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1. B B e 11 e H H e 

MeTOI1 npH6nHlK6HHOro BTOpH'IHOro KB8HTOB8HHSI ( nBK) I paaBHTbil!: 

Eoromo6oB&IM/ 1/1 wapoKo acnon&ayeTCSI npH TeopeTH'IeCKOM aaanaae rap

MOHH'IeCKHX scPtl>eKTOB B KpHCTannax. KpttTKO H3iJOlKHM OCHOBbl 9TOrO MeT0-

1180 KOTOpbil!: 6y11eT npei1M6TOM H8WHX 118nbH91!:11HX o6CyJK119HHI!:. 

PaccMaTpHBaSI soa6yJKI1eHHSI B aneKTpoaaol!: noi1CHcTeMe KpHcTanna 

C y'leTOM nHWb 11BYX'18CTH'IHbiX B38HM 0119I!:CTBHI!: MelKIJ.y ero MoneKynaMH1 

raMHnbTOHH8H KpHCTanna MOlKHO aanHC8Tb B npei1CT8BneHHH BTOpH'IHOro 

KB8HTOB8HHS11 npH'IeM OH C0119PlKHT KB811p8TH'IHYIO H '19TBepHy10 !flopMy no 

!flepMHeBCKHM onepaTopaM pOlKil9HHSI H yHH'ITOlKeHHSI 9n9KTpOHOB B 118HHOM 

yane peweTKH ;; H B 118HHOM COCTOSIHHH I. nepeXOI1SI OT !flepMH9BCKHX 

~+ ~ + + 
onepaTopoB u 1.,. R u 1 _. K onepaTopaM !P +., - ~ ... ~ ... H !P ... -~ ... ~ ... 

n n I In on fn on I rt 

(HH119KCOM '0' 06o3H8'189TCSI H9B036YJKI19HHOe COCTOSIHRe) pOlKil9HHSI H YHH'I-

TOlK9HRSI BOa6yJKI16HHSI THna I B MoneKyne ;:, raMHnbTOHH8H CHCT9Mbl MOlKHO 

-., 38fiHC8Tb B BH119 CyMMbl KB811paTR'IHOI!:0 Ky6H'I9CKOI!: H '19TBepaol!: !flopMbi no 

onepaTOpaM p, npH'I6M cyweCTBeHHbiM SIBnSieTCSI TOT !flaKT1 'ITO B HOBO!!: 38-

fiHCH B KB811p8TH'IHYIO !flopMy BKnJO'IeHa '18CTb B38HMOI1ei!:CTBHSI M6lKilY MO

neKynaMH, TaKHM o6pa30M0 aaanR3 CHCT6Mbl CHnbHO B38HMOI1ei!:CTBy101llHX 

'18CTHU npaKTH'I9CKH CBOI1HTCSI K aaanR3Y cna6o H9HI168nbHOrO raaa KB83H-

'18CTHU. OnepaTop&I P +_. H P ... ae HBnHJOTCSI HH onepaTopaMH Eoae, HH 
In In 

onepaTopaMH cllepMH, OaR yl1oBneTBOpS110T secr:.Ma cnolKHbiM nepecTaHOBO'I-

HbiM COOTHOW6HRSIM ( CM.f2/) 0 KOT0pbi90 011H8KO, B T6X cny'IBSIX0 KOrl18 "'HCnO 

B036ylKIJ.eHHbiX MOneKyn npeae6pelKRMO Mano no OTHOWeHHIO K 061lleMy 'IHCny 

H MOneKyn B KpHCTanne nepeXOI1SIT B nepeCT8HOBO'IHbl6 COOTHOilleHHSI 11nSI 

onepaTopoB Eoae. B MeTo.lle nBK B raMHnr:.ToHaaae cacTeMbl Ky6H'IeCKol!: 

'IBCTbJO H 'IBCTbiO 'leTsepToro nopH11Ka no onepaTopaM Pnpeae6peraeTcH, 

a B OCTSBWei!:CSI KB811p8TH'IHOI!: '18CTR onepaTOpbl 

3 

p+ 
lit 

H p _. 38M 9HSIIOTCSI 
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I __ 

6oae-onepaTopaMH B:;: H 81-:. CnenoaaTen&Ho, MeToll nBK MOlKHO HC

nonb30B8Tb nHWb npH OfiHCSHHH cna6oaoa6yJKJleHH&IX COCTOHHHA KpHcTanna, 

T,e, B Tex cnyqaHX, KOrllB B38HMOileACTBHe MelKily KB83Hq8CTHU8MH npeHe-

6peJKHMO Mano, DnH onucaHHH aHrapMoHHqecKHX ~eKTOB HyJKeH yqeT He 

Ton&KO onymeHHhlX a raMHn&TOHHaHe qacTeA TpeT&ero H qeTaepToro nopHil

xa { llHHSMHqecKOe B38HMOileACTBHe), HO TSKJKe H yqeT llOfiOnHHTenbH&IX 

qneHOB1 KOTOp&Ie B03HHK8JOT BBHIIY TOro, qTo nepecTSHOBOqH&Ie COOTHO

weHHH llnH onepBTOpOB !J' OTnHqaJOTCH OT 6o3eBCKHX nepecTSHOBOqH&IX COOT

HOWeHHA {KHHeMaTuqecxoe B3aHMoneAcTBHe), B/2/ 6hlnH HaAneH&I ToqH&Ie 

npencTaaneHHH onepaTopoB 9' qepe3 6oaeacxue onepaTophl, Tax qTo yqeT 

KHHeMSTHqeCKOrO H llHHSMHqecKoro B38HMOileACTBHA MOlKHO npOH3BeCTH 

c JKenaeMoA cTeneH&JO ToqaocTH, 

raMHnbTDHH8H nBK B o6IUeM cnyqae coneplKHT qneH&I THna 8+8 + 

H B B H, cnenoaaTen&ao, ae coxpaaHeT nonaoro qucna xaaaaqacTHU. MH&IMH 

cnoaaMH, a cacTeMe nnoxo onpeneneao BaKyyMHoe cocTOHHHe, 3Ta Tpyn

HOCTb paapewaeTCH M6TOJ10M JlH8rOH8nH38UHH TH6nHKOB8 { CM,/3/), ne

peXOilH B npocTp8HCTBO o6paTHOA peweTKH C fiOMOWbJO KSHOHHqeCKOrO npe

o6p830B8HHH: 

.. . 
u;: (lc)At+v;:OcJA(]. 

