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1. BaeneHHe · 

05CY*lleHHID pacceRHHR HeHTpOHOB B aH~apMOHHqeCKHX KpHCTannaX no-

. ( . /1-6/) . . . 
CBSillleHO MHO~O pa50T CMo 1 HallpHMep 1 B KOTOpb!X paCCMaTpHBanOCb 

BnHRHHe aH~8PMOHH3Ma KOne5aHHH 8T9MOB pemeTKH Ha ceqeHHe·oJlHO~OHOHHo-

. · ~0 pacceRHHR. yq~T aH~apMOHH3Ma npHBOJlHT B OCHOB.HOM K llBYM a~~eKTaM: 

' ymHpeHHID H CllBH~Y OJlHO~OHOHHOH nHHHH pacceRHHR1 HMeiDllleH BHJl 'JlenhTa

~YHKUHH B ~apMOHHqecKOM npH5nH)KeHHH 1 H K aCHMMeTpHH OJlHO~OHOHHO~O 

llHK81 o5ycnoaneHHOH HHTep~epeHUHeH OllHO- H MHO~O~OHOHHO~O pacceg~ 
/56/ . . . 

HHR 
1 

· • KaK llOKa3anH pacq~Tbl1 OCHOB8HHhie Ha o5bJqHoH TeOpHH B03Myllle-

/l-6/ 
HHR JlnR Cna50~0 8H~apMOHH3Ma 1 o5a 3~~eKT8 OK83b!B8IDTCR JlOCTaToqao 

ManbiMH H 3KCnepHMeHTanbHOe Ha5nroneHHe HX Tpe5yeT BbiCOKOTOqHbiX H3Me

. peHHH. 

OnHaKo nnR KBaHTOBhiX KpHcTannoa c 5onbmoit aaep~HeH HyneBbiX Ko-
.. /7/ ··. 

ne5aHHH HnH J:lnR 06hiqHbiX KpHCTannoB npH TeMnepaTypaX1 5onblliHX UpH-

MepHO nonODHHbl TeMnepaTypb! nnaaneHHR1 aH~apMOHH3M KOne5aHHH aTOMOB 

CT8HOBHTCR BeCbMa CylUeC.TBeHHbiM H· YK838HHb!e 3~~eKTbl MO~yT· 5b!Tb 3Ha-
. /8/ . . . ' . .. 

qHTenbHbiMH • noMHMO 3T0~01 llpHMeHeHHe. 05bJqHOH TeOpHH B03MylUeHHH 1 

Hcnonbayromeii B KaqecTae ayneao~o ~apMOHHqecKoe npH5nH*eHHe 1 cTaHo

BHTCSI HeB03MO)KHbiM~ H He05XOJlHMO nonb30BilThCR TeOpHeH1 yqHTb!B8IDllleH 

3 . 

.. 
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. . 6 171 B 8HI'8pMOHH3Mbl BCeX nopru:tKOB C8MOCOI'Jl8COB8HHbiM .0 pa30M • . H8CTOSI-

llleA pa6oTe non;tJ~H~ SIBHOe Bbipa>KeHHe JlJISI ce'teHHSI pacceSIHHSI C y'i~TOM 
~-· --·. 

'iJieH.OB scex ix()p~ltKOB ilo HMnynhcy pacceSIHHSI aeATpoaa Q .H scex nopru:t-
. . ~ ., ' . . . 

KOB peliOpMHpOBllHHOro 8HI'8pMOHH'ieCKOI'O B38HMOJleHCTBHSI liS OCHOBe MeTo-

. . ...... . r . /9/ 
. Jl8 llBYXBpeMeHHbiX. 't'J' HKUHH pHH8 . . , pa3BHTOI'O H8MH paHee JlJISI ODHC8HHSI 

. . ·:· . ' . '• /10-12/ 
CHilbHO 8HI'8pMOHH'ieCKHX KpHCT8JIJIOB • 

B paanene 2 · npHBOJlHTCSI KYMYJISIHTHoe paano~eHHe Jing ce'teHHSI pacceg

HHSI no HenpHBOAHMbllvi cpyHKUHSIM fpHHSI KOTOpbU~ Bbi'iHCJISIIOTCSI B paanene 3 •. 

B paanene 4 paccMoTpeHo onHocpoiioHHoe pacceSIHHe. . 

'2. Ce'ieHHe pacceSIHHSI H HenpHBOJlHMbie tPYHKUHH rpuHa . 

CornacHo xopomo H3BeCTHoii cpopMYne. BaH Xosa llH¢cpepeHuHaJibHoe ce

'ieHHe paCCeSIHHSI HeiiTpOHOB HMeeT BHJl 

c/2CJ 

c/0. cl £ 

... 

= .:!2.._ S(Q, (lJ ), 

~0 

-+ -+ -+ -+-+ 

·s(Q, (lJ )= 
·00 . c/.t lllJt . -IQ(xs-"s') -IQus(t) 

I -- e· I a a e < e - 2 . :.· . , k k , . • e 
-:00 1T . •• . . ' 

... . 

....... 
I Q u , 

s 

( 1 ) 

•>, 

I'Jle .Q = q 0~q I' llJ ~(q~-q/)J2m · - H3MeHeHHe HMDYJibCa H 9Hepi'HH. Het\Tpo-. 

Ha npu pacceSIHHH (11 = l) , a k - JlJIHHa paccesiH~SI JlJISI aToMa · copTa lc · • 

MrnoseHHbie ·· KoopnHHaTbi aTOMOB pemeTK.H aanucaHbi B ( 1 ) B BHJle 

...... -+ . .:;;' -+ .... 
R . ( t) = < R ·> +. u ( t) =-X .-t: u ( t) I 

, s · · s '+' ~ . s ·s- s 
(2) 

4 

··, .. 

-·-> 

rneu.(t)=exp(iHt}u,; exp( 
se~aoro ~on~>KeH_!lSI . x •. = ;e, 
.SI'ieAKH (f= fj ·~· f N }. H ·.~ 

MaccoA •• M lc. B sneMeHTa 

. nee: .Bbl'iHCJISieTCsi DO. K8HOHJ 
'. ~ . . .. 

MOHHqeCKOI'O KpHCTanna 381 

'H= I 
s 

• r 

p~ .. 00 ...•• 

-• -··+• I _L·,I 
2M 0 . I .···. 

1c n=. n.:'·:~' 

.. np~nnonara.H, 'iTO' noTeHUHa 

aJ:iaa6aTH'ieCK~M npii61lH>KeH 

> B pgJ:t TeAnopa ·. rio CMElllleHe 

:. K09cpcpHUHeHTSMH: paa~~>KeHH 
' . • . ·, ·- • • .r ..... 

<1!
1
···. =V, •••• V .. u

0
· (: 

••• n ·.· .. n_ 

· CnenySI o6hi'iHOil: npou• 

· ryro (in}. .'iaCTH pacceSIHHs 

... 
,S 

0
(Q 1 1lJ}= B(llJ}:I a a 

et. . ~ . . ss '· .lc .. lc 

-+ - 00· s ( Q (lJ ,. _· f cit /(l), 
·In 1 ...., .--e 

-.oo 2 TT . 

. . _oo ( -i Jn_ ;" n .: : "- -+ _.. - l 

x. ~· · .. <I(Qu.(t}} 
n,n =I n!n'! . . 

. :~ .. ~. 



. 171 B i:IHbiM o6pa30M . • H8CTOSI-
. ' . 

e..JeHHSI pacceSIHHSI · c y'I~TOM 

1. HeitTpoHa Q H. acex IIOpSIJl..; 

~MOaefiCTBHSI Ha OCHOBe MeTo-

oro aaMH·paaee anSI orrHcaHHSI 

~ano*eHHe AnSI ce'leHHSI pacceSI

bH~ Bbi'IHCnSIIOTCSI B paaaene 3., . 

eSIHHeo . 

cpyHKUHH •· fpHHB 

tH Xoaa micpcpepeauHanbaoe ce-

e 

_,< 
IQ: , • 

(1) 

e uMnynbca u saepruu· aeATpo

acceSIH~SI ·anSI aTOMS 'copTa /c 

HCBHbi B (l ) B BHae 

(2) 

l 
l 

•! 

j 

j 

! 
I 
I 

l 

rae il s (t} = exp (; Ht} 'ii .s· .'IXP (- i H t} . . - onepa!op CMemeHHSI aToMa H3 paaao-
-+ .... .. ..... ' ..... 

aecaoro nono*eHH_SI.x •. =x 0 , = f +x" .... .... ... ~ 
, rae - KOOpaHHaTa sneMeHTapHOH 

.SP;IeHKH !£= f J ••• f N} H Xlc - KOOpaHHaTa aTOMS COpTa /c ( lc = J ;,, r } c· . . . 

