTOpOM aKcnanbHO-CHMMeTpl:l'IHOM cpenHeM none, B38HMoneiiCTBYIOIIIHX no-

cpenCTBOM OCT8TO'IHbIX cnn. 4acTb raMHnbTOHH8H8 cncTeMbl H , onHCbI-s p 

B8IOIIl8SI 0)lH0'18CTH'IHOe )lBH)KeHne, npn 3TOM He coxpaHSieT nonHoro yrnOBO

ro MOMeHTa, T,e, He KOMMyTHpyeT C ero npoeKUl:ISIMH 'lt. HB BHyTpeHHl:le 

OCH KOOplll:IH8T. OTHOCHTenb·Ho OCT8TO'IHblX B381:1MO)leiiCTBHll nonaraeM, 'ITO 

OHi:! MoryT 6bITb qJ8KTOpl:130B8HbI, T.e. 

H 
res 

+ 
- K YAµ YAµ ( 1 ) 
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I'J'.le YAµ HBnmoTCH OJ'.IHO"laCTH'IHhIMH MynhTllIIOnhHhIMH onepaTopaMH ( A -

"leTHOe)' B "18CTHOCTH, 3TO MO)KeT 6hITh If o6LI"IHO HCnonhGyeMbIM onepaTop 

KBaJ'.lpynonbHOI'O MOMeHTa, .LlnH )'.lanhHeMIIIeI'O HaM He HY)KHO KOHKpeTJI3Hpo

B8Th ero paJ:1HanbHy!O 38BHCHMOCTh, HO Heo6XOJ'.IHMhl HeKOTOpble CBOMCTBa 

CllMMeTpllll OJ'.IH0"18CTll"IHhlX MaTpll"IHhIX aneMeHTOB, 

y J'.I06Ho 38IlllC8Th ( 1 ) B CHMMeTpll30B8HHOM ¢op Me 

H 
r es 

1 "<' < v'' i - -K k A 
4 T.-=+1 µ 

(2) 

Y (r) =- Y + Y 
+ f 'µ I Aµ Aµ " 

(2a) 

Y (+J 
I'J'.le 3Ha"leHHHM T = + 1 H -1 COOTBeTCTBYIOT 3pMHTOB Aµ ll aHTll3pMHTOB 

Y
(-) 
Aµ onepaTopbl, B npeJ'.ICTaBneHHll BTOpll"IHOI'O KB8HTOB8HHH 

Y (r) = I < v I Y (r) I 
Aµ v,v' Aµ 

v'>a+a 
V V 

(3) 

+ 
I'J'.le av ll a v - onepaTOpb! pO)K)'.leHHH If YHII"ITO)KeHHH "18CTHUhl B COCTO-

HHHH I v > , cooTBeTCTBeHHO, 

O6o3Ha"IHM qepe3 I v > cocToHHHe, conpruKeHHOe no apeMeHH I v > • 

TOI'J:la MaTpll"IHhie aneMeHThl B ( 3) 06naJ:1a10T cneJ:1y10IUHMH CBOMCTBaMH CllM

MeTpHJI: 

q<r',=<vl y<r1lv'> =r<v 
1,1 V Aµ 

=r<v'IY(r)lv> 
Aµ 

=r<v'I y<rJ Iv>. 
Aµ 

5 

v '> = (4a) 

(46) 



0TM0THM, 'ITO MaTpll'l,Hbl0 aneMeHTbl q (+) H q<-J pasnHtJaIOTCSI TOnbKO 

.1.. • I <+ii I H I 'f'ason, T.e. q = q . . . 

B cnytJae I µ I =l MaTpH'IHbie aneMeHTbI (46) cymecTay10T TOnhKO 

MS)KAY OAHOtJaCTH'IHbIMH COCTOSIHHSIMH C rrpoeKUH0H yrnoaoro MOM0HTa Ha 

OCb CHMM0Tplrn K = 1/2 ' rrpH'IE!M ace AHaroHanbHbl0 MaTpH'IHbl0 aneMeHTbl 

paBHbl Hyn10. 

