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llOJIOllteH!t!fl TOtJKH Ha c!J)epe e)lHHHtJHOrO pa)lHyca • 06HtJHO 1l !J)H3HKe no-
' . 

JIOllteHiie TOtJKH Ha c!J)epe aa;llaeTcH. noJIHPHIHI H aaHMyTaJI:&HbiM yrJiaMH. EcnH 

cuoxpex:&-Ha·cljlepy e,nHHRtJuoro pa,nil:yca i<ax·ua ,nsywepHoe npocxpaucxso 

nociosiuHoR nonolltHTe1I:&HOit KpHBHaliu,io :BH,nuo,tJTO xaxoe·aa,naHHe TQtlKH 

Ha c!J)epe _CllH3aHo'c lllle)leHHeM 1l STOM.npocTpaHcT;se·noJIHpHoit C~CTeYbl. 

KOOp~i1Ha T ~ opToroHanLHblMH JIHHHHMR KOTOpOit llllJIHeTCH · nytJOK npHYbiX H 

~_eMeitc;llO • KOHiteHTPHtJec~~X OKpyxlldc~e~,. npoXO;llllniHX ·.tie pea. riOJIIlC .. c!J)e

PH• llpH 'paccMoTpeHHH'KPHBOJIHHeitHbiX opToroHaJI:&HblX.CHCTeM Koop;llHHaT 

1l npocTpaHCT1l8X llOCTOHHiwit KPH1lH3Hbl.0JIEi:BCKHit n~K838JI/2/ ,· tiTo. B;llllY..: 

MeJlHOM npocTp~iiCTlle n'ocTOHHHO£! llOJIOXHTeJILHOi! KPH1lH3Hbl cymecT:BYIOT 

:Bcero ',n:Be cHcTeMH · ltpH:BOJIHHei!Hux Koop,nl1HaT, ~onycKamm~x pa~:,neJieHHH 
nepeMeHHblX: . llOJIHpHaH H SJIJIHllTHlJ8CKaH.' 0pTOrOH8JILHblMH JIHHHHMH SJIJimi

THtJeCKOit CHCT8Mbl K6op,nHJ~T Ha.c!J)epe' ll~JI~IOTC~11la:C~~en~Tll8 ·co!flo~yc
HblX aJIJIHnco:B '11 llblllYKJIHX ~HnepdoJI. 9~JI~nTHqecKoit. ·cHcTel&e Koop}J;HHaT 

1l ,n:ByMepHoM npocTpaHcT:Be nocToHHHoit noJIOlltHTeJI_LHoit KPH1lH3Hbl coo.T:BeT

CT:ByeT c~e-po-KOHHtJecltafi CHCT.eM'a KOOp,1l;HH8T 1l TpeXMepHOM SllKJIH,1!;01lOM 

npocTpaHcT:Be.· IIepexo,nHM. K ee pa'ccMoTpeHi.m. 

Ccl!ep~-KOHRlJ8CK8ll CHCTeM8.KOOpAHH8T 

· TiycTL: x~ , x 1 , x3 . HllJIHJOTCH ,p;eKapTOllbiMH KOOPJlHHaTaMH TOtJKH 

1l npocTp8HCT1le HllYCT:&:Koop,p;HH8Tbl TO'IJKH Ha e,p;HHJ/JlJHO« c!flepe 6y,p;yT 

it -.~ f 1, f3 ; npl!JtJeM €I = f· X).· Ey,p;eM n~JIL301l8TLCH TpHrOHOMeTplll.,. 

lJ8CKOit:!JJopMOit napaMeTpH38~HH'SJIJIHllTHtJ8CKOit CHCTeMbl Koop,p;HHST ·Ha 

ccpepe, KoTopaH. npe,p;cTa:BJIHeTcH HaH6oJiee y,p;o6Hoit ,p;JIH !JJll!aHiiec:imx npli- 1
' 

MeHeHHii/3/. B STOM CJiytJae c!JJepo-KOHHtieCK8H CHCTeMa KOOPAHH8T 38-

llHCbiB8eTCll~ll'llH,1J;e: 

x)3,p;ec:&.J/J,ll ,p;aJI:&HeitllleMno ,p;:BaJt,p;bl llCTpet~allDIHMCH HH,neKcaMno,p;paay
Me:BaeTCH cyMMHpo:BaHHe oT I,,p;o 3 • 
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x, =r'/4-tt'-C.Os'lfl' e.osyJ, x~· .. r£,in'l''$i~y, x3 ~,. c.osy/./f.. 

.J t 2 . . ' . . [ ~~~- .• . • cL¥'' 
CLS .. cl.xi = dr~+r.1 (k1.s:ti,)r.,.P..''.sin~')_ .·. 7~. + ... ,, 

. . . of- k.1c.os'"'f' . 1-Jt eG 

o $,. < oo , of: cy ~ 2rq: ,. o ~ or~~ 1i', i · .. ·· 'k.,+ k.'&i.;_1 , 

k .. sin f , k' .. co sf . , 2.f - Mex!J)oKyc~oe paccTo~HHE 
Ko~p,p;HHaTHbiM~·~~~epXH?CT~MH ~!flepo-ROHHqecKo« ~Hc~eM~ r 

(I) llllJIHeTCH CeMeitCTllO KOH~8HTpHtJ8CKHX c!JJep 

·. • r" xa.·~· -~·: ,i " 
." . ·' :r, 4 _T·Xa,-i' "3. . 

H ,p;Ba.ceMeitCTBa SJIJIHllTHtJeCKHX KOHYCOll_ 

_g__~ 
eos''l' si"a'l' 

lt1 xl , k! .. ,.... x: · 
·......;--....::C,--- =0,· . • .. + ~-

.,- k_'J.e.ost.'l' 1- k' t:c.s2~' s.m '( 

C OCHMH B,1J;OJIL OCH _ X 1 ( 'f' "' t.onst). ,11 1l,1J;OJIL ~OCJ/J · X 3' ( 1 

~ ' c ' •••• 

cooT:BeTCTBeHHo. KaK HeTpy,p;Ho y6e,p;nTLCHH3 !JJop.~o~yJI (I), 
CJiy.qa~M c~e!JO-KOH.HtieCKO~ CHCTeM~ Koop,p;mi~~ nplll k_&~·o 
HllJIHeT~~ c!JJepHtiecK~HcHcTeMa Koop,p;nHaT c oc:&JO cHMM~ipi 

' ' . ~ ' ' . 

CTB8HHO 1l,1J;OJIL OCH Xs H X_, ~: Ccpepo.:.KOHHtl8CK8H CHCTI 
' . - _-_. ' ,,, 

H8T o6Jia,na'e·T :BU,p;eJieHH0£1 llROCKOC.TLIO Xf x 3 , 1l KOTOp.oit 

Tblpe !J)oKyca SJIJI~ll~HlJ8CKO£! CHCTeMbl KO~p,p;HHa~i: ¢;K~Cbl JH 

Kax (:t", o, :t k.') e,p;HHHtJHoit c!J)ephl. CJie,p;ye; .·o6~aT~T}, ·imHMI 

qTo B38HMHSH !JJopM8;LH~ll38Meif'a \ k.1 ' ~- yl 'liS·. , kiz, 'f' B 

HHtJeCKOit CHCTeMe KOop,p;HH8T (I) npHB0,1l;HT K npeoClpa30B81 

x
4

-,:x&, x 1·-x~.., ·x;·~""~-
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06~tJHO B WH3HKe no

HMYTBHDH~M yrRBMH.EcnH 

ByuepHoe npocTpaHCTBO 

0 raxoe 3~aHHe TOtJKH 

~Be-~OHHpH6~ riHCTeM~ 

ReTCH nytJOK npHM~X H 

HJIIiX qepe3 Iiomoc cwe

H~X ·cHcTeu xoop~HHaT 

~bxaaaH/2/, tJTo B ~~y
KPHBH3H~ cymecTBY~T 
·c;' 

nyCKBKlJIIHX paa~eHeHHH 

8HDH~MH HHHHHMH 3HRHll-

1Ba1~eMe~CTB8 co~oxyc
o~ CHCTeMe Koop~HH8T 
DHO~ KpHBH3H~ COOTBeT

peXMepHOM SBKRH~OBOM 

H'Koop~HH8T8MH TOtJKH 

HHHtJHO~ cwepe 6y~yT 

8TDCH TpHrOHOMeTpH.,. 

CTeM~ KOOp~HHBT H8 

~ ~3m WH3HtJecKHX npi.i-
-' 

CTeMa- KOOp~HHBT 38- -· 

R HH~6KC8M no~paay-

I 
r 
l 

1 

{ . ~ . 

xt = r .ff- ti
2C.Os'1f' e.os 'I' , x1 .. ,. $.iny?$i~~, x3 · .. ~ ~o~Y''/1~~~~"'( ·, 

cls 2 
.. d.xl' = dr&: + r 1 (k1-'tn)'.,. k.'•.sin'lp')[ ... d~~ +. 4f' Y j j 

- - . -1 -lt1c.cs'"'t' <f -_k eos:a.Y';j · 

o :~ r < oo , o 1: 't' ~ 2_~_ .~ o ~ If~~- 1i' , k.'--t k' .. i; 1, : 

1:1. = sin f , R.' ... co sf _, 2.f - MeJKcJloxyc.Hoe paccTo~I-i_lie ~ 
~ ' . '. " . 

