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1, BBeneane 

B aacToSinrefi pa6oTe nenaeTCSI nonbiTKa nocTponTh TeopnJO CBSisaHHbiX 

COCTO.I!Hllit ABYX KBa3H'JaCTIIU B CIICTeMax, raMIInhTOJillaH KOTOpb!X He KOMMy

TllpyeT C onepaTOpOM IIX nonJIOI'O 'IIICna, B OTnll'Ille OT CIICT9M1 coxpaHSIIO~ 

IIIIIX nonaoe •menD KBa3H'IaCTIIU 1 KOI'}:{a sa}:{a'Ja 0 CB.II3aHHblX COCTO.IIHII.IIX pe

lllaeTCSI TO'IJI0 1 3}:{9Ch B03liHKaiOT MaTeMaTll'I9CKII9 TPYAliOCTII1 ll3-3a KOTOpb!X. 

aHanH3 CBSI3aHHbiX COCTO.I!Hllit MOlKHO npoBeCTII nlllllh npn6nHJK9HHO, Mbl nonbi

TaeMCS! cTponTh Teopn10 no cTeneJISIM Manoro napaMeTpa, B Ka'IeCTBe Mano

ro napaMeTpa Bbi6epeM oTHollleane IIIHpnl!bi sol!bi Bos6yJKneanfi K saeprnn 

B036yJKAeHII.II ll30nllpOBai!IIOI'O aTOMa, XapaKTepHbiM npnMepoM CIICT9M1 B KO

TOpb!X ynoMSIHYTblit napaMeTp A9HCTBHTenhHO Man, SIBnS!eTC.II CIICTeMa tjlpeHKe

neBCiCHX SKCIITOHOB, 0nl!aKO An.ll 6onbllleil Jlai'n.IIAIIOCTII paC'IiiTOB npoBeneM 

aJianll3 CB.II3ai!HblX COCTO.III!I!ft B C9I'H9TOSneKTpllKe, raMHnhTOHllal! KB83HCnll

IIOBOit MOAenll C9I'II9TOSneKTpllKa nporue, '19M I'8MllnhTOI!llal! CIICT9Mbl SKCII

TOHOB !Ppei!K9nSI1 ~ KpOMe TOI'0 1 JianoJKei!HeM AOCTaTO'IIIO Cllnhi!OI'O BII91IlH9I'O 

sneKTpn'IecKoro non.11 na cerneTosneKTpnK Bcerna MOJKIIO no6nThC.II Toro, 

'IT06bi sneprn.11 B036yJKAeJinSI nsonnpoBaaaoro aToMa naMnoro npeBbiiiiana IIIH

pnay 3DIIbi, CBSI3al!l!bie coCTOSIIIH.II npoanannsnpyeM B mmefiaoM npn6nnJKennn 

no ManoMy napaMeTpy, KaK Mbl YBIIAIIM B Aanhl!efillleM; 6onee TO'IHbifi paC'IST 

ne cocTaBn.lleT npnaunnnanhHbiX TpynnocTefi, a nnlllh Tpe6yeT 6onee rpoM03A

Knx pac'IeToB. 
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2, 3HeprHH H BOnHOBbie ljlyHKUHH CBH3aHHbiX COCTOI!Hllli 

B npn6nHlKeHHH fflf 

npoaeaeM aHann3 CBH3aHHhiX cocTOHHnfi B cerneToaneKTpnKe1 ncnonb3YH 

npn6nnlKenne fafiTnepa-floHAOHa-fefi3eH6epra (fflf) 1 T,e, npene6pera11 aljlljleK

TaMn necoxpaneHHH KBa3li'IacTnu, HacKonbKO HaM H3BeCTH01 paC'IilTbi noao6-

Horo poaa an11 cerneToaneKTpnKa He npoaonnnncb1 n pe3ynbTaTbi 6yayT no-

ne3Hbl AnH cpaaHeHHll C pe3ynbTaTaMH1 KOTOpb!e AaCT y'IeT HecoxpaHeHHH, 

CneayH pa6oTaM/ 112/1 raumnhTDHHaH KBa3ncnnHoBoi! Moaenn cerneTo-

8JieKTpnKa Tuna KH 2 P04 3alll!llleM B BI!Ae: 

H=-2!l:S ... 
n 

s:- :S' o ...... s:s: 
n _., _,. nm n m 

n m 

-2 :s, ...... 
nm 

c ...... s:s:' 
n m n m ( 2.1) 

I'Ae 0 - '!aCTOTa TyHHennpoBaHHH npOTOHa B llOTeHUHanbHOfi liMe C ABOfi-

llbiM AHOM 1 D:m-+ H C:;:; - CHMMeTpH'IHbie H nonDlKHTenbHbie KOaljlljlnuneHTbl 

H S x,y,z_ KOMllOHeHTbl onepaTopa KBa31!CllHHa B y3ne pemeTKH ; o Ocb X 

HBnHeTCSI OCb!O KBaHTOBaHI!l!, B CBH3H C B03MO)KHDCTblD cymeCTBOBaHI!ll ABYX 

no3nunfi npoToHa onepaTopbi S x,y,z YAOBneTBOplllDT nepeCTaHOBO'IHbiM COOT-

HOIIIeHHSIM Anll CllHHa S = J /2 111 cneAOBaTenbH0 1 liX MOlKHO npeACTaBHTb '!e

pe3 onepaTOpbi naynn, 

npeanonaraH AnH yao6cTBa 1 'ITO cerneToaneKTpnK o6naaaeT npocTofi 

Ky6nqecKofi cTpyKTypofi n ncnonh3yH npn6nnlKeHne 6nnlKafimnx coceaei! 1 ra

MHnbTOHHaH ( 2.1) nepennmeM B npeJlcTaBnemm naynn B cneayromeM Bnae: 

