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l, BBeReHMe 

CymecTBeHHhiH rrporpecc B TeopHH HepaBHoBecHbX npoueccoB 3a nocnea-
• III 121 

HMe roahi CBSI3aH c pa3pa6oTKOM BaH-XoBoM , CB ~HcoHoM , HaKaa-

/6/ /3-5/ 171 18 9/ 
lKMMOH , DpHrOlKRHhiM 11 Pe3n6ya , MoHTponHoM , IIBammroM ' 

o6IUMX M8TOROB ITOCTp08HMSI UCHOBHLIX KMIIC'TM'I8CKHX y JllBHC'lllllf 0 f llpiH'CJinMBbiX 

B mo60M ITOpSIRK8 T80pHH B03MymeHHH, 3TH ypaBH8HH5i rrony'IE'flbl H8 OCIIOBe 

/8/ 
6nH3KHX MR8H 0 HO pa3nH'I8JOTCSI liD ~iOpMe, ilB8HUMr ITOK83an, 'ITO JIOny-

'I811H08 MM OCHOBJI08 KHH8TR'I8CK0(' ypaBIICime 3KBIIB111'81!THO ypanl!el!MHI\1 

/6/ /3-5/ 
HaKaRlKHMbl • n;mrolKHH8 n Pe3n6ya n Mow·ponna 

171 
, OcHoBHoe 

KHH8TH'I8CK08 

/5/ 

/1-2/ 
ypaBHeHMe BaH-XoBa-CBeHcoHa , caK rroKa3two Pe3M-

6ya , He naeHTM'IHO ypaBHeHHJO DpnrolKHHa-Pe3n6y.l, n cneaoBaTenhHo, n 

/6-9/ 
, 0HO XOTSI ll HBnH8TCSI TO'IHbiM 0 HO COCT8Bnei!O an}! JI(Jy-ypaBH8HllSIM 

roll ~yHKunn pacnpeaeneHnH, 

MeTORI>I BbiBOR8 OCHOBHhiX I<IIII8Tll'I8CKIIX ypill1!181llll /
3

- 9 / RBIOT B03-

MOlKHOCTb nony'IllTh 38MKHyToe ypllBIWHI!e ;wH IIPKOTOJOii BhiRenei!HOH 'IIWTII 

Ht!p8BIIDI\eCHOrO CT8TllCTH'I8CKOro onepaTopll 0 KUTOpLri' YllOBneTBOpHeT OOpllTll-
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MOMy BO BpeMeHll ypa 3HCHllJO nnyBnnnH. Be3 no6aBO"'HbiX norryrueHntl: 8Tll 

yp8BHBHH51 0 B006Uie roHOpH, He OIIllCb!B8JOT He06paTHMb!X atjJ<jleKTOB B HepaB

HOBBCHb!X CllCTeMaX, 3TH ll06aBO"lHbiB ycnOBllH MQ)I{HQ CtjJOpMynHpOB8Tb B 

Bnae onpeaeneHHhiX rrp lBHn o6xoaa rronJOCOB orrepaTopon pe3onhBeHTbi nnH 

cpyHKUllfi fpnHa. 3TO 8l:BllBaneHTHO HanO)I{eHllJO rpaHll"lHbiX ycnOBllfi 1 COOT

BeTCTByJOUIHX Heo6paTI MDMY xapaKTepy 8BOnJOUllll HepaBHOBeCHOrO CT8TllCTll-

"!ecKoro orrepaTopa. 

B nacToHruei1 paf;oTe c rroMOUihJO MeTona, rrpeano)l{ennoro panee aBTo

/10-12/ 
paMll 1 6yllBT IOK838H01 'ITO MQ)I{HO IIOCTpOllTh TO"'HOB o6o6UieHHOe 

OCHOBHOe KllHBTll"lBCKO! ypaBHBHlle T8KllM o6pa30M 1 "'T06hl OHO BBTOM8Tll"'BC

KH Y"lllThlBano rpaHll"'H~e ycnOBll51 1 COOTBeTCTByJOUille Heo6paTHMDMY IIOBeae

HilJO CllCTeMbl, TaKoe rpaBHeHHe OK83biB8eTC51 neo6paTHMbiM BO BpeMeHll 

n rrpunoanT K Bo3pacTHmJO aHTpormn cncTeMbl, B aTofi pa6oTe Mbl 6yaeM 

umpoKo ncrronh3oBaTh TexnnKy rrpocKunoHHbiX orreoaTopoB Unanunra-HaKaJl-

/6/. /8,9/ 
)l{lfMhl 

2. IpaHH"lHhre ycaoBHH Liaa nepannonecnoro 

.£T8THCTH"leCKOrO orrepaTopa H OCHOBHbie 

KHHBTH"leCKHe Yp8BHeHH51 

PaccMoTpHM nepannonecny10 CHCTeMy c raMHahTOHHaHoM H , CocToH-

HHe T8KOfi CHCTeMbl B MOMeHT BpeMeHH MQ)I{BT 6h!Th OIIHC8HO CT8THC-

TH"'BCKHM orrepaTOpOM p ( l , 0 ) , nycTb HaC HHTepecyeT HeKOTOpaH BblQe-

nennaH "l8CTh P p ( t, 0) aToro cTaTHCTH"lecKoro orrepaTopa, rne orrepaTop 

rrpoeKTHpCB8HH51 p He 3dBHCHT OT BpeMeHH H MO)I{eT HMeTh CMhiCn 

orrepaTopa BhJJleaeHHH .maronaahnofi ( B neKoTopoM rrpencTanneHHH) "'BCTH 

p ( t, 0) 1 HUH orrepaTopa Bhlll8n8HH51 HHB8pH8HTHOfi "l8CTH B CMhiCae pa6o

Thl 
/ 10-12/ 

, Hall orrep.!Topa, rrepeBOJlHIUero p(t,O) B HeKQTOpoe KpyiiHO• 

/18/ Pp ( t. 0) • Bo3MO)I{Hhr H apyrHe orrpeneneHHH CTpyKTypHOe pacrrpellBIBHHB 

orrepaTopa rrpoeKTHpOBlHHH P • npn aTOM ncerna 
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( 2.1) 

