
_.' ' ' ' ·).)U, f~ 
/) -d'l 7Mj.w ,U tt!e.tl.j~~-'J -19 f 3, T 1'1; '.,:,.-!!;;! , 

OB"bEllHHEHHblti 6'. 306' -3<f0. 
HHCTHTYT . 
HllEPHbiX 

HCCnEllOBAHHH 

lly6Ha. 

·S5 
:11:· -:11: • ·:17 s ..., ... 
:r 
:r: ... ... 
A. • ..... ... 
~ 
:1: 
A,· 

! a; 
• lA 
~ 
~ 

P4 - 6268 

0 nOJIHOM HABOPE 

. KBAHTOBOMEXAHHqECKHX.HABJIID~AEMhlX 

HA TPEXMEPHOM C~EPE 

1972 



P4.- 6268 

11.JiyKaq* 

0 llOJIHOMHABOPE 

KBAHTOBOMEXAHJ1qECK11X HABJIID~AEMMX 

HA TPEXMEPHOM C~EPE 

llanpa&'lf'Ho · B T.UCIJ 

* 4>H3HqecKHl1 HHCTUTYT CnosauKol1 AKaJleMHH HayK, EpaTucnasa 



Bne,lleHHe 

' . lofCKJIIO'IHTeJI:&HO 'B8lltHYJO poJI:& B I})H3HKe HrpaeT O]IH8 113 OCHOBHilrlC 

rpynrr reoMeTpH'lleCKO~ CHMMeTpHH - rpyrrrra TpeXMepHillX"BP81!1eHH~.· 8Ta 

rpyrrrra 'ISCTO 11CilOJI:&3yeTC.fi B I})H311Ke rrp'H peweHHH 38]18'1, 06JI8]18101!1HX 
. " . 

. cl})epH'lleCKO~ ·CliMMeTpHe~. -~8KTH'lleCKH BO- BCeX MOHOrpai})HHX, KOTOpble , -
' ' . '" . - . . . - . - .. " :.···._" 

rrocBHI!IeHu rrpHM~HeHH.fiM TeopHI1 rpyrm,, PB:CcMaTpi1Bae_T.CH ppynrra ~pexM,ep

HHX BP8IneHI1~. CBO~CTB8 STO~ rpyrrrrlll Xopomo l13y'lle!llll,,IlOCTpoeHil! ee , 
• • • • •• •• •, -. • • • ~" ~+ ., • 

HenpHBO.zli1MHe rrpe]lcTaBJieHH.fi, iia~]leHH ]!pyrHe ee_ xapaxTepi1CTHKH. 

0]1H8KO BCe 8Tl1 pe3yJI:&T8TH llOJiylleHli B , n'pe]ICT8BJIElHl1H, B KO

TOpOM ]111arbHaJI'eH onepaTop KB8]1p~fa MOMeHTa'' KOJII1~e'?T:8a ']!BH~~HHH H 

onepaTop 01\HO~ 113 ero npoeKrtH~. EaaHCOM T8Koro· rrpe~C-TBBJreHH.fi' ~B-

JIHIOTCH xopomo l13BeCTHHe cl})epHt~ecK11e q)yHKI.t1111. OnepaTop KBa]!paTa 
,- '. • • ':" •• • > 

MOMeHT8 KOJil1'lleCTB8 ]IBI1llteHH.fi H KOMMYTHPYIOIIIH~ C_HI1M onepaTop 01\HO~ 

H3 ero ~poeKrtH~ npe)icTaBR.fiJJT. co6ott noJIH~~ ila-Clo'p i<iiaHToBo;JexaHI1'{iec:.. 
. . . ' . ~ . 

K11X aa6JIJOJ~ae~ux · lia ~pe~'~pHo.~ · ~IP'~p·e. :'EcTfl~T-~e:ii~~,·BoaHH'KaeT· ·Bon poe, 

HBJIHeTcH JIH ··TaRo~ HaOop ~Haro-~ai:&ilux oiiE~paTop.oB_ Ha'·~l})epe' eJ~li~cT
BeHHo B03MOlliHHM Ha6opoM' HBJI.fil;g~" ~~-' c~epitqecime ~YHK~HH e]l~HC~BeH
HO B03MOlKHHM 683HCOM ]!JIIi rpyllllH TpeXMepH1iX.Bpal!leHI1~. 0K83HB8eT-

• h • • "", 

Cfl , . liTO HeT • -

, 'lloBepx~ocT:& TpeXMeplibk c~epi>I 0 
npe.i\CT8.BJIJl,eT coo'o~ ]!ByMepHoe. 

npocTpaHcTBo nocToHHHo~ noJio»:HTeJI:&Ho~ KPHBH3Hbl, ~o~opo·e ~ '~aK H • · 
~ . . . . . 

BCHKOe Il~OCTP8HCTBO- IlOC!_O.fiHHoifKpHBI18HH, ]!OilYCKaeT_ rpyrrrry ]lBHEe

HHi!. • rpyrrrroi!: ]lBHllteH~i!: ]!ByMepJ-Ioro IlPOCTP8HCTB8 IlOCTO.~HHOi! IlOJIOEH

TeJI:&HO~ KpHB113Hill:.fiBJIHeTCH rpyrrna TpeXMepHbiX BpameHI1~. 

MOMeHT8. KOJIHlleCTB8 · ]lBHJ:eHH.fi, .KOTOpHe :_BblpazailTCH · llepea KOOp]!HH8TI:l.-, 

: f; •• _~. ? .- .·.·~· ~ ... 
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~ ~ . . . 5 L TOIIKH Ha e~HHHIIHOlt CqJepe .f i. =i 06LIIIHID( 06pa30Jtc) (noJiaraeJI 

"' • 1 ) •. .. . a 
Li .. ;, ei~t£ f~. a fe . 

Kax liaBecTHO, cocTaBJIHilDV4e oriepaoropa uoueaora icoJIHllecTBa · ~BHZeHHH, 

npe~CT8BJ1Hil111146 co6oA reHepa!opw rpynnLI Tpe:XiuipHLIX BJl81118H141; y~oB

Jl8TBOPHil:r CJl8l!YIJillHU KOUUyTaliHOHHLIY COOTHOmeHH_HU .. 

·. [ ti , l Jt 1 -~ · :, e i_,L e .. :. -· (I).· 

HHB8PH8HTHLIU OTHOCHT6Jl~HO BP8Jil6HHI onepaoropou H8 cwepe HB-
- ; :-· ' . ' '• -· 

JIHeTcH onepaTOP ]anJiaca 

~2. . "~-
' .:1= ?-,_,. ... - L~, 
. , s~ 

(2) 

C06CTB6HHLI6 SH8116HI4H KOTOporo 1 K8K HSBeCTHO 1 p8BHW - f (e+-i) , 

l = O;I,2, ••• ,HaH6oJiee o6JilHU on.ep~Topou, KBBl!PBTHIIHWU B reHe::

pa~opax .. Li ·;pynn~ orpe~epHLIX ~paJileHHI, x~oropLI~ KouuyTHpyeor. c one-
-- ' : . .... ' ' . .. . ( 

paorop_ou ]anJiaca (2) ,HBJIHeTcH noJIHHOU. 

4 41. " . " ... ) 

t R '" ( l, l k + L ~~. L, (3) 
' 

c cHinaeorpHIIHOA uaorpH~el xoa4xf}H_~HeHTOB R-a. ~ f:l~c.~ • _l{ei()TBHT6UHO 1 

TBK KSK HM66T U6CTO . . 

[ 
.. z .. ~ 1 [ ..... "] " -... [ .. • L. ·]. -
Li' L i L lt. = L i I L i. L~c. + L: Li , It - 0, 

TO OTCillt8 CJI6l!Y6T 1 IITO·Onepaorop (3) KOMUYTHpyeT c'JI8RJI8CH8HOU 

(2). 
B-pa6oTe/I/ ROK888H0 1 -UO JrllClOA Ol!HOPOl!HLIICHUU6TpH116CKHI4 

noJIHHou, KBBl!PBTHIIHLIA B reaepaTopax L .. ; · BHl!B · (3) ,· uollHO BPBille.;. 

HH611 TpexuepHOI CW6PLI CB6CTH K onepaoropy 

"a. "'l "t. a.1 L 1 + a.-a. L ,_ . .,. a.s L 1 • 

X)§Jie~~ H B lt8JI~Hei1116U no l!B8][JUI ROBTOPHilJilHUOH 

ayueBaeTCH cyuuHpoBaHHe oor I ~o 3. 

4 

{4) 

HH;It6KC8111 ROl!PS-

;... '·' j :!:. H 

B. qacorHo~.- cJiyti_ae · Cl_: 1 
'-·. f .. ·'· •• ·,··' 

e£! c onepaoropou Jianm 
··• .... 2. • .. , __ ':... • • •. '.: _y_·· ·. 

:La. B,To£!_xe,pa6()_;e 

. "L: . ~ooT.~eTCTB~IOT ,11;1 

CHCT6Mbl KOOp.ztHHST,. KC 
' ...... : •• 1 ·' • •• ' •• •• - • 

ypaBHeHHH · Jiamzaca Ha 

K8fl 14 ROJiflpHafl CHCTe!.l 

CHCTeMa Koop.JiHHaT· r·I 
SJIJ!HTITH'IIeCK0£! 1 TO 6yJ, 

THqecKyiO c.K. ·Bee· noJJ 

OTHOCHT:bCfl K TIOJiflpHO~ 

OTMeTHu; ~-.liTo ·c. . ' . ···.-. 
38Hbi.COOTBeTCTBeHHO C 

MepHOM SEKJIH:AOBOM npc 

( f, ';.. KOOP)lHH8Tbl. TO,'II~ . . 
:AB'Il co'i::q,epHijecKo£! ~~ 

. ' 

ElMO I. cwep~r~qecKol c ~.K. 

9JIJIHTITH'IIeCK8fl CV. 

B aJIJIHnTHtiecKott 

q,opue .. -

~:.. ca.r ~1 >(a.1_-.e,<1> . , 
. (a..-a.,.)(a..-a..,) 

~· .<: )' .::.'·_-::~ 

... :::>: , ·: .. {· ~ , :r"< 
d. s '1. .. cl f· = - T ( I 

- ,.·· r'.~ · ... :·;~,. ... >;:_:_~_;. 

·· P .. <~) ::;_ (fl-~ a..f)(; 
-~ "::. :, "~ ·~· 



~ ·_ oOpa3o~) (noJiaraeK 

l. KOJUtlleCTBS ')IBHZ6HHH, 

repHwe BpailieHHI, y~oB..; 

IHHM: 

(I).· 

(2) 

1 paBHW - f {et-1) .t 
,:.' 

, · K:B8)tp8TH11HWM. B .. reBa-: 

~WI KOMMYTHpyeT,C_one-

(3~ 
• t:l~c,;, • JlelcTBHTeJI:&Ho, 

i/ ,i-·~I = ~ ,' , .. 