1 
B .. - rn I 

n V n lc-+ 
{ 1,1) 

+ .. 
'l"ne At H A;: - HOB&Ie 6oae-onepaTop&I, lc - aonHoaoa aexTop, a cjlyHKUHH 

u H V YllOBneTBOpHJOT ycnOBHJO: 

.. 2 .. 2 
I r I u ( lc J I -I v (lc J I l - 1 , < 1,2) ... .. .. 
0 n n 

raMHnbTOHHSH nBK npHBOilHM K JlHaroHan&HOMy BHJly C XOpOWO onpeJle

neHH&IM aaxyyMH&IM cocToHHHeM JlnH onepaTopoa A· EcnH a raMHn&TOHH

aae xpHcTanna yqecT& H qneH&I Bhlcwero nopHilKa no onepaTopaM B 

{KHHeMSTHqeCKOe H llHHSMHqecxoe B38HMOileACTBHH) H B HHX npOH3BeCTH 

aaMeHy { 1.1), TO anonHe oqeaHnao, qTo He ace qneH&I B&Icwero nopHJlKa 

no onepaTopaM A 6ynyT aanucaH&I a nopHJlKe HOpMan&Horo fiJDH3BeneHHH, 

TaxJKe oqeaHnao, qTo npH npuaeneHHH x aopMan&HoMy npouaaeneHHJO qneHOB 

B&Icwero nopHnxa no onepaTopaM A MoryT B03HHKHyT& qneH&I 6onee HHaxoro 

nopHJlK8 1 B qacTHOCTH 1 BTOpOro, KOTOp&Ie, B CBOJO oqepellb 1 BHeCyT nonpaBKH 

a peayn&TaT&I, nonyqeHH&Ie a MeTone nBK. 

4 

t 

Aaanuay 9TDro aonpoca noCBHIUaeTCH HaCTOHIUaH pa6oTa, 

npHMepa M&l pacCMOTPHM CHCTeMy cjlpexeneBCKHX 9KCHTOHOB
1 

nc 

ee OfiHCSlfHH MeTOJl nBK WHPOKO HCfiOnJo3yeTCH B C8MOM 06IUet. 

2. Bxnan oT KHHeMaTHqecxoro H JlHlfBMHqecxoro B3aH 

B 9KCHTOlflf&IA cneKTp1 nonyqelflfbiA B npH6nHJKeHHH 

B cnyqae nayxypoaaeaoa cxeMhl { xorna Monexyna xpoMe 

COCTOHlfHH '0' MOlKeT lf8XOJlHTbCH nHIUb B OlllfOM B036ylKI16lfHOM 

"I") raMHnbTOHHSlf CHCT6M&I cjlpexeneBCKHX 9KCHTOHOB 38nHCbiB8 

ne/5/: 

+ + 
H -H0 + ~,_:: P,,t P1.t + l..' V;t, .. (OI; IO)P

1
;t P, ,;t + 

n nm 

+ L
2 

I ' V.. .. (00 ; H)( p
1 

: p + .. 
-+-to nm n lm 
""' 

+ P1 -a P1 .t ) + 

+"'A:,'U;r,;r (I)P1~ P:nr P1,;r P1 .t • 

3.nec& Hcnon&aoaalf&l cne.nyJOwHe o6oaaaqeaHH: 

H 0 -I E.!+ 
2
1 I 'V .... (00; 00) 

-+ n -+-+ "'" n nm 

~~ -E; -E1°+~'[Vr,i&(OI;OIJ-V1 nr (00;00) 
m 

U;:,: (I) • t V nr .t ( H; H) + t V ;:;: ( 00; 00)- V ;: ,:(01; 0 I) 

0 • 0 0 0 
E;r•fc/J;:K;:<P;r Jr;reE 

• E! •f<P1. 
n 

K cp 1 Jr e E 1 

;t ;t it 
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AsanH3Y aToro sonpoca nocsamaeTCH sacToHmaa pa6oTa. B KaqecTBe 

npHMepa Mbl paCCMOTpHM CHCTeMy cjlpeKeneBCKHX SKCHTOHOB1 OOCKOnbKY npH 

ee OOHCBHHH M6TOll nBK WHpOKO HCnon&3yeTCH B CBMOM o6meM BH.Qe (cM.f4/), 

2. BKna.a OT KHH6M8THqecKoro H .DHHBMHqecKoro B38HMO.aeACTBHA 

B SKCHTOHH&IA cneKTp1 nonyqesH&IA B npH6nHJKeHHH nBK 

B cnyqae .asyxypossesoA cxeMbl (Kor.aa MoneKyna KpoMe ocsossoro 

COCTOHHHH 'Q' MOlKeT HBXOllHTbCH nHWb B O.QHOM B036ylK.QeHHOM COCTOHHHH 

"I" ) raMHnbTOHHBH CHCTeM&I cjlpeKeneBCKHX SKCHTOHOB 380HCbiB86TCH B BH-

.ae/5/: 

+ + 
H-H0 +~,;P,,;o P,,;o + ~_: Vrtm_.(OI; IOJP,rt P, ;;t + 

n nm 

+ T !-: v ~;: (00 i H }( P, ~ P,+;, + P, 1o P, .t } + 
nm 

( 2.1) 

+~~'Uifnf (I}P,~ P:;;t P,;;r P,il • 

3.aec& ucnon&30BaH&I cne.ayiOWHe o6o3saqesua: 

H
0 

-IE}+ 
2
1 I 'V-.-.(00;00} 

.,. n ...... n m 
n nm 

f 0 
~, • E

1 
-E

1 
+~'[ '4,1. (01;01}-Vifnt (00;00} 

m 

U;:,;: (I} • !- V nt il ( H; H)+ tV;:;: (00; 00}- V tm-+(01 ;0 I} 

o "'o o _ o 
Ert •f cf>;t K;tcf>;r Jr 1 =E 

* E! •f¢1. 
n 

K cp f Jr s Ef 
n+ ;t it 
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.... 