Bo Bcex, cnyqaSix onepaUHSI npoeKTHpoBaaHSI aepaBaoBe :a oro cTaTHCTH'!ecKo-

ro onepaTopa 03H8'!8eT nepexoa K OITHCBHHID CHCTeMbl B TepMHHBX lieKOTO-

pbiX orpy6neHHbiX nepeMeaHhiX, 

EyaeM HCKBTb ypaaHeHHe aBH)I(eHHSI anSI onepaTopa P p (t , 0) , aanaraH 

aa 9TOT onepaTop cneayiDIUHe rpaHH'IHbie ycnoBHSI: 

rae 

P·p ( t + t , o) 
I 

t 
1 

_._oo 

eittL:Jlp(t+ti'O)---> eitiL •p(t+t 1,0) "'·p(l+ll,ll), 
tl-++00 

i tH 
it L 

e A e h 

it H 

Ae -h- l iLA= -- [A,H] A 
i h 

( 2.2a) 

( 2.26) 

A -npoH3BOnbHhiA onepaTop. CooTHoweaHe ( 2.2a) ~lOjKHO aaaaaTb rpaanq

HhiM ycnoBHeM 38ITa3abiB8IDIUero Tl!ITD 1 a ( 2,26) - rp2 HH'!Hbl:\1 ycnOBHeM 

onepe)I(8IDIUero THITa. ¢H3H'IeCKHH Cl\lUCn 8THX ycnoBHt 3DKniO'IllE'TCSI B OTfiope 

TBKHX peiUeliHfi ypaBHeHHSI flHyBHnnSI 1 KOTOpble COBnaaE IDT ITpH I=- 00 ( 11m1 

t =+ oo ) c aeKoTopbiM orpy6neHHbiM CTBTHCTHqecKnM onepaTopOI\1 Pp ( 1, 0) 

H nony'IBIOTCSI H3 aero rrpH 9BOniDUHH ITO tfla30BOIJ Tp81'KTOpliH 1 T,e, ITpH 

aeiicTBMM orrepaTopa 9BOniDUHH e
1 

t 1 L u OA/IOBpeMei!HOtl Cll;umre npeMeHI!oro 

apryMeHTB HB 

MeHM orrepaTopa 

• 3TH ycnOBIISI ::JIIpeaenSIIDT TDKr;e M3MeHeHHe BO Bpe

'Jlp(I,O) • CooTBeTCTByiDmee ypaBfleHHe, KoTopoe 6yneT 

rronyqeHO B 9TOH CTBTbe, MO)I(HO Haar·aTb HeOOJlilTIIJ'vlbll-1 o6o6meHHblM OCI!OB-

Hhll\1 KHHeTH'!eCKHM ypaBHeHHeM. 
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B ycnoBHH (2.2a) paccMaTpHBaeTcH aBoniDUHH H3 5ecKoaeqao ynaneH

Horo rrpownoro, a B yc1oBHH {2,25) - aBoniDUHH H3 5ecKoHeqHo ynaneHHoro 

5ynymero, DoaTOMy pa:lyMHbiJ% <fJH3HqeCKHJ% CMbiCn HMeeT nHWh ycnOBHe ( 2,2a), 

DpHMeHSISI TeopeMv A5enH, aaMeqaeM, qTo ycnoBHH ( 2.2a,5) aKBHBa-

neHTHbl ycnoBHSIM 

0 

f J f t I 
d t 

1 
e 

itL O ft 
e 1 Pp ( t + t 

1 
, 0) = f J d t 

1 
e 1 

it L 
e I p ( t + t I '0)' ( 2,3a) 

-oo 

rne f-+ + 0 , Dpoll HTerpHpyeM rrp8Bb!e qaCTH 8TH X COOTIIOWeHHA ITO 

qaCTSIM 

0 

p(t,O)- f 

p(t,O)+ f 
0 

0 

= f f 
-oo 

ap < t + t 1 • o > 
+iLp(t+t ,O)l= 

a t 1 

( 2,4a) 

( 2.45) 

= f f 
0 

d e
- f t I e I t 1L 

t I p p ( l+ t I , 0) , 

DycTh p ( t, 0 ) ynoBne·~BopSieT ycnoBHSIM 

0 

J ( 2.5a) 
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nnn 

+"" 
J 

-£ t I 
d 1 

1 
e 

0 

ap(l+t
1

,o) 
1-------- +i Lp(l+ 

a 1 
( 2.56) 

Torna H3 ( 2.4a,6) rronyqaeM HBHhie Bbipa:>KeHHH nnH He )8BHOBecnoro cTaTnc-

TnqecKoro orrepaTopa 

0 

p (I. 0) = f J d I 
1 

e 
f t I it 1 L p ( ) e p 1+1 1 ,0, ( 2.6a) 

·p ( t , 0) = £ J 
0 

d t 1e 
-f t I 

e 
it I L 

Pp(t+li,O), ( 2.66) 

( f-++0) 

Ananorn4HhlA MeTon rrocTpoeHHH nepaBHoBeCHhlX cTaTHCTII4eCKIIX orrepaTopoB 
/10-12/ 