MaccoA B sneMeHTapHOH wiefiKe. CpeaHee, .< ... •> B (l), (2) H.aa~ 

. nee c.Bbi'IHCllSieTCSI IIO KaHOHH'IeCKOMy aHCaM6niO fu66ca. faMHnhTOHHaH aHrap- · 

., .~, MOHHqecKoro KpHCTam:ia· 3arrHIIIeM·• B BHAe 

p2 ·. , :oo . r"· . 
·.H = I -• -. +I··.- I cfl. u ,;,; u 

s 2M. n=o·n! J .. ~n J ••• n J - n ". . 
(3) 

. ·,. rrpeanonaraSI, :'ITO. IIOTeHUHanhHyiO SHeprHIO KpHCTa~na MO*HO. Bbi'IHCnHTb .a 

., . al(Ha6aTH'IeCKOM npii6nH*eHHH H IIO~'IeHHYIO cWHKUHID U({ i. IJ . pa3;0*HTb 

>a PSIA. Teil:nopa 'no ·cMemeHHSIM aTOMOB u 1 ( i =If 1 lc1 a1 l,a = x ,y; z} c 

· ~OScpcpHUHeHTaMH paano*eHi!SI. 
' . ~ : 

' cfl . 
. J ... n 

· · a. a 
U

0 
(x }=---... -- U (x }, 

I ax ax 0 I . J n . 
(4) 

CneaySI· o6bi'IHOH npoueeype, BbiAenHM a (1) yrrpyryiO ( e f "} H Heyrrpy

. ryiO . (in} 'IBCTH pacceSIHHSI 
. . 

-+ . • . · .. -IQ->(~ -it,). · -Wic(Q) 
s s 

.s.e(Q~ru}= B(ru} I, 
~ ·; ss 

a a , 
". " e · e e 

00· ... 
s (Q,ru}= I In 

. · .. oo 

'"X. ~ 
, n.n =l 

-.oo 

(-it in 

n!n '!. 

... ... ... 
1ru t 

-IQ (x 
s -x , 

Jt s 
--e I a a 

lc' 
e , 

" 211 ,". ~ 
ss 

. . , 
....... _, n.-+ n -t n 

<I (Q u. (t}J - < (Q ii J ·> II (Q ii , J 
. s s 

5 

-w, ,(Q J 
'(5) 

X 

(6) 

. :. 

•. 



... 

rAe Mbi aaenu !jJaKTOpbi ,Ue6a.H,;.B~nnepa: 

-WI< (Q) I Q it "" J . -> n e = .< e " -> = I - .< (; Q u: ) >. 
n=O n! 

'(7) 

· •. 
OnpellenHM Jlanee apeMeHFibie Koppen.HIUiOHHbie !jJyHKUHH H llByxapeMeH-

-· ' ' ' ' ;· /9/ 
Hb!e ·TepMOilHH8MH'IeCKHe !jJyHKUHH fpHHa COI'naCHO : 

F (t- t ') =< 8 ( t ')A( t) ·> = f .!!!::.._ e 
BA 2rr 

-lw(t-t 'I 
JBA(w), 

GAB ( t-:- t , ) = « A ( t) ; 8 ( t , ) ·>> 
·"" dw -IW(t-t'J 

f- e · G J ) ...,oo2rr .. A w, 

/9/ 
!jJypbe-KOMllOHeHTb! KOTOpb!X CB.H38Hbl COOTHOWeHHeM 

w 

J (w)=-n(w)2 lmG (w+i£)=l · (-w)e -(i 
BA . AB AB 

(Sa) 

(86) 

(9) 

w/0 . -l . 
I'lle n(w)=(e. -:-1). Bpi6upa.H A,8=lu 1 ••• un -<u 1 ••• u:,>I;Heynpyryl0 

'IaCTb (6) nepenuweM B BHile 

.... 
·s,n (Q,w)=-l+n(w) 

" 

..... 
-IQ(;?-:,).,., (-•)" .n s s · I I 

Iaa,e I x 
ss' " " n,n61 n!n'! 

(6a) 

-+-+ n .-t_. n -+ 

x [ lm .« I ( Q u ~ ) - <( Q us ) •> l :11 ( Q 

, , 
n -+_, n 

II ,J-: .< (Q u ,J ··> }» 
s s w+~ 

] . 

lJT06bi BbiJlenHTb B {6a) peanbHbie Heynpyrue npoUeCCbl MHOI'O!jJOHOHHOI'O. 

pacce.HHH.H1 BB91l9M HenpHBOilHMbie ( i r) !jJyHKUHH fpHH8 cornaCHO onpelle-

/11/ 
neHHlO 

6 

·--~ 

··.~~--··--·-·· ,, ~ '' ' u ., ·» ' · . I U , ••• n -~. <<ul ••• un l· . 

. . . -<u l : ••• u <<I U l "" U n , 

_n-l m,;' m 

I Cni, C ;.<u ... 
m=l · m =l n · m+l 

n''- J - , 
· I C m, < u ~- ... u· , ><<& 
m 61 n . · m +l n · 

• , m .• 

rile C n = n_l /m!( n..;,m)L 

6btTb CBeAella · K. !jJyHKUHSIM 

.onepaTOpOB npOH3BOnbHbiM 

MOMeHTY' epeMeHHo' HollCTal 

fpHHa B · {6a). H CYMMHpy.H 

3aDHWeM HeynpyfYlO 'IaCTb 

.... 
s," (Q,w)=- f+n(wLI 

1t ss . 

·"" ( •]"·"' . -1 I [ lm. X ~ 
,n,n = 1 ni?/ 

I'Ae HHil9KCbl cyMMHp.OBaHil 

Pa3nmKeHHe (10) .no 

MOH Koppen.HUHC>HHOH !jJyHKl 

TOT8M COOTB9TCTBYIOIDH9 C 

n-l 
·> = I Cm 

m=l •. n-
'.< u, ... u 

n 

rAe 

"' : ,, 
.< ul ... ~ u ·> =-1 J 

n 

" ..,00 

~ .· 

·> 



(7) 

',, 

:hie «lJyHKUHH H llBYXBpeMeH
/9/ 

0 ': 

_,,) 

/9/ 
UlM 

(j) 

e- "F 

(Sa) 

(86) 

(9) 

- < u 
1 

••• u •>I, HeyrrpyryJO 
" n . , 

; ,J 
s -~ 

n,n~l 

(-;} n j n 

,' I 'I ' n.n,. 

, . , 
·,....,.:...., n. 

~ .< (Qu ,) ··> }» 
5 W+l£ 

X 

(6a) 

) .. 

JOUeCCbi MHOro«lJOHOHHOro · 

nn.fpnHa cornacHo orrpeae-

1 '" U n I U1, "' U n' 

. . m 

rae c n= "·' /mHn-mH 
• HerrpllaoanMast. cpyHKUHH fpnHa (10). He MomeT 

6biTb CBeaeHa K cpyHKUHSIM fpHH8 6on~e HH3KOrO: IIOpHaKa ITO 'IHCny. cpOHOHHbiX 
' 

.orrepaTOpOB IlpOH3BOnbHbiM pacuerrneHHeM orrepaTOpOB1 OTHOCSIUlHXCSl K oaHOMY 

MOMeHTY apeMeHH. lloacTaBnHSl H~ ( 10) pasnomeHHe :anSI rronHOH cpyHKUHH 

fpnHa B · (6a) H cyMMHPYH ·no n H n anst Ka»caoro 'lneaa . ( m, m ~ J Ill 
1 

' 
. sarrnweM Heyrrpy~yJO 'laCTb paccestHHH B anae 

s 
In 

(Q,w)=- l+n(w) l:, 
TT ss 

......... 
-IQ(xs -x.,) . -W lQ) 

a lc a ·lc, e e 

, 
,00 

X l: 
.n,n ~ J 

(-;J"i n 

nl n 'I 

_,. n _,. ....,. n '·· lr. 

[ lm <<( Q us J· l( Q u •' J •» ~+I£ 

e X 

( 11) . 