Koop~HHBTH~MH noBepXHOCTHMH cwepo-KOHHtJeCKO~ CHCTeM~ KOOP~HHBT 

(I) HBHH6TCH ceMe~CTBO KOHU6HTpHtJ6CKHX cwep 

r" =-X4'- +'i(T xf 
H ~Ba ceMe~CTB8 SRHllllTHtJ_ec~HX KOHY~OB 

C OCHMH B~ORD OC1r1 __ X 1 ('I' ··~ons-l:). _H MORD. OCH · X s' (If''= c.o_n~i.) 

cooTBeTcTBeHHo. Kax HeTpy~Ho y6e~HTDCH Ha wopMyn (I), qacTH~M 

cnyqaeM c~eJ!O-KOHlltJeCKO~ CHCTeM~ KOOMHiiaT npll k."~'o H k.". f 
HBRfleTCfl cwepH~ecKaH CRCTeMa KOOP~HH8T c OCD~ CHMMeTpHH COOTftlT

CTBeHHO B~ORD OCH Xs H X~ ~- CwepO-KOHHtJeCK8fl CHCTeMa Kciop~H

H8T o6na~aeT B~~eneHHO~ llROCKOCTblo xf x, t. B KOTOPO~ neJKaT tJe

TUpe woxyca SRRHll'l'HtJeCKO~ CHCTeM~ KOOP~HHBT·.· ~OK~C~ neil<a_; H T04-

IC8X (til 1 0 t t k.') e~HHH~HO~ cwep~. Cne-~ye; o6paT~TD BHHM8HH~ H8 Tu ~
tJTO B~aHMHafl wopMa~DHafl· aaMeu'ai k.~ , y1 'ua · k'1 , 'I'' ·.s cilJepo-Kli- ·. 

HHtJ6CKO~ CHCTeMe KOOp~HH8T (I) npHBO~HT K npeo0p830B8HH~ 

~ '' .... . 
X

4 
_,; X~ 1 X1 - X 2. ,· X .S - JC 1 ' ,(2) 
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KOTOpoe COOTBeTCTBY~T nepexo~y OT npaBO~ CHCTeMH Koop~HHST · X4 , 

X 1 , X 3 .K _JieBO~ CHCTeMe KOOP~HHST X3 , lt:a. I . X-t • 
:' -. :· . " ' 

YpaBHeHHe illpe~HHrepa 

YpaBHeHHe illpe~HHrepa ~JIH. ti8CTHnH c. Aiacco~' m.; 

l:-·2k:o4·T -u~rr)] 1jft~); ~ ¥(~)_·, .. 
B npoH3BOJII>HO~ CHCTeMe c KPHBOJII1He~HHM11 opTori:>HaJILHHMH Koop~HHa-

..... ': 
T8Mfli c;f , . <y

1 
, ·· cy, , K8K U3BeCTHO, HMeeT, ~111~: .. 

[ 
-t-a. · .f ~· .. /_Hell,. HI 'd ) +U . . ( ·.·~. . ·1 ),{ ··=· f ·¥ 

- 2mo H
4
H;)l

3 
Ttfi \. Hi" ()q.; . ... 'f'•·lf",q.3)j 1" ·.· ·.· .... '.. (3) 

r~e Hi"" J< 'a X~<(oq.; )L' -: KoaMmn11eHTH JlaMe~ 'B 'cJiyt~ae cwepo;.;KOHI1:... 

tieCKO~ CHCTeMbl KOOM11H8T ypaBHeHI1e illpe~I1Hrepa (3), K8K HeTpy~HO 
. . 2 • ·. . 

B aToM. y6e~I1TI>.cH ,· ~onycKaeT paa~eJieHHe nepeMeHHHX ~JIH noTeHnHa.ria 

BH~a 

. ' . Q-(.'1'). ~ 1-('f') 
ll{r,lfl,tf')· • ... 'K.(r)+ · . ' 

r 1 ( k." sina'f + k.'" sl"n'-lf') ( 4) 
. . . . 

r~e . 1ur) , cu.ir> , t.c.,..~) npoHa~oJII>Hhle ~YHKn11111 rrepeM~HHHX r , 

\". , 'f' C~O;BeTCT~:eHHO. Bbl~Hlll~M B. HBH~~ -¢opMe ~11!MepeH~I1SJih::_' 
Hble ypaBHeHHH, K KOTOpbiM IIPI1BO~I1T paa~eJieHHe nepeMeHHHX B ypaBHe

Hflifli ,(3) c ~oTe~nHa~oM ( 4). 'sanfi!CbiB8H BOJIHOByKJ WY~KriHJO : 1tl ( r, Y'' 'I'') 
, . ' ' : ' ,' . . ' , ' , . , .. , ,, > 

KaK npoHaBe~eHHe Rcr>Atr> ~ ('f'') 1. HMeeM ~JIH pa~I18JII>HO~ BOJIHOBO~ .- ' .· " . . . 

{
4d. d.) -- (rl- . ,.. 
r,_ cit' d.Y' 

,.-. -:··; .. · 

(5) 

¢yuKni1H R (r) . oc5hlllHoe ypaBueu11e . . . • . . ·. . .· •' 'J'' .. _. 
;t(i\.+.f) 2.mo . • . , 

. +- -.. . ['- tL(r)J 'i) (r) = 0 •· r1 . *-.. r:. "K - ~ 
. :. " ' ' ' -~. . ' 

11 ~JIH BOJIHOBhiX WYHKnH~ A ('f') , N ('f'') ~rJioBblX f!_epeMeimhlx 11MeeM 

~B8 CXO~HblX ypaBHeHI1H: 

6 

f 

j 

I 

.I 

[ b<~'.v) - >;;· <t<~i + H~•<>k'•;.r~ • IL J J\.t~) = 
. . . . .. . .. _:·" _. ,···- .. 

.. [D(It'',"''>- ~· .~rt"'')t·~().+~)k~',i~'-"''·-IJ.J ll(f') = 
. . ,. . ·- ·.. .. 
r~e A , p.. HBJIHilTCH nocTOHHHHIIH paa~eJieHHH; l!JIH · KP~ 

6 ( k\ 'P) oc5oauat~~H llH!MepeunHaJii.uliH ·on epa Top 

D (kt,'f) =. li-.~ 2l~SLI(. ~ ~(.i":-kL~SllS":'.~ 
C TIOCTOHHHHMH ).. 11 1-L CBH38HO COXpaHeHHe HeKOTOpHX g 
·B~;HtiHH, KOTopHe MOI:HO npel{CTSllHTi.B. o~epaTOPHO~WOI 
oc5p830M! . . • . ;: .; . 

' 0 (k',.,)::. ~ Q.('l') ... 6 (k~\ 'f').:. ~ e. (~J) -
k.t.sin2tp + R.''sin"'l'' .. . . · ·. -

ku~;,aV/~{J) (.ti, ~) -· ~ aC'f;j- !(1s:inz~ { D(~':f')-~ l ( -· . 
k." .. in"r ,. k'"•i,:a.tp' 

· '- OTMeTn, uo li 't~acTHOil cJiyqae · O.(Y') ·'= ~-(~J 
pemeHH!U.!H yp~BHeHHlt ,( 6) ,HBJIHilTCH ·~f!Orot~Jie.Hhl. JlaMe, :.i 
neJiotiHCJieHHHe a~~~~~~H j ~ H ~· ;·~JIHeT~H WY~KnHe{nai 
·-. ' .- .'·' . . ~ . 

111 npHHHKaeT U+~ coc5cTBeHHHX aHat~eHHit ~tc....>(Jt"), <""> 

litc~e> (k. 1
) ~:. /Lu:.r~o (kl) · £;. •• • '-' 1-Ltu> <k 1 

VIHTerpaJibl ~BI1J:eHi.IH (7) npel{CTSMHilT B STOll CJiyt~ae nc 
KB8HTOBOM6X8HHti6CKHX,H8c5Jllll{861lHX H~,cwep~/3/. ECJIH l 

... T8BJIHilB(H6 M01!eHT~ ". KOJIHtleCTBS ~BHZeHHH - · 

-"L ,_ . d - - i e . "4. '. 1._. , 
• • _:if<._.eijk X.j ~. ~ "•. i.J fJ pt: · ., • _&, .•.••• __ ,... .. ox~r, r• . 

' . 
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r ~,..> _· -._ 
~'. 1 • ·' 

JroHaJI:CHbiMH Koop;nHHa-

!{: 

:>]¥ . £¥· (3) 

B _-c)ryt~ae c([>epo-KoHH-. 

pa (3), K8K HeTpy;ztHO _ 

14~HHbiX ;llJIH noTeHUH8JI8. 

'I'') 
' .. :Sin'"!f') < 4) 

ltl{IIIH nepeueHHbiX r _ , 

;~~pue ;nlll~epeHitlllaJI:c
~- 'nepeMeHHbiX. B ypaBHe..:, 

~~ '([>yHKU~UO ¥ (r, 1ft 'f'') 
[lailiaJI:cao« BoJiaoBott 

1},:;M = 0J •• <sJ 

Bb!X nepeueHHbiX Hueeu .. , ,.. 
·"' '~ -

i 
I 

I 
I 

l 

[ b(k',v) - ';· a.<~> + W•<>l<'~ih'IP • ~ J At.,.)= o 

. [ fH~". ~·> -·;.· h '!'') t l..tb<) k"M'I'' -jL J A( r,•) = 0 • 
(6) 

r,Ae A , p. lHlJIHllTCH nocTOHHHbiUH paa,AeJieHHH, ;nJI_H KpaTKOCTH qepea 

6 ( k.\ V') oCioaaatl~H ;nH~epeHI{HaJil>Hblit 'onepaTop 

O(kt,'f) ·= fi-~2iosy ·~ _(ff-,Ptaslty~.•' ~.). 
c nocToHHHbluH ).. H IL CBHaaao coxpaaeaHe HeKoTopb!X ([>HaHtleciiHx . . ~. . . ' - ,' , 

BeJIHtlHH, KOTOpble M<;li:HOnpe;ztCTSBH~l> ~ onepaTOpHOit ([>OpMe: CJie;llYJO_~HM 

·oeipaaou: . . _. 

