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11 2/ 
B HeAaBHHX pa6oTax ' HaMH aa ocaoae MeToAa AayxapeMeHHbJX 
. 131 

'«f>yHKUHH fpHHa 6bina paCCMOTpeaa AHH8MHKa CHnbHO aarapMOHH'IeCKHX 

KpHcTannoa. B HaCTOSIIUeii: pa6oTe Mbr paccMoTpHM BbJ'IHcneane cao6oAaoii: 

aaeprHH aarapMoHH'IeCKoro KpHcTanna aa ocaoae MeToAa aenpHBOAHMbiX 
121 . 

<flyaK.UHii fpuaa, cljlopMynupoaaaaoro a • ByAeT noKaaaao, 'ITO aToT MeToA 

noanonSieT aeCbMa npocTo nony'IHTb paanomeaue cao60AHOH aaeprnu no non

HOMy 6HI'apMOHH'I8CKOMy B38HMOAeii:CTBHIO H npHBOAHT K TeM me peaynbTaTaM
1 

~I ffll 'ITO H MeTOA TeMnepaTypHbiX <J!yHKUHii: fpHHa H BapHaUHOHHblii: nOilXOA 

B TeOpHH CHnbHO aarapMOHH'IeCKHX KpHCTannoa. 

B nepaoii: 'IaCTH pa6oTbi nonyqeao paanomeuue cao6oAaoii: aueprnn no 

HenpHBOAHMbiM 'I8CTSIM KOppenSIUHOHIIbJX $yHKUHii: CMeiUeHHii: aTOMOB B peweT

Ke, HCXOASI H3_TO'IHOI'O npeACTaaneHHSI AnSI CB060AHOii: 9Hepi'HH B BHAe HHTer-

16 11 ' pana no napaMeTpy CBSI3H OT OAHO'I8CTH'IHOH $yHKUHH fpHHa ' o llonyqeHO 
' --

TaKm_e ypaaHeHHe AnSI HenpHBOAHMbiX KOppenSIUHOHHbJX $yHKUHii:, AOnycKaJOIUee 

peweune B BHAe HTepaunouaoro PSIAa no peaopMHpoaaunoMy aarapMOHH'Iec-

K~My _B38HMOAeii:CTBHIOo 
( ·!·· 

Bo BTopoii 'IaCTH pa6oTbr o6cymAaeTcSI caMocornacoaaaubrti noAXOA npn 

- - 14 51 Bbi'IHCneHHH CB060AHOH 9Hepi'HH, OCHOBaHHbiH Ha BapHaUHOHHOH npoUeAype . 1 

Ill nnu ncnc;mcayJOIUHti CBSI3b KOppenSIUHOHHbrX !flyHKUHti H !flyHKUHti fpnua . • 

Bo BTopoM nopSIAKe no peuopMnpoaauaoMy aarapMOHH'IeCKOMy aaaHMOAeticT- · 
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,. 

BlllO nony'leHO SIBHOe Bb!p8lK9Hil9 )lnSI CB050JlHOH 9H9pi'UU U nOK838H8 9KBU-/_!!t; 

aaneHTHOCTb o5oux MeTOJlOB. 

1. PaanolKeHne CB050JlHOii aHeprnu no HenpHBOJlUMbtM 

KOppemiUUOHHbiM pyHKUUSIM 

p aCCMOTpUM aHrapMOHU'IeCKUH KpllCTann, raMUnhTOHU811 KOTOpOI'O 381IU

UleM B o5meM Bulle: 

; 2 .. 

2Ms +U(Rs.JI 
K 

H ... I (1 ), 
··. ~ . s' 

rJle ; Ps. u Rs - uMnynhc u KOOpJlU!IaTa aroMa c Maccoii M K B yal!-e pe-:

lll9TKU s =( f, K), , nonolKeHue KOToporo onpeJlemieTCSI cornacuo paae1:;:~ay 

-+ -+ .............. 

.< R s •> = x s = x e K = e + x K I . 
(2) 

.. 
I'Jle e - KOOpJlllHaTa aneMel!TapHOH. SI'I9HKU 11 X K - KOOpJlUHa.Ta a TOMB 

copTa K = 1
1 

••• 
1 

r • CpeJlHee .< •• ~ ·> Bbi'IIlCnSieTcSI n~ . paa.Ho~.ecHoMy coc

TOSIIIHIO .Kpucranna npu TeMneparype () = k T • PaanaraSI. noTeHuuanhHYIO . ·.· ' . .•,"' , ... ,· 

aHepruiO Kpucranna U ( R s ) B 5ecKoHe'IHbiH p.HJl no renllOBbtM cMemeHilSIM 

-+ J _, -+ 

Us=Rs-Xs 
, npeJlCT8BUM .. I'8MUnhT~Hil8H• ( 1) B BU)le:. 

H(A)=Ho+H 1 (A.), 
(3) 

I 

.Ho= .I 
. . s 

2 

-~+-~-. I 
2M K 2 ,, 

0 
<I> ,, u I u I + u 0 (X I) I 

(3a) 

"" A." 
H 

1 
(A)= I -- I <I>l, •• nu l"'.un . I .l ... n n;:l . n. 