6bin ncrronb30BaH B pa6oTax , rne BMecTo P pIt+ t 1, 0) B1>16npancH 

KB831Ip8BHOBeCHbiA CT8TIICTII'IeCKIIA orrepaTop p q (I+ l 1 , 0) , 

nocMOTpllM Terrepb, K8KIIM ypaBHeHIIHM YllDBneTBOpH~T orrepaTOphl 

(2.6a,6). Bbi4HCnHH rronny~ rrpoH3BDilHY~ no BpeMenn cT (2.6a,6), rronyqaeM 

ap ( t. o) 
+iLp(t,O)= 

0 ft d lt 1 L CD 
= f J d t 

1 
e 1 -- e P·p ( t + t 1 , 0) =- f (p ( I , 0) - J ·p ( t , 0)) , 

-00 dtl 

= f 

ap(t,O) +iLp(t,O)= 
a, 

J 
-tt 1 d Jt 1L CD 

d t 
1 

e -- e Pp ( t + t , 0) = + f ( p ( t, 0)- J p ( 1, 0) ) , 
0 d I I I 

(f-++0). 

nollCT8BnHH ( 2. 7a,6) B ( 2,5a,6),, llOny41IM COOTBeTCTBeHHD ycnOBIIH 

7 

( 2, 7a) 

( 2. 76) 



0 

f d e 
ftl 

( t 1 

f J d t 
1 

e - f t 1 e i t 1 L I 'P ( t + t 
1 

, 0 ) - P p ( t + t 
1 

, 0 ) I = 0 , 
0 

KOTOpblB Bb!IIOJlHHIOT :;51 B CHJly I'paHH'lHbiX yCJlOBHll ( 2,3a,5), 

(2.8a) 

( 2.85) 

TaKHM o6pasoM, Ha.IO)KBHHe Heo6paTHMbiX rpaHH'lHbiX ycnoBHil: ( 2.2a,6) Ha 

orrepaTOp p ( t, 0) IT]>HBOLlHT K 3aMeRe yp8BHBHH51 J1HyBHJ1J151 

p ( t , 0) + i L ·p ( t , 0) = 0 
( 2.9) 

Ra ypaBRBHH51 JlHyBH 1JJ151 ( 2, 7 a,6) C 6eCKOHB'lHO MaJlbiMH UCTO'lHHKaMH B 

rrpaBOil: 'l8CTH, 0TMernM, 'ITO ypaBHBHH51 ( 2, 7a,5) B OTJlH'lllB OT ( 2,9) Heo6-

paTHMhl BO BpeMBHH, BneneHHe HCTO'lHHKOB B ypaBHBHHe J1HyBHJ1J151 CHHMaeT 

Bb!pO)!(LlBHHe peweHH:i ypaBHBHll51 ( 2,9) OTHOCHTBJlbHO ll3MBHBHH51 3HaKa Bpe

MBHH, CTaTHCTH'leC~ ne orrepaTOpbi ( 2.6a,6) HBJlHIOTCH peweHHHMH ypaBHeHHil: 

J1HyBHJ1JlSI ( ?, 7a,5) •: 5eCKOH8'lHO MaJlbiMH HCTO'lHHKaMH, rrpH'lBM ( 2,6a) 

rrpencTaBnHeT co6oil: sarrasnhtBaJOmee, a ( 2.66) - orrepe)KaJOwee pew eRne 

ypaBHBHH51 J1HyBHJ1J151, 

3aMeTHM, 'ITO rpaHH'lHWB yCJ10Bll51 (2,3a,6) HB'lYBCTBHTCJlbHhl K 38MBHB 

pewennil: ypaDHBHH51 JlnyBHJ1J151 C HCTO'lHHK8Mll (2,7a,6) Ha peweHHB TO'lHOI'O 

ypaBHBHH51 JlnyBHJ1J151 ( 2,9 ), llei!:CTBHTCJlbHO, BCJlll 'P ( t, 0) YLlOBJ1BTBOp518T 

ypaBHBHHIO ( 2,9), Til Bblp81KGHH51 ( 2,5a,5) o6paWa!OTC51 B Hynb, KaK 9TO 

HMBBT MBCTO LlJlH o:repaTOpOB ( 2,6a,6), 

3ail:MeMCH Terrepb ITOCTpOCHHBM ypaBHBHH51 L{Bif)KBHH51 LlJlH orrepaTopa 

p p (I, 0) • 3arrlllili~M ypaBHBIIHH JlnyBHJlml C HCTO'lHHK8MH ( 2, 7a,5) B BHL\8 

(_a_+iL) J(I,O) =- dl- P)p(I,O) 
a 1 + • 

( 2.10) 

BepxHHH suaK B npt noM: qacTH ( 2,10) cooTBeTcTnyeT sarrasnhrBaJOtUHM ( 2,3a), 

a HH/KHHll orrepBIKH!CfUHM ( 2,36) I'[WHH'!HLIM yCJ10Bll51M, 
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0 

f d e 
ft1 

f t 1 ( I t 1 L I p ( t + t 1 • 0) - Pp ( t + t 1 • 0) I = 0 • 

f f d t 
1 

e - f t 1 e 1 
t 1 L I 'P ( t + t 

1 
, 0 ) - P p ( t + t 

1 
, 0 ) I = 0 , 

0 

KOTOpb!e Bb!IlOJIHHJOT:::H B CHny rpaHH'IHbiX yCJIOBHll: ( 2,3a,6), 

( 2.8a) 

( 2.86) 

TaKHM o6pa3oM, na.IO)!{eHHe neo6paTHMbiX rpaHH'IHbiX ycnoBHH ( 2,2a,6) na 

onep8T0p p ( l, 0) TIJlHBOt:IHT K 38MeHe ypBBHeHHH flHyBHJIJIH 

p ( t , 0) + i L ·p ( t , 0) = 0 
( 2.9) 