], 

rae HHaeKCbi cyMMHpoaaHHH m,m ' B ( 10) . Mbl saM~~HnH CHOBa. Ha n,n' 

PasnomeHHe (10) II03~0nsteT TaKme rrony~H'l'b ~rrpeaeneHHe HeiipHBO~H-. . - . . ,, -

MOM KOppenSIUHOHHOH cpyHKUHH. Bbi6HpaSI n'= J B. (10) H HHTerpHpyst no qac-
. . ,• 

TOT8M COOTBeTCTBY!OUlHe CIIeKTpan~Hble HHTeHCHB~OCTH' (9) 1 IIOny'laeM 

n-1 m . . lr 
.< u

1 
... u . •> = l:. C 1.< U ... U •> .< U 1 .·• . •.•.• U m+ 1· '> 

n m= 1 n- m+l n · 

I • J .oo . 

.... u n ·> '=-;;- l Jw n(w) [-1m« u 2 ~··~ 11 ,:1 u.j 
lr 

··>> 
· w+ If 

(12) 

] . (13) 



·;J·. 

,-r· 

Bbrpallieane JlnSI !jlaKTopa lle6aSI-Bannepa (7) MOllieT 6b!Tb TaKllie 

neHO C noMOlllbiO ( 12) B BHJle pa3nOllieH!1SI no aenpHBOJll:iMbiM KOppenSIUHOHHhiM · 
/12/ 

!jlyHKUI:iSIMo .. lleil:CTBHTenbH01 pelllaSI ypaBHeHI:ie 

-t~ -~ n-7 '·" oo ·n_:J -+ ...... a .\Qu ·00 ,\ ........ n . ,\ .... ·:... n lr .\Qulc 
---<e lc ·>= :£--<(Quk) •> = :£ --·(.<(Qulc) 1> )<e ·>, 
a.\ n=l (n-1)! . n=l (n-.l)! 

HenocpeJlCTBeHHO H8XOJll:iM 

wk (Q) = ~,.<{Q .... u .... lc )"·>-
_oo ~ n -+ n lr 

:£ -' - (< ( Q u k ) '> ) • 
n=3 n! 

(14) 

TaKI:iM ·o6paaoM1 BBeneane aenpaBOJlHMhiX ·!jlyaKunii. fpnua (10) noaBo-
. . •, /2/ .. • 

nSieT nocTaToquo npocTo nonyqHTb KyMynSIHTlihJe paanollieliHSI JlnSI aeynpy- · 

roil: qacTn pacceSiliHSI (11) H !jlaKTopa lle6aSI-Bannepa (14). 

3. CaMocornacoBauaoe orrpe)leneane ·!jlyHKUHil: fpuaa' 

. B )lanbueil:meM 6onee IIOJlpo6ao 6yJleT paccMoTpeao ueyrrpyroe onuo!jlo-

1Iouaoe pacceSIHHe1 orrpeJlenSieMoe !jlyHKuneil: fpuaa . 

G , ( t- t ') = « u ( t); u , ( t ') >>. 
II I I . 

YquTbiBaSI SIBHhiH BHJl raMunbTOimaua (3) 1 nnSI ee !jlypbe-KOMIIOHeHThi nony-

qaeM cneJlyiOmee ypaBHeHne llBI:illieHuSI: 

2 00 • " · /r . 

7(cu M,B;i -ciJ,I)Gfl,(cu)=811' +n~ i!J"~.;nciJII •.• n Gl ••• n,I' (cu), . {15) 

rne B npaBOH qacTH BBeneHhi cornacHb (1 0) iierrpHBOllUMbie !jlyHKUllU fpuHa 

n nepenopMnpoBaHHhre B cpeJlHeM !jloHOHHOM none BepmUHhi. Tiono6no ( 14) 
/12/ 

BbipallieHUe nnSI HllX MOllieT 6h1Tb 38IIHC8HO B BHlle 

~l ••• n= v
1

: .• V~ <U(x 1 -tu ,F.:.~ v, ... V n..:exp(ftt1 v,J··-:- U0 (x ,J= (16) 

l lr 
= V V exp ( ,:£ - :£ <.. u 

1 
, ••• u , > V , V ,) U ( x 1 ), 

I"' n n=3 n'! 1: •. n' n 1 .. n 

8 

:··· 

.. 

rJle noTeHunanbHaSI anepr 

:iKeHHH .UMeeT BllJl 

. . . . I ... 
U ~ x 1 ) = exp ( l i1-~ ~ 

llu!jJ!jlepeHU~py_SI Ten~pb. He: 
.. ·,, 

: .. /r . , -- . 

•G 1 ~ •• n,,/~ ·(t;-t'),=, 

no. Bpe~eHu t '. · 1 nonyq, 

. ~ (. 2M. " . . . ,;: )'G '' 
.tW. ru ,u , , -·"' , ,· 1 . I 
1 '. I I I . 1./ · ••• n 

. : . . -

rJle MM yqnif, ql-o neoJiHoJ 
·. . . · •. ' I 

<[u. 1 •• ~.uri,P 1 }>': 
. ·; ,. 

CncTeMY :ypaBHeiHi:il: ( i5) · 

OnHCbiB8IOIIlYIO pacnpoCTpal 
/10,111 .· . 

none . · .: · 

. . . 
. ·, -2 . . .·. 
~ (cu. M1.8 11 

-ciJ 
11 

)C 

Y~.1H0)!{8SI (15) H (17) cne1 

: .· .. ·o . . . 
·. Gj 1• (cu),;,G 11 ;(ti1) +' ~. 

. II 

. ./r 
G ,· .. ,· 
' J ~·. "-~ 

• --:· 00 .. 

(,., J I 
h,;..2_ ~- J 

•. 1'/l(-> 

.• 



~~- .. ' 
· ..... _.·.·~-~ 
. . . --...:_ 

>KeT .6b!Tb TaKJKe ·npeACT8B-

npHBOAHMbiM KoppenSIUHOHHbiM · 

·>, 

lr 
) . (14) 

JYHKUHiL filliH8 ( 10) II03BO-
. . /2/ 
pa3nOJKeHHSI AnSI neynpy-

rinepa (14). 

MOTpeHO Heynpy~oe OAHO~O-

18 

e ~ypbe-KOMIIOHeHTbl nony-

G Jr · ; (wJ'; (15) 
l ... n,_l. 

rrpHBOAHMbie ~yHKUHH fpuHa 

e BepUIHHbi. noA06HO ( 14) . 
112/ 

Ae 

I v I) •-:- u 0 (X I ) ·= t 16) 

>/r 'iJ • 'iJ ,) jj (X I) 1 
I •• n . 

.. · 
~Ae noTeHuHanbHaSI aHep~HSI s caMoco~nacosaH~OM rapMOHHqecKoM npH6nu-

)KemiH . HMeeT BHA 

( 16a) 

JlH~~epenuHpySI Tenepb H:enimsoAHMYIO WHKUHIO fpHHa s (Hi) . . . ~ 

G lr 
J~ •• n, ·,, 

lr 
(t ') ·» 

no speMeHH t '. · , rronyqaeM AnSI nee ypasHeHHe 

}:(~2 M,8 ,,..:..<£',, JG/' ·
1
,(iu)=,£ - 1- ~ i,-

1
• -G/' I' ,(w), (17) 

I', . I I I ~-I ... n n =2 n '! :.l~ ... n' ' ... n ... n, ... n . 

~Ae Mbi yqnit:, qjoo neo.UnopoAHbiH qneH cor.iiacHo '(10) pasen HyniO:. 
· •. 1 lr 

.< [ u. 1 .... u ,; , P 
1 

}> ·. = 0, (n ·~ 2). 

CHcTeM)" ypasneoofi (15) (17) pernaeM, ssomr .. nynesy10' WHKUHIO fpuna, 

OIIHCbiBSIOIUyiO pacnpocTpaHeHHe He3aTyXaiOUIHX ~OHOHOB B cpellHeM ~OHOHHOM .. ··. 
/10,11/ . 

. none ·: ·.· · .: . _ . 

~ ( w 2 M, 8 'I - i 'I ) G o, ( w) = 8 , 
1 II · 1.1 .. 

(iS) 

., 

YMHO:JKasr (15) H (17) cnesa Ha G 0 .. , rronyqaeM 

(19)_: 

. .. lr 

.• G. .· , 
l ~· n, I , 

- . . . 0 • . b . 
<I> , · , , G , , ( r~J)'G , , · { w) 

l ... n) _11· _,_l .. ~n,l,.,n t 
(20) . 