2 0 
~ I <I>,, u, u, I 
2 ,, 

(35) 
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· rne . H
0 

~ . npo6Hi>tfi . rapMoHittteeKnfi raMIIJibTounau, MaTpH-

.·i 0 
ua eUJIOBbiX noeTOS'IHHbiX KOTOporo <fJ II (i =(s,·a), a = X, y, Z J 6yneT onpenene-

Ha ·s nanbHefiweM. Dpo6Hbte rapMOHif'leeKne 'laeTOTbl w" 1 n BeKTopa nonHpn

aaunu e a" I ( K) onpenenmoTeS'I H3 'ypasueHHS'I ua eo6eTBeHHble 3H8'ISHHS'I 

w 2 e~1 (K)= I e {3 ( K ') -·-
1
---- I 

kl K {3K' k/ . .---- C' 
vM M , 

K K 

( 4) 

... 
rne k -KB831iliMIIYJibe II j= J, ,,,, 3 r - HOMep MO/lbl HOpMaJibHOI'O KOJie6aHHS'Io 

raMHJibTonnau H
1 

(A) eoJlep>KnT see sepwHHhi aurapMoun'leeKoro saanMo

neiieTBIHI 

,.,.,a 1 ... a" 
<f.Jl .. ,n ='~'s 1 ... sn 

(5) 

DapaMeTp A nrpaeT pOJib cflopM8JlbHOH KOHeTaHTbl eBS13H 1 TaK 'ITO npn A = 0 

H
1
(0}= 0 , a npH A= J raMHJibTounau (3) co5nanaeT e nexoJlHhiM (1). 

PaeeMOl'PHM eso6onuy10 sueprniO KpneTanna, aasneHlllYIO or A: 

H{A) . 
F{ A)=- 0 In Z (A)=- 0 Jn :Sp I exp (- --1 I, 

0 

H eoeTaBHM ypaBHeHHe: 

iJF( A) 

iJA 

HCAI 
J Sp l e .. -o-_!H ,(A~ h < - iJH ,p .. ) •> 

Z{A)' iJA iJA A 

(6) 

(7) 

' ' J ·"" -/W(t-t'l 
G

11
,.:(t-t')=«u

1
(t);u

1
.(t')•>>=-- f dwe G11 ,(w), (8) 

. 211 _.., 

rne Mhl BBenn o6ht'lHhle o6oaua~eHnSI (eM. 
131

). nonbaygeb ypasireuHHMH 

_JlBHIKeHHH JlJIH onepaTopa eMellleHHH u1(t)= exp( iH(A)t)u I exp (-iH(A) t), 
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nony'IaeM cnegyromee ypaaueune llllfl ~ypbe.:_KOMilOHeHTbl <!JyHKUll~ · rpuua 

(8): 
~ J i 1 

~ . 

};(Mjw2~2 .:..·<P~')G21'((r))=Bl'J'+ 
2 • • 

.,,:I 

. '"'"" 

}; ·TI12((rJ)G21'((rJ), 
2 

I'tle Mbl BB91IH MaCCOBblll onepaTop !flyHKUHH fplilia: 
f• 

.oo An 

(9) 

· · };. :n 12 < (r) ) G 2 1 , ( (r) ) = 
2 

I . ---- ,}; ·. <1> 1 •.<<u2 ••• u .:ju1_, 1>>(rJ - ., .•. 
n=2 (n -l)! 2 ••• n ... n n . . . .. , . ' 

-'A2 I- <1>~2 'G2l ,((r)). 
(10) 

j '· ' 

n u u /3/ ' ' 
onhayHcb ganee cneKTpanhuon TeopeMon , onpegenHeM us ypaaueunil: 

(:9), .. ( 10.) <;:neKTpallbHbie HIIOTHOCTH KOppeiiHUl!OI!IlblX !flyHKUHH, HI!Tei'pHpyg 
. . • . ' '.. -=.· ' 

KOTOpbie ,no_. 'IaCT<?TaM, ,nony'IaeM ,cnegyromee_ cooTH~meHn~:. 

'A .< .!.!' l ( 'A )" 
~-~ 

- _j__ I c/(r) 

}; 
s M 

}; 
- 2 7T c 

-w--
e()-l 12 

2 0 
.<Ps '>>..- T2 <Pl2.< ul u2 '>>..,. 

s . 

~ ·, ; . \]. 

·n ; ; < (r) ) G 2 l ( ~ ) • 

: .... ; 

I'}:le KOI!Typ ( COCTOHT H3 llBYX npHMblX IIHHHll ( -.oo + i f , oo + i f 

,,(.11) 

nCoo-i f 

-.oo - i £) • CnegoaaTenbuo, .tl/lfl cao6ogHoil:,. suepfnn us ypaaueunil: (7), ( 11) 
·: i . . . 

nony'IaeM 

F=F0 +•f 
0 

. '' 
l 

= Fo - 0 I 
•:·.· . ., . 0 

.:·; 

~ ; .-, 

d 'A .. --·.-- f.. 
"'---. 2 7T c 

d(r) 
-,--(I)--- _}; nt2<(rJJ~2l ((r))= 

'A 

ci'A 

'A 

'·) 

eO -l 1,2 

.. 

}; }; ·n 12 ((rJ n )'G2l _ ((r) 
(r) n .. j ;2 I~ •' • ' . ' ' . 

. , l ~ . • ..: ; 
0 

~, • ~ I ., 

•" :·,;;I '\',.'o/ 

6 

( 12) 
. ' . ... ; .:~ 

) ' n 

•''·· ; • ,.· :' k ''!" • : l ~··. 