ITpoaeAeM KaHOHH'l0CK00 

K KBa3HtJaCTHUaM ll pa3AenHM 

6o30HHb!H qneHbl 

( U, V) 
/4/ 

-rrpeo6pasoaaHH0 Boron106oaa 

PAS 

y ,(~' Ha OAHOKBa3HtJaCTH'IHbIH ll KBa3H-

y<rJ = (Y(r) (T) 
)A >..µ >..µ ) B + ( y >..µ 

(Y (T) >a 
(T) 2 

=l qvvvv(l+r)Bµa + >..µ v>O ' 

+ I v [ < T, a< T, {!, a< T, ] 
vv' r qvv' vv' + qvv' ·vv' 

v,v'>o 

(T) 

(Y>.,µ ) = A 
I U ,{ r (r)[ A(rJ+ A(rJ ] 

vv qvv' vv'+ r vv' 2 v,v>O 

- ... -{.:',[A(r) +rA(rJ ,] I 
q VV VV' VI' 1 

V ,s u 
VV V 

u , 
V V V VV, 

LJw'= UV VV,+ UV, VV 
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(5) 

(5a) 

(56) 
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3JleCb BB91l9Hbl onepaTOpb! 

a~, 
JI 

(7) 

a_, -r. a _a , A(r>,--a 
W V .II V V 

A""ltJ,=a a , +r a- a vv v v . v v' , 

av - onepaTOpb! p0>Kll9HHSI H YHH'ITO>KeHHSI KB83H'l8CTHU, 

COOTBeTCTBeHHO. 

Y'IT~M B CHCTeMe napHhle KOppenSIUHH H nocne K8HOHH'l9CKOro npeo6-

' 
pa30B8HHSI raMHnbTOHHaHa H.p + Hpalr coxpaHHM OllHOKBa3H'l8CTH'IHYIO '18CTb 

(8) 

rae Ev· = v 11 2 
+( £v - A) 

2 
- OllHOKB83H'lacTH'IHbie sHeprHH ( 11 H A 

SHepreTH'leCKaSI menb H XHMllOTeHUHan.cooTBeTCTBeHHO, ly -OllHO'laCTH'I

Hbie SHeprHH). 

BbillenHM KonneKTHBHYIO BeTBb B036y>Kll9HHii, CBSI38HHy!O C B38HMO

AeiicTBHeM (2). B KB83H6030HHOM llpH6nH>KeHHH nonHb!il: raMHnbTOHHaH 

B STOM cnyqae MO>KHO 38llHC8Tb B BHlle 

H = const + H 
sqp 

1 
Hco/1 = - - K :E 

. 4 T:±1 

+H , co// 

7 

(9) 

(9a) 



/3/ 
.lln:aronann:ayeM (9), npn:BeJlSI ero K ipopMe 

"I) 

J ai(T) 2 2 Q(T) 2 
H = const + 2 I I ( J le ) + eu le ( J.. le ) I . 

r, le 
(10) 

OnepaTOpbI if tr> n: f ';) npe1:tnonara10TCSI 9pMHT0BCKHMH. H Yll0-

sneTB0P.HIOT K0MMyTaUH0HHbIM C00TH0WeHHSIM: 

[ ftr), p<~:J] i8rr' 8 1c1c' 

(11) 

[ ft'. f't' ] [ m< r I m ( T ' I] _ 0 
J/c ,Jlr., - • 

CooCTBeHHbie "18CT0Tbl KonneKTHBHbIX KOneoaHn:il: Cu le SIBnSIIOTCSI perneHHSIMli 

cne1:ty10IUHX ypaBHeHn:il: ,llBH)KeHHSI 

[H , p<rJ] 

" 
= ; eu2 S?_(r/ 

/c " 

[ ff , f(TI] =-; p(rl. 
/c /c 

(12) 