. o'(k1,V')':..!? at'!')~ 0(k'i,.,,)- -7!- 8-t~·) .: :·· .. 
·• ·· · Jtl. ·a · .. ,a. ·a '· · · · ·· = A.(i\.+~), 

. j/fl 'I' + ~ $111 'I' . 

__ k' 1~;11avt•[6 (.t1,Y') -~-CLC'f>J-_k1tin2~[ D(~':f'):. !ffl<YJ')} .. IL ~-~)·•· 
k1 .1in"'f .,.lc''"•if7"tp' 

''- 0TileTHU, 'liTO B ·qacTHOU CJiyqae . Q;(Y') = ~(lfl). = 0 

pemeHHHMH yp~BHeHHlt ( 6 ),HBJIHilTCH ~f!Orot~.ll~Hbl _ Jlaue, .. ~.; npHHHMaeT 

l{eJIOt!HCJieHHble BHS~e~~H. t' H IJ. ;BJIHeTCH ([>yHKI{Heit napaMeTpa k. 2 

1Iic~e> (k.i) ~· J.Lu;.t~4) (A!') ~- •• • ~- tl-ect> <;k•). 

£llarerpaJibl ;nBHzelii.m ( ?f npe;ncTaBiiHilT B :miu- cJiyqae noJIHbllt · aaCiop 

KBaHToBouexaHHt~~cKHX HaCiJIIl;naeubiX aa,c([>ep~/3/ •. ECJIH BBeCTH coc

_TaBJillllmHe MOMeHTa .. KOJIHt!eCTB8 ;llBHliCeHHH· --

7 



y~OBHeTBOPHD~Ke 06~qH~M KOMMYTB~KOHHNY COOTHOWeHHHM 

[ l i , ~] ~ d ~ IJ'~ f_k ' 
TO llORHNa H860pKB8HTOBOMeX8HHl!eCKHX H86RIO;ztBeMNXiHB CqJepe,npe;n

CT8BRHeT C060~ CHCTeM] ~BYX ;ztHBrOHBR»HNX onepaTopOB 

L ~ i" t.l· .... tl- ;~ ·~;.:& fH+1) ·,: . 
f l 3 

.·· . .1\ • . . •. ". • ·-· ,. ·>' • .,_ 

k''"L~ - ka.L:·~= i'!iec~>(h.'-'J. ·· 
(8) 

Co6CTBeHHhiMH qJJHK~HHMH CHCTeMN ~HarOHBH»HNX onepaTOPOB. (8{HB':"' 

nfiiOTcH cqJepo;.:itoHuqecl\~e \l>yiiK~uu. Hlior~a y;no6Ho ~ltecro BToporo us 

onepBTOPOB (8) pBCCMBTP.HBBT» BKBHBBHeHTHI>Il euy:onepaTop, Hillml_: 
lllHlc~ ero_nHHe~HO~·KOMOHHB~Heit-cnepB!iM·onepaTOPOM·HB (8). Tor

;na BMeCTO. C~CT~Mhl ;nHaroHan»HWX onepaTOP~B (a) HM~eM CHC!euy one

paTopoB, TB:Ea:e ';nifaroHBH»HhiX HB c~ep~-KOHHqe~KHX ~YHKltHf!X'c.:.: 

t: + L:. i" L~ }·. i• t<~H>, (9) 

e .: L" 1 · +' e L" ·1 
+ · e · L 1 = li." t.'ac ·,> (kl) 

1 t 2. z. 3 a - "'"' ' 
" 

~;ne ·.· e 1 --t- et. -t e 3 ~a ~ , H . 

e 1 ~ :-(hk~)·, e2..= _(2.k1.-_1), e:l= (2.-_kz.). (IO) 

MeJK;ny .cu.,..., (k~),H 1-Lec~n>(kl}ay~ecTBYeT. ol!e:BH~Hafl ~Bfl31>x) 
,_. ·- - . ;· .. -· - . . . . . _, . -... 

· Etc..t> (le'-) -:. 3 P..H~n) (k2 ) + ( 2. k'-:_ 4). t. (t-r 4). 

0TMeTHM t UO COCiCTBeHHhle 3HaqeHHfl ~t(lll) (Jt1) H £i(~n){lt1)06JI8;ztBilT · CJie-

x)Eonee no;npo6HO~oinocTpoeHHH H C~O~-CT:BBX· CqJepo-:_KOHJiqeCKHX qJYHK
~HI, 1:} TBK:ate 0 CEOitCTBBX C06CT:BeHHhiX 3Haqead 1-'-ellft)(llt.)H £t(lrl) (4!1) -
cli.B/.3/. 

8 

~YD~HM. CBOICTBOM CKMMeTpH~ . 

P..rc,;.> (.Ita.)= -1-Lt~~,.,(ll''-i , E.t,(m> (~2.) ,.t- E~(-~> ~A' a.) 

KOTOpoe CBH3BHO C npeo6pa30BBHHeM (2). IIpH 3_8;zt8HHOM f · 
. - <... --.. .. ·. 

. ILt.(lrl> Clr•)_ H E.t(m> (.~ta.) orpaHHqenN, npuqeu. HMeeT uecTo 

I ~Lu,., <..~ta.) I ~ l.1 , I tu..,,<..~ta.) I ·" t (U-4)'~ 

HegeHTpan»HNe cun~ 

•· EcTeCTBeliHo:_BOSHHKaeT Bonpoc, · MOJKHo Jrlf us Knacca 1 

noB THna- ( 4): :sN6paT» KaKoa:..1m6y;ni> 'ieneliTpan»H~~ noTeH~J 

cTaBnHKl~H~- HHTepec c qJHSHiteclio~; To~iti.i apeHHH:.:·EcnR non1 

a.(.,;) "' ~'k..'L£/,i;p [.fk'-~in~yi ·::..:2.( ik,a..:.~)J ,: 
1-<'f'') =·- t k''"aina.'t''[3ti'~in"'r'- 2.(i~'':.:1)], 

r;ne 0 <. Cf-..:.- - HeKOTOpaH llOCTOHHH8H, TO, KB_K,HeTpy;ztH~ H 

BeHHO y6e;nHTDCfl, He~eHTpani>H8H qacT:b llClTeH~~ana. ( 4) .. 38 

B BH;zte -. 
' 1 _J ,1. 

'f-,.-&[k'~(3 t.oS1!f'~ 1),- k1(3 t.OS~'f'~ o]; 'f;.-,z[e1 f/"-t- eL ft + ' 