~pyeT C ·JianJI8CH8HOM 

iHWI -CHUUeTpHlleCKHI 

;ItS (3)i'KOZHO BP81116-

(4) 

IMCH HH)t6KC8M no)tpa-

l 
I B ll8C,THO~.· ~~Yll,~.e <J: 1 = .~ 2 ~ o.~e,P8TOp_ (~) MOlKHO JI~~t~~O~ ROMOI'l,liBUH:

.• el C <;>nep8TOP9M, JI~JIJI8C8 .(2) ·. Cll8CTI'l R SRlll'lllBJ!eHT~OMY _onepaT,opy 
.. ,. 1 .. ''·• ,· ... · . ·': . . .. ·.· '.. '· . . . . . 

L3 • _B, T.OI. lite_ paCi~Te, ~()Raaa!lo, ·, tiTo on~paTopy (4) 11_ onepaTOPY: .•. 

··: L:. COOT~eTCT~;J()T ~lle .. ll0,3MOlKHbiX, OpTcirOHBJI~Hhl~: Rpl'lll()Jfl'lH~UHhiX 
Cl'lCTe)l_bi. R,OOP,l{HHST, KO~Op_bi~. ;!40H~CK8IO~ p83;!4eJieHHe ·.fl.8P~Met!llbi:JC, ll :, . ,. 

ypallHeHHH JlanJiaca Ha cliJepe. TaRI'!MI'l CHCT8M8MH flllJIRIOTCR SJIJII'lilTI'lll6C

K8R l'l ilOJIHpHaR CHCT8Mbi KOOp;!41'lH8T Ha cq,epe/2/. TaR RBK ilOJIHpHBH 

CHCTeMa KOO·p~~~BT ell ~l:ui~Hei~~M c ~~.) RllRHe~:c~; ~a~·TH~M-CJiyllaeM 
·aJI)IHilTI'lll6CROI 1 • TO, 0y)4eM paCCM8Tpl'lB8TL'' B )48JI:bHe~UieM TOJI:DRO SJIJII'lil-. 

TH1l8CKYIO c.R. Bee ilOJiylleHHbie peayJI:DTBTbi ll llBCTHOM CJiyqae 0YAYT , · 

OTHOCI'IT:DCR K ilOJIHpHO~ C.R. Ha cliJepe. 

0TM6THM;:tiTO. C ilOJIHPHOI H SJIJjl'lHTI'llleCRO~ C .K:~ Ha CqJepe CBfi-
• < •• ' '" • • ... • .. • • • ~; 

38Hbi COOTBeTCT!leimo cliJepHtieCRBH H c11Jepo-ROHHlleCK8R C .K •. B TpeX-

Mep~OM S_llRJIH)!OllOM npocTpBHCTlle C )leRapTOllbiMH KOOp)lHHBTBMI'l Xi",. ~

( f, ;.. Roop.itHHSTbi, TO~KH .. Hl( c~iJepe.). CJie;I40ll8TeJI:o):lo; npH pellleHI1ll aa

ABll co cq,eplitiecRO~ CHMMeTpiie~ CJie)lyeT, HBPR.i!Y c oC5hltiHO ncnoJI:o3y

eMO~ C~epHtieCKOI p.K. 1 11C{IOJI:D30ll8T:D TBKlKe. CliJepo-ROHHlleCKYIO C.R. 

8JIJIHilTI'lll6CKBfl Cl'lCTeMa KOOPAI'IHBT Ha cwepe 

B SJIJII'lnTHllecRo~ c.K. Ha cq,epe, aanHcaHHO~ B aJireopaHtiecKon 

q,opMe 

~:=- (a.t-~ )(a.1 p._) c1. (a.~,-p.)(a..~.-~~) (\(a.l- .p.)(arp~ ., 
~ ca:>£)ca.:;:i~··-'h" c~:.a:.!Ka:.;.:a;;j' ~.s · ca;;::a.~>ca:,-'a.S · 
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~HaroHa~eH, K8K HeTpy~HO B STOll Henoope~CTBeHHO y6e~HT»CH, onepa

TOp (4). B ~pily.riax (5); a TaKJte B onepaTope· (4), He !epiiHo6JilHOc-

TH' MOJ:HO noJiOllHTl> Q.. + a.;_.,: a., -a • Jl~H npHMeHeHH.R 'B WHBHKe ~ o~

HaKo, y~o6HO nom,aoBSTl>C.H B~~HITTH'IIeCKOi!·c.K. H8 cqJepe, saiuicaHHOlt 

B TpHrOHOMeTpH'IIeCKOlt' qJopMex). BBe~~))f napaMeTp!:i '/1 14 jV 1 
, onpe-

~e~HillllHe iio~oseHHe TO'IIKH lia cqJepe , c noMOIII»Il>c~e~YillllHX cooTHome

HHl: 

P1:= af+(a.1-a.f)C!oS2'f' ft =.a.3- (a.,-a..~,)C!.os21V'. ·.(E)) 

kicno~»ayH (6), MOEHO aanHcan a~~HnTHt~eCKYil c.x. Ha cqJepe B TpHro

HoMeTpl4t~ecxolt qJopMe 

f1 .,. ./1-k.'t.c.o&"lf' 
7

eo§.'f, f2 = sin'f'tin 'f 1 fl = e.O~'f''.jf-k 1e.os"yl 1
, 

(7) 

cl I. '1 = "'~ i'l. . """ + f-:r.:~]. 
0 ~- 'I' ~ Ui' , . ,0 E: 'f'-: 'ii' k"+ R.'" ""' 1 .. 

r~e 

k. 2. c: Cl.J,- a.f 1/ == .s:in u2._ Cl:~- Q._ _ 2r a.-a. ,1(..- -~1'1 
j ., a..- a.., 

14 2f ":' paCCTOHHHB IIBE~Y qJoKyCBMH a~~I4IiTH'IIeCKOit c_.'~. ·Ha' cqJepe. 

lleT!:ipe woxyca a~~HITTH'II6CK~lt O.K. HBXO;ItH~CH B TO~KSX (til. I o,:t:k'). 

llpH TpHrOHOII6TpH'II6CKOit napalleTpHaa~HH. 8~~14ITTI4'11e~KOI C~K. H8 cqJe~ 

pe ;ztHaroHa~eH onepa!op -------- . 
X)B ~HTepaType TpHrOHOIIeTpH'IIeCKBH ~plla 8~~HITTH'116CKOI CoKe HB 

cqJepe lie 14onoJI»ayeTcH •. Kpo11e a~re6paHt~ecxott ·.WoPIII:i. (5), Hcnous,.)~
cH napalleTpi488UHH qepea S~JIHITTHqecue WYHK~HH Belepm!pacca 14 HK0611. 

6 

., .. · 

k'2 £.: 
KOTOp!:iM SKBN!Ba~eHTeH on 

KOM6Lma~~elt onepaT~pa \c 
OpToro~a~bHI:iMH ~aH 

.>f' 

~. = !,2, T.e. 'l'tY'~ ~ 
.. . . ": ~ ., '·.· ~·-.2,' 

B~~HITCOB H ·BUITYKRI:iX. rHn 
. r • '· 

. . . ' 
Cl:iB81lTOH COOTBeTCTBeHHO . . . ' . 

. .. L: ., ··:·· r: 
+ .. 

~y- a.:, . ~y :-. 

H~.H lie ·-. i 
(! ~ ' . - I' / •• • • !. 

--:' ..... t.:...1 - + _: k!t.: €i • ! . 
cto&2.'f' .· i- k.'L (.OS.t.:•{/ 

8~RHric (BiliTIYMBH rHn.~~6~ 
"'· ·;_ 

KOe lo!BCTO TOlleR,·· CYIIM8 .. 

. ;zto ;ztByx ~~HHWc · Tot~ek (~1 
,: ' ) . 

0TMeTHM, .'liTO rHnep60JI!l .: 
;;: . ,'7'· 

~OBO~ IT~OCKOCTH HB.7uieTCl 
.i; 

l1a qJopMyii ('i): Heno1 

. ·. k'= o ; ·.,-" k1•1: !m~1 . ; ... . 

Ha. c!J!epe:_.c ocbJO cHMMeTpl 

OC)paTHii"1HHM8HHe H;S TO", 
·. l :. j . ·.· ·. R' ciJ' ! . B. BJIRHITTH1leCJ , . ' r ,. . 

qJopMe (7), ,: npHBO~H~· K.IT] 
'.·' ,' :' •· 

•, f- f' 
~ 1 3, '· ·" 

8To. npeo6p~aoi3aifHe.,c~~~;l 
' .··. ,' . ,' .. 1 

. ' f.s K RElBOit-C~Ko \ .. 
~·--··y." . . ~~~- . .· ~ 

ByeT OTp8E6HH~ B ITJIOCKO< 
"··c. ·;,:,;.,:~ :::~~.:~N: 



IHO ye5e)l;HTDCH, onepa

:4), He TepHH OC511(HOC

~eHeHHfl B ~HSHK6, O)t

HS c~epe, aamicaHHol 

)li 'f H jV' , on pe

l cne)l;YJIIIHX cooTHome-

a.L) ctos21"'· (6) 

~.x. ua c~epe B TpHro-

,rlp'r/f-k1e.os""yJ ', 
.•. ; ·. (7). 

~.. · zr 
-=t!O.JTI z.:, . ; 

Jl:c~x. Ha·c~epe~ 

Toll~~x (tk, o,t:k•). 

4ll60KOI CoKo H8 p~e-

lflTH'l6CKOit CoKo HB . 
~puw. (5), Hcnon~sjm~
ii_BeAepmTpacca H.Hxoe5H. 

1 

! 
1 
I 
1 

l 

l 
r 

(8) 

KOTOp!il SKBHB8JI6HT6H ~>nepaTopy ( 4) , T8K KBK OH HBJIH6TCH JIHH6itHOti 

· Ko~C5HHa~Hel onepaT~pa l (4) .!! _onepaTopa .JianJiaca ( 2). 

. OpToroHBJI:&HhiMH J!~~~~H a~~~~TH'l6CK_ol c.K. Ha c~epe ( ~v"''o'n~, 
. , I' ·. . ' ..• , ,·--~ . ',,. 

~- = !,2, T.e. yJ_;'f;•e.ond:.') HB.iiHDTC_Ji .;&Ba:_ceMelCTB8 CO~OKYCHhiX 

8JIJIHflCOB H BhinYKJIU~ -~~nepooiC.cM. pHc:. :!) · t •. YP~BH6HHH KOTOphiX aanH-
. '. -/-- ·· .. ; . -, i:..: . ' .. ·~~~- .•. _ /~ 

CWBBDTCH COOTB6TCTB6HHO B BH;&6 
/" 

€1~. : ",~ f: 
. fv r _Q.2. 

.·' 

f : 

SJIJIHiic (BLinyKJIBH .rHnepC5ona) Ha' c~epe onpe;&eJIH6TCH KBK ~eoMeTpHqec-
· .. xoe M6CTO -~-O'leK,·'CYMM~ (p8~!fO.bT:&) ctfiep~tleoKHX. paccT~HHJi~::;b,TO;hiX 

. ;&o .ltBYX .1t~HHhiX roqek Ctfioxycci:B) "H·:BiriieT'cH .nocTo~HHo« BenH'l~HoAI?/. 
·. _. ; { . { . :,· "'·. , ·--': ·._ •. ·:. ; ··. 