~ ,,\ I t ', f < 1 , ~ ~ , , ; 



rne BTopoe BbipalKeHIIe B ( 12) nony"'eHo nyTeM ne!iJopMaunn KOHTypa C ,. , . . . ;e.·. 
B KOHTyp (I , OXBaTbJBaJOIUiiti JIOnJOca tPYHKUIIII ( e llJ . -1} -I B TO"'KaX 

llJ n = 2 TT ; e n • n = ± 1, ± 2 I ... • f1 ocnenHee BbJpalKeHIIe 6binO nony"'eHo 

.161 ~ - r , B MeTOllOM TeMnepaTypHbiX 'i'YHKUIIH pHHa. 

PaccMoTpHM 6onee nonpo6Ho BbipalKeHne nnn Maccoaoro onepaTopa 

(10). Co6epeM B HeM BMeCTe "'neHbl 0 COOTBeT.CTBYJOIUIIe peHOpMIIpOBKe !iJo

HOHOB B npn6nHlKeHIIII CpenHero· tPOHOHHOI'O nonn. nnn '3TOI'O BBe;leM He

IIpllBOlliiMbJe ( i r} tPYHKUIIII fpnna cornacno onpeneneHIIJO 
121: 

n-1 
'I I r "<' m I 'I I r I ( ) .« u 1 ... un :, •>> =.<<u 1 ... un !•»- ""' C .<u +I ... u •> .<<u 1 ... u t •>> • 13 

m=l n m n m 

f1oncTaBnnn us (13). BbipalKenne nnn nonnoii !iJYHKUIIH fpuna B BUlle pasno

lKeHun no nenpiiBOlliiMbiM tPYHKUHHM B ypannenue (10), rrony"'aeM cnenyJOIUee 

rrpencTaaneune nnn Macconoro onepaTopa: 

b 

TI I 2 ( >. , w ) = 'TI ~ 2 ( >. ) + 'TI 12 ( >. , w ) • ( 14) 

rne He 3aBHCHIUaH OT "JaCTOTbl "JaCTb MBCCOBOI'O OIIepaTOpa orrpenenHeT 

IIepeHOpMHpOBKY tPOHOHOB B cpenneM tPOIIOIIHOM· none: 

(14a) 

· a 'laCTOTII03aB,HCHIUaH "'aCTb OIIpenenHeT nepeHOpMHpOBKY (j;oHOHOB sa C"'eT 

neyrrpyrux rrpoueccoa ux pacceHHIIH u orrpenenHeTCH us ypanneHIIH 

,•. /2/ 
PenopMupoBaHHbie nep!lliiiibi B (14a) ( 146) orrpenennJOTCH B BRAe 

i" :J'; '\ ', " ~ . ' ' ,,· 

ciil ... n (.>.)=V 1 ... V n . .<U(x
1 

+>-u
1 

}•?_ =V 1 ... Vn .<exp(.>.t u
1 

V 
1

}?_U 0(x,): 

(15) 
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fioJlcTaanSISI (14) ·J3 ( 12) n HHTerpHpySI rio KOHTYPY C, nonytiaeM cneJlyJOmee 

Bb!p81K9HII9 JlnSI CB060JlHOH 9H9pr'HII: 

F=F 0 +Fa +F, , (16) 

r'Jl9 npo6HaSI rapMOHH'l9CK8SI CB060AHBSI 9H9pr'IIS! lfM99T o6bi'lHblll BlfJl 

Fa = () 
wk 

I In (2 sh --1- ) + U 
0 

( x ) , 
kj 2 () I 

( 16a) 

a aHrapMOHII'l9CKII9 nonpaBKII onpenenSIJOTCSI B BlfJl9 

I JA D I 
F = f -- I ll 12 (A) <u 1 u 

2 
·> A = f J A A 

a 0 A 12 0 

- 0 
I <u1 u 2 ·>A (<ll 12 (A)-<ll12 ), (1136) 

12 

J A i J w 
, 

F, = f --- -- f -w-- I ll 12 (-\,w )G21 ( w ). 
o A 2" c eT -l 12 

00 n-1 ( 16a) 
A - I r 

f J}._ I --- I <Ill ... n (A).< U I "• U n •> A 
0 n=l (n-l)! 1 ... n 

HenpHBOJliiMaSI KoppenSIUIIOHHaSI ¢YHKUHSI B (16a) onpenenSieTCSI cornacHo 

( 13) cnenywmiiM o6paaoM: 

I r 
.< U I .. • U n ·> = < U I .. • U n 

n-2 

I 
m=l 

m . lr ( ) C 
1
< u +2 ... u •>l<u1 ... u 1 •> I, 17 

n- m n · m+ •>-

OTKyJla cneJlyeT 1 'ITO OHa He MOIKST 6hiTb CB9Jl9H8 K ¢YHKUHHM 6onee HII3-

KOr'O nopSIAK·a nyTeM pacuenneHHil, T.e. onpeJlenSieT HenpiiBOJlHMYJO tiaCTb 

KOppenSIUIIH CM9lll9HHH n aTOMOB. 

nocKOnbKY peHOPMifpOBai!Hbl9 BepWIIHbl (15) onpenenSIIOTCSI npOII3BOJlHhl

MII OT Cp9JlH9H noTeHUIIanbHOH 9H9pr'Hif 1 nony'IHM T8K/K9 pa3nOIK9Hll9 nocneJl

H9H no HenpiiBOJliiMhiM KoppenSIUHOHHhiM <{lyHKUHSIM. PaccMoTpiiM JlnSI sTore 

ypaBH9HH9 

8 
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a 

!; 
n = 1 (n -1}! 