nplfqey llOCTOHHHhle ei CBfi3BHhl c >k.i. C~OTHbme~~~~H (IO)X 

6NTI>, 'qT() c nepBoro Bar1fi~a If He ~lf;ztHO~ qToHe~eHTpan:o 
~~~an (I2) oTiiocHTcfl .'1t KJ!aricy- TeHsopuhlx noTeH~uanoB TH 

. :·Y (r> [a·_,cxf)(~·f)- (~jr) f'L}; 

X)IIpH Ri.;..O H k'L~.{ flOTeH~H~JI(I2)"~p~HifM8~T tJ8CTH 

q.r-1 P2.(uslf'') H _.CJ-r· 1 p~(eosC,> cociTBeTcTBeHHo · ( Pz.l"> 
leEaH~pa). OTMeTHM, qTo noTeH~Han (I2)~npH npeoopaa 
(2) MeJ:!HeT 3H8Ko 
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HOmeHHHM 

aeuNXHa c!l>epe.npe;n-

epaTOPOB 

(8) 

onepaTOPOB (8) HB

dHo BuecTo BToporo ~a 
aMy_ onepaTop, liBJiflll- . 

paTopoM·Ha (8). Tor-

3) liuee:u cHc!eMy one

nix WYHK~HHX . -

t) (,tl), 

:!s = (2.- ka.). 

ISH CBH3:b X~ 

') i.. (tt- .f) •. : . 

(9) 

.(IO) 

1 eec,r.,{Jtl)o6Jia;namT cJie-

Jepo-KoHHllecKHX IPYHK
'Hd ILt("I)(Ar")H ee.(m) (Jet) 

1. 

J 

l 

I 

;ztYJODIHM CBOitCTBOM. •• CHMM8TPHH: , 

1-Lec,;.> (At&)= -1-1-t.C.-'")(~'1)- teem> (~t.) .; .:. Eec--m>(~'~), 
-· . 

KOTopoe CBH38HO c npeoCipaaOB8HHeM (2). IIpwaa;naHHOM e IPYH~U.HH 
. JLu,,C~t")_ H te<m> Ott.) orpaH~I!eHN, npHI!eu HMeeT MecTo 

. . - ' -· .' '.:' 

;-(· 

, EcTeCTBeiiHo;_B03H~!KaeT BOnpoc 1 'MOJKHO m{ H3 KJiacca· noTeHUHa.:. 

JIOB THna ( 4 )'Bb!Cipan K8Koit.:.HH6y;nb lie~eHTpaniilllitt noTeH~im'J!; npe.n::. . 

CT8BJIHKlDIHlt HHTepec c> lfJH3Hli(WKOit" TOliKH ape Him:: Eciii IlOJIOlltHT:b' B ( 4) 

ti.(if> = ;'~t~;·n.,_r [J k'sin2 Y, · -"i'o.ka.~")J,-
e.c.,,> =- 't' k!1ain"Y''[3/i'&i~'Y'' -·2·(2.~t~;.·1)J, .. · (II) 

r;ne o <. <t <. oo - H8KOTOpaH flOCTOHHH8H 1 TO 1 K8K .H?TPY;ztH? Hei'Iocpe.ztCT- • 

B8HHO yde;nHT:bCH 1 HeUeHTpaJI:bH8fl 1!8CT:b no~eHUH8JI~ (4) aanVJmeTCH 

' '. : -· ~ '• 
-.. 

'l-r-'"[k'"(3 c.os"'f'7" 1).- k1 (3 ~os"Y'~ 1i= tr~·2[e1 ft'/.'f' ei.f: + e, f,1]t( 12 ) 

npHI!fh.! nocT~HHH~e e, 'cB~38Hh! ~ '"kz.' COOTHOmeH~H~~ (IO)x). MoJKeT 

CiNT:b, · 'll:To c nepBoro Barniilia H lie :Br.i;nHo, 'll:To He~eHTpaJiiim~ noTeH- · · 

UH8Jl (I2) i:>THOCHTCH ;K ruia6cy TeHaop~UX noTeHUH8JIOB THna 

x)ITpH ki;.:() H !jtt.~.f noTeHUH~JI (I2)'npHHHM8eTI!UCTH~tt·J.HI.l\ 
q.r·l Pz. (.C:.s'f'') , H -~r-2 J>~(eos1f1) cooTBeTCTBeHHO ( p 1 (~t) · - no.imuoM: ' 
leEaH;npa). OTMeTHM, 'll:To.noTeHUHSJI (!2) npH npeoopa3ouuu"" .· 

'' .. - ( -· 

(2). MeHHeT 3H8K.. , ; . 

' ~- • J • 
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if. .,.,. ~ . . ' 
r)le 'll'(r) .- 'i'YHKI.(Hfl .TOJII.KO r , ct , {!):: ;\ ...;:;]{B8' npOH3BOJII.HO 

38)!8HHNX 6)ll'IHH,H~X . B6KTOpa, r:~- 6)ll'!~H'IlHNit B~KTOp B)!OJII. .~ • 

B cnyliae noTeH~~~~J "'(±2) ·~;~~«~~ ''~(;, .~. ~~::1.' '''W ~;~~~~H~-~ ·~~~2 ., 
TopN a; ~···jr;', "Je.roT:·'cocTa~Jifillk"e< · "·": ·.;.::···.::::·:."c:';.~:: ·< ·";'~·"·'~ :; '' .y: 

a= < k , o, k') 
. .___.. ~-- _;;,,._'.~._;· 

{3= (-k,O,k.'). 
~~-~~.: ,_.,~: 

. -s_·-~-~~-~~> ~: L-:.=. ~-~:-:: ~~,.~- ··~J -:;:·{~-,;.~---).:_·--~·~,:_·~f 
TaKoit BNClop COCT8BJIHIOnlHX B6KTOPOB Ol H · P COO!rB6TCTByeT )!H8ro-

H8JIH38l.(HH yrJIOBOit Tl8CTH nOT6Hl.(H8JI.8 (I3), T.e. BblelOpy~rJI8llHN~:.OCelt 

CHCT6MN •. ,llOK838T6JILCTllO 3TOro YTll6pliC]!6Hl'lfl:nPHll6)!6HO. ll npHJIOliC6HHH. 
• - - •• -.- .: • • "- -.-. - ._, ·- ' _... ',# ~--.. .,- • -- -· :: • - - • •• ~. ,._ ". - -- -- ·-· • - • • • • • • <' - • 

,llHqJqJ6peHI{H8JII.H~6 ypallH6HHH (6) B CJiyliae H6~6HTP8JII.HOr.o. no- · ·-· : ':·"' ·-'· --.".""~~:--. ·- ··--'' .--·· . ,., ... -. ~ . -- ~ 

TeH«HaJia ( !2) ... npHoe5peTallT wopMy BOJIHo:aoro ypa:aileHHH Jlaue. • ,llJia 
• • • • • -- "' • • ' •• ~ ••• • .., -. • • : - - - •• -- • ~., • • • .. .,< ' ' ' "' 

nOJIHoro pemeHHH 38)!8liH C:nOT6Hl.(H8JIOM (!2) H60ClXO)lHMO OTNCK8Tl> 
• :,_ ....... ·: ~ '. • ~- "\. - • •• 0 ! ; • • 

nepHO]{Hli6CKHe pemeHHH.yp~llH6HHH 

{ D(lt.'-;q,) -. ~':o 'f" k~itn"'f ~. . . . .. .(!4). 

, {au. •>. '.;:.: ~c•k•-o} k'•'•'¥'. t~-) Ac r > : o 
H onpe]!eJIHTb COClC~B6HHNe' aiiaileHHH ·-. i : H ·p.. K8K' WYHKLtHH. napaueT..:. , 

po:a <t ~-k~, T .• e. H~itTH. _ A.=4l<cr,k') ~ .~ .... ~<cr,~t:a.) .. • 
BOJIHOB06 .ypaBH6HHe ~aue ~MeeT TpH- K0~6li~NX OCOClwC .TO~KH H Hepery-

JIHPHYJO OCOClYJO TOliK; ~a CieCKOHeli~~~Ti/4/,;' ~~2~~ STOlt. Hepe~yJIHpHOlt 
.; '' ., - •,; ;; ·, -,:~ .• ---~: . ·' . '· -... ; ·; 

ocoe5o~ TO'IlKH BOSHHKamT npH pemeHHH :aonHoBoro ypa:aHeHHH JlaMe on-. 

pe]!eJieHHNe TPY)!HocTH. Ha:aecTHNe MeTO)lN pemeHHa· :aoJIHo:aoro ypa:a-
.. -·i. 

HeHHH JlaMe HCnOJII.3YJOT M6TO)lbl T60PHH B0314Yill6HHit ll npe)lnOJIOJ:6HHH, r 

liTO noCTOHHH8H "'t.f B ( . I4 ) ~8JI~ •. :~JI~-~~-,- .-c~~~P:E~Illl'l,/ cr~· ,p~-~::··; 
. -

CM8TPHB8DTCH K8K B03MYill6HH6. •,COClCTll6HHNe 3H8li6HHH· ~--·H #J. :B•·nep..:. •. 

BOll nopH)!Ke TeopHH B03MYill6HHlt O)!H8KO npo111e :acero noJI~~HT~(M~TllHli- -

HNM M6TO)l0M 1 HCXO)!H H3 ypaBH6HHit (7). 

IO 

. 
I 

l 
't 
I 

! 

I 
I 

; 

} 
-l~ 
I 

Bb1paav.r.:COCT8BJIHIOII(l'i6; MOMeHTB KOJI¥It!_ecTB8 ·•]!BJJ_lK6HHH 

)l£f\WJepeHI.(H8JihHhle OIIepaTOphl OT;;.nepeMeHHhiX '1',;,;1'1; rp',. , I 