OTMeTHM, _qTo rHnepe5oJia ,Ha . c~epe B. oTJIHtiHe. oi.'rHnep6oJiw' B . aBMH:_ 

~OBOl nJidcKOCTH·· HBia·e·TCH~ ;~2 CS~~~~ ··.IteJie . aaM~HyTol" KPH~Olo ~- ; '! 
' ,.. ·-~ • .. ~:• ' ~ ;_ ' ' -.~ "<• i-~ ' ., R•:~- ~~ !~ o' ;-- ' 1· : '-~ -~)' 

Wa tfiopMyJI (7):: Henocpel(CTB6HHO 'BH,ltHO, :'lTO'It liaCTHhiX CJiyiiaHX 

k'= o ( H /A1•1;. aJIJIHnT~tiecxan d,x. neJe-~o:&~~- ~ noJI~PH~>~.K • 
. · . } .... . . :-: ; . . .· .. ::., -.. ---~; ~ ~ ~ ./ -~·-"" ·-.. ~~-- .,../ /_ ... ·- _ .. ~~/ 

Ha ctfiepe_:.,.c. oc:&D-CHMMeTpH~f'B.ltOJI:& ocl'i: f, H .ocH f~ cpoTBe~cT.BeHHo. 

0C5paTHif' ~HHMBHHe ~~ TO, tiT~ BSBHMH_~~, tflop,IIBJI~~BH 33~M~~8,"~2i If' _HB 

k'~ rjl' t B. anJI.Hn~H'l6CKO~.;?•K;;,~-~ari~caH}IO~- B)Pl!~OHOlofe;pHti6CKOl 
·, ' ~-"'--~--7>·--"-·i'· • t ::~ /~·- . -: · __ . . _J 

tfiopMe (7), · npHBO)l;HT K npeoC5paSOB8HHil '~ . . -

. \ . --- \: - ~.-·-/' - --~ .-- ... ~~ ; f, f s , J 2. ~ f .. -' f 3 .. , f1 ·.- -, 
j -. .- _.,...~ .. ~-J::'·; ·~·. ·. ";·". . "'...-· ·__ . ~/' .- ~-~::.:;~.-

8To npeoe5paaoilai1He c'ooTBeTCTByeT.-nepexo,ny o!r··npaBol c.x. ftt fu · 
f3 , K ie_BOl: Co~~~\.- fs· ;;f~: :~.r{~~::·~ 'H~"'- CBIIOM ;&6JI6 COOTB6TCT-

ByeT OTpaJteH~JrE·-~~~?~9:9.T~,!_"npo~o.iifi~ei! qepes 00:& f,_ H npHMYJI f,•f3, 
-"Tz;::.:-.. \S_ ... - .- .. -

(9) 
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K8K 3TO ITOK838HO H8 pllCo 2. ITpeo6p830B8HlliD (9) COOTB9TCTByeT 

CJie;nyiD!ll8fl neco6CTB9HH8fl M8TpllU8 BP8!li8Hllfl 

( 

0 0 1 ) 
0 ~ 0 

i 0 0 

nJlfl ITOCTP09Hllfl C06CTB9HHhlX BOJIHOBhlX ~YHKUll~ ;llll8rOH8JlbHhlX 

onepaTOpOB B 3JIJllliTTllli8CKO~ O.K. H8 c~epe !i!CpOJibByeM llM9HHO Tpll

rOHOMeTpllli8CKYID ~OpMy (7), T8K R8K 3T8 ~opM8 !i!M98T pH;n npeHMy

lJI8CTB no cpanHeHHID c ;npyrHMll ~opMaMH. Y;no6cTBO TpHroHoMeTpHllec

Rot-1 ~OpMbl 38RJIIDli88TCfl B TOM, liTO C06CTB8HHhl8 BOJIH0Bhl8 ~yHKUllll 

ll C06CTB8HH08 3H8li8Hll8 onepaTopa (8) 38BllCflT TOJlbKO OT 0;1\HOrO na-

paMeTpa p_2. B BhlpoJK;neHHLIX c;nyllaHx I{= o H Jt~,. ~ coClcTnenHhle 

BOJIHOBhl8 ~YHKUllll CllCTSMLI (2) U (8) fi3B9CTjjbl•. C ITOMO!llbiD TpllrOHO

MeTpllliSCKOH ~OpMhl 3JIJllliTTllli9CKOn C.K.· H8 c~epe ll.CllMMeTpllll (9) H8M 

y~aCTCfl B ;118JlbH8Hlii8M ll3Cl8lK8Tb BB8;118Hllfl BJIJilliTTHliBCKllX ~YHKUHn. 
AJire6pallli8CK8fl ~opMa 3JIJllliTTllli8CKOM CllCT8Mhl KOOp;n;HH8T (5) 

. o6Jia;naeT CHMMeTpHe£1 U!'lKJI!-IlleCKHX nepecTaHOBOK 

a.,-.. a.~~.' a.2. .... a.,,a.;-... ·.a...; f1-'> f~., ~2._..,,.,,,_..f1· (IO) 

Ollelll-1;11110, liTO 3TO~ CllMMeTpHeii ;1\0J!lKHhl OOJI8;118TD T8KlK8 C06CTB8HHble 

BOJIHOBhle ~yHKUHll CllCT8Mhl onepaTOPOB ( 2) H ( 4), a T8KlK8 C00CTB8H

Hhl9 snalleHHH onepaTopa (4). CHMMeTpHID UHKJIHlleCRllX nepecTaHOBOK 

y;naeTcH coxpaHHTb T8RlKe ;nJIH uopMHpoBaHHhiX co6cTBeHHhiX BOJIHOBhiX 

~YHRUHH ll C00CTB8HHhiX 3H8li8Hl-IH onepaTopa (8) npll llCITOJ!b30B8HllH 

TpllrOHOMeTpHqeCR0£1 ~OpMhl 3J!JilliTTllli8CKO~. C .lt., eCJIH yqecTD, liTO 

npeoClpaaoBanHe (IO) nopoJK:naeT cJie:nyromee npeo6paaoBaHHe napaMeT-

poB k 2. , k.' 2. H nepeMenilhiX '1-' , ·If'; -
k.'l._,-k'2./ta -~ ~,2; ~t .. ......., 11k2.--.-k.Y~et~, (II) 

tJoS'l'f' ..., - k}'lt'a sin ... 'I' _., 1-lt2~oS1<f ; 1- k'2e.os2.V''...,. - k.'/R.a sin"cy _ .. ·~~.os"'f~· 
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I 

CllMMeTpllll (9) ll (IO) 

BSHHUX BOJIHOBUX ~YHK 

(8) SJIJilliTTHqeCKO~ ~· 

ITOCTOflHllhiX, COClCTBSH 

pHliHLIX SJISMSHTOB,:CE 

' C!)iepo-KOliHlleCK!tl 

1-iTaK, nama sa;n;a 

SHaqeHHfl ll COClCTBSHE 

TOPOB "' '1. . ' L1 + L 

lt' 2l, 
$ 

r;n;e qepe~ p. t<"', ·eli~ 
2et1 COClCTB9HHhiX 

p. H"'t)' ( itt~ 

Co6cTB9~Hhle B~Jili~'BhiE 
naqaTb qepes I e. Cm) 

po- KOHHqeCKHMH ~YHI 

BMeCTO BTOporo 

SKBHB8Jl9HTH!i~ .SMY ·. 01 

A 2. 
e1 L1 + 

r;ne 

e,•-<t+· 
e~ 

Mez;n;y coClcTBeHHLIMH 

cymeCTByeT CBflSb 

Et ,,., (k'L 

x)oCloanaqenRe(m) HE 

;n;JIH HyMepaUHH CC 

(8), KOTOphle y;n;c 



9) COOTBeTCTByeT 

IKI(lli1 ,ll.ll8rOH8JI:bHliX 

IOJI:b3yeM HMeHHO Tpll-

1 HMeeT PH.ll. npel!My-
' 

~BO TpHrOHOMeTpldqec-

l BOJIHOBbl6 <lJYHKI(HH 

~ TOJI:bKO OT O,ll.HOrO na

H ~=4 COOCTBeHHble 

C noMom:oro TpHroHo

le'H Cl!MM6Tpldld (9) H8M 

ITHqecKHX WYHKI(Hi1. 

~eMbl KOOp,ll.l!H8T (5) 

r:o T8KEe C06CTB6HHble 

+),·a T8KEe COOCTBeH

~eCKHX nepeCT8HOBOK 

J6CTBeHHbiX BOJIHOBb!X 

npH:~cnoJI:oaoBaHHH 

, ecJIH yqecn, qTo 
~" ,, 

o6paaoBaHHe napaMeT-

(II) 

CHMMeTpHH (9) Ill (!0) Y:LIOOHO HCITOJI:b30B8T:b )\Jilt; ITOCTpoeHHfi COOCT.;. 

B6HHbiX BOJIHOBhiX <lJYHKUH« CHCT6Mhl .ziaarc>Hair:OHb!X onepaTopoB (2) H 

(8) SJIJIHITTHqecKo« :c.'K. Ha c<lJepe·, npH BblqHcJieHHH HopMiipoBoqHhiX 

ITOCTOflHHhlX, COOCTBeHHhiX 3HaqeHHi! onepaTopa (8) ·H pa3JIHqHhiX MaT-· 

pHqHh!X BJieMeHTOB, CBH8aHHhiX C STHMH <lJy~KUHfi¥H~ 

C!}iepo-KmiHqecKHe !}iyHKUHH 

~TBK, Hama 8a,ll.aqa COCTOHT B TOM, qToObl OTbiCKaT:b COOCTBeHHUe 

aHaqeHHfi M C00CTB6HHhle B.OJIHOE~e . <lJyHKIUiH . CHCT6Mhl. ;liHBroHaJI:bHh!X onepa- · 

Topoi ~·~ ~-~ A.~· 
L1 + L'l. + L~ .... ece+f), 

~t••L; - ~tlLL: = ~ecrn,ck~)~ cr2) 
r,ll.e qepea p. e(rn) .(R~) ' (111) ... : -e.- t+ 4 I •••. t -1, e-1, e' .• oooaHaqeHo 

22 + 1 co6cTBeHHb!X aHaqeiJH« onepaTopa ( 8), npHqeyx) 

~ ~tU) • (I3) 

CoOCTBeHHhie BOJIHOBble <lJYHKURH CHCT6Mbl. onepaTopoB (I2)6y;~~eu.o6oa

Haqan qepea I e (m) 'k. ... ) = Ee(rn)(lt~lflile~'f')H oy;~~eM HX Ha8b!B8T:b .. cwe-

po- KOHHqecKHMH i <l>YHKURHMM.' . 

BMeCTO BTOporo onepaTopa B (!2) HHor,ll.a Y.ll.OOHo·paCCMaTpMBaT:b 

8KBHB8JI6HTHhl« eMy onepaTop 

r;~~e 

e, 

Mez;~~y COOCTBeHHhiMH 8HaqeHHfiMH etCiftl ( k,t) H cLtlCm) (k2) 

cymecTByeT CBHB:b 

. Et(M) (k.") == 31-'ecm>(lti)+ (~k.~..:.i) e<e+1). 