lr 
I <u 1 ... un>A <exp(aA ·I u 1V 1 )>>>._'.U 0 (x 1 ), 

1 .. , n I 

rne r-u,J nnenn HOBLtil napal'.teTp a 11 nponenn pasno~eHne no Henpnnonn-

Mt,Jr-t KOppenHunoHHLIM cpyHKUI!HM (17), HHTerpnpyH 9TO ypanHeHHe no a , 

nonyqaeM Tpe6yeMoe npencTanneHne: 

.oo An lr 

<exp(A I u IV l)•>t.Uo(xl)=expl I ---I <u1"'Un'>A v1,"'V:n I X 
I n=3 n! 1 ... n 

A2 
x exp ( --

2
- I 

12 

(18) 

I'Ae rrepBaH 9KCITOI!eHTa conep~UT H9ITpUBOAIIMbl9 KOppeDHUIIOHHbl9 cpyHKUUII 

c n:;: 3 1 KOTOpbte oTnnqHhi oT HYDH numb ripn Af, 0 1 TO. eCTb rrpn yqeTe aH

rapMoHnqecKnx qneHOB nsanMoneilcTBHH, Dpennonai'aH ManocTb rroKa3aTenH 

9TOi'i 9KCITOH9HTbi 1 (18) MO~HO rrpeACT8BHTb B BHA9 pasno~ei!HH 

I'A9 Mbl BB9DU cpeAH!OlO ITOTeHUU8DbHYIO 9!19pi'IIlO B ITC9BAOI'apMOHHqecKOMt IIDII 

pe~opMI!pOB8HHOM I'~pMOHIIqeCKOM rrpn6ni!~9HUH: 

A2 
U ,\ (x I)= ex/' ( -y- 1~ < u 1 u 2 •> A V 1 V 2) U 0 (X I ), (20) 

DoncTaBnH.H Terre ph pasno>KeHne ( 19) B Bbtpa>KeHne ann peHopMnponaHHbiX 

nepwnH ( 15) '· ann cno6onHoi'i sHeprnn ( 16) rronyqaeM cnenyiOwee pasno~e

Hne, ITO HerrpUBOAUMbiM KOppeDHUHOHHLIM cpyHKUUHM Bb!ClliUX ITOpHAKOB n '2: J, 
/4/ 

9KBUB8D9HTHOe KOMyDm!THOMY pasno~eHU!O B pa60Te : 

9 



0 
Fa = J dA ,\ ~ .<u 1 u 2 t>A (V, V2 U).Jx

1 
)-<fl 12 )-i: 

0 12 . . 

1 "" n (21) . ,\ I • 
+ J J A A ::S .<u 1 u.2•>AV 1V 21 ~ --1 · ~ .<u 1 ... un '). V

1 
••• Vn UA(x 1 )+ ••. I, 

0 12 n=3 n. 1,,, n 

1 ·"" I r 
~ Fb = J JA 

0 n=3 

An-1 

(n-1)! 
::S .< U 1 ... U n t>A V 1 ... V n { UA (X 1 ) + 

1 ... n 

·"" A" 
+ }; n7-

n.=3 
~ < u 1 .,, U n '>~ V1 ... V n U ,\ (X 

1
) + .,, J , 

1,,, n 

(22) . 

PaccMoTpllM Aanee ypaBHeHne An>I HenpnBOAllMbiX Koppen>IunoHHbiX 

cpylllCllllll Bb!CillHX nop>IAKOB n 1:::_ 3 H noKallieM1 'ITO OHH TaKme MOI'YT 6biTb 

npeACTaBneHbl ~ BRAe paanomeHU>I no peHOpMHpOB8liHOMy 8HI'apMOHll'I9CKOMy 

B3aHMOAeficTBnm. BocnonbayeMc>I An>I sToro ypaBHeHneM An>I cpyHKunu fpnHa 

G~~ .. n,dt -t') = .« u2(t) ... un(t); U7'(t') '>1> lr 1 (23 )' 

/3/ KOTOpa>I onpeAen>IeT KOppen>IUUOH!IyiD cpyHKUHID cornaC!IO COOT!IO!ll9lllliD : 

.<u ••• u 
1 

>I r .,_1 f Jw· [-21m'G
2
1' 

1
(w+it)] 

2 TT ...!JJ ... n, 
""'""e(}-1 

(24) 
n 

nucpcpepeHUllpyg cpyHKUHID 
17/ 

fpnaa (23) no BpeMeHn t '1 nonyqaeM cneAymruee 

ypaBHeane ( cp, c ) : 

~ IM1' w
2 

81'2'-<1! 0,, -·nt'2'(A) 2, • 1 2 G 1
' '(w) 2 ... n,2 

·"" An "' I . I r 
=~ ---~ ,'<1!1'2' ,(A)«u2"'undu2'· .. Un"»w 1 (25) 

n !.3 (n '-1} ! 2' ... n ... n 

rAe Mbi yqnu onpeAeneane ( 13), cor nacHo KOTopoMy HeOAHOpOAllbifi 'Ineu 

B ypaBHeHnu An>I aenpnBoAnMofi cpyHKUnn fpnaa o6pa!llaeTC>I B Hynh: 