H =Eo+ 8 :s P ~P ... -c :s P ... +P ... +~ + _l_ c :s,. (P _!p}+~ + P ... +; P ... )-
;: n n rtA n n 2 riA n n n n 

-D :S ... 
n 

+ + ... 
p;: p n+A pit+AP;: I 

rile: E0 =- 0 N- +NeD D=20+2fD 

llOCTOHHHbie B3aHMOAefiCTBIIH 6nHlKafiiiiHX COCeAeli1 

( 2,2) 

c II D 

f - pa3MepHDCTb Kpi!CTan-

na1 N - 'Incno aToMoB B KpncTanne 11 ~ - BeKTOp1 COeAI!HlllDIIII!fi 6n11-

lKafimnx coceJlefi, 
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Onep8TOpbi TI8ynn p"!; 
n 11 P... YllOBneTBOpH!OT nepecT8HOBO'IHbiM cooTHo-

WeHHSIM! 

( 2.3) 

K8K yK83biB8nOCb B/3 /, p8C'I~T CBH38HHbiX COCTOSIHHfi B npellCT8BneHHH 

TI8ynH Tpe5yeT H8nOi!(e!liHI llOnonHHTenbHbiX ycnoBuli H8 n8ynHeBCKHe Bonno-

. Bbie cpyHICUHH1 T.e. 381l3'I8 He pew8eTCSI CaMocorn8COB8HHbiM o5pa30Mo 8TH 

TPYilHOCTH 61>rnH p83peweHl>I B pa5oTe/4 /, rile llnH naynu-onep8TopoB 5bmo 

IICUOnb30B8HO HX TO'IHOe 5030HHOe npellCT8BneHHe/ 5/, c· UOMO!IIb!O KOTOporo 

381la'Iy yllanocb pewnTb C8MocornacoB8HHbiM o5pa3oM. TioaToMy anam13 CBH-

38HHbiX COCTOHIU! fi 5ylleM UpOBOilHTb B 5030HHOM npellCTaBneHI!H onepaTopoB 

Tiayn11 pa50Tbl/5/: 

KpoMe Toro, B raMHnbTOHHane ( 2.2) onycTIIM cnaraeMoe 

_1 c 
2 

( 2.4) 

( 2.5) 

KOTOpOe UpiiBOiliiT 'K UeCOXp8HeHII!O '111Cn8 KB83II'I8CTIIU. Torlla ( cM/4/) acp

cpeKTHBHb!ll 5030HHblll r8MHnbTOIIH8H llnH 8H8n1138 CBH38HHb!X COCTOSIHUll UpHHH

M8eT cnellyJOIIIHll BHil! 

(2) (4) 
Hrnr~ H +H , rnr rnr ( 2.6) 

rile: 
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(21 + 
H =Eo+!'J.l: 8-.8-.-Cl: rnr ri n n 

+ -+ 
8;:8;:+>. 

(41 + 2 
2 + 2 -+ . + + -+ 2 

H =- !'J. l: 8 -. 8 -. + C l: ( 8 -+ 8 -. 8 -.+ , + 8 -. 8 -++ , 8 _. + ,-, -r nr ;t n n n n n 1\ n n 1\ n 1\ 

- D l: 
itt 

8 ~ 8 .:!" ~ 8 _. ;+8 .. 
n n + 1\ n +I\ n 

( 2. 7) 

(2.8) 

BonaoBaSI !jlyHKUllSI cncTeMbi c ABYMSI aneMeHTapHbiMll Boa6yJKAeHnSIMll l!MeeT 

cneAy!OIIIllfi Bllll: 

+ + 12>= l: A , .... 8
1
-,B -.!0>, 

fi( , 9 g 
( 2.9) 

rAe Koa¢¢11uneHTbi A f. ; cnMMeTpll'IHbi n npeACTaBnSIIOT co6olt aMnnnTylly 

BepOSITHOCTll H8XOJKileHll51 B036yJKAeHnfi B yanax r 11 g • CneAyH 141• 

AnSI onpeAeneanSI Koa¢¢nuneaToB A r,; nonyqaeM cneAyiOIIIee ypaBHeane: 

+ + 
l: A ,-.-.IE+[8 ;+B .. ,H 11!0>=0, (2.10) 
.. .. 9 9 r nr 
f. g 

rAe E = E2 - E0 - nonolKnTenbHaSI Bennqnaa, npeAcTaBnHIO!IIBH co6olt aaeprn10 

Boa6yJKAeHnH cncTeMbi. llOACTBBnSIH B ( 2,10) 3ll8'Iel!lle KOMMYTBTOpa 

[ 8 t 8 } • H rnr l , c y'IeToM Toro, 'ITO Bee cocTOSIHllH 8! 8~ I 0 >f. 0, 
f g 

ypaBaeane (2,10) npnBeaeM K BnAy: 

(E-2/',. )A 1-.-+ + C~ (A 1-++X +A -.,+r; )=-2!'J.A 1-+ 1:>8-+1 -+ + 
, g A I g ' ' , , g 
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nepexOAH B (2,11) K ~ypbe-oopa3aM K09~~HUH6HTOB 

J 
A, .... =--.v N2 

A->-> 
I, g 

(2.12) 

( 2.13) 

Mbi nonytJimn cneAyiOIUee naTerpanbaoe ypaaaeane <l>peAronbMa c BhipO)I{.qeH-

HblM HApOM: 

....... ... .... 
Q.\ .. .. ( .. , J "<" 2 "<" Q.\ .. ,~ 

( E -2 ~ + 4 c ::E cos -- q >.J a .. q =- ..., I- ~+4 C ..., cos- cos q "+ 
;\> o 2 Q N i(' ;t >O 2 

( 2.14) .... 
Q>. .. .. "<" .... , .. I ( .. ') + 4 C ::E cos - cos q >. - 4 D ..., cos q A cos q A a Q q ; 

K>o 2 X>o 

npnpaBHHB8H K Hyn!O BblpalKeHne, CTOHIUee B CKOOK8X B neBofi CTOpOHe 

ypaBH6HHH ( 2, 14), Mbl nony'IHM CyMMy aaeprnit ABYX CBOOOAHbiX B030Y)I{.q6HHfi: 

- .. ,.. 
.. ' QX .... 