CH B,6Jll-lliUHhl ( 7). )!JIH C;Yli~H ~. H~~eH;~anbti6;6 ~~:~i~~l.(~a;a' I 
' • i ~~ - ~ 

rrepenlfcaTL B :au)le 

.. 2, A 2, .. 2. . 2, 1, 

l, 1, -~ L 1 .~ .~ 3 ~ 2'!'•,CJ' ~~t ~~t ~,. ~" !,~3 ~,z.J7.,t~,\ 
·--· ··.~~-, .- · .. \.· .':':";.·.·:· ·.·. ··:···.··•, .... 

-•:·· .• ·· L'. L·· ·•-·k1 ·L·· + 6'"a.;k2.L'1 -t:1.:--·.L2..u:.,·: 
.• : .. 1(.. Y', · t · .... 7 ·1(-,.~,_ --?\.·(""~ 

·BMe'c'To ··clfcTei;ni· orr'epaTop_oB~ (IS)"~~oxdioi.l;m~cfi{'sk'Bfiianeif~ 

MY orrepaTOPOB TBK, liT06hi;BTOpoR orrepaTop,B (IS)~HMeJI.I 
MeTpliliHYIO iiJopMy . c 

1 

'· • ; -- ' ;. <·:. . ·: ; ' j·' ·, ·;' 

{~1z_-~ :L.: -~- L~·v:r;.iJcrt~~:i~-~~f;~~-~3· 32.)-~~i~-
· .. A'·:a.'·' ·' ·: 1\ ·1 ·. ' .,·:.A 2. · ; .. ,,. : · · ·:' ,;·. '·"' .. { ·. - : 

e1L1 + e~,L~, + e3 L, -2m.q.(e1.e,~~+e1e 1 f:-te,e&~: 
npHli1iM £ H 1J. CBH38Hhl: COOTHOlll6HH6M 

E : 3 p. -t. ,<~k"-O;t(i\+ -t) +. 2.",1•£}- (2.k'l.- 4)\ 

Tax .KaK B ypaBHeime ( 5) )!JIH pa]!IiBJILHoil :BOJIHOBoii c 

:BXO)ll'IT TOJILKO nOCTOHHH8H . .' 'A' . ,. TO BhlliHCJIHM ee C6llli8C B 

JKeHHH, ~liTO nocToHHHaH q. Ji ·noT.eHgl'iane :(12) )lOCTBTOliHO 

<f' = 0 .CHCT6M8. ·orrep8TOP9B (!6) COBnB)l86T C CHCT6MOH )ll 

HhlX onepaTopoB Ha c~epe ( 9). Co6cTBeHHhiMH BOJIHOBhiMH ill: 

CHCT6Mbl: onepaTOPOB ( 9). HBJIH!OTCH cwepo_-KOHl1li6CKHe. WYI!KI 

pble 6y)leM 0003HBliBTL lie pea I e ,(m)' R") - '' (rn) ":-- t' ~ et 
c rroMOII(LIO oTHX WYHKil:Hii nerKo HaiiTw:s.rrep:aoi.l nopa.n;Ke Tl 

Myll\eHHii aHalieHHe A' •. Tax KaK HMef:lT. MecTo/3,/> 

< e, em); k 1 1 e, ~: ~ e1.~~ ~ e~ HIe;·,,:;..,; k.t') :::::_ ;_ 2. £e.(rn)(k' 
.,· _: • ·,··.:;:>.>c-.:', .. ":: . ..;, __ ,~· ·:,(2.2-:-1)(2.£+ 

TO Henocpe]!cT:seHHd lis (!6) iiaxoliHM · • ·· ·,' · ·. ' ' 

A().~~)~ f.(f'·t~) ~·,Ji:;_tf- ·...;,·:-~=..:.:..:....~ 

II 



:~B8'ITPOH3BORhHO 
' ..... 

CTOP B~OJih t ' '. 
:: ,;. ~ •. ~-: ~· .: ;·.-:. 1- . ·; 

ITB6TCTBY6T ~Haro

BlH5opyrJI8BHhiX .oce~ 

:e~~HO. ~- ITPHJI,0~6HHHo 

:~~6HTp8JihHO~O no-. __ 

:H6HHH JlaMe • - ,l!JIH 
-'<- ( ·, ~ 

' \ 

(I4) 

A Cr> = o 
'qJyHKllHH rrapaMeT

~.~p. Cq.,ltt)_ .. • 
... '"' . ~ . ' 

OHX TO~KH H Hepery

,BTOJ HeperyJIHPHO~-
·.·- '• . ,. I 

paBHeHHH 1IaMe orr

;·Bomto:Boro ypaB...; 

B, rrpe.ztiTOJIOll6~HH, 

1:8111H,e _ cr : , paC~· , 

:mH X' H · ,...--- :B rrep-: 

~o noi:(iiMn ·Ji~TPH~..; -

Bblp83va: COCT8BJIHIOII(I'i6_; MOM6HT8_ KOJIJ11I,6CTB8 .l\Bll:lK6HHH,,t!6P63 

' ' ,llHqi¢epeH~VI8JlhHble onepaTOpbl OT•TiepeMeHHblX _ 'r,; .. •VI,; o/ ,, t _ COXp8HlliOI1(1l6-· 

CH B,6,JIH~V!Hbl (7) ;!(Jill c:;y~~-ll~H6U~H;paJihH'~r·~ ~Oi~~~llll8~8· cl2) MOlKHO . ~ . : ~· 

rrepenHC8Th B BVI,l\6 :·· 

.. 2. A 2. • 2. ( c 2. ''J. "2.,) j.l ) .L .~ L .;t- L,+2m.c:y et,,~e,.~~. .... ~3S, .. .,A.(>.t1.' . 
. ---•:,,,··-'-

1 
. ' --' . .. •. · •• • · .,. . . . ... "(I5) 

L'"L" l- k"LA 2.-t- 6ma;.;£.2.Lt1~ 2.- J.2.JJ," . ' .,. '' 
•. , .. 1(. ~. ' t .... 1 I{·/( . ~ 2. - . .,.., c- • ' ' ' . '.' 

'BM'e'c·±6 CHCTel;l~' onepa'Top:oi (lS)"'MolKHO:BBe'ch1~skilwliaJiel-i±fiyro': ct1bT'i{~.··:':' 

MY onepaTOPOB TaK, tiTOObl_B.TOpoiii orrep.aTpp, B. (I5) ll!'I6JI .OoJiee CUM':" 
- .:. I • ' .' \ 1' • ':'.~ .,• ·• 7 •; • _: ;_' .l • •i •t;: 

M6TpHtiHYIO qJOPMY 

· · L}.·~:~: / .~: i l'~jt·(·e~~~1 + ~;f;+·e~ f
3
1 )~ ~1 ~.'<~~1+1~:.~:·······, :;. 

•"' · -·" · c~ 1\ -~·. • ·- "' · ·. · · • . · , . , ... •. .. · . · . • . • • · · .- ( I 6) ·· · 
e, L1

1 + et L: + e3 L: - 2m.q. ( e1e,~:+ ese1 ~:+ e,e:L~~) ~~~~, 
npH~eM £ VI 1J. CBH38Hbl COOTHOlli6HH6M · 

E : 3 p. + <.tk~-:-O:l(i\+-t) t 2.m~q. (2.;:L..:4)1
! .·· 

1 • • • ' ~ ' > ' 

TaK KaK B ypaBHeliHe (5) ,l\JIH pa,llnaJI:oHoiii BOJIHoBoiii WYH!'l\1llllHr> 

BXO,l\HT TOJ!hKO ITOCTOHHH8H; 'A . ,~ TO BhltiHCJIHM ,ee C6llti8C B. npe,lliTOJIO

lK6HHH, tiTo nocToHHHaH q; :B rroTeH~HaJie (I2) .1\0CTaTollHo MaJia. Dpn .. 

't = 0 · CHCT6M8 orrepaTOP9B ( I6) COBIT8,l\86T C CHCT6MOll ,l\H8rOH8Jih-. 

HhiX orrepaTopoB Ha cciJepe (9). Co6CTBeHHhiMH BOJIHOBhiMH tlJYHK~HHMli, . : ·· 

cHcTeMh! onepaTopoB ( 9). HBJIHJOTCH cq>epo-:KoHHtieCKHe tiJymt~vm; ioTo-:- · 
. ~ ' . . •, . ~ . 

phle 6y,lleM ooo3Hallan tiepe3 te,crn); R2..) .. :, (ml"~e., . .o:-et1, ••• 1? .• 

C ITOMOII(:OIO STHX qJyHK~HH JierKO H8llTW B~ nepBOM nopH,lllte T60pHH B03- .. ' 

MymeHHll>3HatieHHe ~: .• : Talt Kalt :HMe~T MecTo/3/ . 

' (~7) 

II 



c Tolt :w:e cTeneHl>ll TO'IIHOCTH nonyqaeuaua'lleHH~ riocToauuolt A 
· ~-- == · t. :_ ~ · ·,. ·t,(.,.,)(At~) · 
. - ··. -t..'- · <tt-1)(~tH)(altl) 

(!8) 

Pas~~~eH~emilpeM~HHlnc liccpepo.;;_KOHH'IIeCKOlt CHCTeMe KOOp)lHH8T 

noaBonaeT· pemMTl> ypaBHeHHe IDpe;AHHrepa )lJIH ue~~HTpair~uoro noTeH

~Hana ( !2), KOTOplodt HBJIHCTCH, npHEC)leHHiiM K rJISBHiiM OCHM llOTCH~Ha-
·-·. - ·' ·-· . ·.· ,. : '- -' .. 

JIOM 
crr·lt [ 3 (~r><ifi)~ (~~)rl.]. 

(!9) ' 

ilOTCH~H8JI. (!9) HMCCT~8H8JIOrH'IIHyDyrJIOBYil 38BHCit!MOCTD. K8K llOTCH-
t . . ,< -· • • 

~HaJJ BaaHMO)lCitCTBHH';ziByX MarHHTHI>IX.)lHllOJielt C )lHllOJI:&HiiMitl MOMeHTa-
~- -~ 

MH d 1 , d.a. .. 

' ~ r-S" [ 3 (~,r)(~ r)- ca: a:)~~]. (20) 