.< [ u2 ; .. u n I i p1 , ] •> I, = 0 • 

10 



B npanoil 'IaCTH (25) Mhi nnenn HeripnnoanMyro cpyHKUHJO fpnHa KaK no ne

BhiM onepaTOp8M1 T8K ll no npaBbiM 1 38BllCSIIllllM OT BpeMeHH t' ·'LfT06bi pe-

, lllllTb ypaBHeHHe (25) 1 BBeaeM HynenyJO cpyHKUll!O fpnHa B npn6nH)KeHllll Cpea
/1/ 

Hero ¢oHOHHoro rronsr cornacHo ypanHeHHJO 

~ 
2 

'Go 2 7 , ( (JJ) 

.. - 'Go YMHO)K8SI ypaBHeHne (25) cnena Ha ,nony'IaeM pellleHne B nnae 

A , o 
~ ~ 1 '7 ,( w) <ll7 '2 ' •.. n ,(A) (n'-l)!7 ... n 

I r 
X .<< u 2 • • • u n !! u2 , .. • u n , ')i> CiJ 

X 

(26) 

(27) 

nonb3YSICb (24) ansr HerrpnnoaHMOil KOppensruHOHHOH cpyHKUllll
1 

nonyqaeM: 

·"" 
~ 

n ':~:~3 

A" 
(n'-l}! 

~ 
l ' .•• n ' 

X 

(28) 
X.< u2 ( t) ... U n ( t) I U 2 , ... u n , 1> ~ "V 1 t.. V n ~ U ( lC 

1
, + A u 

1
' ) '> 

'/3/ rae Mhi nocnonbaonanncb cneKTpanbHhiMH npeacTannennsrMn ansr <jlyHKUHil 

fpnHa B (27) n nepelllnn K BpeMeHHhiM HenpnnoanMhiM KoppensrunoHHhiM 

¢ynKunsrM. nocneanne He MoryT 6biTb ynpomeHhi cnapnnanneM onepaTopos, 

.. OTHocsrmnxcsr K oaHoMy MOMeHTy npeMeHn. 0TMeTnM, 'ITO n npanyro 'I~CTb 
(28) BOIIInO peH~pMnp~B8HHO~ aHrapMOHll'I9CKOe B38llMOaeilCTBll~ n ' 1>3 ,K~TO

; poe, n en oro o'Iepeah, cornacuo (1 9) onpeaensreTcsr paano)KeHneM no Henpn

. noanMhiM KoppensrunoHHhiM ¢YHKU~,IsrM. B peaynh~aTe (28) npnHnMaer. nna 

HHTerpanbuoro ypanneHnsr, pellleHne KOToporo MO)KeT 6h!Th nony'IeHo B: nnae 

nTepaunonHoro psraa. 

P asnmKeHne ( 1 9) ansr cpeaneil noTenunanhHoil sneprnn noanonsreT T8K)Ke 

nony'IHTb Bhrpa)KeHne ami nayTpeHHeil sueprnn aurapMOHH'IeCKoro KpncTanna 
/1/ 

B BRae 

11 



E = .<H I 
p: 

I U 1 t; 1'> U 0 ( X 1 ) = '> )\,.J "' ~ 
+ .<exp 

s I 

p2 .. .oo 1 .. (29) 

=I 
s 

+U(x;) +I -;;-r- l <:u 1 ... u" /;v 1 ... V"U (x 1 ) + ... 
2M K s no:3 n. l .. n 

TaKl!M ·o5pasoM, yql!TbiB851 (1 9), (28), CBo5o,onyiO snepl'l!IO (21), (22) 

ll BHyTpeHHIOIO 9HBpl'l!IO {29) npe,oCT8B1151BM B BH,IlB p831IO{KBHl!ii ITO· penopr-.m

pOB8HHOMy anrapMOHl!qeCKOMy B38UMOi:leiiCl'Bli!O, KOTOpLre, Clle,llySI/
2 

/, MLI 

MO*BM CXBM8Tl!qecKl! rrpe,llCT8Bl!Tb B !'pa¢uqeCKOM BH,IlB• K8K ITOK838HO 118 

pH C. 1 { CMb!Cll OT,IlBllbHblX rpacpuqeCKHX 911Bl>.~BHTOB ITpiiBB,IlBU 118 pl!C, 2), 

r~ = ~-e:b = u·-e+ o: W4 + ... (a) 

F = 
~ 
~=~=~+···~Ci) 

<U> == ~ = • + CIC Fl + ® >•<:::::B+,. .. (6) 

P11c. 1 

00 ,._ 

~" = L ~n- ~ ... v'lU, 
IYI=O m 

-o- - ¢~. (Q) 
'J 

00 00 • ....., 

~ = L ~ n _. L <.U .... U.,>'r. (Ci) 
n•3 '>= 3 

00 00 ' . • 

00 ; = ·L ~ - L (U1'" U~IU1 , ... un'~r. (6) 
n,n'•2. n n' n,n'=2. 

P11c •. 2 
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CpaBHeHue paano*eHHH AnH CB060AHOH aHepruu (21), (22), ITpeacTaB

, neHHOI'O Ha pHC, 1a) 1 6) C pa3n0*9HH9M B pa6oTe/
4

/ ITOK83b!B89T 9KBHBa-

, neHTHOCTb peaynhT8TOB 1 ITOny'ieHHb!X M9TOAOM ypaBH9HHll ABH>IC9HHH AnH ABYX

Bpe~,19HHLIX <jlyHKUHll rpuHa U M9TOA8MH AHarpaMMHOll TeXHHKH. 