. .. :.··. 

. J'J\1;> .. 

9 

· .. •. 

. ~ . 
,·, 



,• 

II ,. 
JL' I . 
~ . 

I . 
~ 
~ 

l 
t 
~-1 . 

I 

~ ; 

I 
I 
L 
j: 

i. 

.oo - ,, ' 

p ')--I.-'-I. <IJ: <II• ··GJ ,. 
II ' \CLI - •·- 2 I 'I • /l ••• n l •.• n I .••• n, ••• n 

n,n- n. n . n,n 

( (L)). 
(21) 

YpaBHeHHSI (19) - (21) MO~Ho aanHcaTb B 6onee yAo6aoM BHAe, ecnH BBec-

TH CBSI38HHylO 'IaCTb (c) Kl ••• n,l • ••• n • ( CLI) MHorociJoHOHHOii aenpHBO)lHMOii 

lr • ( ) 
ciJyHKUHH TpHHa G l ••• n,l • ••• n, CLI · cornacao ypaBHeHHIO 

,00 

--~ n,n =2 
G lr , , ( CLI) = K . , , ( CLI) + 

J ••• n,J ••• n J ••• n,J ••• n 
X 

iiiii'I 

(22) 

lr , 
G f' ... ;; ·. l ••• n 

0 -
X I. . K - - ( (L)) <11- G , ( CLI) <II .-. -· 
'( __ ,

1 
l ••• n,l ••• n J ••• 'iil 11 I l •••• n 

II n,n 

( (L)). 

«<>yHKUHSI K l ••• n, 
1 

• •••• n, ( CLI ) He coaep~HT TJ:aCTeii, coeAHHeHHbiX OAHOii. nH-
. 0 . 0 ) 

HHeii G , T.e. oua ue 'paapeaaeMa' no nHHHH G • YMHo~ag (22 Ha 

- -<11
1 

· , <11
1

, , H cyMMHpyg no (l ••• n ), (J '. •• n ')=(n,n ') c yTJ:eTOM (21) 
••• ,nl ••• n I 1 

nonyTJ:aeM ypaBHeHHe 

P,' ( CLI ) = II 11' ( CLI ) + ~,II II' ( CLI )'G I ~I ( CLI ) p II' ( CLI ) ' 
(23) 

rAe 
,00 l 

II,A (L) J = ~ ,...,- I., 
n,n =2 n.n. (n,n J 

K l , ,(CLI)<I!, ,, 
••• n,l •• n l ••• nl <flll ••• n (24) 

Pewag co~MeCTHO (19), (20) H (23), nonyTJ:aeM, Y'IHTbiBaSI (18), cneayromHe 

Bbipa~eHHSI AnSI ciJyHKUHii fpHHa: 

10 

_G·~- (w)= I (L) 2 M
1
'8 

II ·. . . ' 

-lr' . 
-- G . , 

l. .. n; I 

_oo 

( wJ = I. 
~" ~ 2' 

KaK BHAiiO H3 ypaaaeHHSI IJ 

· . o~epaTopoM oaaociJoaomion 

HHIO (24) :-~~pea CBSI~SHHyK 
(22) c nOMOIIlbiO (?5):·Mbl 

· .. G.·;, ... ,. ( )=K 
, ' , ~ J 

J ••• n, J .• .;.n · 

xK.J ..• r.,J: •• ii ( (L)) <~~,- .::. G 
. • •• n[ 

. 0TMeTHM, 'ITO nonyqe 

BSHHoii, . nocKonbKY peHOpMil 

onpeaenSIIOTCSI ciJyHKUHeii Tp 

6nH~eHHbiX peweHHii ,CHCTel\ 

Bbipa~eHHe AnSI· ciJyHKUJIH · · K 

nSieTCSI napuoe npH6nH~eHHE 

ua, KOTopoe·· ormci.IaaeT uea 

K ·-., ,(w):<.u
1 J. .• n,l .••• n 



(21) 

~ YA06HOM BHA91 ecnH BBeC- . 

roro«fJOHOHHOii HerrpHBO)lHMOii 

~HHIO 

'! 

(22) 

/r , ( ) G -, , , , w • 
l .••• ii , l ••• n . 

1ii1 C09AHH9HHbJX OAHOH 1IH

r G0 • YMHO>Kast (22) Ha 

n ')=(n,n ') c y'I~TOM (21 ) 
• 

·. 

. (w ), (23) 

(24) 

y'IHTbJBast " ( 18 ), cnet:tylOIIlHe 

(25) 

00 

G/~.n,i' (w)=n& nl'! l'~ •• n'<l>l' ... n'l' Gl'l' (w)K l ••• n,l' .. n'(w). (26) 

KaK BHAHO H3 ypaBHeHH.II naacoaa (25) I $yHKUH.II n II, .IIB1I.II9TCSI MaCCOBblM 
. r 

. onepaTopoM oi:lao¢oaoaaoil: ljiyHKUHH fpHHa,· 'ITO· cooTaeTCTByeT ·ee onpet:tene-

HHIO (24) qepe3 CB.II::iaaHylO '18CTb MHOI'O$OHOHHOH ¢YHKUHH rjmaa~ YpaBH9HHe 

(22) C UOMOIIlblO . (?5) .. Mbl MO>KeM T8K>Ke. neperrHC8Tb B BRAe 

.oo ·. G ir , , 
l ••• n,l .•··" (w)=K l ..• ri,l' •.. n' ( w )+ . -~ 

n,n=2 
1 

::-::;- I ~(;; - 'I n In I I n,n . 

- -
xK - _ (w)<l>

1
- :_ G , (w)<l> 'I' _, 

·l ... n,l .•• n ... nf If · I ... n 
K:.., , , , (w). 

I ••• ;;,I ••• n 

X 

(27) 

0TMeTHM, 'ITO nonyqeaaa.II CHCTeMa ypaaaeaHil: .IIBnsreTcst caMocornaco

aaaaoil:, · nocKonhKY peaopMHpoaaaabJe aeplllHHbi (16) cornacao ( 13) TaK>Ke 

onpeaen.II lOTC.II. «flyaKuneil: fpHaa (26). CneJlOBaTenhao, an.11 aaxo>KAeHH.II npH-

6nn>KeHHbiX pemeanil: CHCTeMbi ypaaaeanil: aocTaTO'IHO nony'IHTb npn6nn>Keaaoe 

Bbipa>KeRHe anst «flyaKUHH K B (24), (26). llpocTeil:IIIIIM npn6nn:li<eaHeM .IIB-

n.IIeTc.II napaoe npH6nn>Keane Jln.II aenpHaoanM:oa Maoro!floaoaiion WHKUHH fpn

aa, KOTOpoe. OIIHCbJB89T H938BHCHMOe pacrrpoc~paH9HHe '0Jl9Tblli". $OHOHOB: 

K · , ,(w)'=<:u1 •••• uJu 1 , 
l ... n,l . ... n 

· · lr c 
··•• U ~I>>.' .· 

n W 



,,-_,' 

i . 

, 
eu 

= r· deu, (j 
(e 

. , 
...,oo eu-eu 

·"" deu' 
:Jj .n! J --, 

n,n -;oec. CU-<tl 

~ ' -, .. ~ ; 

,00 -leu 't lr,c 

. -l) J ALe .<u 
1
(t) ... u n (tJ:Iu

7
, ••• u;,, > = 

...,00 277 

'!!;!_~ oo ' , • n 
(} . dt -leu t. . 

(e -l)f-e ·rr.<u(t)u,•>, 
...,oo-277 l=l I I 

(28) 

, . -
rAe . Mhi nocnonbsonamtcb. cneKTpanbH~IM npeAc.TanneHIIeM. AByxnpeMeHHOH . 