CneKTp CO0CTBeHHbIX 3Ha'leHn:il: 0K83bIBaeTCSI JlByKpa,:uo Bblp0)KJleHHbIM 

(T =± 1), 'IT0 C00TBeTCTByeT HHBapn:aHTH0CTH raMn:nbT0HHaHa 0TH0CHTenbH0 

oopameHHSI speMeHn:. .. 
,,. 6 . A (TI 

l1MeSI B BHJlY, 'IT0 B KB83Hu030Hf!0M npn: nH)KeHHH onepaT0pbi ,\,\' 

Yll0BneTB0pSIIOT K0MMyTaUH0HHbIM C00TH0WeHHSIM 

(rl (r')+ ,.., 
[A ,,A",] =28 ,(8 ,8J,,_,,..T8,,8,,), 

VV "" ' TT VI\ VI\ VI\ VI\ 
(13) 

8 



m ( r J 
HllleM onepaTOpbl JI: 

f (r J 
H /c 

xi 
B BHJ:(e 

. p<rl =-'- I .;,<rl (k) [ A (rl+ + A <rl l 
le 2-n- , , , , 

V • v, II >O 1111· 1111 1111 

( 14) 

rae if, H ¢ - ABYXKBaSH'lacTH'IHbie aMnnHTYllbI1 yJ:toaneTBOJlHIOlllHe yc-

noBHHM opTOHOpMHPOBKH 

cp (r/ (k) .;,<rl (k ') = o 
11,11 '>0 II II 1111 

I 
le 

.;,<rl (k) cp<TI ( k) ,,. _1_ ( o 
1111' /Lil' 2 /LIi 

le le , 

(15) 

o + TO 0 ). 
IL v' /LIi /l '11 

OnycKaH J:teTana pemeHHH ypaaHeHHfi (12), npHaeJ:(eM KOHe'laoe ceKynHpHoe 

ypaaHeHHe 

q 2 

w 2 I 
u2 

' vv' . ( 16) 

k 11,v~>o 2 2 ) E , (E , - w 
1111 1111 le 

rae E , 
1111 

E + E , . 
II II 

YpaaHeHHe (16) aBTOMSTH'leCKH COJ:(ep)!rnT OJlHO pemeHHe w"· = WO =o, 
OAHaKo. npH 9TOM Ha KOHCTaHTy tK HanO)!{eHO ycnoBHe 

xi.a • nH ynpomeHHH sanaca a J:(anbHe11meM ao acex Bbipa)!{eHHHX onycKa-

IOTCH 'lneHbl C onepaTopaMH ~ (Tl , ·, HO B KOHe'IHbIX qiOpMynax COOTBeT

CTBYIOIIlHe HM BKnaAbI Y'IHThIBalblfcg: cyMMHpoaaHHeM no cocTOHHHHM c K=l/2 
• 

Ill, 

9 



-1 K = I 
v,v'>o 

~ 

• 
q 2 , U 2 

VV VY (17) 

Evv' 

OTMeTHM, 'iTO 'nyxoBOe" COCTOSIHHe C OJo = 0 COJ;tep)i{HTCSI TOnbKO Cpe.i:tH 

peweHHfi, COOTBeTCTBYIOIIIHX r =-1, T.e. cpe.i:tH He'i~THbIX no OTHOWeHHIO 

K BpeMeHHOMY conpSI*eHHIO COCTOSIHHfi. IlpHBe.i:teM COOTBeTCTBYIOWHe eMY 

aMnnHTYJ:lbl, 

y}-',(O) .. 1 Uv,J'fl/,;;l 
vv ✓.z;; E vv' 

rt,'-', (0) = 1 
u (-) 

vv' qw' 
(18) 

. vv ..;z;, e;lf, 

" 
Zo = I E-J U 2 2 

v,v~o vv' vv' qw, (18a) 