2, CaMocornacoBaHHoe Bhi'incneHne cBo6onnoil aHeprnn 

B o6LI'iHOil Teopnn B03MymeHHH B Ka"leCTBe HyneBoro ITpn6nu*eHHH 

' 0 
BbJ6Hp8eTCH rapMOHH'ieCKOe, TO eCTb '<1!1 /'"'~If B (3}, T8K 'iTO B 9TOM cnyqae 

pa3n0*9HHe AnH CB060A.HOfi 9Hepl'HH (21 ), (22) HBnHeTCH paano*eHHeM ITO 

8HrapMOHH'ieCKOMY B38HMOA9HCTBH10 1 ITepBb!9 qneHbl KOTOpO!'O XOpOWO nay-

/8/ 
'ieHbl (CM,, HaiTpHMep, , ). 0AH8KO B cnyqae cnnbHO aHrapMOHH'i9CKIIX 

KpncrannoB ITOA06noe paanmKeHne ITnoxo CXOAHTCH nii6o BOBCe niiweno CMhiCna, 

ecnu I'8pMOHH'i9CKHe "l8CTOTbl1 OITpeAenHeMhie M8TpiiUeii <I! I/ , HBnHIOTCH 

-/5/ 
"'HCTO MHHMbiMH • DoaTOMY B Ka'ieCTBe HyneBOI'O cneAyeT Bbi6Hp8Tb ITpH-

6nH*eHne1 Y*e y"lHThJBaiOmee cymecrBeHHhiH aHrapMOHH3M Kone6an11il aTOMOB. 
/4 5 9/ . 

B pa6orax 
1 1 

6bin npeano*eH caMocornacoBaHHhiil noAXOA AnH onpeAeneHHH 

ITp06HOll M8TpHUbl <I! 1°1 , OCHOB8HHhlll Ha B8pli8UHOHHOM npHHUHne AnH CB060A-

HOll 9HeprHII. 8 H8CTOHrueil pa6oTe Mbl paCCMOTpHM C8MOCOrnaCOB8HHhJi1 MeTOA 

Bbl'iUCneHHH CB060AHOH aneprnn, OCHOB8Hiiblll Ha OITpeAeneHHH 'iaCTOT ITpo6-

/1 I , 
Hb!X <jlonoHOB H KOppenHUIIOHHbiX <jlyHKUHll no <jlyHKUHHM rpHH8 • DpuMeHHM 

9TOT MeTOA K Bbl'iHCneHHIO nepBb!X qneHOB pa3n0*9HHH (21 ) 1 (22) 1 KOTOpb!e 
' 

Mbl OITpeAenHM B HBHOM BIIA91 npOH3BOAH HHTerpHpOB8HHe no A 

B nepBOM ITOpHAKe ITO peHopMnpoBaHHOMy anrapMOHH'ieCKOMY B38HMO

AeilcTBHIO aocTaTO'iHO yqecTb ronhKO nepBhiil qneH B (21) 1 TaK :KaK 'Henpu

BOAHMhie KOppenHUHOHHhie <jlyHKUHH C n 1::::,3 B OCT8nbHhiX 'ineHaX A8IOT ITOripaB

KH 6onee Bb!COKOI'O nopHAK8, Donarag B napHblX KOppenHUHOHHbiX <jlyHKUHHX 

A = 0 , nonyqaeM! 
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'1 ·. ' . 2 . . ·. 0 
!!F1 .. f·dA. A-~ .<u1 'u 1•> 0 lv;v

1 
exp(-

2
;>,. -~ .<u 1ui> 0V1V}U0(x 1)-c'P 

11 
I= 

. 0 ' II . . ' 12 . . 
· .,; I exp ( _l ~ .< u 1 u 1 •>o V 1 V 1 ) - l I U 0( x 

1
) - 1

2 
· ~ c'P 

1
°
1 

.< u 
1 

u 
1 

'> 
0

• 
2 11 II 

(30) 

Bhi5epeM Terrepb rrpo6ay10 MaTpuuy 'c'P ~I TaKnM o5pa3oM, 'IT05bi B paccMaTpu

BaeMoM rrpu.5moKeHUU M8CCOBhlll OIIepaTop tjlyHKUIIII fpiiHa B (9) 05pamanCH 

B aynb npii A= l ;y~mThma.H (14a) II rrp'eae5peraH B nepBoM rropHJlKe BKna

JlOM (146), Jln.H·tjlyHKUfiii fpiiHa' (9) rronyqaeM: 

. (1) 2 0 -1 
G. If ( w ) = ( 0) M I 01,1 - c'P II ) (31) 

_c'P~ 1 =¢r:: =V 1V
1
U(x 1) =V 1 V 1 !exp(+~-'<u 1 u~ 1 V 2 )1UJ~ 1 ). (3la) 

cPyHKUIIH. f'pnHa ( 31 ), ( 31 a) OIIIICbiBaeT pacrrpocTpaHeHIIe He3aTyXaJOllll:IX tjJOHO

HOB B IIC8BJlOI'8pMOHII'I8CKOM1 lin II peHOpMIIpOB8HfiOM I'8pMOHII'I8CKOM npii5nii-
Ill 

)!(8HIIII • K oppenHUIIOHHhie qJyHKUIIII B ( 30) nerKo Bhi'IIICnHJOTCH cornacuo 

Cnei}TpanbHOll TeopeM/
31 

no tPYHKUIIII fpiiH8 (31) II IIM8JOT C Y'I8TOM (4), 

( 31 a) · cneJlyJOmxiii: BIIJl: 