E = E .. (q) .. 2 ~- 4 C ::E cos -- cos q A 
Q X>O 2 

( 2.15) 

Ecnn E.,!. E d(q) , ypaaaeane (2.14) HaAo paaAennTb aa E-Ea(q) n 

TOrAa H3 ycnoBHH H6TpHBII8nbHOfi paapeiUIIMOCTH nony'JeHHOit T8KHM oopa30M 

CHCT6Mbl anreopaH'J6CBliX ypaBH6HHfi nony'IHM aHeprHH CBH38HHblX COCTOHHHfio 

B OAHOMepHOM cnytJae ( 2.14) CBOAHTCH K ypaBHeHHIO: 

2 <l>(~)(q)· 
aQ(q) .. ::E IIQ' ,.I II>~'( q) 

( 2.16) 
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rtie: 

til(O) (q).E-E (q)-cos 
2
° cosq-{J; 

Q Q 
(I) n 

til Q (q)-cos1 cosq-7] 

(2) n · · 
til Q (q) =cos f- r cos Q; 

fJ= 2~-E ~ 

7J=2'C 

11 

11Q =-/:- f a
0

(q)cos1-' qJq (f-1,2) 
11_11 

D 
r .. -- • 

c 

( 2! 17) 

Ha ycnoBHH HeTpHBHanbHOfi paapewnMOCTH (2.16): 

11 

IB II , - L II , ( Q) I =0; L ,( Q)=-1-J. -:L.--
11 211_11 

cosl- 1q Jq; 
( 2.18) 

(f,/'=1,2) 

Mbl nony'IHM SHepl"HH CBH38HHbiX COCTOHHHfi: 

E1(Q) .. O; 
c2 Q 

E2(Q)=21~-D-- cos2 
-). 

D 2 
( 2,19) 

CooTBeTCTBYIOIIIHe BOnHOBbie ljlyHKllHH ( B npetinonoJKeHHH, 'ITO CBSI3blB810TCH 

sneMeHTapHbie aoa6ylKlleHHSI Ha 6nnJKafiwnx cocetiefi) HMeJOT cnetiyrownfi 

BHll: 

1 l: e 
1
2 

>E=Er (Q ,= N..j2 
10 

IQ I s+ 21 o > 
I ( 2,20) 

Q 
12 1 IQ I 

12 + + -14 + + · 
>E=E2(Q}= N..j2 lo e (e BIBf+l+e sls,_,)i0>.(2.21) 
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CnellOBSTenbii01 Mbl npnwnn K BbiBOllY1 'ITO COCTOHIIHH (2,20) C llBYMH 

sneMeJITapJibiMH B036y)K.QeHHliMH B Oll!IOM yane JieJia6moJtaeMbl1 UOCKOnbKY HM 

COOTBeTCTByeT SJieprHH E I (Q ) = 0 o Ha6moJtaeMb!e CBli381IIIbie COCTOHIIHSI 

C SJieprnelt E2 ( Q ) OUHCbiBSIOTCll BOnJIOBOlt cpyJIKUHelt ( 2,21) 1 KOTOpaSI He 

COJtep)KHT 'IneJIOB C llBYMll 6030II8MH B Oll!IOM yane, MO)KJIO UOK838Tb1 'ITO 

npn C, D > 0 sJieprnH E 2 ( Q) npn acex aJia'IeJinHx Q ne*nT JIH)Ke aoJibi 

CB060lliiblX COCTOHJIHl! Ei q ) ( 2,15), 

AJianorn'IHbilt aJianna MO)KJIO npoaecTn n a cny'Iae llBYXMepJiol! n Tpex-

Mepaolt peweTOKo npeJtUOnaraSI, 'ITO COS ~ = COS ...B.r._= p. 1 JtnH onpeJteneJIHSI 
2 2 2 

Jia6niOJtaeMb!X CBSI38II!Ib!X COCTOliJIHlt B llBYXMepJIOl! peweTKe nony'IHM cneJtyiO-

wee ypaaJieJine: 

rr rr ( p. 2 - r cos x )(cos x t cos y ) 
f f ( 2,22) 

-rr -rr p.
2 

(cos x +cos y)-{3 

B Qx Q l' Qz 
TpexMepJioM KpncTanne npn cos~ = cos T = cos -

2
- = p. 3 sJieprnn CBSI3aJI-

IIbiX COCTOl!JIHlt onpeJteneJibl COOTIIOWeJIHl!MH: 