.no CHX nop Mb! He KacanHCb npo6neMbl poTaUHOHHOfi HHB8pHaHTHOCTH 

raMHnbTOHHaHa (9). PaccMOTPHM onepaTop yrnoB0I'0 M0MeHTa CHCTeMbI, 

Bpama10meficSI B0Kpyr OJ:lHOfi H3 ocen, nepneH.i:tHKynsipHbIX OCH CHMMeTpHH, 

aanpHMep, B0Kpyr OCH X : 

Ix I < v I ; I v ' > av+ av,, 
vv' x 

(19) 

10 



8h1.nem1M H3 Hero ·KB83H6030HHylO qaCTb, KOTopyro 38IlHW8M 'iepe3 onepa

' TOpbI ( 11 ) • 

( 20) 

'/c ES I ; ,L , ct,<->,(tc) , 
11,V '>O VII VII VII 

(20a) 

r.ne 'iepe3 · ; ~ o6o3Ha'ieH MaTpH'iHbitt aneMeHT onepaTopa ; " , a Lvv = 
. VII 

- = u11 v 11 ,_ u11 , v 11 • O'ieBH!lHO, 'iTO · ( I ,.d A KOMMYTHpyeT c raMHnhTOHHBHOM 

( ) 
C1) ,_, 

10 , ecnn OH nponopunoHaneH onepaTopy J O , T.e. 

(21) 

r.ne Koa4>4>nuneHT nponopunoHanbHOCTH MO)KeT 61,1Tb Hafi.neH H3 peweHHSI 

ypaBH8HHtt: 

(22) 

Pewag 9TH ypaBHE!HHSI, H8XO!lHM 

(23) 
E vv' 

T.e. JO COBna.naeT C Bblp8)1{8HHeM .nmi: MOM8H'l'a HHepUHH B Kp9HKHHI'-
/5/ • t 

MO.nenn co cnapHB8HHeM • Tipn 9TOM Ha BbI6op MaTpH'iHbIX aneMeHTOB 

11 



(T) 
q vv' Hano}KeHO OI'P?HH'IeHue: OHH JlOn}KHbl YllOBneTBOI)Sl'l'b cneay10meil: 

CHCTeMe ypaBHe!IHH 

1 u q ( T) 

vv' 
= ---r ..;~ 

I'lle 

vv 

. (r J = < v I i + ~ 1vv' 

2 Jo 

ri_lv'>, 

E 
vv 

L 
vv 

j (r J 
vv' 

(24) 

(24a) 

( ) 
. x/ 

CucTeMa ypaBHeHHil: 24 aon}KHa BhrnonHSITbCSI ann n106oro cpeaaero rronn • 

BbI'IHCnHB M8TpH'IHbJe aneMeHTbl j (r! , MO}KHO BOCCT8HOBHTb MaT-
vv . 

PH'IHbie aneMeHTbI a¢¢eKTHBHOI'O B38HMOJleil:cTBHSl (2) C TO'IHOCTblO JlO IIO-

CTOSIHHOI'O ann Bcex HHX ¢laKTopa. YpasHeHHSI (24) MoryT 6hrTb pe1IIeHb1 

HTepaUHOHHbIM Met:OllOM H /l8IOT TO'IHOe pellieHue y}Ke B rrepBOH HTepaUHH, 

IIOCKOnbKY IlO/lCTaHOBKa (24) a ( 18a) aaeT TO}KJleCTBO. OTMeTHM TaK)!te, 

'ITO, IlOCKOnbKY H3 ycn0BHSI poTaUHOHHOH HHBllpHaHTHOCTH ann npOH3BOnbHOI'O 

cpeaHeI'O nonn MaTpH'IHhie aneMeHTbI q (T) MOI'YT 6bITb H8H/leHbI C TO'l-
11v' 

HOCTblO llO nocTOSIHHOI'O ansi: scex HHX ¢aKTopa, TO H KOHCTllHTa K T8K}Ke 

MO}KeT 6hITb onpeaeneaa H3 ypasHeHHSl ( 17) C TO'IHOCTblO JlO ¢aKTOpa ( T.e. 