.<ua u f3, •'> 
s s . 0 -tr~ 

e~/K)e:{tK') .... ... .... 'J. 
lkJxs -xs'(l+2 n kl 

e . (32) 

•./MKMK'2wkl 

wk/0 1 ' a 
I'Jle n kl =( e - l r' ,LJacToTa tjloHOHOB w k I n B8KTopa nongpii38UIIII e kl (K) 

OnpeJlenSIJOTCH J1PH Cfi!';!OCOI'naCOB8HHOM peUieHIIII CIICT8Mbl ypaBH8HIIll ( 4) 
1 

(31a), (32), TaKIIM o5paaoM, cBo6oJlHaH auepriiH B rrepBOM nopHJlKe no-pe-

HOpM!!pOB8HHOMy 8HI'8pMOHII'I8CKOMy' !B381IMOJl8HCTBIIIO II MeeT- BIIJl 

F wkl wkl . wkl 
... ~ I 0 en ( 2 ·sh - ) - -4- cth -2 0 I + u (X I ) • ( 33) 

kj 20 .. 

.. 
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. . 

HeTpyllHO.'npoaeplfTh 1 'lTO ·CB060ilH851 aHepi"HSI· (33) cTauHOHapHa K aapuaunn 

. liO <I> 0 
· . I I (31 a) 1 lfnH 1 8KBifBan~HTH01 no .<u 1u />: 0 1 TO .eCTh, npeJlno>KeHHhiH M,e

/4 59/ 
TOll 8KBifBaneHTeH 'aapnaunoHHOMy nollXOilY B P.a6oTax 1

• 
1 

• , 0JlHaKo B. (33) 

Y'lHThiBaeTCSl BKnall TOnhKO 'leTHhiX · 8HI"apMOHH,3MOB 1 H 1108TOMY SHa'leHHe 

CB060!lHOH 8Uepl'Hif OK83hiBaeTC51 CHnhHO 38Bhllli9HHhiM: cornaCHO BapHaUHOH

HOMy npnHunny Eoromo6oaa, Bhipa>KeHHe (33) )laeT ·aepxmoro rpaHifUY JlnSI 

CB060ilHOH 8Hepl'HH.8Hl"apMOHH'leCKOrO KplfCTanna, 

JlnSI y'leTa 'lneHOB·· BTOp'Ol'O 110p51JlK81 , KOTOpbie COJlep>Ka,T BKnBJlbl TBK>Ke 

H He'leTHbiX 8HI"apMOHH3MOB 1 . Heo6XOilHMO- paCCMOTpeTb BTopoil: 'lneH pasno-: 

>KeHHSI JlnSI Fa B (21) H nepBhiil: 'lneH pasno>KeHHSI JlnSI F b B (22). Tipn aToM 

, llBYXBpeMeHHYIO HenpHBOilHMyiO KOppenSIUHOHHYIO !jlyHKUHIO B (28) MO>KHo 

Bhi'lHCnHTh npn A= 0 :.· 

, . '>I r ul , ... u , 
n .\.:0 

n 

.. 8 , n! 'll .< u ( t) u 
1

, '> 
0 

• 
n,n I= I (' 

(34) ( t) 

B pesynhTaTe nonpaaKa BToporo nopH.IlKa MO>KeT 6hiTh npellCTaaneHa a BHile 
I· .oo '.. n-1 ·. 

D.F
2 

,.. f rlX I I _A_ I .<u
1 

... u ~~~V .... V UA(x;) + 
·.;, 0 n=3 (n-l}!l,.,n n I n 

.oo 

+AI .. <.I.!
1

.u
1

,>V 1 V, 1 I ~I .<u 1 ... u '>~V ... V'Ulx) 
·If 'n=3 n! ·I ... n n I n · · I 

\. 

.oo 

='m J rlt (3 (I, .<u l(t)u l''>oV I vi,)U(X,.)U(x; ),;, 
II . 0 

'= _l_ ~ . - I'· ... < u I ••• u 1>.1'V v u (X ) ' ,. 2 ' n: 3 . ~ / , l ... n - · n 1 "' n ' I 1 
· 
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I'lle on'epa TOphi V l H V I; · neiiCTBYJOT COOTBeTCTBeHHO Ha cpy HK11HH U (X I.) , 

H l/( X' ) H; BBelleHa lPYHKUHH £ ( y J = ·· I ~ 'y m, 
I · n ,.=n m. 

· Bht'IHCmtM Teneph ¢yHKUHJO fpHHa B ( 9) c yqeTOM qneuos BTopoi'o . 
nopHnKa a· MaceoiloM onepaTope ( 14) npu A.= 1: 

(2) 2 
G II ( w ) = 1 <U M I 81,1 

- (2) 

-<ll II 

b -! 
-ll

11
{w)l (36) 

I'ne peuopMuposauuast s · cpenueM none I'apMOHH'IeCKaH MaTpuua c y>l~To~r 

qnei!OB BTOpOI'O TIOpHllK8 B (J4a) 1 COI'naCHO (15), (19), { 35) HMeeTBHJl 

- (2) <Ill/ =V
1 

V
1
1U(x

1
)+L'1U

2
(K i)l, L'1U2 (x1 ),2f!F2 ,, (36a) 

a '18CTOTH038BllCHII18H '18CTb MaCCOBOI'O onepaTopa (146) COI'naCHO (27) 

B npu6nHJKeHHH (34) BO BTOpOM TIOpHJlKe MOJKeT 6b1Th 3BOHC8H8 B BHne (cp. 

c/7/~ . 