(14) 

·: (IS) 

(I6) 

X)OOOIHaqeHl!e(m)He 08HaqaeTKBaHTOB06 qHCJIO, a CJIYlltHT TOJI:bKO 
;liJifi HyMepal.(HH C00CTB6HHhiX 8HaqeHHH ;liHaroHaJI:bHOro onepaTopa 

(8), KOTOpb!e Y:LIOBJI6TBOpHDT HepaBeHCTBY (13). 

II 



88M6THM 1 ~TO onepaTop (I4) HBnHeTCH ~8CTHUM cny~aeM HHB8PH8HT- · 
> • < • • • ~ • • • ..... ' • • 

Horo OTHOCHTen:&HO BP81ll6HHli onepaTopa 

~ {<«,f. • ~( f31tllt) + (fl, L J( a. It Lie.)] -: (a, fl i) d;k LJ , 
KOr,1l8 6,1lHHH~Hble BeKTOpU a. H "(r HM6KlT COCT8BnHJODlH6 

« • + ( k. 0 I.')' ,, -;;:-'. + .<:... k 0 I.' ) -- »,H..,,- - • ,rc..,' 
To6o KOr,1l8 KOH~U B6KTOpOB lX. H P 'COBfl8,1l810;t' C lfloKyCaMH annHn

TH~eCKO~ C.K •. Ha~clflepe~ 

YcTauoBHM npellt,lle Bcero. HeKoTopue cilo~cTBa .coOcTBeHHUX aHa~e

HHli iJ.uml ( R.") H £e<m) (It"), a T8Kllt_e elflepo-KoHH~ecKHX WYHK.

~Hli,KOTOPble BUTeKaJOT Ha To~e~iiblx npeoe5paaoBaHH~. IlpHMeHHH npeo<5-

paaoBaime (9) K onepaTopy (8) 1 ycT8H8BRHB86M 1 ~TO C0<5CTB6HHbl6 

aHa~eHHH ILt<m) ( tt") · H E. e (m) (k.'-) oe5n!l.1t8JOT cne,llyiOI!lHM c:BolicTBOM 

CHMM6TpHH: 

P.e<m> (k") =- J.lt<-tn)(k.'"); Ee(m)(k.").=_- C!(-m)(R.'"). (I?) 

Clflepo-KOHH~ecKHe lflyHKgHH npH npeo<5paaoBaHHH (9) npeoe5paayx>TCH 

cornacHo.lflopMyne 

£ecm> ( k~cp;k'~r') = Eec-,> (l/2.y~';k},'f'). 

CHCT6M8 onepaTOPOB (I2) BM6CTe C KOMMyTagHOHHbiMH COOTHOWe-. 

HHHMH (~) HHB8pH8HTH8 no OTHOW6HHIO K 0,1lHOBpeMeHHOMY H3M6H6HHIO 
. .. . ' . A . . 

aHaKoB RJOC5blx .1lBYX H3 onepaTopoB Li , ~To lflopuan:&Ho coBna,11aeT c 

CHMMeTpHeli TO~e~HO~ rpynnu Da • rpynna D~ ' Kpoue TOllt,1l6CTB6H-
~ . - ., ' 

Horo aneueHTa, co,11epJJtHT TPH onepagnn noBopoTa Ha yron .~ Tpex 

,1leKapTOBbiX oceli Koop,llHHaT/31. HenpHBO,llHMUe npe,llcTaBneHHH To~e~-
.· . '· ." . . -

HO~ rpynnu 01 npe,llcTaBneHbl B Tae5nn~e I. 
,_ .. · 
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· CornacHo aToMy, ~q 

~eTbiP~ Knacca;· np; 

R , B1 , B~ ,, 
ITycn onepaTc 

c npeoOpaaoBaHHeM, 

t _, f + '1i' • · TaK Kc 

Ten:&Ho aToro npeoc 

Hbl pacna,llaT:&CH Ha· 

.wero <5y,1leT BH,llHO, 

1\ '" 

:p £ l!(rrt) 

' 

B qacTHOM en~ 

paBHbl 0 , I, I, 
1
L 

C00CTB6HHble 3H81lel 

I, ox>. llpo~Hwwep~ 

· X)COC5CTB6HHUMH ~OJ 
· TOPOB (!2) npH. 
H8~HH 0<5bi~Hb1X C~ 

Y~r[Y,"'Cifl,'fl~t'fe: 



~JiyliaeM lr1HB8PH8HT-: · 

- ('I "1 

~i) O;k Li 
~T8BJIH~1111r1e .. · 

#i.') I 

oT·c woKycaMH aJIJIHn-

sa C06CTBeHHHX 3H8lie

·KOHHlieCKir1X WYHK-:- . __ 

illlr1~~ _ llpHMeHHH npeo()

t .liTO C06CTBeHHHe 

'i:me,&~l!IHM CBO~CTBOM . 

(9) npeoc>paayroTCH . 

,<·,' 

iUir10HHUMir1 COOTHOnie-. 

speMeHHOMY lr13MeHeH~ . . . 
JpM8JI:CHO COBn8,1{8eT C 

1 KpOMe TOJE;l{eCTBeH~ 

:~. Ha yroJI __ 'II'_ . Tpex 
'• .. - :. . ; -

pe,1lCT8BJI6Hir1H TOlJeli-

,,_·. 

l 
l 
I· 
i 
l 

l 

J 
l 
. l 

[' 
I 

I 
l 

. TaOJIJ.iUa I. 

D,_: e c~~ ca. 
fa 

·c 2. . . '·f, 

R 1 
··-f· f ! 1 I 

1-< ·_ -
1- f I 

a, f -f -1 . 
- l 

Bt i 
_., 4 -i. 

8,~ 1 ., -1 -1 

CorJiaCHO STOMY, 9Wepo~KOHir1lieCK!r1e lflYHKUir11r1 ;l{OJIJEHU pacn8,1laT:&C:H Ha , 

lieTHP~_KJiacca,. npeo6paayromHXCH no HenpHB0.1llr1MUM npe;llcTaBJieHHHM 

R ,_ Bf , Ba· ; B3 rpynnu D2 

llycn onepaTop P HEmieTcH onepaTopoM lieTHOCTH; CBHaaHHUM 

c npeoc>paaoBaHHeM _ f,. -:-.,.- f•, T.e. 'I'--. 'f'.,. 7i' , 'l''~>'ii'- o/1
- , 

t _,. t + 1i' ~- TaK K8K Clr1CTeMa onepaTopoB ( I2) lr1HB8PH8HTH8 OTHOCH

TeJI:CHO aToro npeoc>paaoBaHHH, TO clflepo-KoHHlieCKHe lflYHKUHH ;l{OJIJE

HU pacna;llaT:&cH Ha ;l{Ba KJiacca corJiacHo HXlieTHOCTH.-!t1a ;llaJI:cHe~

_ruero Cly;l{eT Blr1,1{H0 1 liTO HMeeT-MeCTO 

--. " . . . e . -
:P £ ec'"> <R:-a, '*'; k.'~-, ir') =(-~) Eec~>C~t1,1f'i ~t1,r'), 

' < • ' • l 

ern>= -~,--l•f, ... e.-
B li8CTHOM CJiylia~. il= _D COOCTBeHHHe 3H8lJaHir1H 1-lttm) (0) 

paBHU. 0 , I, I, 4, .-. ~ f: 2 , f 2 
1 lr1 B li8CTHOM CJiyliae t{ .. ~ 

co6CTBeHHUe 'aHalieHHH 'iLeem)(~) paBHH - I! z.' :.. ea '-(e.;.1)a, ••• I. 

I; Ox)._ llpO,lllr1~1flepeHUir1POB8B BTOpO~ 1r1a onepaTOpOB (I2) no napaMeT-: 

· .. x)C06CTB6-HHHMH ~OJIHOBUMH <P'YHKUHHMR Clr1CT6MU ,1llr18rOH8JI:CHUX onepa-

TOPOB ( I2) np1r1 1\l.:i: 0 . 11 I{= 1 · HBJIHIOTCH Jllr1H6~HHe. KOM01r1-

H8Uir11r1 oClulJHHX c!epHlieCKHX WYHKUH~ Yn:[Yern<~~ljl) :t"fe~('l'','f')] ' 
Yno [ Yr.~r~<'+'. 'f'~:t Ye ... t~'l''>}ooTBeTcTBeHHo. _ 
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py k2. , noJiyttaeM 

d.~t.~"':_(k2) .. ~ [~<~+1).;;. <-e (~>~).jk~l [~ /e,,(m>; k~)] ~ 0. (18.) 
. • j ' ' 

CJie,llOllSTeJI:&HO, C00CT:SeH~~~- aHatieH~~ IJ.ec~)V~'-); H:SJIHeTCfl MOHOTOH-
r· r " • ' 

Ho ye5u:BaDme~ \I>YHKUHe~ napa!.ieTpa . k'-' · ~·Ill a·· cKaaaHHoro :shlme cJie-
t. ' . - . - ,', ;· 

,nyeT, tiTO, KSK COC5CT:B6HHOe 3HSti6HHe ~t<m)(k,'L) , TaR H COC5CT:SeH-

HOe 3HSti6HHe f.acm).(k~)·· ; npH 38,llclHHOM e -·. ~Jill llCeX Cm)· or-

paHHti6HLI1 H HMeeT M6CTO ... 

I 'i--Le(m, (k'1 I'~':. i., I te~ ... ,·<k'"> I ~ e cze- 4). · -
Jlmi liOCTpOeHHH c!IJepo;..KOHHtieCKHX \IJYHKU!t1~ H OThiCK8HHfl coC5-

CTll6HHLIX 3HSti6HH~ • ~!(m) (kl) .. He06XO,llHMO -:Shlpal3lt1T:& onepaTOpll 
A , . . ·, . , 

· · L· ' · ttepea It1HWHH!t1TeaHaJI:&Hhle ,nH~epeHukiaJI:&HLie 6nepaTophl oT · 
1 . ' 

nepeMeHHLIX · · 'I' , 'iy' · · SJIJIHnTHttecKo~ c .K~ ~a c\IJepe. SanHmeu 
. . "'· . ·' 

onepaTopLI • Li • :s KOMnaKTHO~ ti>opMe 

A ···: ··i. [ ·de .. d. . d(!: 'd 1· 
L. = -- .:::..u. ·- - -=:..t.!- -- ' 
· ' 'H.fH' d'f'' ()vr · 'J If. dCf' · .. r ... . . 

r.ne ttepea · Hr , H . .;-• o6oaHatteHLI· Koa~HUHeHThl JlaMe aJIJI!tlnTHti~cKo~ 
C .K. (7) • .· Tor,na. HeTpy,llHO. HStiT!t1 .fl:SHhlti ll!t1,ll· CHCT6Mhl._ ,llHSrOHSJI:&Hb!X 

'· " • - • ·' ' •d ~· • • - ; ' ~ ' 

onepaTopoB (12) . 