Ha ypaBH8HHH flHyBH'IJIH ( 2, 7a,6) C 6eCKOH8'1HO Manb!Mll HCTO'IHHK8MH B 

npaBOH '18CTll, 0TM8rllM 1 'ITO ypaBHeHHH (2,7a,6) B OTJU!'IHe OT (2,9) neo6-

paTHMbl BO BpeMeHll, BBeaenHe HCTO'IHllKOB B ypaBH8Hlle flHyBllJIJIH CHHM88T 

BbipO)!{t:leHHe peweHllli ypaBHeHHH ( 2,9) OTHOCHT8JibHO H3MeHeHHSI 3HaKa Bpe

MeHH, CTaTnCTH'IeCKne onepaTopbi ( 2.6a,6) HBJIHJOTCH pewennHMH ypaBnennif 

flnyBHJIJIH ( ?, 7 a, 6) <: 6eCKOHe'IHO MaJib!Mll llCTO'IHllKaMll, rrpH'IeM ( 2,6a) 

npeacTaBnHeT co6oif 3arra3JlbiBaJOmee, a ( 2.66) - orrepe)!{aJOmee pewenne 

ypaBH8HHH flHyBllJIJIH. 

3aMeTHM 1 'ITO rpaHH'IHWe yCJIOBHH (2,3a,6) He'lyBCTBHTOJ!bHhl K 38M8He 

peweHHH ypaBH8HllH flHyBHJIJIH C HCTO'IHHKaMll (2,7a,6) Ha pewenHe TO'IHOrO 

ypaBHeHHH flnymrnnH ( 2.9 ). lleifcTBHTOJibHO, ecnn 'P ( t, 0) ynoBneTBopHeT 

ypaBHOHll!O ( 2,9) 1 TC· Bblp8)!{8HllH ( 2,5a,6) o6p8lll810TCH B HYJib 1 KBK 9TO 

HMeeT MDC TO JlJ!H 01 epaTOpOB ( 2,6a,6), 

3aifMeMCH TOI!Opb ITOCTpOOHHeM ypaBHOHllH t:IBif)!{elfHH JlJ!H orrepaTopa 

p p ( t, 0) , 3aiTllllH M ypaBH811llH flnyBllJIJIH C llCTO'IHllK8MH ( 2, 7a,6) B Blli18 

( _a- + i L ) ·,' ( t, 0) = - c (I - P) p ( t , 0 ) 
at + • ( 2.10) 

BepxnHif 3HBK B npll Boif 'IBCTll ( 2, 10) cooTBeTCTByeT 3BITB3Jl biBBJO!llllM ( 2,3a), 

a lllf)!{HifH orrepe)!{a!O llllM ( 2,36) rpiJHll'liiLIM yCJIOBllHM, 

8 



ileftCTBYR Ha ypaBHeHHe (2,10) orrepaTOpOM p 

_a_ Pp (t,O) =-iPL·p(t,O). 
at 

, rronyqaeM 

( 2.11) 

0TMeTHM 1 'ITO B '18CTHOM cnyqae, KOr}:la orrepaTO) rrpoeKTHpOB8H.IIR p 

KOMMyT.HpyeT c orrepaTopoM lJHyBHnnR L , T,e. P L - L P = 0, ypaBHeHHe 

( 2.11) coBrraaaeT c ypaBHeHHeM liHyBHnng ( 2.9) • B a roM cnyqae rrpoeKT.H-

pOB8HHe He 03H8'18eT COKpameHHR B OITHC8HHH CHCTeMbl, 3TOT cnyqai{ .IIMP.eT 

MecTo, Harrp.HMep, ecn.11 03HaqaeT B3RT.He a.HaroHanbHoli qacT.H B rrpen-

cTaBneHH.H rronHoro raM.HnbTOH.HaHa H 

OcHOBHoe K.HHeT.H'IecKoe ypaBHeH.He ang P·p (t , 0) rronyqaeTCR .113 

( 2,11) , ecnH B rrpaByJO qacTb ero rroncTaB.HTb Bbipa)Ke!me nng HepaBHoBec-

uoro cTaTHCT.H'IecKoro orrepaTopa ·p ( t , 0 ) B BH}:l8 ~yfKUHOHana OT 

P p ( t , 0) • ilnR rronyqeH.HR TaKoro Bbipa)KeHHR Bbi'IT,!M H3 neaoft n rrpa-

Boii qacTeit ypaBHeH.HR (2.10) orrepaTop 

Pp(t,O)+ iL Pp(t,O). 

T ora a ( 2, to) 38ITHilleTCR B Bnne 

(a~ ±f+ iL)(l-P)·p(t,O)=- t-it-P)(t,OI+iLPp(t,O)I.(2,12) 

3To ypaBHeHHe rro3BOnReT Bbip83HTb orrepaTop 0- P )p (t 0) qepe3 P·p (t, 0) , 

3To MO)KHO rrponenaTb nBoRK.HM o6pa3oM, nepBbiit crroco6 3aKnJOqaeTcg B 

TOM 1 'ITO ITpaByJO '18CTb ( 2,12) 38ITHCbiB8eM B BHne 

-1-iPLp(t,O)+iLPp(t,O) I= 
( 2,13) 

- i I (I - P ) L P·p ( t , o ) - i P L 0- P )·p ( t, 0 ) I 

Torna BMecTo ypaBHeHHR ( 2.12) rronyqaeM cnenyJOTuee Yf•BBHeH.He nng orrepa

Topa 0- P)p (t,O) : 

9 



(_a_±£+ iO- P) L)(l- 'Ji)p(t,O) =- iO- P) L Pp (t,O), 
at 

(_d_ eut e t<t-'PlL 0-'P)p(t,O) = 
dt 

( 2,14) 

( 2,15) 

B cnyqae rpaHHqHhlX ~~nOBHA 38IT83QhlB8IDWBrO THIT8 (2,2a) HHTerpHpyeM 

( 2.15) no BpeMeHH B rrpeaenax oT - oo not • 

nonaraH 0 qTo 

lim ett e 1 t<t-'PlL0-'P)p(t,O)=O, ( 2. 16a) 

nonyqnM peweane B Biae 

0- 'P)p ( t,O) =-

t 
f(t ,-t) 

f d t 
1 

e 
I (t -t '(I- 'J! ) L 

e 1 
• (I - P) L P p ( t 

1
, 0) ( 2, 17 a) 

