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llpooneMa JlHiliHHX COCTOSIHHJ%, K838Jl0Cb 0 Ob1Jl8 peu 

/1/ 
RP A , rae "aeti>H3If"iecxHe" ( T.e. ae HMeiOUIHe oTHOille 

C 38llSHHbiM 'iHCJlOM 1:J:8CTHU) COCTORHHR oop830B8JlH Haoop 

ti>H3H'ieCKHM COCTORHHRM. TaKOe 38KJli01:J:eHHe aenanOCb Ha 

'iTO B RP A 1 KpOMe OCHOBHOI'O COCTORHRR, HMeeTCR eme ~ 

COCTORHH9 C W = 0 0 OpTOI'OH8JlbH09 OCHOBHOMy. A T8KH9 

T8IOTCR Heti>H3H'i9CKHMH ( "llyXOBbi9"' COCTORHHR), 

0JlH8KO npH oonee BHHM8T9JlbHOM paCCMOTpeHHH OKS 

Ili9HHe RPA aeyaosneTBOpHTenbHO, nocxonbxy tl>oHOHHhie 

cu ... 0 paCXOllRTCR, H p83I'OBOp 0 ti>OHOHaX CT8HOBHTCR 

KpoMe Toro, H3 ypasaeaaa ABH:>K9HHR JlnR 4JoHOHHhiX on 

+ + 
[H,b]=wb, [H,b]=-wb 

cneayeT, 'iTO npH w-+ 0 acqeaaeT paanH'iHe Me:>KllY onepa1 

H scTaeT npooneMa nocTpoeHHR asyx onepaTopos, aeooxoa~ 

/1/ 
HHR TaKHX sexTopos cocToRHHA. B paooTe ohm aaaaea 

A A 

paTop: (N-<N>). 

llpaBHJlbHYIO ti>H3H1:J:eCKYIO HHTepnpeT8UHIO tl>aKTy ITORBnE 

IlleHHA c w=O yaanocb aaTb nHillb nocne nogsneHHR pa6~ 

paooTe obma aoxaaaaa cneayiOillaR TeopeMa. EcnH xaxoft-JJ 
A A f 

KOMMYTHpyeT c TO'iHbiM raMHnbTOHHaHOM ([H, N] = 0) 

IlleHHe BhiiTOnHReTCR H B RP A , ecnH see Bhi'iHCneHHR npc 
A A 

TO'iHOCTbiO, KOTopag npHHRTa B RPA , T.e. [ H RPA'N RPA] Rf 

CJlOB8MH 1 ace TO'iHhie 38KOHbl COXpaHeHHR HMeJQT 

3TOH TeopeMbi cneaoaano, 'iTO C TOH T01:J:HOCTbl0 1 

M9CTO 

KOTOI 

RP A , sonHOBbie 4>YHKUHH, aal%aeHHhie a paMxax RP A , g 

aeHHbiMH ti>YHKUHRMH onepaTopa 'iHcna 'iaCTHU. KpoMe Tor' 

noxaaaao, 'iTO a Tex cnyqagx, xoraa cpeaH pellleHHH RPA 

C w=O , llJlR OITHC8HHR COCTORHHft YllOOHO HCITOJlb30B8Tb HE 

HOHOB, a JlHHei%HO CBR38HHbi9 C HHMH onepaTOpbl KOOpiUfH 

b+=_l_(p +iw q ), 
.t _,-- .t .t " 

v2w.t 

b =--
1
-(p -iw q ), [p , q., 

" ..j2w .t .t .t .t .. 
.t 
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npo6JieMa JlHWHHX COCTOSIHHH, K838Jl0Cb 0 6b!Jl8 peweHa B paMKSX 

Ill RPA , rae "He¢nsn'leCKHe" (T.e. He HMeiOmne oTHoweHHH K CHCTeMe 

C 38Jl8HHbiM 'IHCJlOM '18CTHU) COCTOSIHHSI o6pa30B8JlH Ha6op, OpTOI'OH8JlbHbiil: 