MO}KHO onpeaenHTb, aanpuMep, 38BHCHMOCTb K OT ae¢opMaUHH, HO He 

a6conIOTHYIO senH'IHHY), 

l1crronbaysi: (24), nepe.nullieM ceKynnpHoe ypasaeaue (16) B BH/le: 

2 
Cu 

" 
J(Cu 

" E2 
vv' 

2 
- Cu 

" 

2E L 2 
'

2 
, , I 

) = Cu 2 !, VP. VV VV ,.. Q • 

k v,v>~ 
(25) 

xi , · /6/ ( B qacTH0CTH, B cnyqa72}'10llenu HHnbCCOHa ypasHeHHSl 24} 
YllOBneTBOpSIIOTCSl npu Bbr6ope 

q = <-v I r 2 'Y I v '> , 
vv' 2,1 

12 
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• 
OTMeTHM xapaKTepay10 oco6eaaocn, ¢yHKUHi! J ( <uli ) , a HMeaao: 

J ( <u le .. 0 ) = J
O 

• (26) 

C noMOIIIblO C00TII0WeHHSI (21 ) "AYXOBasr" 'ISCTb raMJUlbT0HHaHa ( 9) npHHH

MaeT DHA apawaTenbH0fi aaeprHH 

H 
spur 

( I ,2 
X A (27) 

/3/ 'ITO coanaAaeT c peaynbTaToM MapwaneKa If Beaeaepa • 

¢lH3H'leCKHe 7+ -C0CT0SIHHSI C <,) le /. 0 MoryT 61,1Tb onpeAeneHbl KSK 

OAHO<f>OHOHHh18 

Q (r )+ 
10> - I 

1 P ,,, +; v ~ l <r, II 0> le 
y2<u 

/c 2 .. /c 

/c 

Q (r) 
le 

[ ( r) 10> .. 0·Q , le , 
Q < r ') + 

le, ] "' B 
rr' B le le,, 

npll'I~M aMnnHTYALI 1/1 JI cf, lfMeIOT BRA 

1/1 <-1 (k) .. ---==== 
vv' 2yZ(<u ) 

. le 

. 2 
E 

vv' 
L 

(..;} 
i vv' vv' 

E 2 
VJ.I 

-· <,) 

2 

le 

cf,<-~ (k) .. ·E- 1
, <-J (k) 

vv vv 1/1 vv' 

Evv' Lvv' 
• ( +} 

1/l<+J (k) 
<,)le lvv' 

"' -
vv' 

2yZ(<u ) E2 2 - <,) 
. ·. le vv' /c 

if, ( +} ( k) E -2 1/1 <+~ (k) ·<,) 

vv' vv' le. VJ.I 

.. 
13 
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(28a) 

(29a) 

(296) 



Z(eu" )= ~ 
w'>O 

"' 
E 3 , 

vv 

-·( E 2 
vv 

L2 
vv' 

- (u , 

. 2 
I , 

vv (29B) 

2 ) 2 

" 

Bug aMnnHTY/:l (29) lIHlllHHH pas IlOJ:(TBep)KJ:taeT, 'tTO ,, /:lYXOBOe" COCTOSIHHe 

c eu 1c =0 cogep)KHTCSI lIHlllb, cpegu pellleHHH c r =-1. Llnsi .Bcex ocTanb

HhIX COCTOSIHHH c eu le, j. 0 COCTOSIHHSI (28) c r =+ 1 RBlISIIOTCSI nolIHOCTbIO 

paBHOnpaBHbIMH. IlogqepKHeM, 'tTO ycnOBHe poTaUHOHHOH HHBapuaHTHOCTH 

Il03BOlISieT HCKlIIO'tHTb HS KOHe'tHhIX pesyllbTaTOB (25), (28), (29) BCe "cne

j:(bI" nepBOHa'tallbHO BBeJ:(eHHoro s~~eKTHBHOro BSaHMOj:(eHCTBHSI (2). 