I -

H • IJ • 12 13 14 
V ->-> ( 11 12 

; 13 I , } - f cp ... cp ... W ...... cp ... cp ... J r ... J r ... -
""' • n 11t nM n m n m 

- o6MeHH&Ie 'lneH&I0 rAe cp 0... H cp ~- C06CTBeHHbl9 lj>yHKUHH raMHnbTOHHSHa 
n n 

K -+ H30nHpOB8HHOit MOneKyn&I H W -+-+ - onepaTOp AHfiOnb-AHfiOnbHOrO B38HMO-
n nm 

AeitcTBHH MelK.Ily MoneKynaMH KpHcTanna. OnepaTop&I P + H P HBnHIOTCH 
lit lit 

onepaTopaMH naynH H YAOBneTBOpHIOT nepeCTSHOBO'IHblM COOTHOW9HHHM: 

[ + + P1;: ,P 1:,1-(l-2P1it P 1;: }8;::, 
+2 2 

i pI : • p lit • 0 

( 2.2) 

[ P1: ... , P1"': 1- [ P 1 ;: P 1 .;r 1• 0. 

llnH HarnHAHOCTH pe3yn&T8TOB B ASnbH9ii:WeM orpaHH'IHMCH Cny'iaeM 

npocToit Ky6H'IeCKOit peweTKH H Hcnon&ayeM npH6nH~eHHe 6nH~aitwHX co

ceAeit. OnycKaH HHAeKc I , raMHnbTOHHaH (2.1) nepenHweM B BHAe: 

H. + J ( + + E0 +AIP ... P ... +M 1 I P ... P ... -++-M2 I P_.P ... t+ 
if n n itA-+ n n+A ll. it'/t ..- n +" ( 2.8) 

+ + 
+P ... .., P ... }+M 3I ... P ... P-:t_._<"P ... +"P ... , nT 11. n ;tA n ..,A n 1\ n 

rAe 

0 I 0 E 0 • HE + fHM0 ; A .E -E + f(M
4
-M

0
} 

M • V ... ( 0 I; 10}; M • V ... ( 00; II} ; M • V ... ( 0 I; 0 I} 
I ~~ I 2 I A I 4 I A I 

M0 .yiXI(OO;OO}; M3 -tviXI(II;HJ+}M 0 -M 4 , 

A - BeKTOp0 coeAHHHIOwHit 6nH~aii:WHX COCeAeit, H f • J, 2 ,3 - paaMep-

HOCTb KpHCTanna. 

3AeCb Heo6XOAHMO OTMeTHTb0 'ITO SHeprHH B036y~AeHHH OTAenbHOit 

MoneKynbl E 1- E 'hopHAKa aecKon&KHX aneKTpoHBon&T, TorAa KaK MaTpH'I

Hble aneMeHTbi M 1 onepaTopa AHnon&-AHnon&Horo BaaHMOAeitcTBHH W 

nopHAKS J0-1 - J0-2 SBo CneAOBaTenbH0 0 HMeeT MeCTO COOTHOWeHHe: 

6 

J 
t 
I 

M, . T « 1: (, .. 7,2,3,4}, 

'ITO HBnHeTCH cyweCTBeHHbiM AnH HSWHX ASn&Heii:WHX paCCYlK.IlE 

Hcnonb3YH TO'IHOe npeACTaBneHHe onepaTOpOB naynH 'lep 

Eoae/6/ 

+ p p 
;t ,. .... 

II 
~ (-2} B+II+'B 11+1 -~- ...... 

11•0 (l +II}! n n 

P ... - [I (-2}" B+v II l2 
n v-O 0+11}1 it Bit 1 B-r, 

+ 3+ ...;3 +2 2 
B .[J-B B + B B ... + ... 1B ... , 

it if it 6 if n n 

raMHnbTOHHSH ( 2.8) 38fiHWeM B 6030HHOM npeACTaBneHHH B BHl 

rAe 

.. 
H -H +H4 +IH

21
, 

t-J 

+ + H -E 0 +AIB ... B ... +M 1 IB ... B ... t + 
if n n ;f}t n n+/\ 

+L" I ( B_: B:_ t +B ... ~B ... 2 "'2;: A-+ n n + 1\ n+ 1\ n 

H -H' +H" 
4 4 4 

H '--AI B+ 2 B 2 ., ... ;: "_, 
n 

+2 + + 2 -M 1 I (B ... B ... B ... ~+ B ... B ... -t B ... +_.. 
if A-+ n n nT" n ~>+A n " 

J +2 + +2 + + 2 
- rM2Z:- (B;: B;t+l: B" ... +Bn+ICBn ... B;:+1 + B;:+;t B;: B;:+>..-++ 

+ 2 
+ B ... B ... _..B ... 

n n+/\ n 

7 



M, . T « 1; (, -1,2,3,4J, ( 2.4) 

'ITO HBnHeTCSI cyweCTB9HHbiM JlnH HSWHX Jl8nbH9ftWHX paccy>Kil9HHA. 

Jicnonb3YH TO'IHOe npellCTaeneHHe onepaTopoe naynH 11epes onepaTop&I 

Eose161 

+ 
p ;t Pn ... 

II 
~ (-2) B+~~+'B II+' -"" --- ...... 

11•0 (1 +11)1 " " 

P ... -[I (-2)11 B+v II ~ 
n v-0 0+11 )I ;t B ;t ] B"'& 

B ... - [1-B+B 3+'1/3 
n ...... +---

n n 6 
B+2 , 2 

B ... + ... ]B ... , 
n n 

raMHnbTOHHSH (2.3) sanHWeM B 6030HHOM npellCTaeneHHH B BHile: 

rAe 

.. 
H .H +H4 +IH 21 , 

t-l 

H .... + + 
• E 

0 
+~""B ... B ... +Mr I B ... B ... ~ + 

if n n rf'Jt n n+A 

+1
2
-u I ( B_-: B:_ ~ +B ... .. XB ... J 

.. '2;:,\-+ n n+" n+ n 

H -H' H" 4 4 + 4 

H '--di B+
2 

B
2 

4 ... ... -+ n n 

+2 + + 2 -M 1 I (B ... B ... B ... \'+B ... B ... 1B ... _. )-if.\... n n riTA n ~>+ n+A 
n 

1 +2 + +2 + + 2 
- 'II"'"M2 I... (B ... B ... .. B ... +B ... + .. B ... B ... + .. + B ... .. B ... B ... +x ... + 

1. :A n n +A n n A 11 n 1\ n +A n n 

+ B:B ... _. B! J 
n n+/\ n 
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( 2,5) 

( 2.6) 

( 2. 7) 

( 2.8) 

( 2.8a) 