-"" 

0 tt 1(1-'PlL 
p ( t, 0) = p p ( t, II) - i f d t e £ t 1 e 0- p ) L p p (I+ I to 0). { 2,18a) 

noacTaBnSIH 3TO peme me B ( 2,11) 0 nonyqaeM OCHOBHOB KHHBTHqeCKOe 

ypaBHBHHB BHaa 

Pp(t,O)=- i'PLPp (t,O)-

( 2.19a) 

- f 

HnH 

10 



a 
- Pp (t,O) =- i PLP p (t,O)-
at 

( 2.20a) 

B cnyqae rpaHH'IHbiX ycnoBHfi orrepe)KaiOmero THIIa ( 2.25) HHTerpHpyeM 

( 2.15) B rrpenenax oT t no +"" • nonarasr, 'ITo 

( 2. 166) 

rrony'laeM 

oo -<<t ctl t<t ctlO-PlL m 
0- :J')p (t,O) =+if dt 

1 
e e 0- :~)LJ'P(!t 1 , 0) (2.176) 

Hrm 

p (t, 0) = P p (t, 0) + i j d t 
1 
e-ft 1 e it 1(1- Plh- P) L P p ( t+ t 

1 
, 0). 

0 
( 2. 186) 

0onCT8BnHH 3TO peweHHe B (2.11), rrony'laeM OCHOBHOe ~HHeTH'leCKOe ypaB-

HeHHe BHna 

HnH 

YpaBHeHHe ( 2.19a,6) HnH ( 2.20a,6) - HeMapKOBCKHe o6c f5meHHbie OCHOBHbie , 
KHHeTH'leCKHe ypaBHeHHH, aBToMaTH'leCKH y'IHTbiBaiOmHe ;~eo6paTHMbie rpa~H'l-

Hbie ycnOBHH ( 2.2a) HnH ( 2.26) • 3!jl¢eKTbl II8MHTH OIIHCUB8!0TCH HHTerpanh

HbiMH 'lneHaMH ypaBHeHHfi (2.19a,6) HnH (:?.20a,6). YpmHeHHe (2.19a) ecTh 
/8-9/ 

OCHOBHoe KHHeTH'leCKOe ypaBHeHHe liBBHUHra • 0Tn~'IHe (2.18) OT 
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ypaBH8HIHI ilB8Hl!lfr8 38KIIIO'I88TCSI B ITOSIBII8Hiflf MHQ)I(IfT8liSI ef(t 1-t) ITOA 

3H8KOM lfHTerp81I8 1 'ITO CBH38HO C Heo6p8TifMb!M X8p8KTepOM rpaHH'IHOrO 

yCIIOBifH (2,2a) If yptBH8HHSI (2,19a), ilpyroe OTIIH'IH8 COCTOHT B Bhl60pe 

Hlf)I(Hero rrpeA8li8 lfH1 erpHpOB8HifSI ITO Bp8M8Hif t O =- oo BM8CTO t O = 0 y 

/8-9/ 
ilBBH!lHra • Bbi'lOp t 0 x-oo rrpeACT8BliHeTCH <!JH31f'I8CKH 6onee yAo6HbiM 1 

TaK KaK HCKIIIO'IaeT f e<jJH3H'IecKHe rrepexoAHbre a<jJ<jleKTbi, YAo6cTBo rrpeAellb-

Horo rrepexoAa t 0 ~-·~ B OCHOBHOM KHH8Tif'I8CKOM ypaBH8Hiflf ITOCII8 BhliTOII-

HeHHH TepMOAHHaMH'I~~CKoro rrpeAena 6biiiO OTMe'IeHo ci>ynHHCKHM If KpaMap

/14/ 
'IIfKOM 

BTopoA crroco6\rrocTpoeHHSI OCHOBHOrO KlfH8Tif'I8CKOro ypaBHeHHSI IIOlly

'I88TCH1 8Clllf B ypaBf8HHif {2,12) BCIO rrpaByiO 'I8CTb paCCMaTpHB8Tb K8K 

HeOAHOpOAHOCTb, 38Bif CHWYIO TOJibKO OT orreparopa p p (t,O), Ilpeo6pasyeM 

(2,12) K BHAY 

d 

d t 
± ( t 

e e 1 
t L (I - P )p ( t , 0 ) =- e ± ft d 

dt 
e itL Pp (t,O). 

MHTerpnpyH aro ypaBieHne c y'IeTOM rpaHH'IHoro ycnoBHH 

t --+- l() 

ITOIIY'I88M 

0-P)p(t,O) 

HIIH 

p ( t. 0) 

12 

( 2. 21) 

( 2.22a) 

( 2,23a) 



0 

Pp(t,O)-i J dt
1

eft 1 e 
1 

t 1 L (L P - P L )'p ( i + t 
1 

, 0) 

( 2,24a) 

Aaanorn~Ho, HHTcrpnpyH ypaBHeane (2.21) c y~eToM rp~nH~Horo ycnoBHH 

-ft-- itL 
e e 0-P)p (t,O) = U, ( 2.226) lim 

rrony~aeM 

0-P)p(t,O) f ( 2.236) 

mm p(t,O)~Pp(t,O)+ifdt e-ft 1 e 1 t1L(LP-PL)plt+t ,0) 
0 1 1 

= f J d t e - f t 1 e 1 t 1 L Pp ( t + t 
1 

, 0) , 
0 I ( 2.246) 

f-++ 0. 