,_ ~(k~,~'ttt~'~in'rr1[v(k~,>+D(k'~r;>I= eatf), .: <19) 

. - (p_ ~J:>~~+kt'-s(nV'yt{lc'~,~~, 0 (l<';rf J-: k2s:inyD(If',21f/'iJ::: 1-Le(~r~> (kl), 
• .• ~ •'0 ; ! . ~· • • •• - ' .- ' 

r.ne ttepea.D(R~~) o6oaHatieH ,nH~epeHUHSJI:&Hhl~_onepaTop . . '. . ,.. . ' ,. . '··.· .. . ' 
~ . ' . 

o <k~ r> a f1-k~eos~ 
7 

~(.;~~~!l~"s'"rL;_ ) . 
1"... '" ... 

EcJIH noJiozHT:& £eem> (k~ 'II; k.'~ 'f'') =- A.ecm>(k~ 'f) ·A'!c-~r~)(~'! q.t'), 
TO B .(:HCTeMe (19) nepeMeHHhle paa,1l6JIHDTCfl· H \IJYHKU!t1H:Atc~>(kl;~)~ 

. y~OBJI.eTilopHeT ,llH~epe~u~aJI:&iioMy ypaBHeHHD . .. , .. . 
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.,., 

w 
_1\ 

. "~' \I '! 

·L~ 
'(~ 

[ D(k1,!f) -te(et· 

TaKoMy ze ,llH~epeH 

A ' tl.tl . '). ·•·c! 
f(·m)\~ 'r .' ~~ 

Hero aHattemm J.Lec~ 

JlJIHnocTpoeHH 

nepHO,llHttecKHe peme 

tiHCJI8HHhiX 3HS~eHHfl 

Hhl6 3H8ti6HHflo . 

.. JlHtl>tl>epeHUHSJI:& 

peHUHSJibH06 ypa:BHe 

.Mex). Oiio ~~JIHeT~~ 
ypaBHeHHHM_KJiacc~ 

6YJJ peryJIHPHYJO • .Tot! 
llBTD p - CHMBOJIOM ..• 

P. 

----------
X)Hapa,ny C Tp!t1rOHI 

HHH. JlaMe·B MST6MSTl 

,npyrHe ere ~O~MLI:. I 
ti6CKSfl qJOpwaf ~~ :·0, 
HOro·ypaBHeHHfl JlSMI 
ii!SUHii ,SJIJIHITTH'leCKQj 



1 e,<rr>; k'") 1 ~ o. <rs> 
' ' ' 

:KaaaHHoro E~we cne-

(k?·) , T8K .If COClCTBeH

. ~RH BCeX (m)· or-

:'f(2.f-4). 
;Htt H,· OT!iCK8HHH COCl

BHp83HTL onepaTOp~ 

oHHe onepaTOp!i OT 

H8 cwepe. 3anHW6M 

l Jl.aMe S~RHllTHtieCKOtt 
lCTeM!i ~HarOHSRLHHX 

= e ~ e r o , < 19 > 

·'D(k',2tf'g = 1-Le<,J(kt'), 
I onepaTop 

'(t} . ' 
,I 

-~~ 

rt '} ' 

l't 
4.-

(20) 

t ,··· . ' ' •.·• ' • 

TaKOMY ze ~n~epeH~HBRDHOMY ypaEHeHHD y~oEneTEOpHeT H WYHK~HH 
,, ', ' ' :'>' " ' ·: :·-:: :: ' :: ., " ' . ' ,. ': 

.. Ae<·m> (.(!•: Y'') '· e~J!H ytieCTD cEottc~EO CHMMe,T~HH ( I7) ?OClCTEeH-

Horo aHatie~~H 'J.l.ecm> (k 2). . , : · • 
• • T •• ' '. '"-' • 

]{nfi llOCTpoeHHH cwepo-KOHHll~CKH:X:.WYHK~Htt HeoClXO~HMO OT~CK8TL 

nepno~ntiecKne peweHHH · ~~~ep'eH~HanHoro ypaBHeHriH (20) npn ~eno
tiHcneHii~x SHatieHHHX f' , Kor,i{a ~eem)(k2):..; onpe~eReHHble COClCTBeH-

~e 3H8tieHHH • ' .. 

:J{ncpwepeH~H8RLHOe ypaBH~H!tle (20) npe~CT8BRHeT C000tt ~H~e

peH~HBRbHOe ypaEHeHHe JlaMe, 38llHC8HHOe E. TpHrOHOMeTpHtieCKOtt WOP

MeX). OH~ · ~BRHeTcH. JlH~epeH~HaRLHblM ypaBHeHH~M; npHHa~nelltallU1M': x 

ypaBHeHHHM Mace a : ~yKca 1 HMeeT. TPH KOHetiHHX ocodb!X. TO tiKI! H oco:.. 
-.· .. , ··, ' "' ·, . .; 

ClYJJ pe'rynapHyx) .TotiKY Iia ClecKoHetiHocTH. Ero MOlKHo .oxapaKTepHao
Ban :P - CHMBO;OM PHMaHa/4/ .~ ·~ . . . . . • • 

., la~:l. 00 

0 0. - f;2., 
'· 

";2. ~A y2.. , ~ +'Y2. 

----------x)Hapa~y c_Tp~roHoMeTpH~ecKott wopM~it ili~epeH~nanLHoro ypaBHe
HHH. JlaMe B M8TElM8THtieCKOtt JIHTepaType .. BCTpetiBDTCH npel!t~e BCero 
.Iipy~He ero. WO~M~: WOPMB BemepmTpacca, ·, q,opua flKOClH H. anredpaH~ . 
tiecK.afi q,opuall •. olleBH~Ho, liTO paaHooc>paaHe q,op:u l1ii~epeH~min:b~ 
HOro'ypaBHeHHH'JlaMe CEH38HO c' Cyl!leCTBOBSHHeM paa~X napaMeTpH
;;!8~Hi! ;BRRHUTHtieCKOi! C.K .• H8 c~Jl~pe. 

15 



!lis Teop!tU! ;n11~epeHIU1BJI:OHoro ypaBHeH11H. JlaMe cJie;nyeT ~-~To · 

B CJiytiae U8JI01IHCJI8HHbiX e ero peweH118M flBJifl8TCfl ~e ·f-1 JIHHe~HO 

HesaBHC¥1MhlX ~ymui~i co~TBeTcTByloiUHX 2.e+~ pas.JI111IHhiMco6cTBeH

HhiM SHa~eH11flM J.L. ecm) (k 2) ' TBK H8ShiB88MbiX imorotiJieHOB JlaMe. Pe

lll8HHH ypaBH8H11fl (20) rrpe;nCTBBJifllOTCfl.B B11;1l8CT8II8~HhiX.pH;llOB B11;1l8 
. . · . }:a(t-r) . - . . · - ·. . ' 

<li . · 6' , t>. ~ - . e-s--2.,. 
·cos 'f s.in-~ip- (1-k2to~2'f')'1. :.L;_. A1r(R1;~,6'",.,G'1)(1uin1f) · 
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~=0 . • 

.r;ne 6"• , G"a , 6"3 . ~oryT rrp11H~MaT:o ;nBa sHal!eH11H 0 1m11 1 , G'= 

G'1t-Cii+ 6'"3• KosW\Il11U118HThl Aar (k2; sof, G"a, s,) y;noBJI8TBOPHIOT cJie,llyiO

meMy peKyppeHTHOMY COQTHOill8Hl110, BhiT8KBJOmeMy 11S ;llH~epeHU118JI:OHOrO 

-ypaBHElH11fl (20) 

2.r (~e ... ~ -2.r) Aa.r 1' 

+[11·0~.2) + (e~2.-G'4 -2r)a.~2._ ce+2.-6"3-2r)2 ~2]A2,,._ 1+ 21 
··· 

. . - . . . ). '2 ·,a A 0 ( ) + (e.,_ -6'- 2r)( e ·d- G" + 26'i- 2-r' k. k ar-~ = : 
B lf>opMyJie (2!) Rp: 0 ;nJIH p <. 0 · . !lis (2I) BH;nHo, tiTo rrpH 

BSBHMHoil saMeHe Ita. - k.'" H 64 - \5'3 Koa~HUH~HThl A 211 y;noB-

JieTBOPHIOT .cOOTHOill8HHlO 

A2r(kY;e,",u1 ,Gof) = (-1)" R2 ,. (k.~;G'f,Ga,G's)·. 
YcJIOB11e, orrpe;neJIHDmee co6cTBeHHhle sHatieHHH, HMeeT BH;n 

f:l e+2-6' = o 

· 11 npe;ncTaBJIHeT cociotrt aJire6paHtiecKoe ypa:BHeH11e cTerreHH 1'2 (P-o)tof 

OTHOCHT8JI:OHO ~ ~ MOlltHO IIORBSBT:D, . liTO B H8BhlpOlK~8HHOM CJiytiae 

0 <: k2. <. 1 STO ypaBH8HH8 11M88T ~2. (e-G') t ~ paSJI11l!HhiX KOpHe~. -

!lis orrpe,lleJIHT8JIH 1 KOTOphlil orrpe;neJIHeT C00CTB8HHble SH8ll8HHR p..•; 

HeTpy;nHO IIOJIYllHT:O CJie;nyromee IIP8B11JIO CYMM: 
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laMe- CJie,ll;yeT 1 tlTO 

lTCH 1e ·H mmetlHO 

)as]mtiHhiM coOc-TBeH

morotiJieHo:s JlaMe. Pe-
',',<; ' ' 

:TeneHHhiX PH.ll:OB Bl-l.ll:a 

. . . e-&--2,. 
6"'3) (lainlf) · . , 
lHHH 0 HJI¥1 1 ' G' = 
Y.ll:OBJieT:sopHIDT cJie,ll;yiD

:Ms .lJ:H~epeH~HaJI!>Horo 

,.)_lp:1] R + . 
2.r-2. (2I) 

·~ =0.- .. 
Y BH,ll;H0 1 liTO npll 
' 
p~~HeHThl A 1,. Y.ll:OB-

~f,G"a,o3 ). 

~HHH 1 HM88T Bl-l,ll; 

{ 

¥pox,ll;eHHOM cJiyqae 

pa3JIHllHhiX KOpHetl. 