-rr -rr -rr 

rr rr rr 

f f f 
-rr -rr -rr 

p.3 (cos x +cosy +cos z)-{3 

3 JxJyJz=(2rr) 
1 

(p.rr cosx)(cosx- cosy) J J J (2 )3 
X y %= rr, ' 

p. (COS X + COS y + COS Z ) - {3 
3 

npn'I(!M ypoBeJib ( 2,24) llBB)KJ:lbl BblpO)K.QeJI, 

9 
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Cne11yeT oTMeTHT&, 'ITO npH r .. f "Bee ljlopMynbi ( 2.19) H ( 2.22-2.24) 

cosn8Jl8IOT e eooTBeTeTBYIODIHMH ljlopMyn8MH JlnH enHH8 S. l/2 

3. CBSI38HHble eoeTOSIHHH C Y'I~TOM Heeoxp8HeHHSI 

KB83H'I8eTHil 

.(eMJ6/). 

nepeltJleM Tenepb K H8Dlelt OeHOBHOlt 38Jl8'1e - HeeneJlOB8HHIO eBSI38HHbiX 

eoeToHHHA e y'l~~oM aeeoxp8HeHHH nonaoro '1Hen8 KB83H'I8eTnu. CnellOB8Ten&

Ho, 8H8nH3 eBSI38HHhlX eoeTOSIHHlt 6yAeM npOBOJlHTb1 Henon&ayH nonHbllt r8MHn&

TOHH8H ( 2.2) • 

npelKl:le seero OTMeTHM1 'ITO p8e'I~T eBSI38HHhlX eoeTOSIHHlt Hen&3SI . npo

BOJlHTb B peweTO'IHOM npoeTp8HeTBe, flOTOMY 'ITO B 3TOM npoeTp8HeTBe nnoXO 

onpet~eneJIO B8KYYMJIOe eoeTOSIHHe eHeTeMblo llelteTBHTen&HO: 

H.IO> .. E0 10>+-l-c I p_:p,.+_.IO>"EIO>, 
2 ;: Jt n "+" 

H HSM Heo6XOJlHMO nepeltTH B HMnyn&eHoe npoeTp8HeTB00 B KOTOpOM B8KyyMHOe 

coeToHHHe eneTeMbi xopowo onpe11eneao. OTCrolla eneJlyeT, 'ITO npn neene

llDB8HHH Hen&aSI Henon&30B8Tb onep8TOphl n8ynH He TOnbKO flOTOMy0 'ITO B 

fl8ynHeBeKOM npeJleT8BneHHH 38Jl8'1Y Hen&3SI peW8Tb e8MOeorn8eOB8HHhlM.o6p8-

30M0 JIO eme H flOTOMYo 'ITO BBHllY HeK8HOHH'IHOeTH ljlyp&e-npeo6p830B8HHA one

p8TOpOB pit Mbi Jie 3H8eM nepeeT8HOBO'IHbiX eOOTHOWeHHlt (KHHeM8THKy) 

nx ljlyp&e-o6p8aos - onep8Topos Pt. • noaToMy 8H8nna 6yt~eM npoBOllHT&, 

'nenon&ayH 6oaoHHOe npeJleT8Bneane (2,4) JlnS! onep8TOpOB n8ynH. KpoMe 

Toro, 3Jlee& 6yJleT Yll06Hee nenonb30BaTb npH p8e'I~T8X MeTOJl ljlyHKilHA rpH

H8o 8HeprnH eBH38JIHbiX eoeTOSIJIHlt 6y11eM H8XOJlHTb1 HeeneJlySI nonroe8 JlByX;.. 

'18eTH'IHOlt ljlyHKilHH r pHH8 

G cz, ( ... > cz, ( ...... > I + +-,if, fL • G fL ,•v = I y ... << B ... ... ... , B ... , B ... B ... >> , 7l' fL' JL+V- fL fL V fL (S.l) 

r11e ;:,~',j;- BOnHOBbie BeKTOpbi 1! y ->,- Kogljllj>HuHeHTblo KOTOpbie H8Jl0 onpe-
fL + + 

JlenHTb T8KHM o6p830M1 'IT06bi see nonroe8 ljlyHKUHHI<<8 ... ...... ,8 ... ,18 ... 8 ... >> it' {L+V-{L fL v fL 
eoxp8HHnne&. 
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8 HS'Iilne Mbl paCCMOTpHM aHepreTH'I9CKHlt cneKTp CHCT9Mbl B HyneBOM 

npHonll:lK9HHH, raMHnbTOHIISH ( 2,2) 3SnHW9M B 0030HHOM npeliCTSBneHHH' B cne

liYIOW9M . BHJ:Ie: 

( 3,2) 

rAe: 

H(2! • H (2! + _l_ C (3.3) 
rnr 2 

H(4! H(4! J_ ~ ( +2 + +2 + .. + 2 . + 2 . ) • - C ..... B_. _ _.s ... B .... -s ... B .. ..- B +B .. ..-8...,__..-B ... _+B ... ~ ... +" 
rnr 2 if.\ """' n n"t"J\" n n+A n n'lt\ n,J\ n n n n 1\ 

H TpeTHlt qneH npe):ICT8Bnli9T COOO!t CyMMy raMHnbTOHHSHOB BOCbMOro H Tello 

nopllliKOB no 0030HHbiM onepaTopaM, KaK Mbl HH:lKe YBIIJ:IHM, llnll HSXO:lKJ:I9HHll 

cneKTpa B HyneBOM npHJ:InH:lK9HHH B liSHHOM cnyqae Hy:lK9H H Y'I~T 'In9HOB 'I9T

B9pTOrO nopli):IKS B raMHnbTOHHaHe, 

raMHnbTOHIISH ( 3,3) J:IHaronanH3Y9TCll M9TOJ:IOM u, ·V -npeoopa30BSHH!t 

TllonHKOBa (cM,/71), B pe3ynbTaTe·no):ICTaHoBKH: 

s .... _l __ :£ 
vTt n 

(3,5) 

r):le. b k ·.H. a k HOBble o03e-onepaTOpbl 0 raMHnbTOHHSH ( 3,3) npHBOJ:IHM K 

):IHaronanbHOMY BllliY 

E~R 2-+ 

H(2)=E 0 -~ • • 
· • l-R

2
;: 

(3,6) 

Ooo3Ha'IeHHSI a ( 3,5) H ( 3,6) cnellyrowHe: 

(3,7) 



. I 

3.QeCb Mbl BBe.QeM Manbii! na·paMeTp, 0 KOTOpOM roBOp11nOCb BO BBe.QeH1111. By-

.QeM npe.~:~rionaraTb, 'iTO !:1 •>> C 11 'iTO C 11 · D · O.liHoro rropH.liKa Ben11'111Hbi. 