4JY/IKUIIH fpHn/
9

/ II Y'lnH CIIMMeiTpiiiO ee no IIHAeKC~M ( J'..~ n) t .(J ' ••. n ') • 

BpeMeHHbie H:opp'iJnSIUIIOHHbie 4JyHKUIIII .< u 1 ( t) u 1, •> B · (28) onpcAenSIIOTCSI 

cornacflo ( 8), ( 9) no WHKUIIH fpuaa (25). T aKHM oopasoM, caMocornaco

BaHHaSI CIICTeMa ypaBUeHIIii (16), (24 )- (26) 1 (28) C'l'SHOBifTCSI 3llMKiiyToii. 

llp116n1ImeHIIe (28) cooTBeTCTByeT Bhi'IIICneHIIIO Macconoro oncpaTopa 
. . 17 12/ 

(24) Bq BTOpOM nopSIJlKe C8MOCOrnaCOB8HHOii TeOpiiii B03MyiilCJIHll 
1 

: 

IT(~r eu)= r deu ', (e t' ~J) j .!!.!_ e -ldJ 't X 

II ...,oo eu-eu . ...,oo277. • 

X ·;: _J_ ( ~ < U I ( t) Ul, ·> '\/ V ,) n V U (X I) V I, U (X I , . 
n=2 n! 11 I I I 

'(29). 
) , 

rAe_onepaTOpbl VI H VIi AeiiCTBY1QT COOTBeTCTBeHHO Ua .¢YIIKUIIII • f! (x 1 ) 

H U ( x , ) (eM. (16a) >• MaTpnua cHnoBhiX nocToSIHHhiX n (25) n at:oM me I . . . . . 

np116n11meHIIH nToporo nopSitll{a caMocornaconaauoii TeopiiH liMee,T BHA 

,,:'• 
(2) . 

~ 
11 

=v
1
v

1 
(U(x

1 
_)ttlU 2 (x

1
JJ, .(SO), 

,·. ' 

rAe nonpaBKa BToporo nopSIAKa tl U2 .K noTeHuRanbHoii .aaepr:1111 (16a) onp~ 

AenSieTCSI nepBbiM 'JneHOM pasno)l{eHIISI 9KCUOHeHTbl . B . (16) no CTeneUSIM He- ' 
' . . ' ·.. /12/ . 

npliBOAIIMhiX KoppenmmOiiHhiX tWHKUllii : 

- l . h tlU2 (x 1 )=~ -
1 
~ .<u 7 ••• un•> V1 •• YJnU(x 1)= 

n-3 n. l ••• n • 

12 

:""'"', 

t 'll 

... 

l 

.oo d eu .oo dt -leu; .oo 

=2Re J --f- e. ~-
...,oo eu ...,oo 277. n=l_r 

llp11 BhiBOAe (3l) ohmll IICl 

nm1 ASnbHeitmero OOC 

. fpiiH8 K' pa3nO)KeHIIIO no Ul 

HIIIO Ami BeKT.opa CMemeHII: 

a u ·=. l ~ a !'I< --· e~ ( . v H M " 41 ql. 

rAe.BeKTOpa nonSipH38UHII 

Hblit II OpTOUOpMIIpOBSHHbiii 

:£. '± e*!; (k)e!! ,' (kJ=B 11 ~; ·a k=l q 1 · q I 

BbiOOp 'lllCTOT eu q H BC 

HaM 6yAeT yAooao Bbi6paT 

aoro '4Joaoaaoro nonSI, KOTI 

B Teoplill "ciinbHO aarapMOI 
< 

' 2 e!: (k)eu .... 
q I q I 

~ e ~ (k' 
f3•' ql 

rAe MllTpiiUll CllnOBbiX noc 

onllmeHHH BTOporo nopSIJlKI 

·KoMnoHeHTa aynenoii wa~ 

IIHAeKcy'nongpii38UIIH: 

·c 0 
( eu J =.« .A .... :1 A 

qq' q I 



lr,c 

••• u. , > = 
n 

(28) 

:u '(t}u , •>, 
I I··. 

,I!neHHeM . .ll6yxnpeMeliHOii , 

9KC~M (l" •.• n} i .(J ' ••• n '} •· , .. 

•> .. B. (28) 011pC.UenSIIOTCSI 

IM. o6paaoM, caMocornaco

~) cTaliOBifTCSI aaMKIIyToii. 

HHIO Macconoro oucpaTopa 
' ' '' 17 121 

>PHH B03MYiliCIIUll t : 

'(29). 
,U(x

1
,• } I 

rcTBeHHO na rpyUKUUH , '! (X I } 

oBHHbiX 6_ (25) n. a,;:oM me 

~ii . TeopHH RMee.T BUll 

/ '•c .. (30J 

anbHOH aneprnn (16a) onpe

ri.x ~ 6 .( 16) n~ cTeneHSIM He- · 

1( X,}= 

\1'_··.· 
,, 

·"" clw ·"" cit -IWt-00 l n - -=2Ref--f-e l:-(l: .<u (t}u,•> VV,} U(xt}U(x1,}; 
..,oo w ..,oo 211 n=l n! 11', I I I I (31) 

· Tipu 6bi60.Ile (31) 6binH ucnonbaoBaHbi ypa6HeHHB (13), (26), (28). 

.D.nB .uanbHeiiruero o6cyJK.IleHHSI HaM 6y.ueT y.uo6no nepeiiTH e. cpyHKilHSIX 

· fpuHa K paano»<eHHIO no nnocKHM BOnHaM cor nacHo o6bi'IHOMY npe.ucTaBne-

HHIO .llnB BeKT_opa CMeiileHHSI 

->-> 

a 
uf'J. 

'l a lqx 5 

-~- l: e~ (k}e 
-'HM -:,, qf v lc . 

_.:..1 __ A-;;, , . 
y2w_, 

qf 

-+ ....,. -+ -+. 
r.ue .BeKTopa nonSipuaauuu e = e;* ' ( q = q i , - q =-q I } q --q 

Hbi:il: H OpTOIIOpMUpOB8HHbi:il: oaauc: 

(32) 

o6paayroT non-

·(33) 

Bbx6op qacToT w q a BeK'TopoB 

HaM 6y.ueT y.uo6Ho Bbt6paTb qacTOTbi w 
q 

B paanoJKeHnn (32) _npouaBoneH. 

B npn6nnJKeHHH caMocornacoBaH~ 

Horo !floHOHHoro nonSI, KOTopoe. SIBnSieTCSI xoporuuM HyneBbiM npn6nuJKeuneM 
' ' 171 

6 TeOpHH CHnbHO liHrapMOHH'IeCKHX KpHCTa~nOB 'I cornaCHO ypaBH~HHIO : .·-

' 2 e! (k}w_, 
qf qf 

{3 l . - n -I;(;+ -x-> •I 
l: e -> (k '} cl> a,..,, e · 

5 
/ 

p •' q 1 _1 M M , ss 
v lc lc 

(34) 

r.ue MaTpnua cuno6biX nocTOSIHHbi"; onpe.uenBeTCSI ypasueHHeM (16), .n npn-

6nnJKeHHH BTOpOrO ITOpMKa - (30) • TipH <T8KOM 6bi60pe 'laCTOT . W q rpypbe-
• ' e • ' 

, KOMITOHeHTEl ayneBOH rpyHKilHH fpHHll. ( 18) Ol(83biB8eTCR .unaroHanbHOii no 

HH.IleKcy'nongpuaauuu: 

0 . + (01 2w, q 
'G ( w } =-« A ... ! A ... , •>> , =. 8

1 
,.--'---'---

qq' qf . qf. w· I r.J2-w2 

(35) 

- q 

13 

. ,·• 



',f-· 

llJIH q,ypbe-KOMIIoHeHTbi rronnoii WHKllHH fpuna {25) npHHHMaeT 

:suit. 
. 2 ' 2 ' . 

· (eu -eu )G feu )=2eu o ,+leu 
·. ·' ·q .qq '' q·qq / q 

I II (eu)G ,(eu)
1 

"J ""' "," 
{36)' 

r11.e MaccosbiH orrepaTop .cornacno {24) HMeeT BHll 

.A(·...... . .. *a (k) fJ , n .. :.(eu)= Ll q~q')" eq ' eq' (k) -lq(x ... -x ... ') 
"" 2H ~ . s s · u . . ~ e 

( M 1cM1c, eu eu , ) q q 

a{J . 
II ,(eu)= 

ss 

'(37) c 

.. oo J . - . - . I 
,;.~ --;-I,V+7 (-ql ... n)V '+,(q'l' ••• n')«A 7 ••• A )A

7
, ••• A,·»' 

1 n,n =2 n!n ! nn n . ' n n n eu 

r11.e · BBeileHbl peHOpMHpOBBHHbie sepiiiHHbl lPOHOH-lPOHOHHOro B3BHMOlleHCTBHH: 

. ... . ... a I ( ) 
. . -. . t'l(ql+•••+q) - a, ••• an _n eql kl 
. V (l ... n) = · I ciJ . . . II ( ~== 

n . (2H)n/2 (as) s, ••• sn l=l "../Mic eul 

I 

e 

...... 
lq I x 1 

)I {38) 

... ... ... 
M q ) = I o "... ; , r - seKTopa o6paTHOH peiiieTKH, l = q = q j 

1 1
••• • 

r • l l .. 