:!Hhie_sHalleHHH IJ. , 

Co0CTB8HHhle 3H8ll8HMH 1-Lr.(m) (Itt) ,ll;Jifl e = 0' It 2 t 3 npl-IB8,ll;8Hhl 

B T8ClJIH~e 3~ J..1X :rpaqmqecKaH 38BHCHMOCTl> OT napaMeTpa 0 ~ R'l~ ~ 

noKasaHa~H~ pHc. 3 • 

CorJiaCHO KJI8CCH~MK8~HH C00CTB8HHhiX'BOJIHOBhiX-~YHK~Htl CHC

TeMhl ,ll;H8rOH8Jil>HhiX·OnepaTOpOB (I2) OTHOCHT8Jil>HO TOll8llHOtl rpynnhl 

D2. ,:·noKasaTeJIH .G'1 , 0 2. , (5"3 MoryT npMHl-!Man sHalleHilfl, 

npe,ll;CT8BJieHHhle B T8ClJIH~e. 2 • . 
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'tJHcJio il!YHK~Hn,., OTHOCHU\HXCH R .itaHHoMy npe.ncTaBJieHHIO rpynmi Di ·, ·. 
paBuo _ ·1 ~ !.-: -~)- ~I ~-\kai! · BH.nHo~-Ha: ~~-~JI*~~: 2,: ~oe5mee> ~licio ~ylixdHtt 

K8K ,B· CJiyqae. qeTH~Xj. T8K-;H ·B 'cJiy~~e- He~eTHI~X e . P8BH0-2f + 1 • 

. TenepL, HeT~y.n~o nocTpo~;L·-~~~~ti BH,l( c~e~o~~o·u~~e;~~x il!Y-~R~Hti 
Eec~,(~l, Y'ik'~·Y'·)-~ ;~~H~~~~-ro :.no H?pi.mpoBoqHoi~ nocTo~HHOti _ 

' [ %(t-6') . . ... ·; ;' ] . 
G: ..,. - - . .. . . e-e--•,. ' "J. '"l .. ' . . '1. -· • . . .. . . .. . . . f, fa {a ? .... o. :~~,.(~_;6;,G"~,G"l) (ll.sin'f)• . - .- , 

. . . . [ ~ (l•lt) c .. . ' . • - . ' .. ' . • -~ ·... ] ..... , 
·"" . ·· · -,.. . , . , ~-:- .. -2r · · E Blr-(lt ; G's • 6;. '".' ~·}~~~1'111') · · ·· . · • 

r:o - · · 
EcJIH OC503HaqHTL qepea. ~\: ... e. (k~;-G".,G",.,G",) KOpHH llOJIHHOM8 

~
(t ,. • . .. 

.. . . . !":'6'-2.r 

···· A 1r(R:;~1,6" .. ,G's) __ ~ . .=:0, 

(22) 
,. 

... r•o · 
H yqeCTL, qTQ llM88T. M8CTO, _ ....... , . . .. . 

£:.__ + f,' + ff = < s, - It"',;,..""')( e,. *' R.'a.$;,•11'•) . :~ ~ 
St-kt 8, _ Qi+k.'a. · (6&-k.l)9,· (B;+An) __ , 

TO c!llepO-KOHHqecKHe il!YHK~HH MOllCHO C TOqHOCTLIO ,l(O:HopMHpOBQqHOfO 

MHOllCHT8JIH npe,l(CT8BHTL B KOMll8KTHOM.BH,7.(8 
X(t-G') . " . ., . · . ., • a. . _ . . . . 

f~' C6a "1t3 n ( f, · _+ ·· f.. ·· + f• · ·) ... '. 
h h Q ·- '-2... . 8·.: 9·t loti . • . 

i --~--- . '· : '· l't . ,, .. , . (23)' 1.•4 . . ' " < ' ·. ; 

IlpoH3Be.neHHe KOS~H~HeHTOB R o (k 1; ~ ,6'a ,6'.)) fi0 (R.' 1; 6'_,,6'a., 6'1) 

B (22) onpe.nenHeTc~ H3 ycJIOBHH··HOPMHP~BRH c!llepo;:_KOHHqecKHX.'il!iHK-
l ' --·~" ,;r • - "'" • > ,· ,!' -

~Hn,-: KoTophie .. HopMHpoBaHhl co9THoiiienHeM _ . .,. · · 
.. 1ft& r,,· . .. .. .. . . . . "-

~ f J [ Eu'"} (~'.l(;k!',if;)r H,. H"' d~-~:<~~·1: 
0 0 " . ' .· ··<··· ' ..... . 

IlpH Bhl_qHCJieHHH HOPMHPOBOqH~X llOCTOHHHbiX 1 8 T8Kl1Ce H npH BblqHCJI8HHH 

M8Tpi1~Hh!X SJI8M8HTOB OT cwepo-KO~H~eCKHX il!YHKhHi! CJie,l(yeT'HCllOJI~.:. 
. --

30B8TL BC8 nepeqHCJI8HHble·B~llie CHMM8TpHH H CJie,l(yeT T8Kl!Ce HCllOJIL-
~·· w 

.J''' 

30B8TL CJie,l(yiOU(ee ·peKypp8HTH08 COOTHOlli8HH8 ,l(JIH BCTpeqaJOII(HXCH H·H-

:redaJIOB/5/ .. · 

\>· 
f ~ • ·~ . .-; ~'~,·(; -<-4' ~ ·;: 
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r-1··· 

C llOMOllth!O STOrO COO' 

CB8CTH·R HHTerpaJiaM 
'i'h .. 
f -~ 
J./t-th.os21j/~ 
0 

r.ne J<(k) H E ( 
. H BTOporo po.na COOT 

HOIIJeHHe JleJK8H,l(p8 ,l(JI: 

BToporo po.na 

£(k)i/.( 

np~ BhltiHCJI8HHHX HHT 
<; 

HhiX B cpopMe (23), · p. 

f J ~:·· ~:~& r:·\1~ 
(,'=• 

HopMHpoBaHHble c!llepo· 

H~ B T80JIH~e 4. 

0TM8THM, qTo ,7.(. 

pHMep, Cil!epHqe~ICHM ·-~ 

,7.(8K8PTOBhl KOOp,l(H~8Ti 
paBH~ COOTB8TbTB8H~ 

r = ( /(- ~t.•~cos'r 

. ·f', =. (1/1-k''r.os& 

c!llepHqecKoe paccTOH 

2.· &i.; }. 



IBJI8HI110 rpynnhl o; . , .·. 
~;;~·o6mee llllcJio ~YHK~l1ti 
: '~t .· paBHO. 2e +1 . • 

; ... '. "~ ~ ,.. .·. '·.' 

1t\ IIOCTOf!HHOtl 

(22) :· 
;• 

~opHI1 IIOJII1HOM8 

J, 

. . ,_ ... 

i~~:~~) ... 
. (23). 

)fJ.)) Ro(~'1; 6-~,oa, o1) 

'._,·· 

1ElpO-KO~Htl8CK11:X <lJY.HK-.. •' ' 
~ ., 

i' 

. . 
8KJK8.11 np11 Bbllli1CJI8HI111 

~11~ cne.nyer 11CTIOJI:O-
l 
' e,nyeT T8KJKe 11CIIOJif-

!( BC T pe1!81011(11XCR. l1H-

. C IIOMOU(b!O <lTOrO COOTHOIII8HI1fl BC8 BCTpell81011(118Cfl 11HTerp8Jihl MOJKHO . 

CB8CTI1 K 11HTerpaJI8M Bl1~8 

"A ~ fi'/a · · 

f c:4v ., -_IJ..(k), 1.(/t.sinV').,.dV' ... ""f(k)-ku./J.(k), 
Jv'-t-k1.c.os2'f' . . V.f-k'Lt..os1.1(' . . 
0 0 . < • 

r~e J< ( ~) 11 E (If.) - noJIHble SJI1111IITI11lecKI1e 11HTerpaJihl nepBoro 

11 BToporo po~a cooTBeTCTBBHHo~ Cne~yeT Tamite 11CIIOJib30Ban cooT

HomeHI1e ]eJKaH~p~ iJIR. IIOJ!Hb!X SJIJII1IIT111l8CKI1X 11HTerp8JIOB nepBoro 11 

BToporo po,na 

£ (k) I< ( k')r £ (k') I( (P.)- /1. (k)J<(k') d ~ . 
ITpll Bbllli1CJieH11RX 11HTerpanoB oT. c<IJepo-KoHI111ecK11X <lJYHK~I1ti, aanl1caH

HblX B <lJopMe ( 23), CJie,nyeT TIOJI:030B8TbCfl <lJopMyJioti/S/ . 

H f:-· ~:"& {:«, clf1d~'Ld~,.: 4-?? (~«·~!(?.OIL)! (2ccs)! («,+ .«&+ cx3) I . 
(;=

4 
•. · . .. a1. :aa.! a,! (2.«1+ 201,_+2«3+·0l 

HopMHpoBaHHble c<IJepo-KOHI11!ecK11e <lJYHK~I1.» nopR~Ka 0, I; 2, 3 npi1B~,ne

Hhl B T8ClJII1~8 4. · 
' • ,< • • 

·OTM8TI1M, liTO ,liJifl c<1JepO-KOHI11!8CK11X <lJYHK~11ti 8H8JIOrl11lHO, H8II-

pi1Mep' c<1Jepi11!8CKHM .<llYHK~I1flM cymecTByeT TeopeMa CJIOJK8HI1ll. ITycT:D 

,li8K8pTOBbl K00p,li11H8Tbl ,1lBYX TOI!BK · t 11 . ~ H8 8,lii1Hl11lHOti c·<lJepe 

paBHbl COOTB8T~TB8HHO 

r = ( /1-ll.';eos•;> t..os If/' sin r' sin'f; ws~' o/1-R. 1usz.y, '), 

t•. :::_(v-f-k"t.OS&fj/J t!~SijJ, ~;;;;;•~i;df, eos;~vf-/l.2USYJI> 1 ~ 

c<1Jepi11!8CKOe.paccTORHI18 KOTOpb!X paBHO 

:i'l.ir1 ,t4 ; ~ / q,- ~t+ q2.- f,,_)'·.,. (f.- f,t. 
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aos.t ... f;, f • .,. f,. f,. + f, h . 
(24") ' 

HMeBT MBCTO cne~yro~aH TeopeMa cnozeHHH ~R c~epo-KOHHtlBCKHX , 
' ••• ' '' -C ' • ' >" , •. •> '' • "' ' • ~· "' .., .<o " ' " C' , , '• .>yo .... '- ~-I, A •'•'" , - ~- 0 

O •, , .. ""• 

~yHK1.\It1": .......... . 
. ,·· ,._ ::: .:·. . ,.,. i. t· :. . . ; ' .:·• ... 

P .. C.'-~'s'-'_).':;,;- 4-?i' .. ·.)~-.~ [.··.:::", (k_1 i'.i ~ k''l'll_·;, r .... c(k,i -w~k''" w.'' f e ~-- :.r '', 2£+.,. . , . £(IPIJ .tT I .·'.T·_.IC..t(m) · .. 'T ·' IT/ • 
: . . . Clnl•.;.t . '. .. . ... .. . . . • . ' : 

8TY 'Teopel!y MOZHO )toK83aT:b; HCXO~H HS HHTerpaJI:bHora· ypaBHBHHH, 
. ' . 

KOTOilOMY• y~oBneTBOPH~T····c!pepo-i<oHHt~ecKHe · ~YHK~·Hu. · .. ·. 8To HHTer-
. "'·- '•. ,.,. _.,. "'" .. ' ... . 

panl>HOe.:·ypaBHeHHe HM66T Bl1~: ···· . , 
.... .. : .. .. . . - .. li'.'ii" . . . ' 

Et_~,.;(k~~; 1<'~9~)'::o · 2;;1 )-JPe- (tos'f)[t~Pt~tr;lt:r')R,Hr,d.y;dr(, 
~ • '- ·~·-. 'l 0 0 . . ,., ,- ~ 

· .r.ne eo'i- onpe~eneii ~opMynotL(2.4). 

Bbltiiicnenue HeKoToimx ·MBTPH~nbix· aneMenioB· · oT c~epo-KoHHt~ec-
- . ·' .. ' . .· .. ·' .. . 