Tor.Qa COOTHOWeH11SI 

a o 
c 
!:1 

11 
D 

uo--;;- (3.8) 

HaMHoro MeHbwe e.Q11H11Ubi. B .QanbHeltweM ace pac'il!Tbi npoae.~:~eM B n11aeltHoM 

no a 0 11 u0 np116n11JKeH1111. B aToM rrpn6nnJKeH11ll ljlopMyna ( 3.6) nepexo.liUT 

B 

~~ 7 < 

H =Eo+T; x1 E;+; [!:i+X;:(J+r,;>)] at• a;;. 
k k 

(3.9) 

r.~:~e 

c ..... .... ..... .... 
E;:=--_.l: cosk>..,a0 ,..l: cosk11.<<7. 

!:1 11.>0 11.>0 
(3.10) 

Heo6xo.li11MO OTMeTHTb., 'iTO .llnH rrony'ieH11H peaynbTaTa (3.9) ljlyHKUHH rrpeo6pa-

30BaHHSI ( 3.5) Ha.QO aan11CaTb B KBa.QpaTH'iHOM no a O 

B cne.QyroweM B11.lle: 

npn6n11JKeH1111, T.e. 

8-+- 7 n- -- l: b-. elkn' 
.,fff"" -;: k 

b-.= (7 + - 7- d) a~-( E~+2 d )a+~ 
k < 2 k ~ k k -k 

(3.11) 

no.~:~cTaBnHH npeo6paaoaan11e ( 3. 11) B raMHnbTOH11aH ( 3.4) 11 aanHCbiBaH 

nonyqennoe BbipaJKeH11e no onepaTopaM a;; B rropH.liKe HopManbHoro rrpo11a-
(41 

Be.QeHHSI0 nerKO y6e.QHTbCSI0 'iTO 113 H MOlKHO Bbi.Qen11Tb cne.Qy!OIUy!O KBa.Qpa-

T11'iHYIO ljlopMy 

2fCa 0 ; a~a 1 -+a 0 ~ Y;:(a"(a_:1+a_tak'), 
k k 

( 3.12) 
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( 3.13) 

CneAOB8TenbH01 nonHb!ll: KB8Ap8TH'IHblll: raMHnbTOHH8H CHCT9Mbl HM99T cneAYIOinHll: 

BHA! 

( 3.14) 

raMHnbTOHH8H (3.14) AHBrOHannayeTCH B peaynbT8Te nOACT8HOBKH! 

a .... 
k ( 3.16) 

( 3.16) 

H npHHHM89T cneAyiOinHll: BHA! 

( .. + 
k 

+ 
~ [~+X1 0+e;:)+2fCa 0 ]81 B;:. (3.17) 
k 

0TM9THM1 'ITO Tp9THll: 'lneH B ( 3;14) BHOCHT B aaepr1110 aneMeHT8pHbiX B036yJKAe
'2 

HHll: nonpaBKY lJ E t_ • a Q,. y .. 1 KOTopyiO B COOTB9TCTBHH C Hcnonb3Y9Mb!M 
K 0 ~, k , ' 

' . . . ' 

3A9Cb nnaeli:HbiM np~6nnmeaneM oT6paCbiBaeM. Taxme aeo6xoAI!Mo noA'IepK-: 

HyTb1 'ITO BCe 'lneHbl '19TB9pToro H Bb!CWHX nopHAKOB no onepaTopaM a k 
KOTOpbl9 yme 3ani!C8Hbl B nopl'!AKe HOpM8nbHOrO npo1!3B9A9HHH1 OCT810TCH 

H nocne aaMeHbi '( 3.16) (a onepaTopax B; ) B nopHAKe a~pManbHoro nponaBeAe

HHli 6e3 AononHHTenbHblX 'lneHOB HH3WHX nopHAKOB. 

Ha OCHOBe nony'leHHbiX 3AeCb ,ljlopMyn npeo6pa30B8HHll: ( 3.11) H ( 3.16) 

H Bb!p8lK9HHH ( 3.1) AnH ljlyHKUHH rpi!H8 MOlKHO HenocpeACTBeHHbiM p8C'10TOM 

y6eAHTbCH 1 'ITO AnH HCCne}:tOB8HHH CBH38HHbiX COCTOHHHJI: aljlljleKTHBHb!ll: 6030H

Hb!ll: raMHnbTOHH8H B peweTO'IHOM npeACTaBneHHH BbirnHAHT cneJ:tyiOini!M o6pa-

30M! 
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H .. H (2/ + HC41 + 11(6/ 
(3,18) 

(2/ (4) (6/ 
rAe H 11 H onpeJ:teneHbi lj>opMynsMH (3,3) 11 (3.4) 1 a H HMeeT cne-

AYIOIII11l! B11}:(: 

(6/ 2 ll I 
H "T ~ 

+3 3 c +2 +2 + + 2 2 
B ... B ... + - . I ( B ... B... ;: B ... B... -: +B ... B... { B... B... ~ )+ · 

n n 2 ;: J: n n +I\ n n +I\ ' n n +I\ n n +I\ 

- (3,19) 
C(3+.,13) +3 +. 2 +3 + 2 +2 3 +2 3 . 