4JH3H'IeCKHM COCTOSIHHSIM. TaKoe 38KJliO'IeHHe JleJiaJIOCb Ha TOM OCHOB8HHH 1 

'ITO B RP A , KpoMe ocHOBHoro cocToHHHH, HMeeTCH eme H oaHo¢oHOHHOe 

COCTOSIHHe C W = 0 1 OpTOI'OH8JlbHOe OCHOBHOMy. A TSKHe COCTOSIHHSI C'IH

TSIOTCSI He¢H3H'IeCKHMH ( vllYXOBbie .. COCTOSIHHSI), 

0JlH8KO npH 6onee BHHMSTeJlbHOM paCCMOTpeHHH OK838Jl0Cb 0 'ITO pe-

weHHe RPA HeyaoaneTBOpHTeJibHO, nocKOJlbKY ¢oHOHHbie 8MllJlHTYJlbl npH 

w ... 0 paCXOJlSITCSI1 H pa3I'OBOp 0 ¢0HOH8X CTSHOBHTCSI 6eCCMbiCJleHHbiM. 

KpoMe Toro, H3 ypaBHeHHA JlBH>KeHHH AJIH cl>oHOHHbiX onepaTopoa: 

+ + 
[H,b)=wb, [H,b]=-wb 

+ 
cneayeT, 'ITO npH w-+ 0 HC'IesaeT paann'lne Me>KJlY onepaTopaMH b H b , 

H BCTaeT npo6neMa nocTpoeHHH JlBYX onepaTopoa, Heo6xoaHMhlX JlJIH onnca

/1/ 
HHSI T8KHX BeKTOpOB COCTOSIHHA, B pa6oTe 6b!Jl HSii:JleH JlHWb OJlHH one-,. 
paTop: (N-<N>). 

npaBHJlbHYIO ¢H3H'IeCKYIO HHTepnpeTSUHIO ¢aKTY llOSIBJleHHSI B RP A pe

/2/ 
weHHA c w=O yaanocb JlSTb JIHWb nocne noHBJieHHH pa6oTbi • B aToA 

pa6oTe 6bma JlOKa3aHa cneayiOmaH TeopeMa, Ecnn KaKoA-nn6o 
A A 

on epa Top 

KOMMYTHpyeT c TO'IHhiM raMHJibTOHHaHoM ([ H, N] = 0) , TO a To cooTHo

weHne BhmonHHeTCH H B RP A , ecnn ace Bbi'IHcneHHH npoBOJlHJIHCb c Toil: 
A A 

TO'IHOCTbiO, KOTopaH npHHHTa a RP A , T,e. [ H RPA•N RPA] RPA "'0. .LlpyrHMH 

CJlOBSMH, BCe TO'IHbie 38KOHbl COXpaHeHHSI HMeiOT MecTo H a RPA Hs 

3TOli TeopeMbl CJleJlOB8Jl0 0 'ITO C TOll: TO'IHOCTbl0 1 KOTOpaSI npHHSIT8 B 

RP A , aonHOBbie ¢YHKUHH, Hail:aeHHbie B paMKax RP A , HBJISIIOTCSI. co6cT-

/3/ 
BeHHbiMH ¢YHKUHHMH onepaTopa 'IRena '!aCTHU. KpoMe Toro, B 6b!Jl0 

noKaSaHo, 'ITO B Tex cny'!aHx, Koraa cpeJlH peweHHA RPA ecTb peweHHe 

C w =0 , JlJlSI omrcaHHSI COCTOSIHHA YJl06HO HCllOJlb30B8Tb He onepaTOpbl ¢o

HOHOB0 a JlRHeHHO CBSI38HHbie C HHMH onepaTOpbl KOOpJlHH8Tbl If HMllYJlbCa: 

b+=_l_(p +iw q ), 
k --- k • • 

,j2w A 

b = --
1

- ( p - i w q ) • [ p • q ,] -~ i 8 , 
" ,j2w A A " A A A" 

• 
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1 2 2 2 

RPA = -2 l: (p + <U q ) A A A A 

[HRPA' PA] = icu! q,.' [HRPA' ql&] - i P11 

ITpu cu = 0 [H A, p ] =0 u Mbi nony'laeM coxpaHHIOIUH.II:CH onepaTop, MmKHO ~*i' 
0 RP 0 ·· 