0lJ.Ho«P?HOHHyiO ~YHKUHIO fpuna B (36), npene6peraSI nepeMeiiiusanueM nonSI-

puaauu'i!: . U qq '=0/1 <II q 1 3BIIHIIIeM B BHlle 

. • 2euq 
Gq(eu+~)= . 1 

eu 2 - [ eu 2 + 2 eu t'l ( eu)] + ; 2 eu r ( eu) 
. "· q q . ' q q.· 

(39) 

·r11.e BBelJ.eHbl 38BHCSIWHe OT '18CTOTbl CllBHr H IIIHpHHa OllHOlPOHOHHOrO B03-

6y:IKlleHHSI: 

·ll ... ( eu) =ReU ~I(~) I 

Ill q 
r:... ( eu) = - lm II ... ( eu + i d . 

q I q I 

, .. 14 

.\ 
l 
t 

r', 
, ~ 

-~· 

'{ ' 

if 

PaccMoTpHM rrapuoe r 

uoii .pynKuuu fpuua: 

.«A ••• A :1 A , ••• A , : 
l n .J" n· 

'F(q
7 
••• q :eu)=f···f:-

. . n m 

r11.e crreKTpanbHaH rrnoTnoc 

'18CTbiO lPYHKUHH fpuHa (39 

g(qi
1
eu)=-!._lm G ... (eu+iiJ, 

77. q I 

B aTOM rrpu6nu>KeHHH Mace 

II ... (eu)';,. :£-'-I 
Ill n=2 n! 'lr··'l 

a rrorrpasKa sToporo rropRP 

.oo l 
t'lU

2
(x)=-I-·I 

I n=l n! llt••' 

npu BbiiiOJIHeHHH 'IHC 

CHCTeMbl ypasHeHHH .C y'le 

rrpellCTasnHeTCH aaTpyilnu~ 

OIIHCbiB810WHe aciJciJe~Tbi pel 

Me Toro, · rrpu unTerpauHH 



HKllHH fpHHa {25) IIpHHHMaeT .· 

' (cu} 1 {36). 

BHJl 

. af3 . 
n ,(cu}= 

ss 

{37) 

lr 
... A , ·>> I 

• n CU 

·4JOHOHHOI'O B38HMOJleil:CTBHSI: 

,J 
=·e (38) 

JeWeTKH 1 l=q
1
=q I ;

1
_, ••• • 

!I'ast nepeMewliaaHHeM nonst-

-I (39) 

HpHH8 0JlH04JOHOHHOI'O B03~ 

i ( J. 

I 
r 
) 
'! 
r 

·J 

PaccMoTpHM napHoe npH6nH*eHae {28) nnst HenpHBOJlHMOil: MHoro4JoHoH

Hoil: 4JyHKUHH fpHHa: 

lr,c 

.«A ••• A I A , ••• A , » 
I n I · n CU 

F(q ••• q ;cu} 1 
I n 

(40) 

Jcu
1 

; •• Jcu n( cu 1 } ••• n(!iln} 
'F(ql••• qn;cu}= J ... J -~--.u-- --"'----"- g(q leu } ••• g(q ,cu }1. 

cu-(cu +••• +cu n ( cu 
1
+ ••• +cun} I I n n 

I n 

I'Jle cneKTpanbH8SI nnOTHOCTb qaCTOT MOJlbl (qj) onpenensteTCSI MHHMOH 

qaCTblO 4JyHKUHH fpHH8 { 39): 

... J 2cuq . lcuqrq(cu) . 
g(qj,cu}=--lm G-> (cu+id=-· • (41) 

TT qf TT (cu2-(cu 2 +2cu !:!.Jcu))]
2
+(2cu r(cu)]

2 

q .q q q 

B aTOM npu6nH*eHHH MaccOBbiil: onepaTop (37) npHHHMaeT. BHJl 

,00 J 2 
n ... (cu)= :£ -n.' :£ I vn+l (-qql ••• qn).l F(ql ••• qn;cu}l 

qf n=2 qr··qn . 

(29a) : 

.. 
a nonpaBK8 BTOpOI'O nopSIJlK8 {31) K JlHH8MHqeCKOH MaTpHUe (30)paBHa: 

,00 J - . 2 . ' 
I:!.U

2
(x }=- :£- :£ IV (q ••• q }.1 ReF(q 1 ••• q ;cu=O}.· 

I n=3 n! q ••• q n I n . n : , · · 
I n · 

(30a) 

llpH al,monaeHHH qHcneHHbiX pacqeTOB pellleHHe caMocornacoaaHHOH 

CHCTeMbi ypaBHeHHH .C yqeTOM BCeX nopSIJlKOB 8HI'8pMOHH3M8 B (29a). (30a) 

npeJlCTaBnsteTCSI 38TPYllHHTenbHbiM 1 H 06biqHO yqHTbiB8lOT nHlllb nepBbie qneHbi, 

onHCbiBalOIUHe a4J4Je~Tbi peHOpMHpoaaHHoro Ky6HqecKoro_ alirapMOHH3Ma. Kpo

Me TOI'0
1 

·npH HHTerpaUHH no qaCTOTSM B (40). cneKTpanbfiYlO nnoTHOCTb 

15· 



I u 

i 

(41) npH6JIH)K9HHO Bbi'IHCJISIIOT no HyJI9BOH cWHKUHH fpHHa (3_5), KaK, HanpH

Mep,· 

Fo(qlq2,cu);,J rlcu'rlcu" /[1+n(cu' )+n(cu")]gO (q ,cu' )gO(q2 ,cu") = 
( '. "} ~-. l . ~- cu +cu 

(42) 

2(cu 1 +cu2Kl +n 1 +n2 ). 2(cu 1 -cu 2 )(n
1
-n2) 

2 . 2 
cu '-Ccu 1 +cu2 ) 2 . . 2 

cu.-(cu-cu) 
. .. l 2 

I'Jle n ·;, n( cu ) , cu = cu 
.. l l 1 q l H T,Jl •. (cp, c/10/). 

0TMeTHM, 'ITO napnoe npn6nHmeHHe JlJISI MaccoBoi'o onepaTopa (29) 

(29a) MO)K9T 6b!Tb Hcn(:>nh30B8HO JlHlub B o6JiaCTH 6~CCTOJIKHOBHT9JlhHOI'O 
. peiKHMa ( Hyn~aoro sayKa), KOI'Jla TJacToTa cu •» 1 I r r - xapaKTep-

uoe · 6peMSI IKH3HH ·TennoabiX cpononoe). B o6nacTn rnnponnHaMnti~cKoro pemn..;. .· 
. ' 

Ma (nepaoro .sayKa) cu.« 1 /r H .npennonomeHHe· o nesaancnMoM pacnpocTpa-

HeHHH ciJonoHoB (28) (40) TepSieT CMhiCJI, B aTOM cnytiae ueo6xonnMo pac-
. . . 

. CMOTpeTh · ypaaHeHHSI JlBHmennSI nnsi MHorocjloHoHHbiX ciJyHKUHii fpHHa •. HanpH..; 

Mep; ll0Jlh3YSICb ypaBHeHHSIMH JlBH)K9HHSI, HeTpyJlHO nony'IHTb CHCTeMy Tpex 

· · "' · . r . . · 1101 .. ypaBIIeHHH JlJlH JlBYXcjlOIIOIIHhiX 'f'YHKUHH pHHa, .K8K 9TO 'OllHC8HO. B . . , pe-
.. . ... . . . .. : 

lll9HHe_ KOTOpOH JlJISI_ CBSI38HHOH 'I8CTH MO)K.HO npeJlCT8BHTb B BHJle ypaBHeHHSI 

K~2,1'2' 
· . . + + lr,c 

( cu J. a.« A 1A 2 .1 A 
1

, A 2 , » cu == 

. 0 . . .· . J· - .... · . .· ... 
= F (1,2, ~.J I f8 1 1 ;a 22 , + 812 , 8 

21
,) + ·2 1:,_ V

4
(-1, ..:.2,3,4) K

34
, 
1 

,
2 

,(cu n 

·. !I>OpMalibHOe. pellleHHe , 3TOI'O ypaBHeHIHI HMeeT: BH/l 
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{ 
i 
i 
\. 
i 
·! 