+ I (B ... B ... tB ... +B ... \"B ... B ... \"+B ... B ... B ... ·~+B ... tB ... ;>B ... ). 
12 · ;:5\. n n+l\ n n+l\ n n +" n. n n+l\, n+l\ n+l\ n 

B ... 

B (3,18) npo11aBeJ:teM asMeay: 

_I 
.,IH -,: 

...... 
I k n 

e 
l 2 2 + 

[ (l + T E t ) B;: -( E ;:+ 2 Et- a 0 (} ;: ) B _ t (3.20) 

11 nony'IOHHOe Bb!pSlKOH11e 3Sll11WOM B nopllAKe HOpMSnbHOI'O np0113BOAOH11ll1 

onyCKSll np11 aTOM BCO 'lnOHbl1 UponopU110HSnbHbiO KBSApSTSM 11 Bb!CW11M CTe-

neasrM Msnbrx aen11'111H a 
0 

11 uo •. KpoMe Toro onycT11M Bee 'lneHbi 

WOCTOI'O nopsr}:(KS (3Sll11CSHHhl0 B UOpll}:(Ke HOpMSnbHOI'O Up0113BOAOH11ll) C 0}:(11HS-

KOBbiM '111CnOM onepSTOpOB POJKAOH11ll 11 YH11'1TOlKOHHsr1 UOTOMY 'ITO 11X KOM-
+ + , 

MyTsTop c onepaTopoM B v B ~ 1 AellcTaysr as BaKyyM1 . AseT nynh, TaKJKe 

onycKsroTcsr 11 ace 'lneHbii nponopu11oHsnbHbre a 
0 
X;· ( 11n11 u 0 Yt H T,J:t,) 1 

KOTOphle He COAOplKaT 0}:(11HaKOBOe 'IHCnO onepsTopoB pOJKAOH11R 11 YH11'1TO

lKOHHll, B nepBOM nopsrAKO TeopH11 B03MyiiiOH11li OH11 He }:(SlOT BKnaAS B aaepl"HIO 

aneMeHTSpHbiX B030YJKAOH11l!, Bo BTopOM UODll}:(Ke Teop1111 B03MYIIIOH11l! 11X BKnSA 
2x2 2x2 . 

nponopu11oasnea aen11'111He E 
2 
~ f :... "' ~...£... ( E 2 H E 4 , cooTBeTCTBOHH01 

aHepl"1111 ABYX 11 'IOTb!pex 0030HOB) 1 T,e, 0!1 UOpll}:(KS a 
3 

H KSK TSKOBOl! 
0 

HecymeCTBOHOH. AHSnOI'11'1HOe psccyJK}:(eH11e np11BOA11T K TOMY1 'ITO HOOOX0}:(11MO 

COXpaH11Tb Bee 'lnOHbi1 He COAOplKSIII110 0}:(11HSKOBOO 'IHCnO onepSTOpOB POlKAOHHll 

11 yHH'ITOlKOH11sr1 KOTOpbre nponopu11oHsnb!lbi aen11'111He X ;; ( 11n11 y ... 
k 

) I 

UOTOMY 'ITO BO BTOpOM UOpRAKO TeOp1111 B03MyiiiOH11li 11X BKnSA oy}:(eT nopsr}:(KS 
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3 
0 

( unu a 
0 

) CywecTBeHJio oT:·~CTl!Tb, 'ITO 
+ 3 

u 8 k 8 ;; , nponopuuonanbHbie X;; ( unu 

+3 
ace qnel!bi Tuna 8;; 8 k 

y -> ) • B3ai!Ml!O Ylli!'ITO-
k 

*aiDTCR, EnaronapR 3TOMY BO BTOpOM nopRAKe TeOpi!H B03MyWeHI!ll He B03l!I!

KaeT HI!KaKI!X nonpaBOK K 3Heprun mraroaanbHofi '!aCTI! raMunbToauaaa ( 3,17)·. 

B pe3ynbTaTe yKa3aHHOll npouenypbi AnR aaanl!3a CBH3aHJibiX COCTORHI!ll ABYX 

6030HOB Mbl nony'II!M cnenyiDUll!ll s<l><!J eKTI!Bflblll raMI!nbTOl!l!aH: 

+ 3,C, ) • 

(2) 
Ypaaaeune nnR nayxqacTI!'IHofi <jJyuKuun fpnaa G (3,1) conep*HT 

(3) ++++ 
u Tpex'laCTI!'IHYID <jly HKUI!ID fpnaa G Tuna « 88 I 8 8 8 8 >>, KOTopyiD 

naeT qneH Tima 8+4 8 2 1!3 (3.21), Tpex'!aCTI!'!HaR <jlyl!KUI!R fpi!Ha, B CBOID 

O'!CpeAbo Bbipa*aeTCR qepe3. ABYX-, Tpex- I! '!eTbipexqaCTI!'IHYID <jJyHKUI!I! fpn

Ha, Llayx'!aCTI!'IHYID <!JyHKUI!ID fpnaa B ypaaaeauu nnR G 13 J nacT qnen Tuna 

8+2 8 4 1!3 (3,21) 1 a '!eTbip8X'!aCTI!'IHYID - 'lnenbi 1 KOTOpb!X B (3,21) neT, no 

KOTOpbi8 B non!IDM ~aMHnbTOnl!al!e CI!CTeMbl cyiUeCTBYIDT ( CM, ( 3,2)), Llayx-
~) ~) 

I! '18Tbip8X'I8CTI!'InaH <!JyHKUI!I! 1!3 ypaBHSHI!H AnH G BOHAYT B ypaBHenue AnHG 

x~ x2
,.. 