Ilepexog K CHCTeMe HS HeTQ)KJ:(eCTBeHHhIX HyKlIOHOB (HeiiTpOHOB H npo

TOHOB) OCTaBnsieT HeHSMeHHbIMH Bee nony'teHHhre pesynbTaTbI npH Bbr6ope 

K K = K = K (30) 
nn pp np 

IlpH STOM cyMMHPOBBHHe B ypaBHeHHSIX (23), (25) H (29B) npo6eraeT no 

Heii:TpOHHbIM H npoTOHHbIM COCTOSIHHSIM. 

3~~eKTbI CilHH-CilHHOBbIX H CilHH-KBagpynonbHbIX BSaHMOJ:teii:CTBHil: 

11sBeCTHO, 'tTO OCTaTO'tHhie CnHH-CilHHOBbie BSaHMOJ:(eii:CTBHSI urpaIOT 

. +) 
B8)KHyIQ pollb B ~OpMHpOBaHHH MarHHTHoro J:lHilOllbHOro peSoHaHca ( 1 B 

n1 · • 
aTOMHbIX SIJ:tpax • CnHH-KBagpynonbHhie BSBHMOJ:(eHCTBHSI MoryT CHllbHO 

' + . 
BllliSITb Ha ceoil:cTBa HHSKOlle)K8lllHX O COCTOSIHHH B ge~opMlip0B8HHbIX M-

/8/ 
pax • Y't~T STHX BSBHMOJ:(eHCTBHH npHBOJ:lHT T8K)Ke K HSMeHeHHIO eenH'tll-

/1 2 9/ 
Hhl MOMeHTa HHepUHH • • • 
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/7/ 
MonenhHOe CllHH-CllHHOBOe B38HMonenCTBHe MO~HO aanncaTb B BHne 

H 
u 

= _1 - k u I ( F <rJ 
u 

4 T= + 

F(r)= I <v1u ru 
U V, v' + 

) + 'F < r J 
u 

lv'>a+ a 
V v' 

(31) 

(31a) 

rne u± ..;. cnnHOBbie MaTpHUhI ITaynn. B (31) rrpenrronaraeTcH, "ITO pannanh

Hb1e MaTpH"IHbie 9neMeHTbl B38HMOlleHCTBHSI IIOCTOSIHHbl H BKnJOtieHbl B KOH-

CT8HTY CBSI3H. B o5meM cnyqae K u 38BHCHT OT H3OTOIIH"IeCKOI'O cnnHa 

/7,10/ 
H MO~eT 5bITh orrpeneneHa H3 pactieTOB MaI'HHTHbIX MOMeHTOB Hnep • 

I1MeSI B BHllY CBOllCTBa CHMMeTpHH MaTpH"IHbIX 9neMeHTOB 

u (r J = 
vv' 

<vju -ru 
+ 

I v' > -= r < tJ I u - r u 
+ 

r<v'lu -ru Iv>, 
+ -

BblllennM KB83H5030HHYJO qaCTh onepaTopa 

+ ( F <r J 
u 

~ (r) M B(r.J, 
JW r o , vv'· vv i 

v,v'>O · vv 

1 ~ < r J L [ A < rJ + A< r J ] 
• JW TU , , , - T w' 

2 vv'>o vv vv vv 
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(32) 

(33) 

(33a) 

(335) 



Cnenyg nsnm1<eHHoii B rrpenh1nymeM pasnene cxeMe peweanSI, rrony,:mM cne

ny10ume pesynbT8Tbl rrpn BKnIO'IeHHH B (9) Ha 

a) CeKynSipHoe ypaBHeane nnSI wk 

Ka X l (wk ) I - 0 
l J < J· - i I J ( w J - . < J -wk a wk =Wk k l+KaS wk 

S(wk) I 
v,v'>o 

X (wk ) 
1 

--= y2 

E ,L 1 , a 1 
vv vv vv 

El -w2 
w' k 

2 (Tl (Tl 
Evv 'Lvv ' avv ' i vv ' 