"' "' 
noxasaTJ:o, 'ITO p "' ( N - <N>) e, cneaoaaTen&ao, 

0 RPA 

HRPA= 

(N- <N>R;A 

2S 
1 + - l: ( p2 + (U 2 q 2) ' 

2 Af.o I& A A 

rae g - xoHcTaHTa. ITepeoe cnaraeMoe a H RPA no <PopMe coenaaaeT c ra

MHllJ:oTOHHaHoM aeyMepHbiX BpaiUeHH.II:, noaTOMy CBH3aHHOe C HHM KOlllleK

THBHOe aeu)l(enue t5&mo naseano napH&IMH epameHHHMH, YpoeHH, <PopMupyiO

mue poTaUHOHHbie DOllOCbi, SIBllSIIOTCSI COCTOSIHHSIMH Slllep C pa3JlH'IHbiMH 'IHC

JlaMH 'laCTHU, 

TaxuM ot5pasoM, ecnu B npHt5JIH)I(eHHH BCS anH Slllpa c 'IHCnoM 'lac-

"' 
THU <N> Mbl nony'IHJlH CJlHIUKOM MHOro COCTOHHH.II: no cpaeHeHHIO C 'IHCllOM 

TO'IHbiX peiUeHH.II:, 'ITO t5b!Jl0 CBH3aHO C npucyTCTBHeM npHMeCe.ll: COCTOSIHH.II: 

coceaHHX Slllep (pHc. 3), TO B RPA , t5naroaapH B&monHeHHIO saxona coxpa

~HHst 'IHCJla 'laCTHU, H3 STHX COCTOSIHH.II: BbiaeJIHJlHCh COCTOSIHHSI COceaHHX 

Slllep ( pHC, 4), MO)I(HO noKa3aTJ:o 0 'ITO SHeprHH napHbiX pOTaUHOHHbiX COCT0-

1 
HHH.II: ("' r) Mana no cpaBH9HHIO C SHeprHe.ll: napHbiX BHt5paUHOHHbiX COCTo-

SIHH.II: ('=2 !'!.), B npeaet5pe)l(eHHH saeprHe.ll: epameHHH xaK Mano.ll: eenH'IHHO.II:, 

Mbl nolly'laeM Hat5op COCTOSIHH.II: C HyJleBO.II: SHeprue.ll: - OCHOBHbie COCTOHHHH 

COCeaHHX Haep, 

KoopaHHaTa q 0 oxas&IBaeTCH nponopuuonanbno.ll: yrnoeo.ll: .. nepeMeano.ll: 

¢ , KaHOHH'IeCKH conpst)l(enaoA onepaTopy 'IHCna 'laCTHU [ N, ¢] = -i 

q0 =vS¢· 
ITo onpeaeneHHIO ¢ - uuxnu'leCKaH nepeMeHHaH, 

flepe.ll:aeM K DOCTpOeHHIO B0l1HOBOA 4JyHKUHH OCHOBHOrO COCTOHHHH Slllpa 
A 

c N = <N> • TaKast eonaoeast <PYHKUHst aon)I(Ha t5&ITh cot5cTeeaao.ll: <PYHKUH-

"' .. !'!. ++ 
e.ll: onepaTopa (N-<N> J=I-rrr-(a a+a a-) (rae E - sneprHH(Keasu-

RPA s /!. s 'I s s s s 
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1 
(N) 

PHC. s. CxeMa ypoaaelt HAP8 c N m <N> B npH6JlH)I(eHH 

T 

(W>-~ <N>-2 (N) <N'!+2 <tJ>+~ 
PHc, 4. CxeMa ypoaaelt HAep c N = <N> , <N> + 2 , <N> ~ 
'leHHa.H a paMxax RP A • - -
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Pac, 3, CxeMa yposaeA 51Jlpa c N = <N> B npa6JIHJKeHHH BCS , 

T 
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Pac, 4, CxeMa yposaeA 5111ep c N = <N> , <.N> + 2 , <N> + 4 , nony-
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'laCTHUbi) c syneBbiM co6cTBeHHbiM aHa'leHHeM. B npeHe6pe)l(eHHH 

napHbiMH SH6paUHSIMH STa SOJIHOSaSI tPYHKUHSI HMeeT SHll ( TipHJIO)I(eHHe 1): 