~ 

;~ ' ,, Ill~ 

H,/' • M3 ~ B; s;..~ Srt+~ B;: ( 2.86) 

faMHn&TOHH8Jfbi H 4 H H 4' onHCbiB8JOT1 cooTaercTaeaao, KHHeMaTH'IecKoe 

H DHH8MH'IeCKOe B38HMODeACTBHR 9KCHTOHOB, TpeTHA 'lneH B (2,6) npeDCTaBnaeT 

C060A CYMMY 1'8MHnbTOHH8HOB WeCTOI'0 1 BOCbMOI'O H ToDo ITOpS!DKOB no orrepa

TOp8M Eoae H1 K8K Mbl II031Ke YBHDHM, ero Y'I~T B D8HHOM cnyqae HecywecT-

BeHeH, 

Dpe)I{De '16M nepeATH K DH81'0H8nl138UHH H nBK ( 2. 7). Mbl paCCMOTpHM ra

MHnbTOHH8H 9KCHTOHHOA CHCT6Mbl B 6onee rpy6oM, '16M DBK, IIpH6nH:lK6HHH 

raATnepa-noanoaa-fella ea6epra ( r nr). B IIpH6nH:lK6HHH r nr rrpenrronaraeTCSI, 

'ITO B KpHCTanne B036y:lKDeHa nHWb ODH8 MoneKyna, TOI'D8 K8K B MeTone DBK 

Y'ITeH8 B03MO:lKHOCTb ODHOBpeMeHHOI'O B036Y:lKDeHHSI HeCKbnbKHX MOneKyn 

( cM.f5/), 3a C'I~T aTOI'O B 1'8MHnbTOHHaHe MeTODa DBK B03HHKaeT 'lnea: 

1
2 

M2 I ( B! B _:!" ~ +B.,. .,.. B .. ) , 
If~ n n+A n+A n ( 2,9) 

KOTOpb!ll B 1'8MHnbTOHH8He IIpH6nH:lKeHHR fnf OTCyTCTByeT, CnenoBaTen&Ho, 9K

CHTOHHblil 1'8MHnbTOHH8H B ITpH6nH1KeHHH fnf HMeeT BHD! 

..... 
+ 

+ M I I B .. B .. 7 
if/( n n +" 

H - E +~I B+ B 
0 n-+ if if 

B nocne ~yp&e-npeo6paaoaaaua orrepaTopoa Eoae 

s ... 
n 

1 ...... 
·-I B rh 

vff r "A • 

IIpHBODHTCSI K DH8I'OHanbHOMY BHDY! 

H 
+ 

= Eo+~Ernr(kJB;;B "k, 

rne 

8 

( 2,10) 

( 2.11) 

(2,12) 

j, 

,\i~ 

!t. 

·~ 

''~',' ·:t.<, 

!,'' 
'11 
'\• ,, 

E (k) • ~ + p. 
1 
dJ; 

rnr 
p.(k).2M J:cosk~. 

I IA>O 

~B81'0H8nH3yeM Terrepb 1'8MHnbTOHH8H (2,7) H IIOCMOTpHM
1 

KB B peaynbT8Tbl (2,12) H (2,12a) BHOCHT OT6poweHHbiA 'lneH ( 

HOBKOil ( 2. 11) B ( 2, 7) Mbl rrony'IHM! 

H = E 0 + I H; 
nBK f'>o 

rue: 

2 + + + 
H .,. -I [a , B B -+ fJ , ( B B , + B , B )] 

lc •• ~~ •• • • •• • • • • 

... 
1ak ·2=-k • a •a •P. (k)· 

' - ' II 22 I ' fJ 12-/321 ·P. / lc); 

al2 • a 21 •/311 •/322 .. O 

.. ... .. 
p. (lc)-2M I coslcA. 

2 2700 

Ypasaeaue DBH:lKeHHH nnH onepaTopoB B • HMeeT BHD: 

. d ,_ 2 + 
B (t) .. [B ,H .. ].I [a J3, (t)+fJ ,8 .(t)]. dt . . .~, .. . .. . 

nepexonH OT orrepaTopoa B. 

IIODCT8HOBKH: 

K HOBb!M 6oae-orrepaTopaM A a 

2 -l(t 
B (t) .. I(u e 

• a-1 sa 

rne: 

2 
* 

* !Et 
A + v e 

a .a 

-v v,)=o 
sa • a •• 

I ( u u* , 
O=l sa s a 

2 
I (u * u * - v v = 0 

s=l s(J .a sa sa a a 

9 

A+ )• 
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E lkJ-~+1' 1 lkJ; rnr 
I' ( k) • 2M J. cosk X . 

I 1,\>0 

( 2,12a) 

llHarOR8nH3yeM Teneph raMHnhTORH8R (2,7) H fiOCMOTpHM1 K8KHe nonpaB

KH B pe3ynhT8Thl (2,12) H (2,12a) BHOCHT OT6poweRRhiA •meR (2,9), nollCT8-

I!OBKOA ( 2. 11) B ( 2, 7) Mhl nony'IHM! 

H = E 0 + I H. I 

nBK f'>o 

rae: 

2 + + + 
H .... I [a , B B .+ {:J , (B B , + B , B J] 

" •• ~J •• • • •• • • • • 

Jak ·2a-k· a •a •" (kJ· 1 1 I I 22 r I 1 

... 
{:J 12- {321 ·1'/ "'; 

al2• a21 •f:JII-{322= 0 

I' (kJ-2M I cosk~. 
2 2Ji!>o 

YpaaReaHe llBHlKeHHlt nnst onepaTopoa B • HMeeT BHil! 

J 2 + 
1-B (tJm[S 

1
H,.].I[a JJ, (t)+f:J ,Bit)]. 

Jt • • Ill • ~J •• • •• • 

nepexonst oT onepaTopoa s. K I!OBbiM 6o3e-onepaTopaM A a 

fiOilCT8HOBKH! 

2 -Iff * lEt 
A + v e 

a sa B (t). I (u e 
s (Ja J s(/ 

rne: 
2 
::£ ( u u* , 

azl sa s a 

2 
::£ (u * u 

s=l sO sa 

* -v v.)=ll 
sa • a •• 

* - v v = ll 
s f1 sa a a 

9 

A+ J~ 
a 

(2,13) 

( 2.14) 

( 2.15) 

(2.16) 

C fiOMOWhiO 

( 2,17) 

( 2.18) 



~ 

...... 