I, 
v,v >O 2 2 

Evv'-Wk 

(34) 

(34a) 

(346) 

KaK H paaee, CTaTH'IeCKHii rrpenen cpyHKUHH Ja (wk ) orrpenenSieT MOMeHT 

HHepUHH CHCTeMhl 

la = Jo -
Ka x2 

J + Ka S 
( wk 0 ) (35) 

T.e. CIIHH-CIIHHOBhie B38HMOneiiCTBHSI yMeHblll8IOT MOMeHT HHepUHH CHCTe

/1,2 / 
Mb! • 

Ees HCKnIO'IeHHSI "nyxoBOI"'o" COCTOSIHHSI ypaBHeHHe nng (<) k HMeeT 

/7/ 
'BHJ:l 

1 +KaS(wk) 0 . (36) 

6) YpaBH~HHSI (24) rrpHHHMaIOT BHJ:l 

16 
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(37) 

+ Ka ·s (37a) 

OaHaKo, IlOCKOnbKY Bb!IlOnHSI0TCSI T0)KJ:l0CTBO 

(38) 

TO COOTHOllieHHSI (24) ¢aKTnqecKu OCTaIDTCSI HHBapnaHTHbIMH npu BKnroqeHHH 

cnnH-CilHHOBbIX B38HMOJ:l0HCTBHfi. 

faMunbTOHHaH T0H30pHbIX cnnH-KBaapynonbHbIX cun MO)KHO aarrncaTb 

/8/ xi 
B BHJ:l0 

Ha =.-K I. 
q t 

(T ( T) ) + T ( T) 
aq aq 

T=+ 

P2µ = I, < 12vµ-v j 2µ > av 'l:! 2 ,µ-v 
V=0,;!;1 

+ a a , 
V V 

(39) 

(39a) 

(396) 

xi 
PaauanbH8SI ¢YHKUHSI f ( r ) MO)K0T 6hITb BhI6paHEi no aHanOI'HH 

C KBanpynonbHb!MH B38HMO)lefiCTBHSIMH. 
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t. 

l"'Ae Kr - KOHCTaH'l'a CBH3.lfe CBOHCTBa C.lfMMeTpR.lf MaTp.lf'IHbIX sneMeHTOB 

/8/ 
npnBeAeHbl 'B t < r ) ea < v I f ( r) ( p+ 

vv' 2µ - r P 2µ ) Iv' > 

BKmo11eHne Haq B raM1InbTOH1IaH (9) np!IBOJ:(.lfT K cneAYIOill.lfM pe3ynb-

TaTaM. 

a) CeKynsrpHoe ypaBHe1me (25) npnHIIMaeT BIIA 

w ! J aq (wk ) - w2kl J(wk) + 
K

1 
G

2
(wk) 

1 -K, R(wk) 
· I 0 (40) 

R ( wk ) I 
E ,L 2 , t 2 , 

= 
vv vv vv 

v,v'>o E2 ,_ w2 
vv k 

(40a) 

1 
E L2 (T) .(T) 

G (wk ) I 
vv' vv' 'vv' lvv' 

y2 v•,v '> o E2 - w2 
vv' k 

(406) 

Oco6eHHOCTbIO ypaBHeHIIH ( 40) HBnHeTCH TO, 'IT0 OHO B 38B.lfC.lfMOCTH OT 

BenH'IHHbl Kr MO)KeT HMeTb H.lf)K8HWee pellleHHe wk -1,. 0 fl.lf)Ke nopora 

ABYXKB83H\~CTH'IHbIX B036y)KAeH.lfll ,B TO BpeMH KaK ypaBHeH.lfSI (25) H (34) 

BCel"'J:(a HMeIOT H.lf)K8Hlllee HeHyneBoe pellleHHe Bblllle STOI"'O nopora, 

6). cPyUKUHH Jaq (wk) B CTaTH'leCKOM npeJ:(ene onpeJ:(ensreT MOMeHT 

.lfHepUH.lf CHCTeMbl 

Jaq 
Kt 'G 2 

Jo+1-K,R 
(wk=O), (41) 