PaaJIH'IIHe iloTeH~HaJioB (I9) H (20) B' MX aa:BiriciiMo.cTH oT r' ; nep- · 

Bli~. odpaTHO , nponop~HOHa~eH, t' 1
. It! >BTOpolt ; ~ J · • · B: CBH3H C STHM OC

TaeTCH OTKPhlTiiM BOnpoc,:H8CKOJI1>KO.peaJI:&~O He~eHT~8JIDHOC B38HMO

)lCitCTBHe (!9). BoaMOllCHO, IwTeH~HaJI (!9) uox:eT · cnyx:Hn HeKoTopo~ 

npH6JIHJICCHHolt Mo;AeJI:&D ;AJIH cHcTeM c ue~eHTpaJI:&HhlM BaaHMo;AeltcTBHeM 

C TCM npeHMYII\CCTBOM, 'liTO )lJIH STOrO llOTCHI\H8JI8.38)l8'118 TO'IIHO cpop~ 

MYJIHpyeTcH 11 pemaeTcH ;AO KOH~a, ecJIH pemHTD ypaBHeHHe Jlaue (!4). 
0,l!H8KO , C llOMOII\l>ll ccpepo-KOHH'IICCKJIIX'cfJYHKI\Hlt MOJICHO pacC'IIHT8T1> 

B nepBOM nopH,l!Ke TeopHH B03MYII\CHHlt p8Cil\CllJICHHe SHepreTH'IICCKHX 

ypOBHe~ B I\CHTp8JI1>HQ-CHMMeTpH'IIHOM noJie, KOTOpoe HapymeHO He60JI1>-; 

mHM HCI\CHTP8JI1>HiiM.B38HMO,lleitCTBHCM Tl1ll8 (!3) C npoH3BOJI1>HOlt cpyHK~H

e~ ·, ~(r) • lly~TD U(r;ccpepH'IICCKJII ~HMMCT~H'IIH!ilt nO'~eH~H8JI·: ~-~~TO-
paM CYil\CCTByDT 8HepreTH'IICCKHC ypOBHH E:ne , T.e. . . ~ . . ~ 

• • -4 .: ·~ 

""' 

~:-

[
'. li_l.. . ·] . ) (·· 
-2m. A + 'tl.tr> ¥~ = E;;,r ' 

r;Ae n - pa)lH~Jil>Hoe It! e -op6RT8JI1>HOC KB8HTOBOC 'lllfCJIC , . .__ . ' .. 

. ccpepJtlqecKaH CitiMMCTPHH CHCTCM!i Hapymena ,l!OCT8TO'IIHO .Me 

paJi:&HhlM. BaaHMO;AeitcTBHeM (I3), KoTopoe rlOxuo'.pacc'MaTI 

ll03Myll(eHIIe. BI>i6HpaH yrJIOBYD aaBHCH.MOCT:b BOJIHOBOit cpyii 

:B BH;zte ccpepo-KOHH'IIeCKHX II>YHKI\Htt, ua:Xo;ztiUl B. nepBou. nc 

• BOSMYilleHHlt' corJi'aciiO ~I>opuyJie ( Ii h P8Cil\CllJICHHe SHepr 

YPOBHeti 

r;zte k
1

::. ~ <~:-Jr)~ M. 

. . · 2. £eci..l (ltl). 
= _ <.·.-v-'<.r) >~e · (U-i) (U+!) 

(~c.r>>ne HBJIHCTCH_,llit18rO 

.M8TpM'IIHHM 8Jie.MeH~OM qiyHKI(HK 'V"(r) . 0~ .p8)lH8Jll>Hl>IX BO 

~Hit Rnt (Y') :• TaKMM o6paaou, aa;zta'la o pacll!enneHHM aue 

ypoBHeit neuTpan:&uo-cifuMeTpK'IIHoro nonH ueneuTpanHHM 

CTBMell:(I3) CBO)lHTCH no C'yll\eCTBy.TO.iil>KO K BH'IHCJieHKIJ 
-~~-- - • ' > 

aneMeHTa. <_-t":<r>>~e • B 'lacTHocTH, ltJIH -r<~'> .. - c:L,a.
3 

, Myna (22) )!SeT pac'lllenJie_HK~ SHepreTK'IIeCKKX YPOBHe~ ne: 

CHMMeTpMqHoro llOJIH ltHllOJI1>-.)lKllOJI1>HHM B88HMO)leitCTBHCM, 
•', ' ••,: • • o,...,,• •,, ¥ :.-,, • '." •'' ; ' :' ';- ' ,. • • ' 

pac~e~ B .0611!eM ,£Jiyqae 88BHCil.T OT ,KO.~ICPCTHOrO; BH~B cpyl 

H 'll'(r) nepeueuuoit r • 
' . ..,·_;"'" ,,., :·· 

.. ]lJIH .. HJIJIIlCTP81\HH aaBHCHMOCTlf pacllleRneHH.Ii. SHeprei'l - . _._ .-. -~· . . .. , . ~ - -. . " . . 

Heit ItCH~p&JI:bHO•ClfMMeTpiti'IIHOrO llOJIH OT. napalleTpa ·~ , 
'·' _,., ,; .· ... · .. ·--·.:.. ... ·.·~ ·. :··' .. "'.. . ... ' . 

~a , Me:W:)ly .. BeKTOpaMH C( .. . K · ~ .... ·,,. paCCMOTpMM . p8Cil\ellJICH~ 
•• • -- -- • - - • • -. ~ ,., ' .... > ' " ·-. ~ • - ' • - - --·~ 

. TKqecKHx ypoBHeJt Heneupaiii>HHM BaaHMo,llelc!.:Bileli .(I9) l 

• . HaM~OJiee .. ~~~;o\BcTpe'llallDUix~.a. ccp~pH'{eCKH- ~HUMeTpH'IHHX. 
·~.-·;JI,O·~~~~~~~O-·H r~p~OHH~eC~O;O· OCI\~~JIHTOpa(5/ •. liCXO]J 



(!8) 

i' cHcTeue Koop,nHHST 

teHTpaJI:&Horo noTeH

raBHUM OCHII llOT6H~H8-

(!9) 
ICHMOCTL KSK llOTeH

;zi;HllOJI:&HliUH MOU6H~8-

-+ .. ~. ]' r. . . (20) 

lOCTH OT · r' ; nep- . 

B CBH3H c 3THM.OC~ 

~6HTP8JILHOe B38HMO

r"cJiy:a:HTDH6KOTOpo« 

fliM .· B38HIIO;zi;e«CTBH6M 

(3a;n;aqa TOt~Ho({lop..: 

~paBHeHHe Jl~Me ( 14). • ' 

lH« Mo:a:Ho pacct~HTSTL 

d~~SH~preTH'l6CKHX· 

poe. uapymeuo ue<5oJI:&- . 

::). npOH3BOJI:&HO~ .. ({lyHK~H-
"'' .,. . - . . 
: ' . ~ 
'noTeH~HSJI, B KOTO-

T.e. 

I 
l 

[ ~ 2~. A + U.(r)] ¥' = E,t\1 , (21) 
. ·. 

r;n;e_ n - pa;n;HaJI:&Hoe H e -op<5HT8JI:&HOe K:BSHTOBOe 'lHCJIOo .llycTD .. 
,···;- ~'· .. " ~ ,. " 

c({lepHt~eCKaH CI4MMeTpMH cHcTeuu uapymeua ;n;ocTaTot~uo.MaJIHM ue~eifT-. 

paJI:&HHM B38HMO;zi;ei!CTBMeM· (I3), KOTopoe flOliHO paCCM8Tp!ill8T:& KSK 

·· BoaliyllleHMe~ Bi.xciMpan yrJI~B·Yw aaBMCHMOCTL Bcmuo:Sciii ({lyu~~Hk·· ·B (.2i) 

B BH;zi;C c({lepo-KOH14'lecmix !I>YHKIU1M, HSXO;zi;HU B. nepBOM nopH;n;Kk Te~pHH 

B03MY1116HMM, corJISCIIO ~opuyJie { 17), paCJllenJieHMe auepreTM'leCKHX. 

YPOBHeit 

' 2. E.e<,.., (ltl) (22) 

·.: .. - .... ' (U:-1)(UH).' 

r;n;e ~."::-, ~ (~-:-~)~., 14 .: (11"<r>>nt HBJIH6TCH_ ~MaroHa_JILHHM ·• 

. ua~l>H'lHHM ~Jie_MelfTO)i ({lyHK~HH · Y <r) . . o~ pa;n;HaJinux. BOJIHo:sux ({lyHK':"' 

~1411 Rne(r). TaKMM o6pa~oM, aa;n;aqa _o paclllenJI~HHH aueprent~ecxHx 
ypoBHelt ~eHTpaJI:&Ho· CHMMe_TPMt~Horo noJIH ue~eHTpaJI:&HHM :SaaHMo;n;elt

cTBHeM (I3) CBO;zi;MTCH no CYJ116CTBY TOJIDKO K BH'IMCJieHKII _MS_TPH'lHoro 
). ·'~~ . . .. 

aJie~~HTa. <.-r.<r>)~t. B ,'laCTHOCTH, ;zi;JIH -r<r> c- c:l. 1 ct,1 r;7~ ({lop7 

uyJia (22) ;n;aeT ·pac111enJie_uH~ auepreTM'IeCKMX ypoBHelt ~eHTPSJILuo~ 

CHMMeTpH~Horo llOJIH ;zi;-'fllOJIL~ ,li;Hll01ILHHII ~88HMO;zi;eltCTBH6Mo _KOH~peTHHit 

J>SC'IeT :B ~0<5111611 _()1IY11:Se 38BHCHT OT .KOHKpeTHOro' :BH,1l8 ({lyHK~HI- 'U.(r) 
- ,. •c ' .• ,, ,, . . ' ' .. < ~ • ' I _, . • 

·.· 
. JlnH _HJIRIOcTpa~MM a,aBMCi!MOCTH p~cllleRne!fHH .· aueprei'MllecxHx .ypoB-

uelt. ~8'!TP8JILHO~~C~M!fyTPH,HO_ro, llOJI.fi. O_T .. _napalleTpa k ~ t T • e • · OT .·· yr