0TMeTHM, ~To ecnn P L- L P = 0 , To cornacao ( 2.24a, '5) p(t,O) = Pp_ (t,O) 

H1 K8K OTMe~anOCb BhlWC 1 OCHOBHOe KHHeTH~eCKOC ypaB.eHHe COBI18rraeT ~ 

ypaBHeHHeM IIHyBHnnH ( 29). Terrepb, rroncTaBnHH B ypai HeHHe ( 2,11) pewe

HIIH (2.24a,6), rrony~aeM OCHOBHb!e KHHeTH'IeCKHe ypaBH,~HHH nnH Pp (t,O) 

B 4JopMe 

( 2.25a) 

( 2.256) 
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YpaBHeHHe ( 2. 25a) f'IHTbiBaeT 3arra3JlbiB8IOIIll1e, a ( 2. 256) - orrepe)KaiO

IUHe rpaHH'!Hbie ycnoBHH, YpaBHeHHH ( 2,25 a,6) rronHoCTbiO 3KBHBaneHTHLI, 

KBK 3TO cne)lyeT 113 HX Bb!BOJl8 0 ypaBHeHJ151M ( 2,19 a,6) 11n11 ( 2,20 a,6), 

0JlH8KO B rrpaKTH'!eCKHX ITp11nO)KeHI151X cpopMa 38ITHC11 OCHOBHb!X KI1HeTH'!eC

KI1X ypaBHeHHU ( 2,2!) a,6) 6onee YJl06Ha, TBK KBK COJlep)K11T TOnbKO 06LI'I

Hbie orrepaTopbi 3BO;IIOUI111 exp i tL , He BKniO'!aiOIUJie orrepau1111 npoeKTHpo

BaHHH, 

3, Teop1151 B03MytUeHni1 

f1ony'leHHbie B rrpellLIJlyiUeM naparpacpe OCHOBHL!e Klll!eTH'-JeCKHe ypaB

HeHJ151 51Bn5110TC51 TO'- Hb!MH, 0HJ1 0 OJlH8K0 0 B T8KOH o6rueil cjlopMe He YJl06l!bl 

Jln51 npaKTH'!eCKHX Bhl'IHCneHHH, ITOCKOnbKy TIOnHhlH f'8MI1nbTOH118H CHCTeMhl 

o6LI'IHO He ynaeTcH JlHarouanH3HpoBaTb, f1o3ToMy npnxonnTCH rrpn6eraTb 

K pa3nO)KeHI151M llHT•,rpanbHb!X '-IneHOB ypaBHeHI1!1 ( 2. 20a, 6) 11n11 ( 2, 25a, 6) 

no ToMy HnH nHoMy ManoMy rrapaMeTpy. B Ka'!eCTBe rrpnMepa TaKoro pa3-

no)Kei!H51 Mbi paccMc TpHM cny'!ail cna6oro B3aHMoneilcTBI151 rroncncTeM, 

Korna raMHnbTOHHa! H MO)KHO npencTaBHTb B BHUe 

li=H 0 +V, ( 3,1) 

rue H 0 - raMJ!nbTO!HaH HeB03Myrueuuoro cocTOHHHH, a V - Manoe h , -, \J y

ureHHe. f1pn 3TOM L = L 0 + L v • YpaBHeHHH ( 2,20a,6) 11n11 ( 2.25a,6) MO,h

HO 38ITllC8Tb B BHUE 

( 3,2) 
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rne 

(/) ( I + 00 
-!W t (/) ( 

Jp w,O)= -- J dte Jp t,O), 
2 TT -oo 

a wnneKCbi r , a COOTBeTCTByiOT 38IT83llbiB8IO!Ue: i ( 2, 2a) HIIH orrepe-

)l(aiOIUeif. ( 2,26) <tJopMe rpaHH'!HbiX ycnoBRif. Opw 3TOH cornacno ( 2,20a) 

H ( 2.25a) 

0 t(!W+ ( 
Kr(w)=- J dte 

0 tOW+fl p !tL 
Kr(w)=-if J dte Le 

-00 

H cornacno ( 2.206) H ( 2,256) 

Ka(w)= J dtet<iw-oPLeitO-PlL(l-P)L 
0 

00 

dt et(!w-O PLe !tL K (w)=-if J 
a 0 

( 3,3a) 

( 3,4a) 

( 3,36) 

( 3,46) 

B <tJopMynax (3,3a,6) yqTeno, 'ITO nmi n106oro raMHTibTonwana PLP= 0. 

0onh3yHCb HBHb!MH Bb!pa)l(eHHHMH (3,3a ,6) HIIH ( 3,.la,6) 0 MO)I(HO ITOIIY'IHTb 

pa3JIO)I(eHHH rrpaBbiX qacTeif ypaBHeHHif (3.2) rro cTerreHHM V • OanaKo 

BMeCTO nerrocpellCTBennoro pa3JIO)I(eHHH orrepaTopoB 3BOIIIOUHH B (3,3a,6) 

H ( 3,4a,6) yno6nee HCITOilb30B8Tb TeOpHIO B03MYIU€11HH JlllH HepaBHOBeCHOrO 

CTBTHCTH'!eCKoro OITepaTopa p(t,O) , llnH ITOCTpOe!HH T8KOH TeopHH B03-

MyiUeHHH rrepeilneM OT HBHbiX Bbip8)1(eHHH ( 2,6a,6) JJIIH orrepe)I(8IOIUero H 38-

IT83llb!B8IO!Uero peiUeHHif ypaBHeHHH nHyBHilllH K 3KBHII8JieHTHbiM HHTerpanbHb!M 

ypaBHeHHHM, 

15 



ncpCITHWCM ypaBI:CHHH .[{l310KCHHH (2,10) HJIH (2,12) B Rllt:l8 

(I 
( -- ± - + i L 0 

) 0- P )p ( t, 0) = 
at 

(3.5) 