Cmm-KBaApynonbHbJe CHnbI npHBOAHT K B03pacTaH.lfIO CTaT.lf'leCK0I"'O MOMeHTa 

. . /9/ 
lIHepunn ClICTeMbI. OueHKH ITOK83bIBaIOT, 'IT0 npn pa3yMH0M BbJ6ope 

+ 
K, (.lf3 pac'l~TOB AnH O -COCTOHH.lfH) M0)KIJ0 3Ha'lnTenbH0 yny'IWHTb pe-

3YnhTaThl o6bI'IHOH KpSHK.lfHI"'-MOAenH co cnap.lfBaHHeM 
/11/ 

18 



B}, CooTHOllleHHSI (24) OCTaIOTCSI HHBapHaHTHhIMH IlpH_ BKnrotJeHHH Haq. 

I1p11 0/lHOBpeMeHHOM BKnrotJeHHH Ha II Haq B (9) BCe BbipallieHH51 

3HatJHTenhHO ycnOlliHSIIOTCSI, I1o9TOMY Mb! rrpuBe/leM 3ll0Ch TOnhKO BbipallieHHe 

nnSI MOMeHTa HHepUHH 

K t G 2 
[ 1 + Ka ·s ] - Ka X 2 

[ 1 -K R] -
t 

(42) 

N I (42a) 
v,v'>o E , 

vv 

B (42) BCe ¢YHKUHH BO!llnH B CTaTHtJeCKOM rrpenene. CTeIIeHh pa3nH'IH51 J . 

II JO B ( 42) 38BHCHT OT BenHtJHH Ka H Kt • 0TM0THM, 'ITO. ypaBH0HHSI 

(24) rro-rrpelliHeMY ocTaIOTCSI HeH3MeHHhlMH, 

TaKHM o6pa30M, BOCCTaHOBneHHe poTaUHOHHOH HHBapHaHTHOCTH BHyT

peHHero raMHnhTOHHaHa MO)K0T 6bITh llOCTHI'HYTO B KB83H6030HHOM rrpH6nH

)KeHHH BBe/leHHeM a¢~KTHBHhIX OCT8TOtJHhIX B38HMOlleHCTBHH 1 'ITO IIpHBOllHT 

1 + ' 
K BbI/leneHHIO KOnneKTHBHhIX -~036y)KlleHHH B CHCTeMe, 11 nyxoBaSI"' BeTBh 

9THX B036ylli/l9HHH HMeeT CTpyKTypy Bpa!llaTenhHOH 9HeprHH, YcnOBHe PO-

T8UHOHHOH HHBapnaHTHOCTH II03BOm1eT HCKnIOtJHTh Bee xapaKTepHCTHKH a¢¢eK

THBHblX B3aHMOlleHCTBHfi H3 ypaBHE!HHH nnH orrHcaHHH ¢H3HtJeCKHX 1 + -aoa-
6yllilleHHH H rronytJi!Th BbipallieHHe nnSI cTaTHtJeCKOI'O MOMeHTa HHepUHH, I1pH 

He06XO/lHMOCTH MaTpH'!Hb!e aneMeHTbl a¢¢eKTHBHOI'O B38HMOlleHCTBHSI MOI'YT 
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6bJTb BOCCTaHOBneHbl Jln5I -mooor-o cpe/lHeI"O pong. H3 COOTBeTCTBYIOIIlHX 

ypaBH0HHH, CB5!3bIBaIOIIlI_iX HX C MaTpH'IHbIMH aneMeHTaMH orrepaTopa yr-no

BOf'O ··J.11OM0HTa. 

• B 38KnIO'I0HHe aBTOpbi Bbipa)KaJOT IIPH3HaTenbHOCTb COTPYllHHKaM 

OT11ena TeopHH 5!/lpa 3a rrone3Hoe oocy,K/leHHe paoOTbI. 
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