I 

, . 

K . 12;1~2' (cu)=;[1-( .. ' 

I'Jl9 MaTpHU8 

[ 1 - c ( cu ) ]12,34 

0 
H F (1,2, cu.) onpenem 

lll9HHSI Bhip~meHH9 )lJISI Ma 
' . 

JISieT · HaHTH H30TepMH'I9CK 

rnacoaaHHOft TeOpHH B ,npc 
/13/ 

no noKa3aHo a 

. 4 . 

PaccMoTpHM 6onee 1 

SIHHSI, KOTopoe onpenenSie1 

C9SIHHIO M9JlJl9HHhiX H9HTp• 

n '= 1 . · n · non~sySicb !1P9Jl 

HOciJOHOHHOe pacceSIHHe Sa: 

SllJ (Q... )- 1+n(cu)I 
In 'cu ----- ~a Cl 

1T ss . " 

·"" ......... ......... . 

· xllm.<< Q u :1 Qu ··» + .I 
s s E • n=2 

... 
-1m« Q C: 

s 

·n 

'(Qu ... ,):,-:- ]; 
. s E 

x ~ _ lm[<<(QC: r!u- ... 
(J' .. :n' s ' J 



IKUHH fpHHa. (3_5); KaK, HallpH-

'2)(nl:-ni) 

...;. (JJ' )2 
1 . 2 

(42) 

accoBoro orrepaTopa (29) 

CTH 6ecCTOJJKH6BHTenbHOr~ 
»>1/r ·c. r - xapaKTep-

'H ·. PHJlpOJlHH8MH"'eCKoro pe;>~<H..;. . 
• J • ' ' 

'fe· 0. He3aBHCHMOM pacrrpocTp~

:JM .. cny"'ae aeo6xonHMo pac-. 

Hbix !flyaKuHit fpHaa:. Hari~H_;' 
[HO llony"'HTb CHCTeMY Tpex 

. /10/ . •, 
aK 3TO'OliHC8HO. B . '.: , pe-
9JlCT8BHTb B_ BHJle ypaBHeHHH 

-•' ·, ' .•. •" 

V/-11 ..:.2,3,4)K~~ -7 ,2 , ((JJ }I . . 
' . . ,. , . ~ 

:j. 
. '· 

i 

(43) 

rne MaTpHua 

[ 1 -C((JJ).]l2,34 

0 
H F (1,2, (JJ ) orrpeneneHO B (42). ITpnyqeHHOe Ha OCHOB8HHH 9TOPO pe-

llleHHH Bbipa;>~<eHHe JlnH M~CCOBOPO ~rrepaTopa· (37) liPJ:I n =n'=2· • li03BO

nSieT HaRTH H30TepMH"'eCKHe MOJlynH ynpyrOCTH B rrepBOM liOpHJlKe· CaMOCO-

rnacoBaHHoii TeopHH 8 ,rrpenene nnHHHhiX Bona q -+ 0 
113/ 

no liOK838HO B 

. 4. Ogaoffioaoaaoe pacceHHHe 

KaK 6bi-

PaccMoTpHM 6onee rronpo6ao onao!floaoaaoe aeynpyroe ceqeaHe pacce:

HHHH, KOTOpOe OllpenenHeTCH 06hi"'HO B 3KCllepHMeHT8X liO HeyrrpyroMy pac

CeHHHJO MenneHHhiX aeiiTpOHOB. CoxpaHHSI B ( 11) qneHhi c n = 1 nH6o 

n ·, = 1 · ~ rrom?:;~yHcb IlpencTaaneHHeM (27) nnH qnetio~· c n, n ; ·~ 2 

HO$OHOHHOe pacceHHHe 38liHIIIeM B BHJle 

e e 

_,. -+ _oo • n+ J n ....:,.. n -+ 

-xllm.«Qi:jQJ •'» +.~· -1-
1

- [(-l) lm<dQJs)l QJ • 
· 5 s E • n=2 n. s 

-+ 

-lm« Q I: 
s 

-+ n 
'(Qu-+ .h'>' 

. s E 

lr 
·>> 

E 

X 

~ - ..:.. 
fl ••• n 

, on-

X 

-+_,. ri lr,c -+-f> n' Ire 
x<Jl _ lm[<<(Qu) !u- .•. u-» G .(E)«u-, ••• u ,'j(Qu ,)•»' 11, (44) 

;' J ' •• :;;'. 5 
· l n E II l ii s E 
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I" 

I~~ 

i:-

1!1 

; 

. I'Ae E =CU + If • nepBbJii: 'lneH B «PnrypHbiX CK06KaX onHCbJBaeT 

'IHCT.oe OAHo«floHoHaoe pacceSIHne, a ocTanbHhie 'lneHbi o6yc~neHbi . 

HHTep<fJepeHUHeii: OAHO<fJOHOHHOI'O H MHOI'O<fJOHHOI'O. pacceSI~;;;. 3annmeM ___.. . ' . .----- . 

Bbipa)f{eHHe ( 44) B 6onee YA06H6ii:-<flopMe, nepeXOASI. K HMnynbCHOMY · 
. - -- ~~- . ··-·-

npeACTasneHHIO (32) H. ncnoni.ayg pemeHne (26): 

; (l} ... · l i-n(cu) · · ... · ... . 2 . .... 2 
S 1 (Q,cu)=Hl:. 

2 
HIF

11 
(Q)+H (Q;cu)l -IJ

11
(Q,cu)l] x 

n . . q cu
11

. "· 

(45) 

. x[-LimG (cu+id]+zl (~cu)[P(Q)+H*(Q,cu)][-.!_ReG (cu)]l. 
. . 1T . 'I 'I 'I 'I }r 'I 

3A~Cb1 C.neAySI/6/ 1 Mb! BBellH «flyHKUHH 

... ... ... 
... ... ... ale ...... -WIIOJ -t(Q- q}xlc 

F ... (Q)=A(q-Q)l:. ___:(-i,Qe (k))e _e 
"' . . lc yMic " ,. (46) . 

. -+ -to -+ 
... -> .... -Wic(Q} -I(Q-q}xlc.oo (-·J" 

H ... (Q,cu)7A(q.;..Q)l:.alce e ,I -'-
_'11 1c n,n·=2 nln 'I 

-/2H CUq 

(2 HM lcJ"/2 X 

. ... 

- , , Qe ... lk) ••• Qen(k).. . /r,c 
x l: V +l (q,l ••• n} 

32 
· Re.«A, .... A ,lA ••• A •:>>::: 

. , ·, n . 1 · n l n CU 
(n,n } ( CU ... CU ) -

J n 

-a( ... q- ... QJ~ ·. -w"coJ -Hif_ ... J ... 
- ~a e " "I< 1c lc e . X 

18' 

I 
' 

X '}; ( ...:;} n v2Ncu
11 

n=2-.-;;[ (2NM k)n/2 

Qe~ (k) ••• Q; (k) 
1 . n . 

x . · Vz 
(r;>7"'cunJ,. 

-ReF 

rAe nocneAHee Bbipa)f{eHne I 

. J ' (Q, c.J·) B (45) HMeeT 
'II . 

MOll 'l8CTbiO MHOI"O~OHOHHOil 
/m F(q 7 ~ .. qn;cu+id.· 

Bi,Ipa)f{eHne anSI <flainc 
' ' .' 

B ( 45) MO)f{eT 6biTh ~aimca 

J l: 
W"(Q)=2NMk " 

. IQe (kJI
2 

· 
--"-- j 

2c.J 0 
'I 

rAe nonpaBKa K <flaKTopy· 01 

B napHOM rtpH6nH)f{eHIHI (~8 

"oo .n oo 

AW
1
.(.QJ=-l: -'-·2/mfdt 

n=3 nl .o · 

oo • n - I 

=·l: -'-· I V :(-{, ... ..;. n)e 
n=3 n! 1 ... n . n . . 

x ReF(l ... ~,cu= 0). 



·IX CK06KaX OIIHCbiBBeT 

·Hhie qneHbi o6ycnoaneHbi . 