3neCb Mhl HCfiOJib30R8lll ypaBHCHHe ( 2.11). YMI-10)1<85! ( 3,5) H8 HHTerpl!pyiO-

ll{l!H MHO)K!fTeJib 
± ( t 

" 
{' it L 0 , fiOJIY'lliM 

d ± ft --' <it 
f' it L o (I _ p )p ( I, 0 ) = 

± l t 
=-i e 

~HTerpllpyH (3,6) C y1ATOM COOTHOWCHHA 

'fft ItL 0 <il 
lime e 0-J)p(t,O)=O, 

t-+± 00 

( 3,6) 

(3. 7) 

6yaeM HM8Tb B CJIY'l8P rpaHH'lHbiX YCJIOBHA 38fl83/lblB8JOLUero Tlllla ( 2,2a) 

HHTerp8JibH08 ypaBH8Hie 

pt,O) Pp(t,O)-

( 3,8a) 

0 

-if d e
ft I 

I I 
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nnn B apyroA ~opMe: 

0 

p(t,O)=p 0 (t,O)-i I 

rae onepaTop 

0 

f t I 
e 

0 ( ) I (tl itiLO (j) ( p t , 0 = f d t 
1 

e e J p t+ t 1 , 0 

( 3.911) 

( 3.10a) 

He coaep*HT HBHOH 38BHCHMOCTH OT B38HMOaeACTBHH AHanorH'IHO 

B cnyqae rpaHH'IHbiX ycnoBHA onepe*a!Ouwro THrra H3 ( !.6) rronyqaeM HHTer-

pDJTbHOe ypaBHeHHe 

(3.86) 

+i I dt
1 

e-ft 1 e 111
L 0 !O-PlLvp(t+t 1,0)+(L 0 P-PL0 )p(t+t 1,0)l. 

0 

HJTH n .npyroA ~opMe: 

() 0( )+I·Idt -ftllt1LoL'( 0) p t, 0 = p t, 0 
1 

e e vP t -1 t 
1 

, , 

rne orrepaTop 

+"" 
I 

0 

0 

- ft 1 
d t 1 e 

f-> + 0 '. 

It L ill 
e I o J p ( t+ t 1 , J) , 

He co.nep*HT HBHOH 38BHCHMOCTH OT B38HMO.QeHCTBHH V 

17 
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PernaSI HHTeq anbHbie ypaBII8HllSI ( 3,8a,6) nnn ( 3,9a,6) :aTepaUHSIMll 

no V , nerKo non) 'lllTb pasno)l{eHne onepaTopa 'P ( t, 0 ) no cTerreHSIM 

B311ll MOL\CHCTBl!SI, 11 HTerpanbH08 ypaBH8Hll8 ( 3, 9 a) rre peXOL\l!T B l!HTCrpanb
/12/ 

HOC ypaBH8Hll8, l10ly'l8HH08 H8Mll B pa60T8 t ecnl! BM8CTO orrepaTopa 

Pp(t,O) noncTaBHT., KBasiipaBHoBecuoe pacnpeneneHHe p (t,O). PaccMoT-
q 

pl!M qacTHbiil cnyqt il, Korna onepaTopbi P ll L 0 KOMMY™PYJOT, 3To 

HMeeT MecTo, uanpnMep, B cnyqae, Korna onepaTop P ecTb onepaTop 

BhlneneHHSI nHaroHanbHoil qacTH B npencTaBneHHll HeBosMyrneHHoro raMHnbTo

HHaHa H 0 • Tor,ct1 ns ypaBH8Hl!SI (3,8a) nonyqaeM pasno*eHHe p ( t,O) 

B BHne pSina 

... (1- P) L y( t n) P P (t+ t n, t n) • 

I It I L 0 
iLv(t 1 )~ =--[A, e 

ih 
V]=...l-[A;V(t I)], 

ih 

18 
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AHanorH'iHO H3 (3,86) nonyqaeM 

( 3,116) 

=Pp(t,O)+ ~ (i)n {dt 1 J dt
2 

••• }"' dt
0

e-ftn(l-P)LJt 1)0-P)Lv(t:) 
n=l 0 t 1 tn-1 

Tenepb noncTaBHM pa3noMeHHH (3.11a,6) B ypaBHeHHe (2.11). Torna nnH 

rpaHH'iHbiX ycnOBHH 38TI83ilbiBaJOmero THna ( 2,2a) MOME M 3!1!1HC8Tb OCHOB

HOB KHHBTll'iBCKOB ypaBHBHHB B BHAB pHil8 !10 CTB!lBHHM V 

00 

Pp(t,O)= ~ X 
n=l 

( 3.12a) 

0TKYA8 1 IIBJlBXOilH K QJypbe-npPJ]CT ilBJlBHIIJO 110 RpP~!BHll I 1 IID11Y'iLlBM P'' 'l-

nD)IiBHIIe onepaTOp!l K r (w) B ypaBHBHI!ll ( 3,2}; 



( 3.13a) 

"" n+l 0 t I t -I ( ) 
--~ (-,·) fdt fdt

2 
•• )dt etnlw+f l 0 L(l 0 L( )( 0 l f) ( a>L() 

n-:::::1 -"" !..oo ··"" n J V -J) Vll l-J)~Vt2 ... l-.T) Vln l. 

llnH rpaHHqHhlX ycnOBIA orrepe~arowero THD8 HMBBM 0 COOTBBTCTBCHHO 

(3.125) 

T8K qTo B ypaBHBHHH (3.2) pa3nO~BHHB orrepaTopa K (w) DO CTBDBHHM 

" 
B38HMOllBACTBHH DpHHl M8BT BHll 

( 3.135) 
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cJ>opMynhi ( 3,12a,6) H ( 3,13a,6) peW8JOT 38A8'lY pa3nOHeHH51 OCHOBHhiX 