KHX_ ~yHK~idt npilBe~eiio·. B IipnnollCeilnli~ .· 

3aKniOtlBHHB 

. 1/lTaK, nocTpoeHhl CqJepo;;.,KOHl1tl6CKl16. ~YHK~~lt ,· KOTOp:ble HBJIHIOTCH 

co6cTBeHHbiMHBOJIHOBhlMl1 ~YHK~HHMH ~BYX ~HaroHaJil.HbDc onepaTopoB, 

~pe~c-Ta~JiflDll{HX ' ··. co6b~ noHHbl~ 'iia66p RBaHT,OBOM~XaHlttlBCKHX 
· Ha6iiD~a~Mbi~:B airJ!nnTHtiecKo~ 'c~K •.. ~~ ~~~~e. tiP~Be~eHa y~o6Hai 

• ---' .. ' .•••• ,,_, ,... ' .. , .-. ' ' • -~··. "" . ...., "' " - • ,.•. 0•"'· "._,.. ·~- -.:.. ~- '·''"~-·" 

. C TpHrOHOMBTPHtlBCKO« napa-~opMa 8THX ~YHK~lt"~- -CBSI3aHHaSI · 
. ' . ' . . 

MeTpHS8_L\He~~ a~JIHriTHtlBCKO« c_.K~ ~a .c~epEj,-¥1. nepe,t~HCJIBH pH~ OCHOB-

H:blX CBO"CTB 8TRX.~YHK~Hti.;' 

c~epo:..KoHnt~ecK'HM ~yliK~i.uili~ aliJIHIOuiHilcH o~IinM 'ua ~tnaccoB , 

cine4nan.I>H:bli ~YHK~Hi!/ ;;eJieHo · B MaTeMBTHtleCKO" mi~epa~ype. MaJI·o 
·-·' . :-_,_ .. ' ' ·.· .. \ ., .: :. -~- - ...... ' .·• -~- ,.... :·' . ; :_ ;'., .. " '· 

. · ': MeC·Ta~ . B JH1TepaTyp~. no lfJH311Ke OHH, ~aKTHtlBCKH_ He ynOMHHaDTC:H. 
. ·; :: ·.''' -~ ·,',.!.-'· ·: -._ _,_--, . ' . '· ;-. _;_;.' ·.··. : .- :: ~ ... ·. ' . 
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Cc»epo:-KOHI1tl8CKHB.WY.H~ 

C npo6JieKOl 8Cl1KKBrPF. 

OnepaTop SHeprHH CB,OC 

:J., ~ ]2 >, ]
3 

, KaK, 

A. 4. (-T = 'i ... 

~H EblqHCJI6HHH SHepr£ 

~ocTa~oqHo pacc»o~pe~ 

~Hel »o»eH~a KOJU4nc~ 

Ee/7 I.· Tor )Ia EOJI~OBHE 
CO cwepo-KOHHqecKHKH 

(24) .KOZHO BWp8SH~~ ' 

7;"", ( 1,, J,, JJ) 

r~e 

•ttl 
~opuyJia. (25) onHCWB.al 

· xoro Bontlxa (J9f. ~a~1: 

'/'Js ,k':O) H cnJIIlcHy~c 

BQJiqKa (J1: 1a.• 31) • 

Cpe)lH )lpyrHx ~H: 
" .:f 

npHMeHeHa sJinHnTHqecJ 

TOP8KH H C06C~BeHHWMI 

aanpx»ep~ npo6Jie»Y·xJ 

THnOJil>HbiX p8BJlOZ6HHl, 

nJIH~y)l) ~H CHC~eM, 

H& CW6P0-8KCH8Jl:&HOI, .I 

HOnox~sya pesyJI~~a~w 

; 



(24') :, 

cq,epo-KOH!tii{6CKHX . ,.. -.-, ·"'., . .... . - ·. ·---:~·· . .. 

~c~}~t~r,;k'~ ¥/') .. 
'' . .~ , ,, 

•paJ!:CHOrO ypaBH6HHH, . 

IK~HH .. 9TO HHTer-

~OB OT cq,epo-KOH!tii{6C-

~~ltl ,· KOTOpble HBJIHIOTCH 

)H8JI:CHbiX onepaTOPOB, 
" 

~HTOBOM6X8Hltii{6CKHX 
, .. ·' . 

···IIPHBe.lteHa 'y.11oOHai 
- . "·"~. . .. .. ,..._. - ... ' '-'""·" .• .. 

:lHOMeTpHqecKO~ napa-
. . . . . 

rr~p.eqHcJieH PH.lt o_cli.oB-

· o;ziliHM"Ha ·xJiaccoB ·· .. 

Ito~ miTepaType wan'o 
. .. . .... 

CK!tl He ynaMHH810TCH. 
":'. ~- :·. . ,._ -· 

Cq,epo~KOHHI{BCKHB tPYHK~HH B tPH3HKe npHMBHHJIHC:C B OCHOBHOM B CBH31tl 

C npo0JIBMOI BC!t!KMeTpHqecKOro BOJII{K8 B KBSHTOBOI M8X8Hlt!KB/6-S/ • 
-. . . ·, ' ' . 

OnepaTop BHeprHH CBOOO,ltHOrO BOJII{lt8 C rJISBHNMH MO'MBHT8Mltl lt!Hep~Hltl 

.7., ~ ],_ ~ ]
3 

KSK H3B6CTH0 1 HMBBT Bltl,lt 

f = 1 ( L,. + f..~ ... L: ) 
2. . J. . 'J, J, ·.. (24) 

nna BNI{HCJI8HHH SHepreTHI{8CK!t!X YPOBHBI 8CHMM6TpHqecKoro BOJII{K8 

. ,ltOCT8TOI{H0 paCCMOTPBT:C BOJIHOBNB tPYHK~ltlltl C HYJIBBOI Tpeor:cel npoeK

Il!t!Bl MOMBHT8 KOJIH~BCTB8 ;!IBHZBHHH H8 HBllO,ltB!ti:IHYII OC:C B npocTpSHCT

Be/7/ •. Tor;~~a BOJIHOBN8 tPYHKilHH 8Clt!MM6TpHqecKOrO ~OJI11K8 COBfl8;!181lT 

CO CtP8PO~KOHHI{6CKHMH tPYHKillt!HMH H C00CTB6HHN6 8H81{8HHH onepaTopa 

(24) MOZHO BNp831tl'l':D qepea C06CTB6HH08 3H81{ElHH6 onepaTopa _(8) 

(25) 

r;~~e 

R2 • J, ('J1- J,.)jj,_ (31-J,) . 

. ~opuy~a'(25) OflHCWB86T O;!IHOBPBMBHHO YPOBH!tl SHeprHH 8CHMM6TpHqec

KOrO. BOJI~K8 (J1 rf. ~~~ls,O~k,'l.~<f), Clt!MMBTPifllBCKOrO BNTHHyToro (Jf: ~ 
-:F:/3 ,ll'=O) H. cn~cHyTof~(1, ~ J,: jJ, k."=4) :BoJiqKoB ,a TSK:Ie mapoBoro 

BOJII{KS ('J1: 'Ja• 3s)• 

Cpe,ttH l!pyrHX tPHSHI{6CKHXripo0JieM, r;~~e 0 ycneXOM MOZBT ONT:D 

npHMBH~ka BJI~HllTHI{;CKSH C~K~ H8 cq,epe C ee ;!IHSrOHBJI:CHNMH onepa

TOPSUH;H 'coOoTBeHHNKHBOJIH()BNKH tll~HKilHHKH, y{)zHo yrioMHHYT:D, 

HanpHuep, npo6Jieuy ~ila~pynon:cHoro BSSHMo;~~elcTBHH, npoOJieuy uyJI:c~ 
THflOJil>HbiX p83JIOZ8HHl 1 paSJIOZBHHH pBSHNX tPHSHiieCKHX BeJIHI{H~ (8~
llJIHTYll) ;liJIH CHOT8M 1 00JI8,lt81lJilHX TOJI:CKO CtPBPHI{8CKOl CHMM8TpHel, a 

He cq,epo-8KCH8Jil>HOA OHMMBTpHel. Bee BTH npo6JieUN 1 O;!IH8K0 1 CJIB,ttyeT, 

HOUOJI:DSYH peayJI:DT8TN STOA 0!8!l>H, P8COMOTP8Tl> O!;ll8~l>HOo 

2$ 



C rpynnoBO~ TO~Rll 3p8HllH c~epo-ROHll~8CRll8 ~YHRUllll HBRHIDTCH 

BTOph!M BOSMOlKHhllwi''6aslicoM hn~ riocTpoeiiim'npe~CTBBR8HllH rpynrihl 

Tpexr.i~p~hlX 'J3pauieliu~:r ~ :KOTOPOM ;1\llBrOHflHbHhi' onepaTOJlhr (r2). Ta~:. ~ 
Roe 'rtpe~cTaB5re!:il1e ;SRBviBaR.eHTHO npe;I\CT8BJrElHlliD, da3HCOM 'koToporo ' 

HEnHIDTCH ccpepu~ecRl!e cpyHRuliu, ;p·aR RaR 's'ril ipe;rici.XaBReHim cB~aami 
yHuTapHhiM npeo6paao~aHueM. 

.;:llp11ROJK8HM8 

;. , Jl,oRaJKeM t ;~TO li_MeeT. M8CT,O :;paBei!CTBO' ·· 

(t'~l~~-~ll1(e~~~1.~ e~~:t'e~': 1 e:<m;(~t)' .. ::.:· (:t~~~;~~:7~)' 1 
.. ·.··-:.-.:.:' .,;;. ; '·,,:; .. '--··::··_;;, ''"'· ,;_ ': .. ::: -~:.:. -:.:-'' <:':.:: '-·:· (~~. )_ 
r:z~e TIOCTOHHHble e\ CBH38Hhl C R" COOTHOJJJ8H11HM11 ( 15) ll Etcrn1(k1

) , 

coo·c~ie~'Ii6'~' aH~·tii~u€/ ~-n~paTopi ·'(:['4)'. Zl~H ~o~aaa\r'e'm,~T~a ~opi.iyJihl .·. 