1': 

anH onpeaeneaHa ~YHKUHA 

ypaBHeHHA: 

U H V It aaeprHH E nony'IHM CHCTeMy 

2 
Eu = I (a ,u , 

sa • ~1 •• s a 

2 
-E v • I (a , v , 

sa • ~J •• s a 

+ f3 •• ,v • 'a 

+/3 ,u,l. 
•• • o' 

( 2.19) 

YcnOBHe HeTpHBHanbHOA pa3peWHMOCTH CHCTeMbl ( 2.19) CBOaHTCH K cneayJOWeMy: 

v v 
..22.._ - -1.L -
u u 

lu 2u 

E-d-p./kJ 

(k} p.2 

-p.ilc} 
E+d+p./k} ;(u .. J,2}, 

oTxyaa cneayeT 

H 

... ... 2 ... 
E ( lc} .. y' [ d + p. 

1 
( lc }] - p. ~ ( lc} 

nBK 

ull-u22 
• (J -R2 }-~ 

li" 

ul2 •U21• vll-v22.0 

R-.
k 

E nBK ( k} - d - p.l ('} 

p.2 ( lc-+} 

v 
12 

•V =R (J R 2 -~ 
21 .... - it } 

CneaoBaTenbao, B peaynbTaTe noacTaHOBKH: 

B -+ • - 1- I 8 ,r;: 
n y'H k-+ l • 

B • A 1. +R A+ k - 1._ _;: 
y'I-Rz .... 

T'8MHnbTOHH8H (2.7) npHBOaHTCH K aHBT'OHBnbHOMy BHay 

H 
J -+ -+ + 

•fo+-.r~[EnB f/c}-d-p. 1 (1c}]+~E (lc}A-. A-+ 
" k K' k nBK • k 

10 

(2.20) 

( 2.21) 

( 2.22) 

( 2.23) 

( 2.24) 

r I 

,If~ I t 
1/Ulj 

:}I'·· I· i'· 

'> ~ ij'i.· 

t 

BTopoe cnaraeMoe B (2.24) npeacTaBnHeT co6oA nonpasxy x 

HOT'O COCTOHHHH1 B03HHKWYIO B peaynbTSTe nepeHopMHpOBKH B81 

TOHHHa. 

B aanbHeAweM, y'IHTbiBaH ycnoBHe ( 2.4), Mbl orpaHH'IHM< 

M I 14,51 
nHHel!HbiM rro ManoA BenH'IHHe T , KOTopoe (eM. ) 1 

nee 'laCTo HcnonbayeTcH. B aToM npH6nHlKeHHH ~opMynbJ ( 2.21 

pexoaHT B cneayJOWHe: 

rae 

E ( k} .. d + p. ( k} - l 
neK 1 2 

(k}p. (k} 
2 

J -+ -+ -+ -+ + 
H =E --IE 2(1c}p. 2 (1c}+I[d+p.

1
(/c}-E

2
(/c}p.

2
(1c}]A.,.j 

neK o 2 ~ r • 

-+ M2 -+-+ 
£2 ( lc} = ~_.I cos lc A 

'-' A'> o 

0Ka3biBaeTCH1 'ITO anH nonyqeaua peaynbTaTa ( 2.24a) B H 

Hcnonb30BBTb cneay10mee npeo6paaoBaHHe ana onepaTopos BoaE 

8 "" --1- Is ,;:-: 
n y'H k 1.• 

J 2 .. .. .. .. + 
Bk ... [l+z£ 2(/c}]A"t -[£

2 
(lc}-2£ 2 (lc}£

1 
(lc}]A_k .. , 

rae: 

.. M .... 
E ( lc } • :::L I cos lc .\ • 
I d A>O 

OTcJOaa cneayeT, 'ITO ana nonyqeaua aaepreTH'Iecxoro cnexTpa 

npu6nHlK&HHH no £ ~YHKUHH npeo6pa30B8HHa u H V 

C8Tb B KB8Ap8TH'IHOM no l npH6nH)I{eHHHo 

11 



r 
l 

BTopoe cnaraeMoe B (2.24) rrpeACTaBnHeT co6oA rrorrpaBKY K aHeprHH ocHoB

Horo COCTOHHHH
0 

B03HHKWYID B peay/IbTBTe rrepeHOpMHpOBKH BaKyyMHOro COC-

TOHHHHo 

B AanbHeAweM, y'IHThiBaH ycnosHe ( 2.4), Mhi orpaHH'IHMCH rrpH6nHJKeHHeM, 

• M I 14 5/ 
nHHeHHbiM no ManoA senH'IHHe T , KOTopoe (eM. ' ) B orrTHKe HaH6o-

nee qacTo HcrronbayeTcH. B aTOM rrpH6nHJKeHHH <jlopMyllhi ( 2.21) H ( 2.24) rre-

peXOAHT B ClleAYIDWHe: 

rAe 

E (k) • ll + 1L ( k)- t 
nBK 1 2 

(k)IL (k) 
2 

J ... ... ... ... + 
H =f --I t

2
0c)IL

2
(1c)+I[ll+IL

1
(1c)-t

2
(1cJIL

2
(1c)]A.,. A, ... , 

nBK o 2 ~ r • K 

... M2 ...... 
t

2 
(lc) - --:.-... I cos lc >.. 

u i..'>O 

(2.2la) 

( 2.24a) 

( 2.25) 

0Ka3biBaeTCH, 'ITO AIIH rrony'leHHH peayllbTaTa ( 2.24a) B H (2.7) HBAO 

Hcrronb30B8Tb cneAyiDmee rrpeo6paaosaaHe AIIH orrepaTopos Eoae: 

rAe: 

B .. ·-1- I B rt": 
n yH k -r• 

J 2 ... ... ... ... + 
Bk ... -[l+Tt

2
(1cJ]A1 -[t

2 
(lc}-2t 2 (lc)t 1 (lc)]A_ .... , 

... M ...... 
t ( lc ) • :::.L I cos lc >.. • 
I !l >:>o 

( 2.26) 

( 2.27) 

0TCIDA8 CII8AY8T
0 

'ITO AIIH ITOIIY'l8HHH aaepreTH'leCKOro CIT8KTp8 B /IHH81~M 

rrpH6/IHlK8HHH no f <jlyHKUHB npeo6p830B8HHH u H v H8AO 38IIH-

C8Tb B KB8Ap8TH'IHOM no rrpH61IHJKeHHH. 