+ + a 5 a 5 2 
-y(l:. ~) 

e • s IBCS> 
1 

IRPA> ( 1 ) y = 2l: E- 2 
s 

s 

MO)I(HO flOKa3aTb 1 'ITO HOpMa TaKoro COCTOSIHHSI paCXOllHTCSI ( TipHJIO)I(eHHe 2), 

T,e. <RP A I RPA>->oo, KpoMe Toro, pacxoastTCSI 11 cpeaHHe aHa'leHHSl paanH'I

HbiX onepaTopos. HanpHMep, 

<RPAia:a.+ a~ariRPA> 
... 00 • 

<RPAIRPA> 

( TipHJIO)I(eHHe 8), TipOTHS STHX yTsep)I(JleHHif CyiUeCTsyeT ¢lopMaJibHOe S03pa-

lKeHHe, COCTOSIIUee S TOM, 'ITO 'IHCJIO ¢lepMHOHHbiX COCTOSlHHti KOHe'IH01 fl09TO

My SKCflOHeHTy S (1) CJieayeT 3aMeHHTb flOJIHHOMOM, 8 STOM CJiy'lae HOpMa 

H see cpez:tHHe CTaHyT KOHe'IHbiMH seJIH'IHHaMH, Ho, 6naroaapSI 60JibiiiOA 

SeJIH'IHHe KOS¢q,HUHeHTOS npH KOMnOHeHTaX C 60JibWHMH 'IHCJiaMH KSa3H'IaC

THU, see pe3yJibTaTbi 6yz:tyT CHJibHO 3aSHCeTb OT napaMeTpa 06pe3aHHSI 

( T.e. OT 'IHCJia Y'IHTbiBaeMbiX OllHO¢lepMHOHHbiX COCTOSIHHR) 1 'ITO JIHWaeT 

141 
HX tPH3H'IeCKOrO CMbiCJia, Y'leT HyJieSb!X napHbiX SH6pauHR He ycTpa-

~SieT paCXOtiHMOCTeR. 

flOllSOz:tSI HTOrH, MOlKHO CKa3aTb, 'ITO flOJlXOll, OCHOSaHHbiR Ha HCflOJib-

30SaHHH onepaTopOS p .\ H q .\ SMeCTO tPOHOHHbiX onepaTopos, aan npa

BHJibHYIO HHTepnpeTaUHIO ¢aKTY nostsneHHSl s RP_ A peweHHR c cu = 0 , aan 

flOJIHbiR Ha6op nepeMeHHbiX, He06XOJlHMbiX llJISI flOCTpOeHHSI SOJIHOSbiX tPyHK-
A A 

UHA OCHOBHbiX COCTOSIHHR gz:tep ( (N - <N >, ¢) fl03SOJIHJI Sbi'IHCJIHTb 

SHeprHH napHbiX pOTaUHOHHbiX COCTOSIHHR, 0aHaKO Ha 9TOM nyTH He yaanOCb 

flOCTpOHTb MaTeMaTH'IeCKHR annapaT, npHrOJlHb!R z:tJISI Sbi'IHCJieHHSI MaTpH'I-

•) Hb!X SJieMeHTOS pa3JIH'IHbiX OllHO'IaCTH'I:HbiX onepaTOpOS. 

TipH'IHHa flOSISJieHHSI YKa3aHHb!X Sbiiiie paCXOllHMOCTeR COCTOHT S TOM, 

'ITO H3-3a o6paweHHSI S HYJib 'l:aCTOTbl CU o o6pawaeTCSI S HYJib H )l(eCTKOCTb 

no OTHOIIIeHHIO K KOJie6aHHSIM no KOOpz:tHHaTe q o • BnaroaapSI STOMy, 

q O (a 3Ha'I:HT1 H yron • ) MOryT npHHHMaTb JII06ble 1 CKOJib yroz:tHO 

6onbwue aHa'leHHSI, 'ITO HapywaeT ne*awee s ocHose RP A npeanono*eHHe 

0 MaJIOCTH aMnJIHTYll KOJie6aHHR, KpoMe Toro, yron ¢ JIHHeAHO SXOllHT 

8 

' i ,, 

:!::: 

-~~ 
' 