. ~~ ~e:a:;n;y,~eKTo~auM ~ .. 14. ~ ... ,~ paccuoTpH~ paclllenJieuHe auepre-

. TH~~~~~X· Y~O~~~~ .He~~~TP81ILH~~ :B88HMOJJ;eltcTBH_;~~ (19) ;zi;JIH Jt:BYX . 
' ' . . . :.· .. ' ~ ,. . . : . . .. ·, . . --~ . 

. . . ' . 

... H8H<50JI66 ·• llSCTO. ,:BC~pellaiOJIIHXCH,. c({lepH~6CKH-CHMM6TPH'IHWX. no~eH~HSJIOB 

<~iJI.~~~~;~~,r,o> ~· l'~P~OHHlleqKo;o o~~~~JIHTopa(51 .. Hoxo:n.H, Ha · pa-: 

·D 



.' 

;nHaJII>Horo ypaBHeHHH (5), Haxo;nHM ;ztJIH KYJIOHOBCKoro noTeHnHaJia 

~2e1 r- 4 c Tcii JKe 'cTen~~iio TO'QHOCTl(, c KOTopo« -BH'QHcJieHo ). · 

B (!8), cneKTP SHeprHit " .. . .· · · 

En~ 0 -~ 2 !:~: 7~. i)1 ;. C ~:;:r (l t !:";i · (1! ~~~~:.~~; ~U +3)] ; ( 23 l 
r;ne N=n+f>fof -:-: rilailaoe Kl38HTOBOe tiHCJIO. ·Kait HeTpy;nHO YBH;zteTI> H3 

({lopMyJIH (2,3), :~aE;nHit ypoBeHI> c aa;nailau14 N;"··~BCIJitmJIHeTc~ Ha Nz. 

'no;nypoBHeli •. AH8JIOrH'QHOB cny-qae·c({lepH'QeCKH•Cir1MMeTpR'QHO!ti·noTeH-
, ' ; • .~ ." • -.- • ' > : • •• -. • ,· .- j • } . ___ : .• ";-'"~· • ; 

nHa,JII>H,O~.HMH :t Mo~~r~. ~aX?;llHM 3HepreTH'QeC~Hit cneKTp npH H8-

JIHtiHH HeneHTpaJii.HOfO B38HMO;zteitCTBHH. (!9) . . . .· ,. . . l' 
· •.- .· 2 3. : ·. . 

3
. 4-m.t . Se"")(llt.) · ··· 

. En~ - tfU tr:'*"_~~: i':t? ~ *',w[ N.t r2. ~ -tt.. (2£7f~(Uti)(11!+3) ~(.24) 
r;ne N= 2~+ e' .;;.· rJiaBHOe KB8HTOBOe tllr1CJIOo: KaK H B. cJiy'Qae KYJIOHOB -

cKoro noTeiinHana,' lieueHTpani>iwe ~ iaaliuo;neitcTBHe~ (I9) ·.· cHHuae'li ·':BhlpoJK

. · ;~~eime l'l ';nnH c({lepH-iiecKH .. cHM.MeTpHqilolt no·~~:rinHaJii.iiott ~·Mu, ·ill itaE:nHtt 

ypoBeH'I>, c 3a;naiiHiiiM : N ' ·paciJieiTJIHeTcH'; Ha~ :'! (.N4-i)CN~2.) no;nypoB-
. ' ' . . . . 2. . '. . . . 

HeM. ,., · , ·." • · · ...... · · · · 

'.·.· ;: ::Ha ·pHcyHKaX;Ili: 2'noKaaaii ({laKTop6 £t.~;£~;,,(£.ii1CM>- £~)/f.N 
onpe;ne.riHIOIJiidt paCinei:IJieiiHe :Bh!poz;iieiifiilx aHepreTHt~ecKHX · ypol!Helt Ii 

38Bir1CHMOCTH' OT'· napaueTpa c 0 E ft2. ~ 1 ~JIH>HRSIDl'JX 8H8tleHHit rJiaB-

~ : Horo: KBBHTOBorb 'lJHCHS B' CJiyt~'ae: Jiy.iioHOBCKbro n~TeHnHaila'H c({lepH

qecKH::.cHMMeTpHliHoit ·rioTeH~H8JII>HOlt HMH coo~~eTcTiielillo·~· Ha plio;. I 

noKaaaH paciJieiTJIHIO~Htt ({laKTOP b. E .. /e:;, :: Sln.Cf- 'tei.;,~(it:t)j~· N (t1!~1)(2.e+1)· 
· -,: o{at+3) · Ha(23 )B e;nHHHnax 'im.q.'/fs.ti. ··l'l Ra · p1r1c; 2~pac~enJIHDIJIHit ({laK

e Top ·M3' (24). b. £,;.';EN = :.. 8.7t.CJ- Se~,,(iti.)/-k_1 (U./t.S){at-1)(U+f)(2e+!) 
. B;e;ztRHHnax.i&m.c:y/i5-l;."'·' '• ·Ma~pHCYHKOB B~;llH~ CH~I>HOe 'nepenyT~llB

HHe TepMOB c'. paaHHMH : e ; ~ 'lon) B a~BRCHMOCTH: OT 'riapaMeTpa : ; kl.• . '. 
IlpH HeKOTOPHX 8H8ll6Hi1HX na·paM~Tpa 41 ' BOSMOlltHO. cnyllaitHoEi \;o:Bria;ne

HHe '7J.BYX HJIH 6oJiee paCIJienJieHHHX SHepreTHlleCltHX ypo.BHeit (TOtiKH 

T4 

1 ....:.:.::.:.._:__,;,_;__;;,~--'"71 
~ I 
~EN 
EN 

o I , .. \ I 

<·-1 ' r · . · · · 1 
0 o,s ..;....,. 

lt.." 
'I 0 o,s 

Puc. I. · · · 

!5 

__.. 1 .• 
ll" '' 



fOBCKOrO llOT8HIUi8JI8 

c KOTOPO~ "llbl'IHCJI8HO ). " 

; .. ~:)7:.~~;~>1+1)] '(23) . 

BK, HeTpy;ztHO YllH;zteTl> H3 

I ;_ ·pacll(enJIHeTcH Ha N" 

J/1 CHMMeTpH'IHO~·noTeH:

H'IecKH~ cneKTp npH.H8-. . ' . . . . 

~ \ .. -~;~~~~~ .... ) ], (24) 
aK H ll cJiy'lae. KYJIOHOB -

uHe '(I9) · cHuaeT Bblpollt

:hHaJi:biio~ nMbl; i.i Kaiit,'ltbl~ 

l(.N4- i)(N io i) no;ztypoll:.. 
·~· .. 

%: ~~ (fNI(M)- £"N)/£ t. 
, H ... , .N 
JreTH'IeCKHX ypoEHe~ ll 

;-: ~HBmH~ 3H8'1ElHlllM rJiall

~ro · 'n~TeHUJilaira J/1- cwepJil

;BeTCTB8lfHO~- Ha plio~ I 

'r te~,<At')/«.t N (2.e:1)(te+1).' . 

~He~- 2-pac~enJIHilll\J/1~ W8K

ti!olt.S) (2£-f )(U+f)(U+ !) 

~~HO CJ/lJI:&iiOe nepenyTbiB8_; 

};~. oT-;riapaM:eTpa k.a.: ' • 

~o~ollilo tmyqa~Hoe · 'collria;zte

qecKKX.YPOEHelt < To'IKJ/1 

.I 
! 
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1 
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f ,0. o,s -
lt.' 

f 

· nepecetieHHH KP_H:BhiX ita pHcyliicax I H 2)• 

3aKJIIOlleHHe 
.·.· .. •: 

it1TaK, ll01_(838HO,-.l!TO npH npaBHJI:&HOM :Bbl6ope yrJIOBOi 

TH :BOJIHOBO~ llJYHKUHH B ypailHeHHH riJpe.ztHHrepa, MOlltHO C ITI 

po-KOHHtieCKHX-IlJyHKUH~ paCCllHT8T:& pacmenJieHHe'aHepreTH' 
. - . . . - .. . . . 

He~ UeHTPBJI:&HO;.CHMMeTpHllHOro·noJIH:HeUeHTpaJI:&HbiM :B38HMI 

(I9). · 

llo-BH,llHMOMy, pa3.zteneHHe nepeMeHHbiX B ypaBHeHHH llij 

,llJifi. HeUeHTpaJI:&HOrO ITOTeHUmi~a' ., 12) H 38,llal!a ~ od ..• aCHM~e~ 
:BoJiliKe R KBaHTo:S"o~ Mexamtiie He Hcllepmi:BaiOT · Bcex :soaMo: 

iieHH~ :Sq,HaHKecq,epo~KoHitliec~o~cHcTeMbl Koop.ztHHaTHc 

C He~· c!IJepO-KOHHlleCKHX. !IJYHKUH~ • llpH HCITOJI:&30BBHHH 'cw'e. 

KO~ cHcTeMbl Koop]lH_HaT MOJKHO pemHT:& pfi.zt 6oJiee oC5n(HX aa, 

·qeM c'HCITOJI:&30B8HHeM OClhlllHO ripHMeHHeMO~·ctiJepHll8CKO~ C 

,llHHBT. Cpe.ztl1 T8K11X 38,ll8ll MOlltHO OTMeTHT:&, Hanpl1Mep, a4l 

,llJifi HeB~.ztopo.ztOITO,ll00HbiX 8TOMOB l1 npo6JieMyKBa.ztpynoJI:&HO 

.zte~CTBHR B 1 fi,ll8pHO~ !lJH3HKe. 

HapH.ztY c pacmenJieHHeM BhlpollC.zteuHhiX aHepreTHl{ecitHx 

cq,epH'iiecKH OHMMeTpHliHOM nom~·HeneHTpaJI:&HhiM B3811MO.zte~c 