(rr.f}'yc:p~'~H~~'ie~a·6'p ~~Y~-fJ'i~ ~o ·,co~;~~HuiD·--~ "~~':z~'aH'H~~:-: e. :~ 
:-··;. r .. ·, .~:·::·;·~r .. ~~.:·.' ;·:.:::·: _· .. '·~·~~ ;~c:.~··.''~:;· :-; t'i.'' :.;:··) .. /·:_:.: ..• ~:> ·' ·:·' 

Ee<m><k~ • McRoMoe cpe:z~Hee aHa~eHue ecTb onepaTop, ROTOPhl~ Mo-
" JKeT BhlpaJKaThCH TORbRO ~epes '-onepaTophl · Li , T.e •. · 

, ' • \ ' • \:. ~) '~. • •• • v " ··"·- •• .• • 

A "' A A 

<~.!:k -1 oik '\ . "'-ao(· L,Lk + L,L;. - i._L~ J'il< \ , 
' 3 /e<m}' ·. · 2. · · · ... ·3 :1 /tcm) 

., ·: _(II.2):, 
' ' . ~~}-~:. ·.1·' ·-~~2 .·~" ....... ~ ;_ ~-. ., :: j' -~ --.• ;·:.:-:. ·, 

! -_;_7f , ... -.;_ 

r:z~e Q 0 .- H8ROTOpaH HOCTOH!fH8H, . TIO;I\JI8lll:aJ11ali . onpe;n;eReHlliD. 
'., '; .'"".•./ '.· . ...:~·:~ ~,·1 :.: .... :. ··:.·~:-•.. i -..~-:::,_:~ I '-~ ~ '~ "~, ·, ..•. ·,,," . , ,.-: ' 

,ll,JI~}TIP~~eRe~~~. ~o •. ~OM!fO~llM, )l8,B8H,CT_Bo.(r~.2)..?R8]38.Ha, _Li .. 11 
·· .. , ., , . -'·A .~o. . - ' · . ·.. · - . , ~ .,. -· -; ·-· . v • •- ·- • • •• ·- ~ -. ~ _ 

cnpaBa Ha L k (no:z~paayMeBaeTcH cyMMupoBaHue no -.i u . ~ ).TaR. 
~ . ,_,._.,· 

RaK,ll~ ~~P~,~-e-~_eH~ID. '·~eRTOp .~ nepneH;I\llRY-!IHP~~.- R_ o~epaTopy MOMeHTa 
., > ... • ,,. '. .... •• ! •.• ~ .. - '.: .- ,., • ., 'I • ~- • ... • ' ' ..... ' t ... 

RORll~~C~_B8)\Bll~~Hll~,.~~e~ .. , h~i"'Q ,_TO B, (IJ.2) .. CJI~Ba ll~~eM ... 
··· .. ' ~-, :- ·,.;": .. ~,-":.:.~-}~!.: ·,.' • .' . ~A·. ~- ~ .:·:,. ,\ . ~-· ~ .. -,;. •'·': .; , .: "'· --·- ... ,, 

-! e<eH). 7 ~po~a~e.:z~_~Hue J} L~~ .. ··· aa~e,~~~-¥.er,9,.?Pe:z~~uMa~a.~e.H.u_~M,. 
,·,;\ .. ,; .. "~----~---·--·'·' '11\''·-•A' A!.-.,.~~-·--'·~._,·.' • ·.,. .. •· -.~ 

t 1 (~t-.01 _u. npouaBe;I\eHue .. L i .L" L 1 L". Bhl_~ncJIHeM._c noM.9D\liiO _. . ... , 

R~~~d~u~·a:~~~x..'~??;~~~e~u~ \r)·~.:. __ ·; .. · .. ·> .. :~ <:·.·".,.... ··- ---:··· 

·. > :f;·. '-'(·· 't·\ ·- .. · .~ ~ ~. ' ...... :: ~· :'" .:.·: .. :_.. ~ 

··t·i ·· .. < ,\• ·' ~;-:.. ~ •., ~--:-.: ~ : 

:-::-· ~ .. ·~~.-l·.~l,_·:.·~.:':".<:"; .. : t . ~ . ..- ' '.· .. 
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. A ~.·• 

'+ r' eLjk L;,(LjL~ 
= e ce+o [ ue~'1) 

B (II~3)'iicncinhsoJ3a;~o 
rroc~e :.rlpocTblx~ ·Bhl~ucm 

'.' 

~ . ; ·<•· ._a.-=·· 
;, >.:. 

Ecnu noMHOJKllTh ooec1 

llORb30B8TbCH T8M , .. ~TC 

RHX WYHRUHHX. c co6cTJ 

TIORy~aeM paBeHCTBO (J 

llpo:z~u~¢epeHuupoJ 

· Hee · 3Ha~eli£le · 

(f~(m);R1 1 ~;I e;(:~~ 

KoM6HHupyH 3To cpe;n;Ht 

cpe;n;HHX OT.RB8;11p8TO~ 

<_e,<m>;Rll ~:I e,(,.,;>;~t1) 

<e,tm>;k1l'fJ2 je,<.:..H k" 

Cpe:z~liee s~a~eHHe oT 1 

Ms (I8) CRe:z~yeT,'qTo 

. ' .. -,., 
. <e.<rn>;ll1 l L 

KoM6HHupyH aTo paBel 



K~e WYHKU~~ HBRHIDTCH 

.zicTaBJieimH rpynini · < 

onepaTophl ( I2 )~ Ta:._:. 

Ki;.''oaa~coM· KoToporo• 

~e~C~8BR8H~fl CB~38H~ 

2£ttnll(R1
). ·:' 

~t~1)(2.e+3) . <.n·.I). 
'Yrs) ·~ ' Etc~nl<k1) 
KaaaTein,cT:Ba wopi.iyRhl 

C 3~~:6HH'bl~ f_ . 'li 

~p~T~-p, ~~JTophi£1 Mo-

-:. ~ 

L.H •. onpe~eJieH~ID. ' . . . /1: , 
LcJieBa Ha. Li .· ~ 
-~' .. 
e no. -.i ~ .. ~ ).TaK 

eH K onepaTopy MOM8HT~ 

~· 'en. ?,)e;~Ba ~¥eeM • , ' 

er.o. cpe~H~M, aHa.lie.H.~_eM, . 
;·,:>' •·.· ,:. '. '•",,'.• .. • .. ·." 

J,', ·.·:, 

A ~ ..-.:~ .,. • ._ " 1 ""' _2. • "' LA L" - 2. )z L;. L,.L;. L .•. - Li Lk.· .,. 1 eijk Li j lc - e (e+ .. 1 + 
.' A J\ 0'\ -\ ' :· • A. • o'\ • 

'+ t eljk Li(yL/4 - Lk Lj) = et(ed)"~--J~ijk e~·k LLL,=(IT.3) 

= ece-1-1) ( e<e+'i) -1 1. 
B (ri: 3) 'iicllciJi~·ain3a'Iio -~3BeCTHoe. COOT~oiii~H~e .: ·e~j;,. e ;;,jl< ~· 2 ~·~ •• ·.· .. 

floc~~ ··npoc'rb!x ·BhlliHCJiEmH'n · rroJiyliaeM Mfi 'riocToHHHo~ iXo alia.tie.Hi1e· • 

" .. ' ~ .. 
(11.4) 

EcR~ nOMHOJK_klTl> 008 ,CTlO?OHbl P_BBeHC:B: (11.2). ~~- ~i Oik kl BOC- .<; 

noRl>30BBTl>CH TeM, liTO onepaTop ei Li. ,nHaroHaReH Ha ciiJepo-KOHHliec-... 
,· ·' 

KklX IPYHKUHHX c C06CTBeHHh!M 3H8li8HkleM e f(m) ( k2.) ' TO HeMe,nJieHHO 

noRyliaeM paBeHCTBO (11.1). 

11po,nHilJilJepeHUHpoBaB paBeHCTBO (IT~ I) no k.~ , ilaxo.nHM . :. cpe.n-' 

Hee aHalieHile 

. (e~<ml;k'l i! I e,,.;i;••) ~ •• 1 [1 ~ ;.~-1~( .. +3) d£!';,'"')1/n.;; 
KoMOHHHPYH 3To cpe,nHee c paBeHCTBOM (11.1), noJiyliaeM ~Ba ,npyrHX' 

cpe,nHHX qT. KB8.1\PSTOB COCTBMfiiOIUHX BeKTOpa f , . 
<.t.<":'>;lil ~:I e,<m>;k.t) = -.3• [1 +< ~< . 1 E",..>(R.t)tl(' c:l~~,'t<~:t>)], 

. ·" .. . u-1 2.tt 3) \ , . . . . I .. , . . . • . . . , . . . .(H.6) 

<e. <._m>; ka I fJaj e, <mH /i1.) = .34[ J .---.·_ 1 .. : .... (eeem>(R.')- .k2. d.tt~;;,l (kl> 1.» 
_ . . .. . : . . ·r _>_(U~f)('-£":3) . . ... : d.k.,2. . )j • 

,' 1\ ··~ 

Cpe,nilee 3H8lieHHe OT KBa,npaTOB onepaTopoB l..:i·TaKJKe HeTpy,niio HBilTH • 

Ma (I8) cne,nyeT, liTO ··· . ;, 

,. a' .. · · · .. ··... ·· · ·· '· d-llt.t.nu(k1 ) 

(e ,<m>;k'l L2. I e,<rnHk'~ = e U_+1) + _ ·,dk.'l. (IT.7) 

KoMOHHHPYH 3TO paBeHCTBO co BTOPh!M H3 one~a!OPOB (12), H8X0,1\klM 

27 



1 

(e,<,);k' It: /!,c,>tk1) = -IJ.tc~r~> (111.2)- k.'' 

(f,Crn);k1 / L!/l,<,>; ki) ~ P.tcm) (fit) .:; k
1 

diJ..i. (m) (k. 1
) 

dk2 ~ . 
d/J.tlm) (k2J 

dk 2
• 

(il.B) . 

ilpH BI>I~HCHeHHH ~pyrHX MaTpH~HYX aneMeHTOB cne~yeT TIOHb30B8TbCH 

BCeMH CHMMeTpHHMH, nepe~HcneHHYMH Bblllle, KOTOpblMH oona~a!OT c!lJepo

-KOHH~eCKHe: !lJyHKU~m .' ~3. 3THX JKe CHM!.ieTpH~ :i3HTeKaiOT npailHna OTOopa 
. . . '· . . ' ' ,, 

~iiH M8TPH~HHX aneMeHTOB OT c!lJepo-KOHH~eCKHX !lJYHKUH~~ TaK, HanpH-

Mep, BY~HCHHH 148TPH~Hbl~ SJieMeHT OT e._ ~t MeXllY COCTOHHlUU4H -- .... \- . .. ; 

ll ,(·m); lt1 ) 

MeTpHH (9) 

_H Je,tm);ltl) ,(m)f-0, H8XO]lHM, ~TO Bcne,nCTBHe CHM-

oa paBeH HynJO, T.e. 

(£, (~m);k1 J e, €:+. et f1

1
+ e3 fs, I f,(:rn);k

2
) = 0. (il.9) 
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4 !l>eBpana !972 r. 

28 

r 

1· 

I 
I 
~. . 

l r . 

npenpHHTbl H C006JUE 

HMHOrO o6MeH8 1 YHHBCpCE 

H8Y"'HbiM rpynnaM. H OTJlE 

nony-qaTemiM H3JlBHH 

SIBHTb HHHUH8THBY B · 6ec1 

06MeH8 npHHHM8IDTCSI H8 

ny6nHK8UHH no T9M8THK€ 

' EilHHCTB9HHb!H . BH.Il 

9TO penpHHTbl ( OTTHCKH · C 

il PSIJlC cny-qaeB Mbl 

6onee KpynHbiM nony"'aTe 
cnaTb HaM KaKne-nn6o Kl 

)KypH8nbi1 H3Jl810IUH9Cll B 

HaJlaTenbCKHfi OTJlen 
COB H8 .Bb!CbinKY H~Jl8HHi 

YK83b!B8Tb HHJ19KC aanpe 

nncbM8 no BCeM BO 

OTJlenbHbJe H3Jl8HHSI cneJly 

Allpec AnSI nocbmKH 

6ecnnaTHofi noJlnHCKH na 