' ,, 
I 

·r_.,J 

'

'l 
' 

:_ ,:, ,.;,,\ ; 

~ 

S Sb!pa)l(eHHSI llJISI OllHO'IaCTH'IHb!X onepaTOpOS 1 'ITO He n< 

YCJIOSHe UHKJIH'IHOCTH , HaKOHeU, ewe OllHa OWH6Ka, CSSI3a 

eM yrna ¢ 1 COCTOHT S TOM, 'ITO KOMMyTaUHOHHOe COOTHO: 

151 
HesepHO , (TipHJIOlKeHHe 4), 

BbiXOz:t H3 sToro aaTpyaHeHHSl 6biJI HaAaeH .UHpaKOM, 
A 

TOM, 'ITO SMeCTO KOMMyTaTOpa [N • ¢] HYlKHO HCnOJib30Sa 

KOMMyTaUHOHHOe COOTHOWeHHe: 
,. i ,1. • ,1. 

[N, e ¥-] = e '¥-. 

TaKHM o6pa30M1 C TO'IKH 3peHHSI KOMMyTaUHOHHbiX COOTf 

HCnOJib30SaTb cpyHKUHIO e i¢ 1 a He yrJIOBYIO nepeMeHH 

TOrO, npH HCflOJib30SaHHH cpyHKUHA e 1¢ asTOMaTH'IeCKH yql 

SHe UHKJIH'IHOCTH yrnosoA nepeMeHHOA. TiepeXOll 0T ¢ K 

pewHTb H apyry10 npo6neMY. TiycTb In> - co6cTseHHbie ¢y 
" ,. 

(N-<N>): 

(N- <N>Jin > = nln> · 
A 

.UeAcTsHe onepaTopa ¢ Ha seKTOpbi cocTOSIHHSI In> HeH~ 

pac'leTaX He06XOz:tHMO 3HaTb KSa3H'I:aCTH'IHYIO CTpyKTypy ' 

pa6oTe C onepaTOpaMH e I¢ TaKaSI Tpyz:tHOCTb He S03HHKB 

e1¢1n> = ln+l> !' 

.Ua'nee, TaK KaK Mbl He paanaraeM SKCflOHeHTbi e i¢ s ps 

¢ , To H He HY*z:taeMcst s xapaKTepHoM anSI RP A npeam 

TH ¢ • 

Tioaxoa x onHcaHHIO spawaTenbHbiX soa6y*aeHHA, o 

i¢ 
HCflOJib30SaHHH onepaTOpOS THna e SMeCTO ¢ 1 pa3I 

18 7 I 17 I 
Tax ' • HH)I(e Mbi 6yaeM cn·eaosaTb pa6oTe • Mbi H 

CMaTpHSaTb napHbiX SH6paUHft, nOCKOJibKY SKJIIO'IeHHe HX 

He csstaaHo c KaKHMH-nu6o TPYllHOCTSIMH. 

171 
0CHOSHaSI Hz:teSl pa60Tbl COCTOHT S TOM1 'ITO raMH< 

'18CTH'I:Hbie onepaTOpbi, SXOz:tSIIUHe S 3az:ta'l:y 1 Hy>KHO npeacTaE 

pb!e tPYHKUHH OT e i¢ H (fV- <N>), a KOHKpeTHbiA SHll STil 

QeJIHTb C noMOWbiO ypasHeHHR llSH)I(9HHSl H llOflOJIHHTeJibHbl: 

HHKSIOWHX npH nocTaHOSKe 3all8'1H, TipH STOM aasHCHMOCTI 

9 



I 

I 
l 

B Bbip8)KeHRSI llllSI OllHO'ISCTR'IHbiX onepaTOpOB, 'ITO He n03BOllHeT y'leCTb 

ycnOBRe UHKllH'IHOCTH , HaKOHeU, eme OllH8 OWR6Ka, CBH38HH8H C BBelleHR-.. 
eM yrna ¢ , cocTORT a TOM, 'ITO KOMMyTaUROHHOe cooTHoweHHe IN,¢] =-i 

/5/ 
HeBepHO , (TipRllO)KeHRe 4), 

8biXOll R3 :3TOI'O 38TpyJlHeHRH 6blll Hail:JleH JlRp8KOM1 R COCTORT OH B .. 
TOM, 'ITO BMeCTO KOMMyTaTopa (N • cp] Hy)KHO RCnOllb30B8Tb npaBRllbHOe 

KOMMyTaUROHHOe COOTHOWeHRe: 
.. i ../.. . ../.. 