< • • ._ ' • • • ~- .,. 0 • 

npe.ztcTaBJIHeT HHTepec TaKJB:e paccMoTpeHHe pacceHHHH,llac 
' . 

paJI:&HOM ITOJie, KOTOpoe HapymeHO ST11M H6U6HTpaJI:&HbiM B38 - . - . . . ' . . . ~ . ~ 

eM. TaKaH aa.na-qa B:BH.ztY HeKoTopux ocoC5eHHOCTeH 6y.neT p 
.. ~ 

no aliCe. 
i --~ 

17 
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o,s - 4 
It' 

I 

l 

I 

nepeceqeHHH KPHE~X Ha pHcyHKax I H 2). 

lATaH, noKaaaHo ,~.liTo npH npaBHJII>HOM B~6ope yrJioBoll aaBHCHMoc- · 

TH BOJIHOBO~ qJYHKI.lHH.B ypaBH8HHH l!lpe,llHHrepa 1 MOlltHO C llOMOII1:blO CqJe

po-KOHHqeciui:£' ~YIIKUHil paccliHTST:b · pacmenJieHHe · 3HepreTHli8CKl'IX ypoB

He~ l.l8HTP8JI:bHO-CHMMeTpHqHoro .• llOJIH. H81.l8HTp8JI:bH~M l338l'IMO.ll8HCTB1'18M 

(!9). 

IJO-BH,lll'IMOMY 1 paa,neJI8HI18 nepeMeHH~X B ypaBH8HH11.lllpe,ll11Hrepa. 

,llJIH Hel.leHTp8JI:bHOro llOT8HI.l118JI8(!2) 11 aa_haqa od.aci1MMeTpl1qecKOM 

BOJIIIKe R. KB8HTOB·O~ MeXaHHKe He 11Cqepn~B810T BCeX B03MOJKH~X np11Me-

. HeHHil B qJHSi'!Ke CqJSpO..:_K()Hlf118CK·O~· CHCTeM~ KOOp,lli1H8T 11 CBH38HHb!X 

C Hell·cqJepo-KOHHlleCKHX qJyHKI.lHil. Ilp11 l1CllOJI:b30BBHl'IHCqJepo-KOHl1118C

KO~ Cl1CT8M~ KOOp,iU1.H8T MOJKHO peWHT:b. pH,ll ClOJiee OCl11!11X 38,ll811 llPOII!8 1 

'118M c· HCllOJI:b30l38Hl18M OClb!liHO tipHM8HH8MOil:CqJepHqecKoil CI1CTeMb! KOOp-
. - . . . 

,llHHBT.' Cpe.nH TBKHx:aa.nat~MOlltHo oTMeTHT:b 1 Hanp11Mep 1 a~eKT lllTapKa 
~ ' ' .- '., -

,llJIH HeBO.llOPO.l!OllO,llOClHhlX 8TOMOB H .npo6JieMy. KB8,llpynOJI:bHOl·o l33811JMO

,lleilcTBI1fl B : H.liepHO~ qJIIJ311JKe • . ; 

Hapn.ny c pacll!enJieH!IleM BhlpoJK.neuHhiX aHepreT!IliiecKIIJX ypoBHell B 

CqJepl'Ill8CKl'I D>'lMMeTp!IJqHOM llOJIEi' HeJ.l8HTp8JI:bHbiM l33811MO,lleilCTB118M (!9) 
' - . ' - . : ·- . . ' ,· ··.·· . 

npe,llCT8BJIH8T l'IHTepec T8Kllt8 p8CCMOTpeH!Ile pacceHHIIJH ll8CTl'Ii.lbl B l.leHT-
,', .:·, ·,. ' ··. ·-·· . . "·,· _, 

paJI:oHoM noJie 1 KOTopoe HapyweHo .. aTHM Hel.leHTpaJII>Hb!M .B38HMO,lleilcTBll--. " ;.· . ··' ... · .. ,', ., . . .. 
eM. T8K8H 38,ll8ll8 BB11.l!Y HeKOTOpb!X oco6eHHOCTeil 6~,ll8T.P8CCMOTpeua 

noallte. 
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I 

'; ~' ',-. ' 

llp11JIOlEeHII!e 

San11meM yrJioBy~ llacn noTeHUHaJia (!3), npe;ncTaBJiHJOmYD co6o~ 

·· cBepTKY ;nByx c11MMeTp11llHHX TeHaopoB; B BH;ne. KBa;npaTHllHO~ wopMu 

. A i,k ~ ~Jk •!, A i~ ~- ~f( «i~~ ~: «k Pi) _: (a·,~~)}~~.~··., .· ,. , (TI.I) 

fio;nBeprHeM KOOp,llHH8THJ'il: C11CTeMy·.BP8JlleHHIO ,: Il~H ,KOTOPOM .KOOP,ll11H8TH 

TOllKH H8 cwepe €i npe~6p83J'ilTCH COrJiaCHO WOPMYJie 

',. ' ' ' :f_ ... a.r· . , . ~ .. ,'1 _1_,,, a'J<CJ.~:'~' cf;" '. (IT.2) 

r;ne clik .~ aJieMeHTU Be!lleCTBeHHO~ opToroHaJII>HO~ MaTpHI.(N. ITpn Bpa-: 
• • ' -, • • ' ' ~ '.. • ., z .• . . '" -- _·. - ., ·_ •• -'· :· 

JlleHH11·. (fi.2) KB8,llp8THlJH8fl WOPM8 (fi.I) nepeXO,llHT l3 Kl38,llp8THllHJ'il 
WOPMYCHOSWWHUHeHT~MH 'A;I< · .. . ' . , .. ··. , ' .. 

Ri~· ·= a.y Rje CLii.t • (TI.3) 

· KaK 113l3eCTHO H3 TeopHH M8TJH!I.( 1 JIRl6YIO :C11MMeTp11qecKyiD_ M8TPHI.(y, MOllt

HO ,ll118rOH8JIH30l38Tl> C.IIOMO!ll:&Rl OpTOrOH8Jll>HOrO npeo6pa30B~HHH/6/, 
ITycT:& co6cT:BeHHHe. 3HalleH11fl M8TP11UN Au)a:BHH. e, -~ e~.~ es' IIP11lleM 

e
1
+ e~. + e3 ... o B cHJIY Toro, liTO Sp Aile.= 0 • B HOBO~ Itoop;nHiiaTHo~ 

C11CTeMe HMeeM . .. ., 

' 3 a! ~r.:. (.fX:'i!') = e.' 3 ott~: .;.. c.«'if') = e:L ' a an~;~ (6:' jf').=e,' . 

· Gi.l~~ +a~~~ ='o, ·a;~~ + ti:~l·::. o, ., oq ~l+ IX~(lf:i O;(TI.4) 

C11CTeMa ypa:BHeH11H (TI~4 ), K8K . He.Tpy;nHO y6'e;nHT:bcfi~ Y.llO:BJieTBOpHeTCH 

,llBYMH napaMH 'BeK'FOPOB a':~,.,::· , ''' 
«· :. ( R ' 0 I It') J ..,, = (- It' 0' R ') ' - ~- ) 1!' = (-k,o,:..k'), ~· == (k,O,-k.', 

Ilp11lleM TOr;na IlOCTOHHHUe e, BHP8llt8IOTCH llepea k,'L c IlOMOJll:&ID 
. -~ ~- _, -.. .• ' . .. 

I• 

(IT.S) 

wopMyJI (IO). KoHI.(N lJeTupex BeKTOPOB (TI.S) COBII8,ll810T c WOKycaMH 

SJIJI11IlTHlleCKO~ C11CTeMN KOOp,ll11H8T H8 c!l>epe. 

JlwrepaTypa 

I.·H.A,Kramers, G,P,Itman. Zs,Phys., za, 55J (1929); 

(1929); §£,· 69J (l9JO); R,D,Spence 1 Amer•J,Phys., 

11. JlyKall~ H.A. CMopo;n11HCKHi1, JK8Tq>, 57, !342 (I969 

M • .l{.O. CTpSTT. q>yHJ{U11U JlaMe, MaT:&e 11 po;ncTBeHHhle 

11 TeXHHKe, Xapi>KOB-KHeB, I935. 

2. M.H. 0JieBCKHH. MaT. c6., 27,379 (I950). 

3. l/l, JlyKall. 0 llOJIHOM H86ope KB8HTOBOMeXaHHll8CKHX H8 

Ha TpexMepHOR c!l>epe. llpenpHHT OHHH P4-6268, ny6Hl 

4. Ill. Ai1HG, 06@KHOBeHHhle ;nH!l>wepeHUH8JII>H@e ypaBHeHHH, 

I939. 

r. Eei1TMeH, A.8p;nei1H. BhlcruHe TpaHcl.(eH;neHTH@e ll>YHK 

HayKa, MocKBa, ·r967. 

5. A.C • .l{aBH,llOB. KB8HTOB8H MeXaHHKa, rTI~MJI, MocKBa, 

6. q>.P. raHTMaxep. TeopHH M8TPHU, HayKa, MocKBa, I96 

PyxonHc~ nocrynH~a B H3iare~ 
4 ¢espa~a I972 r. 

I9 



),npe,n;cTal3JiHIOillYIO cooo~ 

KB8,ZJ;p8TWlHO~ qJOpMU 

npH:KOTOPOM.KOOp,ZJ;HH8TU 

¢opMyJie 

(IT.2) 

.Ho~ MaTpagu. ITpa Bpa

:o;nHT B KBa;npaTHilllYJO 

(IT.3) 

lTpHileCKYJO MaTpagy.MOE

~0 npeoopaaoBaHHH/6/. 
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