. c MaomuTeneM Tuna E 
2
_kE-;""- 2.7/' ,3 0.'4eTbrpex'!aCTI!'IllaH <jJyHKUI!H fpuaa 

BbipamaeTCH qepe3 caMy ce611 u eme qepe3 nayx-, Tpex- n nHTH'!acTI!'IHbie 

<jJyHKUI!I! fpl!l!8 1 npi!'I~M B ny'IIUeM cnyqae ABYX'!aCTM'InaH <jJynKUI!R B 3TOM 

ypaaaenuu noHBnneTCH c MHomnTeneM X; . CnenoaaTenbao, nocne 3aMeHbi 

'18Tblp8X'!aCTli'IHOll <jJynKUlll! G (4 ) B OCHOBHOM ypaanennn nnH G (2
) nepen 

ABYX'IBCTI!'IHOll <jJyHKUll8ll 1!3 ypaBHeHI!H AnH G(4 ) 6yneT CTOHTb Mnomli-

X~ x2 2 
Tenb: - k 3 0 ,. -~ 3 "" 3 1 TaK 'ITO B naHHOM npn6nn*eni!M ona 

E2- E 6 4 11 o o 
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lie BxonnT B pac'!~T. CiienoBaTenhiiO, ypaBHel!ne nmr G 121 , nony'Iel!l!oe B 

nepBOM nopHnKe Teopnn B03Mymel!nfi, cnenyeT nononiiHTh nnmb Toft nByxqac-

TH'Il!Ofi !jlyiiKUHefi, KoTopaH <PnrypnpyeT B ypaBHeHHH nnH G (J) • Bee oc-

T8nhl!bl8 BKn8J:tbl BbiX OllH T 38 paMKll nHHSfii!OI'O no 9 O npn6nnlKel!nH. 

<l>yi!KUHH fplll!a BbiCmliX nopHJ:tKOB 0 KOTOpb!S nocne BbiJ:tSnSHIIH llBYX'IaCTH'IIlbiX 

!jlyHKUHfi ocTaiOTCH B ypaBIISIIHII nnH G121 , pacmennM no npaBimy: 
+ + + + .:!-± ++ 

<< 8 8 I 8 8 8 8 >> .. <tSB>o«8Bj8B>>, rne < ..• > o osHaqaeT ycpenHenne c raMllnh-

TOHHaHOM ( 3.17) 0 H0 COOTBSTCTBSIIII0 0 nonolKHM paBIIbiMH IIynro. QqeBHllfiOo 

'ITO B pesynhTaTe yKa3annofi npouenyphi B ypaBHel!ne nnH G121 BofinyT Bi::e 

B03MOlKHbie nonpaBKH, nnHefiiihie no 9 0 

npn6milKSIIliH OliO HBnHeTCH TO'IIIb!Mo 

0 T8K 'ITO B paMK8X Bbi6paiUIOI'O 

flepeXOJ:tH OT BOnHOBbiX BSKTOpOB 
... 
v 

... 
H -> f.1 K HOBbiM !lOni!OBbiM 

... ... Q ... ... Q ... 
II q nocpencTBOM ... 3aMeHbi v = T + q... n f.l = 2 - q 

( BOniiOBOfi BeKTOp CyMMHpOB8IIHH k nepeXOJ:tHT B ~ + q' ) 0 J:tnH llBYX-

BeKTOpaM 
... 
Q 

'IaCTH'IHofi <PYIIKUHn fpnHa nony'InM cnenyromee ypaBHeHne: 

-+-+ ... -+ 
QA ... ... Q A ...... 2 

IE -UH 4 C l: cos --cos q A- 4 ec 3 + 4 C 9 [ ( l: cos --cos q A ) + 
A>O 2 o oi:>o 2 

...... 
Q A -> ... 2 ... 

+ ( ... ::£ sin -- sin q A } ll r ... ( q ) = 
A >O 2 Q 

'1/ q) 
277 

...... 
QA ... QA ... 

cos--cos qA+4C l: cos-cosq'A.{3.22) 
2 ~>O 2 ' 

+-
H 

l: I-2~+4C l: 
;j' A'>O 

-+ ..... .... .... 
... ... ... ... QA ...... QA ...... 

-40 l: cosqAcosq'A-4f C9 +8C9 ::r· cos--cosqA l: cos-cosq'A+ 
A>o 0 0 :ho 2 A>o 2 

....... ........ .... 2 ....... .... 
+2C9 [( l: cos QA cos qA) 2 + ( l: sin QA sin qA) l+2C9 [(l: cos ~cos~'A)2+ 

0 
t>o . 2 A>o 2 ° X>o 2 

.... .... -+ -+ 2 ........ .... ... .... 
+( l: sin QA sinq'A) l-72C 9 l: cos qAcosq'A )r ... (q'), 

A>O 2 or>o Q 
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rae: 

Ypaaaeane (3,22) npeacTaBnHeT co6ofi HHTerpanbaoe ypaaaeane ¢pearonbMa 

C BblpO)!(aeHHblM HapOM ll ero MO)!(HO npnBeCTH K CIICTeMe ni!HefiHbiX anre6pa

II'IeCKIIX ypaBHeHI!fi, Oal!BKO anH l!BXO)!(aeHm! al!epr1Il1 CBH38Hllb!X COCTOHHI!fi 