11 



,, 

\r 

il 
,I 
II 

CpaBHRBas peayn&TaTbl (2,2la) R (2.12a), npHxo.QRM K BbiBO.!IYo 'ITO 

nonpaBKa 8 E 0 KOTOpyiO .QaeT M&TO.Q nBK no OTHOW&HHIO K M&TO.Qy rnr, 
SBnli&Tes B enyqae ~peHKeneBeKHX aKeRTOHOB ManoA OTPHUST&nhHOA BenH'IH

HOA: 

,. ... 

8E--t
2

(1c)ll/lc). ( 2.28) 

PaeeMoTpRM Tenep& nonpaBKR, KOTOpble B KBS.QpaTH'IHyJO 'laeTh H 

( 2,24a) BHOeliT KHH&MaTR'I&eKoe R .QRHaMH'I&eKoe B38RM O.QeAeTBRll aKeRTOHOB, 

noene ~yp&e-npeo6paaosaHHA ( 2.11) ~opMynbl ( 2.8a) R ( 2.86) nepexo.QsT, 

eoOTB&TCTB&HH00 B en&.QYJOIIlH& 

H' 
4 

r --w I 

·~~·J 

............ -+ ++ 
I[~+ 1'1( lc,+ lc2 -k3 ) +/lJ (lc 1 )]Bt

1 
Bk~ B .... 

3
8 ·~ H~-k"3+ 

+Ill ( k ,u B "!:- B ;!; B.~ B ... + r. + r. + B; + i!. + L... B ;: B .... B ;: )I 
KJ "2 J I<J 2 J J ~ KJ J 2 J 

( 2.29) 

r .. .. + + 
H"-- I ll (lc -lc )B B ... B ... B ... ...... 

4 H k", k"
2 
•; J I J tt1 • 2 k 3 k 1 + k 2 - k 3 

( 2.30) 

..... r.Qe 

ll (kJ -2M ..J. cos kA 
J J .\> 0 

( 2,31) 

OnepaTopbl B .... 11 (2.29) H (2,30) npe.QeTaBHM qepea onepaTopbl A "t e 

nOMOIIlhiO npeo6pa30B8HHll ( 2,26) H B nony'leHHblX Bblpa)K&HHBX eoxpaHHM Bee 

M, 
qneHbl, nHHeltHbJe no ManoA BenH'IHHe y . 3arrHebiBBSI 'leTBepHbJe ~opMbi 

no onepaTopaM A -;. B nopH.QKe aopMan&aoro npoHaBe.QeHHSI H Bbi.QenHH e 

y'I~ToM paBeHeTBa: 

r ...... 7 17 e 
H
-; coslc.\ -(~) fJic 1 ... Jice I coslce =0 

1.\> 0 17 
-17 I=' 

( 2.32) 

12 

\, 

Bee B03HHK810lllHe rrpH 9TOM KB8.Qp8TH'IHble '!JleHblo rrony'IHM: 

r.Qe 

H ; • 2£ lof 2 ;;.1 0 ~ A : _, A .... ; 

H" 
2 

r ... + + 
• - - ;;.1 I !L (lc)( A~ A ,.. + A 1 A ... 

2 0 ;: 3 ~ -· - • 

lof2 
4,~ T. 

), 

raMHJihTOHHBHbi H 2 11 H ;· npe.QeTaBnHJOT eo6oll nonpaBK 

TOHI!aHy H nBK ( 2,24a) 0 rrony'IeHHbl9 B peayn&TaTe KHHeMSTH'IeeKO 

MH'!eeKoro B38HMO.QelteTBHSI 9KeHTOHOBo npHMeHSIH aaanorH'IHyiO rrpO 
00 

MIIJihTOHHaHy I H
2 

, MO)KHO aenoepeaeTBeHHbiM pae'I~TOM y6e.Qf_ 
1•3 I 

OH He .Q8eT HHKaKoro BKJI8ll8 B KBaapaTH'IHYIO 'IBeTb H nBK • 

C y'I~TOM KHHeMSTH'!eeKHX H llHHBMI!'!eeKHX rronpaBOK KB8l!p8Tl 

MHJibTOHHSH el!eTeMbl ~peHKeJieBeKI!X aKei!TOHOB 38ITI!WeTeH B BHae: 

J -J -+ ... .... -+ 

H
2 

=E
0

- T ~t/lc)l'l (lc)+~[~ +!L 1 (1c)-£ilcJILilc)+2elof2 ~ 
• • 

7 ... + + 
_ - ;;.1 I I' (lc)( A... A ... +A t A ... ). 

2 0 ;; 3 • -k - • 

raMIIJibTOHIIaH H2 HeaHaroaaneH, EenH nepeltTII K HOBbiM 6oae· 

paM C + 
k 

H ( _, C rrOMOWbiO rrpeo6p830B8HHH: 

A 

k 

2 
= I ( e .a 

a= I 
c a 

* +W 
.a 

c+ J; n=k;2=-kJ, 
a 

HeTpyllHO y6elli!Tbes, 'ITO rrepBbie rrorrpaBKII K aaeprHII OT '!JleHa 

L + lof 1 3 
- .:.

0
I (A A+-.+A _,A _,)p, (lc) nopsaKa (--) , T,e. 

2 t Jt -• -k k 3 A 

_,. 2 ;. 4> 

'~ E 2 (lc ) = ;.Jo '3 ( fc) !LJ (fc); 
lof3 

c 
3 

( lc) = - ~ cos lc A 
A .\>o 
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ace B03HHK810ll(He npH 9TOM KBanpaTH'IHhle 'lneHbl 1 nony'IHM: 

rne 

H' ale M ;;, IA+_,A _,; 
2 2 o; k k 

l ... + 
H " • - - ;;, I p. (k )(A.,. 