(26): 

(45) 

m-..!..ReG (wJ11. 
.17 q 

; (46) . ' 

.oo · n 
''J, (...;,;) 
r=Z nln '/ 

V2Nwq 

lr,c 
It .«A

1
, •••• A , lA ... A •:>::>.:: 

. · n l n w · 

.X 

'1 

n 

X 2 (-i) 
n=2·. n! (47) ,· 

Q e->
1 

(k} ••• ~ ;n (k) 
X Re F ( q ••• q ; w ) , 

I n 

I'Ae nocneAHee. Bblp8)KeHHe rrony'leHO B rrapHOM 'npn6mVI<~HHH ( 40). cl>yHKUHSI 
..., . . : ~ 

J qj ( Q 
1 

w ) B ( 45) HMeeT T8KOH )Ke BHA, 'ITO H ( 47) 1 HO OIIpeAenSieTCSI MHH-

MOH qacTbiO MHoro<!JoHOHHOii <PYHKUHH fpnHal nnn B rrpn6nn)KeHHH ( 40) 1 

/m F ( q 
1 

••• q n ; w + i d. 
. .. 

Bbipa)KeHne AnSI <Pa. KTopoB Lle6aSI-. Bannepa B <!JyHKUHSIX F , H n 'J 
' q q q 

B ( 45) MO)KeT 6biTb 38IIHC8HO COI'naCHO ll3) 1 • ( 14) B BHAe 

' 1 
W(Q)=--2 . lc 

2NM" q 

1ae· (kJ 12 
·"" · w 

_-:~.q_ f d w cth - g ( q, w ) + 11 W ( Q), 
2w o 20 lc • 

q 

(48) 

I'Ae IIOIIpBBKa K <!JaKTOpy' OT Bb!ClliHX CTeiieHeii Q C yiJeTOM pemeHHSI (26), 

.B IIapHOM IIpH6nH)KeHHH (~8) HMeeT BHA 

oo ·" oo -+_,.' _,-+ .n · .• 

ilWic(Q)=- 2 -'·-· 2/m fdt (2<(Qulc (t}}(u v }>} < U(R 1 )> = 
n=3 n! 0 . s s s 

( 49 )' 

x ReF(l ••• n,w= 0). • f; '.' 

19 ' 



5. 06cy:lklleHHe 

. . l 
06mHe BbipameHHSI anSI oaHO!flOHOHHOI'O Heynpyroro Ce"{eHHSI paCCeSIHHSI 

(45)-(47) H !flaKTopa De6aSI-Bannepa (48).:.(49) Hsn.HIOTCH o6o6meHHeM' pe-
. /11-6,81 . J • • • 

ay1IbT8TOB 1 nony'leHHbiX paaee 1 nOCKOnbKy B HHX npHBOaHTCSI B SIB-

. HOM. nHae nonpasKH · scex nopHaKos no HMnynbcy · pacceSIHHH . Q ·_ H peaopMHpo

. BBHHOMY aHrapMOHH'IeCKOMY B38HMOaeiicTBHIO. TIOMHMO 9~oro; :'{aCTC)Tbi oit~ 
ao!floaoHHb~X so36ymaeaJiA, onpeaenHeMbiX . MaKCHMYMBMH ~HKUHH. · g (.q i~ ru) · 

( 41), Bbi'I~CnHIOTCH cornacao paaneny 3 c yqe'J'oM aarapMoaB:aM:os scex n6- · 

PSUlKOB aa OCHOBe CBMOCornaconannoii TeOpHH. n6npaa~H B~~CIUHX nopH/lKOB 

no. Q . M~ryr'6biTb 'cyiUeCTBeH/Ii,;MH, Koraa. nap~MeTp pa~n6m'e~~SI B (47).. 

(49) Q ..jUl -1 • Y'IHTbiBaH, 'ITO cpcJlneKsaapaTH'IHbie CMeiUeHHH aTOMOB. 

anSI_ Ksa·arosoro KpHcranna Tncp/~OJ'o I'cnHH y ii"'2- - 0,15 ~ , a: _anSI o~bi'I.:.. ---
HbiX KpHCTannOB B6nH3H TO'IKH IJnfJJIJJ(!IJH~I - V ij2 - 0,1 a ( 'a.,;. Cpeaaee .Me:ll<-

aTOMHOe paCCTOSIHHe), H8XOaHM 1 'ITO Y'JeT BblCIIlHX.'IneHOB no: Q~ .y)Ke'cy.:.. 
I!leCTBeH npH Q = (l.:; 2 K2rr/a} , TO eCTb npH o6bi'IHbiX.anH_ sxcnepHMeH-

Ta aaa'leHHHX Q •. TipH 9TOM :JtJ r;•'u:T it 11-x:~p!fiepeUHOHHbiX qn~HOB; B '( 45); 

onpeaenSieMbiX !flyHKUHHMH H qH J q 1 /IIJJJ,r.na ua6m(}aaTbCH cunbHaSI aasHCHMOCTb 

oT !3enH'IHHbi Q KaK BbiCOTbi nHKU 1 TLJK 11 or·o oCHMMeTpHHt o6ycnosneaaoii BTo-
. m,u,8/ ·· n · _ 

• onomeaHe uearpa nHKa, onpe-pbiM qneHOM B ( 45) ( -ReG ( ro}} 
. q 

aenSieMOI'O B OCHOBHOM MBKCHMY MOM 1J1y II Kill! H g ( q, c.J ) ( 41 ) 1 HBnSieTCSI cor nac-

HO ·paaaeny 3. !flyHKUHeii TeMncpoTypJ,J, ' 

B aacTOSII!leii pa6ore ue IIJIHIIO/l~JTc~• •mcJJOIIIILJe oueHKH, nocKonbKY, 

KBK OTMe'lanocb_ s paaaene 3, coMocoJ•JwcoBtllllloc pemeHHe ypasaeann c 
- . 

y'leTOM 8HI'8pMOHH3MOB BCeX IIOfHI/IK!JII llfHl/ICT/IBnSJeT CyiUeCTBeHHbie Tpyauoc-

THo 06bi'IHO YABeTC~ y~eCTb nHIIIJ. lll.l(IJIJ,JI! 1!lltllll•l pa~nO>KeHHii B ( 47); (49) .. 

H 'lneHbi C peHOpMHpOBaHliLIMKyfiH'IflCKifM tllll'llJIMOIIH3MOMB (37) HnH (29a) 1 

Bbi'IHCnHH WHKUHIO F( q q ,M} 11 11ym;uoM upuGJJHmcnHH (42). Tioao6111.Je 
l 2 /J1-Jij/ .. 

oueHKH npusoaSJTcSI1 uanpHM~p, n 1 I'll': JtnoTCSJ HX -_cpasneaue. c sxc-

-nepHMeHTOMo 
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-

)"npyroro C.e'{eHHH. pac.c.eHHHH 

) sansnoTC.H o6o6meHH~M·pe-·· 
~KY · B HHX njmsonHicSi B ~B

y pac.CeHHHH Q. H peHOpMHpo-
r' ' ' ·~ : • 

~OMHMO STOro;. :'fSC.TOThi oil;_ .. 
~~M~MH waKuHH g (-q;, wJ · 

roM aHrapMOHH3MOB BCeX n0-

ri6npaB~H ,BbiCIIIHXnop.SmKOB. 

l'aMeTP pa~Jio~eHHH B ( 47), . 

ISTll'iHb!e''_cMeuleHHH .aTOMOB. 

=2 - O,l5a ,·a nn~ o6bi~:.. 
~ - 0,1 a ( 'a ..;, cpenaee Me>I<

IIHX' 'IneHOB no Q· Y>I<E(cy.::_ 

f' 06bi'IHbiX "l:lnH SKC.nepHMeH

;p~UHOHHbiX. qneHOB .· B .· ( 45); ' 

I!OllllTbCH CHnbHSH 3liBHCHMOC;b . , 

l~eTpHH 1 o6ycn~sne'aaoii BT;,.. 

lono>~<eHHe ueaTpa nHKa, onpe-
-,. ' ' . . ' . ' ~ 

(q,w) (41), HBnHeTCH cornac-

r)JIIILie OUeHKH 1 UOC.KOnbKy
1 

Ioc pemeane ypaaaenun c 
. . . . . . . 

nnHeT cymecTaeHHbie Tpynn6c-

j~a3no>~<enHii • a .. ( 47), ( 49) .. · 

iOIIH3MOM B (37) HnH (29a) 1 

~JIHiKCIIHH (42) • n~~O~IIJ;Je . 

[llf!TC.Sl HX C.paBUeUHe C SKC-
., <' 

I 
i 

I 
.I 

·····I. 
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l 
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