·"" b 
ll II"' (w ),., ; 

"·" =2 

-- I <ll, n!n'! (n,n'J l ... n 

... 'I 

.... 
1

, 1 ' ~.<< 11 J ,., II '! U I, 
···" " 

I r 
..• u , ·>> 

n w 

'(366) 

"" 
(<) 

(eO 
oc J t -IW I · - --JJ J -- e ( 

2 
(I < u ( t 1 u , ·> V 

1 
V /Til1 U( x 1 N 1 ,,U( x; ). 

-oo 2 rr II • I I "' f 
J<JJ' 

-oo w -w 

KaK BHJlHO . npH yqeTe qneHOB BTOpOI'O nopHilKB, OTIHCbiB810li1HX ueynpyi'Oe 

paccesmue ¢ououos,· JlnH TOI'O qToohi o6paTHTh s uynh MaCCOBbtit onepaTop 

B (9) TipH A= J H,3aTIHCaTh cpyHKUHKl fpHHa (36) B BHJle, TIOJl06HOM (31), 

npo6uyro I'apMOHH'IeCKyro MBTpHUY ueo6XOJlHMO Bbt6paTb B BHJle 

' 0 ":(2) b ' 
<Ill] (w)=<ll

11 
+ll 

11
(w) 

(37) 

1-facToTHaH aasHCHMOCTh npo6Hoit MaTpHUhi MOJKeT 6btTh nonyqeua, ecnu s ra

MHnhTouu.aue (3a) saecTH qneu c HBHOU speMenuoii aasHCHMOCThto 's .sune 
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i. 

· u1 (t 1 )ct> 1 ~:··(,·:·~·,~)uy'(,~'):aK aTo·6hino ~;~~~:~·~~a· / 4
•
51

• Onaa·Ko a pac-

cMaTpuaaeMoM MeTOlle STOT <IneH MO/KHO HBHO He BBOllllTb B -npo6Hblll I"8-

;MIWbTOHH811, a "'aCTOThi <jJoHoHoB 11 KoppenHUHOHHhie GJYHKUHH ::>npenenHTb no 

,·qJyliKUllll fpli~a.·-TaK, . BO BTOpOM ·nopHJlKe .llnSI npH6nH~eHHOI"O onpeneneHllH 
' - ' . • ' ' ... ' 'f • '... ~ ':' ' . ' ; i ., ... , .• • • . ' ' ' ' 

3II~pi"llll ~OHOHOB c:!k I II HX 3aTyXaHllH f kj n'ony'.q'aeM 113 ( 36) cnenyKJIUlle 

,_ypaaHeHnH: 

a ·· 2 

ek/K)w.kl 

2 (u k I f k I .. -·I 
N ••, 

(38a) 

: ~ ( K ) e ~ ( K ' ) ; k(;: _; -1 . af3 
,.;,___;_ __ e s [-lm n ss, (w kj +id1.· (386) 

v M K•MK' 

KoppenHUHOHHble ljlyHKUHH onpenenmoTCH no ljlyHKUHHM fpnHa (36) B aTOM 

IKe npH6nH/Kel!Ull B BUlle. 

c/w IWt 
e. 

a{J 
[-lmG ,((U+iE)] .. 

w ss 

eT -1 
'(39) 

a ( ) * {3 ( K ') ct-> -> f -~·-~ ekl K e. k I lk!x -x ,j -lwkl t IW k t - k/ t. 
---------- .e·· s s 1 (l + nk )e + n k e I . le . , 
---- I I 

y'MKMK;2w kl 

TaKIIM o6pasoM, eo BTopoM nopHllKe no peaopMHpoaanHoMy anrapMOIIH"'ecKo

MY B38H.MOltellCTBiilO CB060llll8H aHepi"llH JIMeeT .Bllll 

I 
kj 

I 0 In (2 sh w kl -...!:!..!:!, cth-w.!.L I+ U ( x 1 J + f't;. F2 
2 e. · A . 2 e . . 

I"lle "18CTOTbl ljJOHOllOB W lcj II KOppenSIUIIOHHble ljlyHKUllll. B U (X I ) (20) ll _ 

_ !t;.F
2 

.(35) onpenenHIOTCH cornacno (38), (39), BhrpaiKeHHe (40) SKHBanenT

/4 5/ 
HO nony'leHHbiM B pa60T8X ' ; ero llll8I"p8MMH8H IIHTepnpeT8UllH npHBelleHa '·' 

na puc, 3a, Ha JliiC, 36. npHaeneno cxeMaTn"'eCKoe nHarpaMMHOe nso6!Ja1KeHHe 
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1.\F;_ 
0() 

< Z>=L <277> (a,) 
.,,.3 lt. 

6 n~Ew) - -1< >o 

.,., 

·~ (~) + I 
~-2. 

Pnc. 3 

anSI rronpaBKH x MaCCOBOMy. oneparopy BToporo nopm:txa. lJncneHHhie ouelixn, 

JJ.nSI H9KOTOph!X KOHKpeTHb!X MOJJ.eneii: IIony'leHHhlX Bbipa)KeHHH IIpHBOJJ.SITCSI 
/10-12/ 

B 

B aaxniO'IeHne MHe 6hi xorenocb no6naroaapnTb .U.H. 3y6apesa 

H IO.A. UepxoBHHKOBa aa noneSHhie o6cy)KJJ.eHnSI. 
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