2 2 0 ;: 3 ~ 

M2 
~= -s:-· 

A+ .. 
-k 

+A l A ... 
- k 

), 
( 2.33) 

(2.84) 

faMHnbTOHH8Hhl Hi H H" 
2 

npencTaBnHIOT co6oA nonpaBKH K raMHn&-

TOHHBHY H nBK ( 2.24a) 1 nony'leHHbie B pe3yn&TaTe KHHeMaTH'IeCKOro H llHHa

MH'IeCKoro B38HMOneACTBHH 9KCHTOHOB. npaMeHHH 8HanorH'IHYIO npouenypy K ra-
00 

MHn&TOHHaHy I H
2 1 MOlKHO aenocpencTBeHHhiM pac'I~TOM y6enaT&CH1 'ITO 

1•3 I 
OH He naeT HHKaKoro BKnana B KBanpaTH'IHYJO '18CTb H nBK • 

C y'I~TOM KHHeMSTH'IeCKHX H llHHBMH'IeCKHX nonpaBOK KBanpaTH'IHbiA ra

MHnbTOHHSH CHCTeMhl ~peHKeneBCKHX 9KCHTOHOB 38llHllieTCH B BHne: 

...... -+ .... ... .... + 
H

2 
=E

0
- t ~ £/k)p. 2 (k)+~[,~ +p. 1(k)-£ 2(k)p.ik)+2f M2 ;;,0 JA;A;;-

k k 

(2.35) 

l ... + + __ ;;, I p. (k)(A_, A .. +A 
1

A .. ). 
2 0 ;; 3 k -k - k 

faMHnbTOHHaH H 2 
aenaaroaanea. Ecna nepeATH K HOBhiM 6o3e-onepaTo-

paM C + ;: H C .. C llOMOIIlbJO npeo6pa30B8HHH: 
k 

A 
2 

=I (8 C sa a 
a=! 

* + .... .... 
+W C ); (l.,k;2E-k), 

.a a 

HeTpytlHO y6etlHTbCH 1 'ITO nepBbie nonpaBKH K 9HeprHH OT 'lneHa 

-L::>
0 
~ (A; A+-o+A ... A ... )P: (k) nopHnKa (~...!...) 3 , 

2 -,; -k -k k 3 A 

-· 2 -Jo -· ,:E
2

(k) =;;,
0

,
3 

(k)p.
3 

(k); 
MJ 

, 
3 

( k) = T ~ cos k i\ 
Ll i\>0 
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T.e. 

( 2.36) 

( 2.37) 
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H HMH 0 B COOTB9TCTBHH C HCUOnb30B8HHbiM aaecb npH6nHlK9HH9M1 MOlKHO npe-

He6pe'lb0 npeo6pa30B8HHe ( 2,36) B KBaap8TH'IHOM no £ npH6niilK9HHH 

HMeeT BRa: 

.. + 
A .. • c .. + .;l

0 
£

3 
(lc)C ,.. 

k k -k 
( 2,38) 

H, HCflOnb3YH ero, Mbl nony'IHM raMHnbTOHH8H CHCT9Mbl cjlpeHKeneBCKHX 9KCHTOHOB 

B BHile: 

r .. .. .. + 
H ~E --I £ (lc) ll (lc) +.I E (lc)C,. C ... , 

2 0 2 k2 2 12 k k 
( 2.39) 

rae: 

E2 (/c"') -~ +ll (k)- £ (kJil (lcJ+2f M ;J. 
I 2 2 2 0 

( 2,40) 

HanoMHHM, 'ITO B ocTaBWHXCH '19TBepHbiX cjlopMax no one·paTopaM At H3 

Hi H H:,' B naaeltHoM no ;JO npH6nHJK9HHH npeo6p830B8HH9 ( 2,38) 

aaeT TOnbKO HOpM8nbHhl9 npOH3BeaeHHH '19TB9pTOrO nopHaKa no onepaTOpaM 

c .. 
k 

npe)f(Jle '19M o6cyaHTb nony'I9HHbl9 peaynbT8Tbl ( 9TO 6yaeT caenaHO 

a cneay10weM naparpacjle), Mbi npoaaanHaHpyeM son poe o BnHHHHH KHHeMaTH'Ie

cxoro H aHH8MH'I9CKOro B38HMoaeltCTBHA H8 9KCHTOHHhllt cneKTp Hynesoro 

npH6nHlK9HHSI 0 HCnOnb3YH anH onepaTOpOB naynH npeacTaBneHHe naJtcoaa-Ma

neesa (cM/7,81), Cneays pa6oTaM/?,8/, onepaTopbi naynH BbipaaHM 'lepea 

onepaTophl Boae cneayiOWHM o6paaoM: 

p+ p 
;r ;: 

.s+ s .. ; p+ ... - s~; P ... • s:_ -s:. s!, 
lfn n n n n nn 

nocne 'lero raMHnbTOHH8H ( 2,3) npHHHM8eT BRa: 

H =H 
(DI 

+H4 

14 

( 2,41) 

( 2.42) 

rae: 

H (D I • H , (D I + H , (D I 
4 4 4 

(DJ M .I 
H, •- ' ....... 

4 nA 
+ + B z B ... B .. \* .. 
n n +I\ n 

-LM .I (s+ s s 2 +s+s sz 
2 2 it.\... ft!\.X if :+A... it n ... +~ it 

H" (DJ H " 
4 - 4 • 

Hcnonb3YH cjlopMyny (2,26) H npHMeHHH aaanorH'IHYIO npoueayJ 

Mhl nonyqHM: 

(D) + 
H

2
' -2fM

2
;J

0
.IA ... A ... + fM 1 :l 0 IA ... A ... 
~ • • k -· • 

H OKOH'I8TenbHO: 

(D) 

H2 .H 2 + fM 1 :l 0 ~ A_t At. 
• 

(D) 
H " .H" 

2 2 

nonpaBKH B 9HeprHIO OT BTOporo 'lneHa B ( 2.46) 0 K8K Mhl BhlWe 

HaCyWeCTBeHHhl0 T8K 'ITO npeacTaBneaHe naltCOHa-ManeeBa npRBC 

JKe peaynbT8T8M0 'ITO H TO'IHOe 6030HHOe npeaCT8BneHHe (2,5) ~ 

TOpOB naynH, 

S, 06cylKJleHHe peaynbTaTDB 

nony'leHHhle Bhl we pe3ynbT8Thl MOJKHO KOpOTKO ccPOpMynHpC 

ayiOWHM o6p830M: 

a, AarapMOHR'IeCKRe a«P«PeKThl BnRHIOT Ha aKCHTOHHhll cnex~ 

npH6nHJKeRHllo npR'ItiM CyWeCTBeHHhlMR OK83hlB810TCSI TOnbKO nonpa 
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r.ae: 

H (D) - H ' (D) + H " (D) 
4 4 4 

( 2.48) 

H ' CD 
1- - M I 8 ! 8 _.+ .. 8 

2 
.. 