Hy)!(el! '!l!cncHHhifi aaanl!3 onpeaemiTenH CIICTeMbi, 3aecb aecKonbKO 6onee 

noapo6HO paCCMOTpi!M ni!IUb oaHOMepHblfi cny'lafi, np11 f = 7 

np!!HI!MaeT cneayJOilll!fi ana: 

ypaaaeane (3,22) 

r (q}=-; 
•Q 1T (3,24) 

rae: 

.p (O) ( q} = a (2 cos 2 ..E._ - 1} cos2 q +cos ~ cos q- ( f3 + a 
0 

cos 2 

2
Q-} • 

Q n 2 2 

l~ J ( q} = t a 0 ( 2 cos
2 
-}- 1 } cos 

2 q + cos -.!}- cos q - ( '7 + a 0 cos2 
· ~ ) , ( 

3
• 
25

) 

1T 

J 
2 1T -TT 

,_, 
r 

0 
< q J cos q c1 q ; (j=11213}. 

OnpeaennTenh cl!cTeMbi nMeeT cneayJOIUHfi ana: 

7 1T 
A 0 =ill 1,1 • -M

11
, (Q}I; M ,(Q}=- J 

II 2rr -rr 
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if! Q ( q} 1- I cJ (" "' 7 2 3) 
- COS q q; /,f = 1 I • 

.;/0) ( q} 
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ITpnpaBIIHBaSI A Q K IIymo, nony'lnM nomoca cjlyiiKUlili r Q ( q) , KOTopbie 

onpenenSIIOT 81Iepi'lili CBSI38IIIIblX COCTOSIIIlifi, XOTSI liiiTerpanbi, cjlnrypnpyJOUilie 

B ( 3,26), nerKo pemaJOTCSI, anre6panqecKoe ypaaneiine no f3 Tpe6yeT '!He-

neuuoro aiiannaa, ITpn Q = -f ypaaneiine A Q = 0 

n naeT cnenyJOmne pellleiinSI: 

aaMeTIIO ynpomaeTCSI 

( 1 (f-)=0 n 
2 c2 

(..!!_)=2t:.-2D- DC+2C 8 0 0+"""'ifl). 2 2 (3.27) 

CpaBilliB8R 8TO c COOTBeTCTBYIOIIIliMli peaynbT8T8Mli, ( 2,19) npn6nmKellliSI r nr . 

E
1

(..!!_)=0 
2 . 

li 
2 

E
2
(...!!_)=2t:.-2D- _f_ 

2 D 
(3,28) 

npliXOAliM K Bb!BOAYt 'ITO Y'IiiT IIeCOXpaiieiiiiSI npiiBOAIIT K 38BbiilleHIIIO 81lepi'IIII 

CBSI38111IbiX COCTOSIIIlifi, 'tJTo KBCaeTCSI CB060AIIblX COCTOSIIIIIfi, CliTyaUIISI npSIMO 

npOTliBOnonO;>I<II8SI - Y'liiT IIecoxpaiieiiliSI 381IlilK8eT 81IeprliiO CB060AIIblX COCTOSI

Illllt1 rrony'leiiiiYIO B rrpn6nnlKeiiiili rnr. CnenoBaTenbiiO, MOlKIIO npnnTII K BbiBony, 

'ITO OAIIliM li3 8cjlcjleKTOB IIeCoxpaiieiiiiSI KB83II'l8CTliU B CIICTeMe SIBnSieTCSI yMeHb

llleHIIe 8HepreTH'leCKOfi menn MelKAY CB060Allb!Mli II CBSI38llllb!Mli COCTOSIIIIISIMli, 

4. 3aKnJO'leHne 

0CHOBHOfi Bb!BOA1 K KOTOpOMY B peaynbT8Te II3nOlKeiiiiOI'O MO)KIIO npl!ATl!, 

cnenyJO.Uil!fi: aHanna CBSI38llllb!X COCTOSIIIl!lt B CliCTeMaX, B KOTOpb!X nonHoe 

'lliCnO KB83li'l8CTliU lie COXp81ISieTCSI1 MOlKIIO npoBeCTli C lKenaeMofi CTeneHbiO 

TO'IHOCTl! OTHocnTenbHO Manoro napaMeTpa 8 
0 

• flnHefinoe no 8
0 

npn-

6nnlKenne, B KoTopoM anecb 6binn nony'leHbi OCHOBHbie cooTHOilleHl!SI nnSI 

CBSI38HHblX COCTOS!Hllfi, He BCerna MOlKeT OK838TbCSI ynoBneTBOpl!TenbHbiM, 

11anolKeHHaSI npouenypa, onnaKo, rroaaonSieT 6ea rrpnnunrrnanbHbiX TpynHoCTelt 

npoaecTn nanbHefilllee yTo'lneiine Teopnn. 

3necb, K colKaneHnJO, He rrpnaonnncSI qncneiiHbifi pacqiiT 81Ieprnlt CBSI3aH

IIbiX cocTOS!Hl!fi, B 8TOM CMbiCne aHanna lie SIBnSI eTcSI nonHbiM, AHannTn'leCKliM 

nyTeM MOlKHO 6btn0 cnenaTb nl!lllb Bb!BOA 0 TOM, 'ITO OAHliM l!a 8cjlcjleKTOB 

HecoxpaHeHHSI KBaanqacTl!U SIBnSieTCSI yMeHbllleHne 81IepreTH'leCKolt menn Me)I(J:ly 

CB060AllbiMli l! CBSI38llllb!Mli COCTOS!HliS!Mli, 
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