[N, e '~"'] = e ''~-'. 

TaKRM o6pa30M1 C TO'IKR 3peHRH KOMMyTaUROHHbiX COOTHOWeHRA 

HCnOllb30B8Tb ciJYHKUHIO e icp 1 a He YI'llOBYIO nepeMeHHYIO cp 

HY*HO 

KpoMe 

TOI'O, npR RCnOllb30B8HRH cilyHKURA e icp 8BTOM8TH'IeCKH y"<iHTbiBaeTCH ycno-

- icp 
BHe UHKllR'IHOCTH YI'liOBOil: nepeMeHHOA, TiepeXOll 0T cp K e noaBOllHeT 

pewRTb H llPYI'YIO npo6neMy. TiycTb In> - co6cTeeHHbie cilyHKUHH onepaTopa 
" .. 

(N-<N>): 

(N-<N>)In> =nln> . 

JleAcTaHe onepaTopa 

pacqeTaX He06XOJlHMO 

pa6oTe c onepaTopaMH 

.. 
¢ Ha aeKTOpbi cocTo.HHHH In> HeHaaecTHO, R npH 

3H8Tb KB83H'I8CTH'IHYIO CTPYKTYPY ¢ H In> • TipH 

e 
1
¢ TaKa 51 TPYJlHOCTb He B03HRKaeT, nocKOllbKY 

eicpln> =In+ I> 

Jla'nee, TSK KSK Mbl He p83ll8I'8eM :3KCnoHeHTbl e icp B p51Jlbl no CTeneHHM 

¢ , To R He HY*llaeMC.H a xapaKTepHOM Jlll.H RP A npeJlllO*eHRH o Manoc-

TH cp • 
TIOJlXOJl K onHCaHRIO apamaTellbHbiX B036y)KJleHHi!:, OCHOBSHHbii!: Ha 

icp 
HCnOllb30B8HHH onepaTOpOB TRna e BMeCTO cp 1 pa3BHBallC51 B paoo-

/8 7/ /7/ 
Tax ' • HR*e Mbi 6yJleM cneJlOBaTb paooTe • Mbi He 6ylleM pac-

CMaTpHaaTb napHbiX BH6paUHA, nOCKOllbKY BKlliO'IeHHe HX B o6my10 CXeMY 

He ca.s~aaHo c KaKHMH-nH6o TPYllHOCT.HMH. 

171 
0CHOBH8H RJleH pa60Thl COCTOHT B TOM 1 'ITO I'aMRllbTOHRSH H OJlHD-

'18CTH'IHbie onepaTOpb11 BXOllHmRe B 38)la'ly, HY)KHO npellCTSBRTb KaK lieKOTD

pbie ciJyHKUHH OT e icp H (N- <N>), a KOHKpeTHbiA BHJl :3THX ciJyHKUHA onpe

JlellHTb C nOMOmbiO ypaBHeHHi!: llBR)KeHHSI H JlOnOllHHTellbHbiX ycllOBHA, B03-

HRKaiOmHX npH nOCTSHOBKe 38Jl8'1H, TipH aTOM 38BHCHMOCTb OT e icp HY*-

9 

.) r., 

v 

0 
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I 

HO y'laCTb TO'IH01 

naTb 1 nocxonbxy 

Tax xax rp 
onepaTopbi1 

- HaManasr aenH'IHHa, 3To 

He H3MeHSIIOWHe o6wero 

HeTpynao cne

'IHcna 'laCTHil1 

OT cp He 3aBHCSIT1 a onepaTopbl 0 H3MeHSIIOWHe 'IHCnO 'laCTHil Ha nae, npo-
2icp -2icp 

nOPilHOHanbHbl e HnH e , 1:.J:TO xacaeTCSI 3aBHCHMOCTH OT 

A 

( N - <N >) 1 To, Tax xaJt sHeprHsr napHbiX apaweHHA Mana no cpaaHeHHIO c 
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