4 I if)._. n n +A n 

-.!..M I (8+ 8 8 2 +8 +s 8 2 

2 2 ;:>._. n!!-X if :+>.._. ;: n_.+~ it 
( 2.4Sa) 

H " CDJ. H " 
4 4 • 

( 2.436) 

Hcnon&3YH ¢opMyny (2.26) H npHMeHHH aaanorHqayiO npoue.aypy, KaK H paa&we, 

Mbi nonyqHM: 

(D) + 
Hz' .UM;;) IA _.A-.+ fM 1 ;) 0 IA -.A .. 

z o r • • • -• • 
(D) 

H " .H" z z ( 2.44) 

H oKoaqaTen&ao: 

(D) 

Hz -Hz+ fM 1 ;) 0 ~ A_1 At. 
( 2.45) 

nonpaBKH B 9HeprHIO OT BTOporo qneHa B ( 2.45) 1 KSK Mbl BbiWe y6e.aHnHCb1 

aecymecTBeHHbl, TaK qTo npe.acTasneaHe ~atcoaa-Maneesa npHBO.QHT K TeM 

~e pe3yn&TaTaM, qTo H Toqaoe 6o3oaaoe npe.acTasneaHe (2.5) .ana onepa

TOpoB naynHo 

s. 06cy~eaHe pe3yn&TaTOB 

nonyqeHHbl9 Bbl we pe3ynbTSTbl MO~HO KOpOTKO cljlopMynHpOB8Tb cne

.Qy!OmHM o6pa3oM: 

a. AarapMOHHqecxHe s4141eKTbi BnHHIOT aa sKCHTOHHbiA cnexTp aynesoro 

npH6nH~eHHH1 npHqlr!M cymeCTB6HHbiMH OK83biBSIOTCH TOnbKO nonpaBKH OT KHHe~ 
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i :) 

.1 

..... 

c ... 

MaTH'I9CKOI'O B3aHMO.QeltCTBHSI ( CM, ( 2,35) H ( 2,37)), 3HeprHa OCHOBHOI'O 

COCTOSIHHSI OCTaeTca TaKoA )1(9 1 KSK B M9TO.Qe fJBK, 

6, Y'IAT nonpaBoK OT aarapM OHH'IecKHX aKCHTOHHhiX a4$eKTOB npHso

liHT K aaB&IWeHHIO aaeprHH, nony'leHaoA B MeTo.Qe TIBK, lleAcTBHTen&Ho, ecnH 

paCCMOTp9Tb III9nH B 3KCHTOHHOM Cfi9KTpe, nony'I9HHhl9 B npH6nH)K9HHH rnr, 

B M9TO.Q9 fJBK, H C Y'IATOM nonpaBOK OT KHH9MaTH'I9CKOI'O B3aHMO.Q91tCTBHa
1 TO Mhl YBH.QHM, 'ITO 

Ernr(OJ-A +H M1 
2 

E (0) • Ernr(O) -U M2 ;l 0 fJBK 

E1 (q ·Ern/0) -2 iU-1)M
2

.;)
0 

, 
( 3.1) 

T.e. 

E (0) < E 2 (0) < Ernr(O). 
TJBK 

( 3.2) 

H.IITepecao OTM9THTb, 'ITO B O.Q.IIOM9p.llh!X CTpyKTypax ( f • 1) , E 2 (0) H ~ nf0) 

COBfia.QaiOT, B CBSI3H C 3THM OTM9THM1 'ITO SBTOp&I pa60Thl/9/, aaanH3Hpya 1Peppo

MSI'H9THK C O.QHOOC.IIOA a.IIH30TPOfiHeA UpHWnH K B.llanol'H'I.IIOMy Bh!BO.Qy: 

B, Bee Bh!BO.Qhl a, H 6, no.QTBep)K.QaiOTca B asyx npeacTasneHHax onepa

Topos flaynu 'lepea onepaToph! Bose: B TO'IHOM 6oao.11.11oM npe.QcTasne.IIHH 

pa6oTh!/6/ H B npe.QcTasne.IIHH llaAco.11a-Maneesa, 

8 3SKni0'19HHe OTM9THM, 'ITO S.llanOI'H'IHhiA SHanHa MO)KHO fipOB9CTH H 

B 6onee cno)f(HhJX peweTKax, '19M npocTaa Ky6H'IeCKaa, a TSK)Ke H B cnyqae 

M.lloroypOB.II9BOA 3KCHTOHHOA CX9M&I1 KOI'.Qa 3KCHTO.II.II&Ie onepaTop&I SIBnSIIOTCa 

KBaaHnaynHeBcKHMH (cM/
21

).BoaHHKaiOIIIHe npH aToM TPYLI.IIOCTH MoryT 

HM9Tb nHWb T9X.IIH'I9CKHA xapaKTep, TaK KSK COOTB9TCTBYIOIIIHA SHSnH3 Tpe6yeT 
I'pOM03.QKHX pSC'IATOB, 

nHTepaTypa 

1, H.H, Boron106oB, • neKUHH no KBa.IITOBOit CTSTHCTHKe', KHeB, 1949 r, 

2. D.I.La.lovic, B.S,Tosic and R.B. Zakula. Phys. Rev., 178, 
1472 (1969). 

3. C.B. Ta5nHKoB, 'MeTo.Q&I KBB.IITOBoA TeopHH Mar.lleTH3Ma', HayKa, 

MocKsa, 1 965 r. 

16 

4. B.M. Arpa.IIOBH'I, 'TeopHa aKCHToHos', HayKa, MocKsa, 1969 

5, B.M, ArpaaoBH'I, >K3T<Il, ;rz. 430 ( 1959). 

6. B.M. ArpaHOBH'I, B.C. TowH'I. >K3T<Il, ~ 149 { 1967). 

1. F.J.Dyson. Phys. Rev., 102, 1217 (1956). 

B. C.B, Manees, >K3T<Il, ~ 1010 ( 1957), 

9, D.R. Fredkin and H. B. Shore. J. Phys, Chern. Solids, ~ 
(1970). 

PyKonHc& nocTynHna B HaaaTen&cKHA oTa 

23 H~HH 1971 roaa. 
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4, B,M, ArpaHOBH'Io •TeopHH 9KCHTOHoB•, HayKa, MocKBa, 1969 r, 

5, B,M, ArpaHOBH'Io )1(3Tcll, .ll, 430 ( 1959), 
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