KHHeTrl'l8CKHX ypaBHeHHH no ManoMy B38HMOAeHCTBHJO, nepBbiH 0 HeHcqe-

38JOWHH qneH 9THX pa3nO)I{eHHH - BToporo nop5IAK8 M8110CTH no V 

floKa)l{eM Teneph, 'ITO HHTerpanhHhie ypaBHeHHH ( 3,8a,6) HnH ( 3,9a,6), 

ne)l{8lliHeB OCHOBe pa3nO)I{eHHH (3,12a,6) H (3,13a,6),MO)I{H0 rrony'lHTh He 

TOnhKO C ITOMOWh!O rpaHH'!HhiX ycnOBHH ( 2,2a,6) 0 HO H C ITOMOWh!O ApyrHX 

rpaHH'!HbiX ycJIOBHH, ileHCTBHTenhHO, 38MeHHM ( 2, 2a,6) Ha ycnoBH51 BHL\8 

e it I L 0 p(t+t 1 ,0) e it I L 0 Pp(t+t 1 ,0), (3,14a) 
tl ,...._00 

e t t ILo p (t +t 1,0) e It ILO Pp(t+t 1 '0). ( 3,146) 

tl -->+"" 

TorAa BMecTo ( 2,3a,6) HMeeM 

( 3,15a) 

( 3,156) 

fpaHH'!Hbie ycnOBH51 ( 3,14a,6) 03H8'!810T 0 'lTD ecm1 H8'!1IH8H C MOMeHTa 

9BOnJOUH51 HepaBHOBeCHOH CHCTeMhl OITpe}:le. 1Hn8Ch 6bi CB060A-

HLIM raMHnhTOHHBHOM H 0 , To rro rrpowecTBHH lWCTaTo IHO 6onbworo rrpoMe

)l{yTKa BpeMeHH t l HepaBHOBeCHbiH CT8TI!CTH'IeCKIIH OITE paTop CIICTeMbl p (t, 0) 

Tp8HC~OpMHpOB8nC51 6~ B IIHB8pH8HT ITO OTHOWGHI!IO K 9JOnJOUIIII C raMI!nh-

TOHH8HOM lJ O , [lefiCTBHTenhH0 0 11pH f-> + 0 ITpDBbi•~ 'l8CTII COOTHOWeHHH 

( 3,1 5a,6) 0 ynoBneTBOpH!OUll!e ypBBHeH!fHM 
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ap 0 (t0) 
----' -+ iL 0 p J (t,O) = + dp 0 (t,O)- Pp (t,O)), 

at ( 3,16) 

smmuoTCH HHTerpanaMJI ypasaeHHH flHyBHnnH c raMHnbTOliHBHOM H 0 

3aecb qepea p 0 (t, 0) o6oaaaqelfbi rrpaB~Ie qacTH cooTHOUieliH~ ( 3,15a,6), 

CTaTHCTH'IeCKHe orrep6TOpbi p 0 (t,O) rrpeacTasnmoT co6o~ aarra3):1biBaiOIUee 

H orrepe)l{aJOmee perneHI!H ypasHeHHH flHyBHnnH c aesoaMymea:HbiM raMHnb

TOHHaHOM, YfHTerpHpySl IIO '18CT51M neByiO '18CTb ( 3,15a) 1 HMeeM 

0 
p (t,£!) - f d t I eft I e It I Lo 

-00 

ctp(t+ti,O) iL ( O) I o ( 0) a t + o P t+ t I' = P t, • ( 3. 17 ) 

ecnH CT8THCTH'IeCKH~ JIIepaTop p (t, 0) YLIOBneTBOpHeT ypaBHeJIHIO flHyBHnnH 

( 2,9) 1 TO HHTerpanbHb ~ 'IneH cpopMynbi ( 3, 17 ) ripHHHMaeT BH):I 

( 3,18 ) 

npH 9TOM (3,17 ) rrep:!XO):IHT B IIOny'leHHOe paaee HHTerpanbHOe ypaBHeHHe 

(3,9a). EcnH )i{e p (t, J) yaosneTBopHeT ypasHeliHJO flHyBHnng c HCTO'IHHKaMH 

(2,7a), TO HHTerpanbHbi~ qneH B $opMyne (3,17 ) pasea 

( 3,19) 

B cHny rpaliH'IllbiX ycnosH~ (3,15a) HHTerpan OT qneaos 

B ( 8,19 ) o6parnaeTcH B aynh, H Mbi cHoBa rronyqaeM $opMyny ( 3,18 ) • 

noaTOMy HHTerpanbHOe ypaBHeHHe (3,9a) JieqyBCTBHTenbHO K 38Meae perne

HHH TO'IHOrO ypaBHeHHI: flHyBHnnH ( 2,9) Ha perneHHe ypaBHeHHH flHyBHnng 

C HCTO'IliHK8MH ( 2, 7a), AHanorH'IliO MO)I{HO IIOK838Tb1 'ITO eCnH p (t, 0) 

yaoBneTBOpHeT ypaBHeJ!HIO flHyBHnnH ( 2,9) HnH ypaBlleHHIO flHyBHnnH C HCTO'I

HHK8MH ( 2, 76) H rpalll 'IHOMy ycnOBHIO ( 3,146) 1 TO OHO HBn.HeTCH perneHHeM 

HHTerpanbaoro ypaBHeJHH (3,96). 

22 



4, DPOH3BOijCTBO SHTpOITHH 

OrrpellenHM SHTpOITHIO H8p8BHOB8CHOH CHCT8Mbl COl•THOlli8HHHMH 

S ( t) =-S p P p ( t, 0) In P·p ( t, 0 ) = - S p fJ ( t, 0 ) In P p ( t, 0 ) ( 4, 1) 

(4,2) 

rile 

S ( t , 0) =- In P p ( t, 0) ( 4,3) 

MO)f{HO H83B8Th orrepaTOpOM SHTpOITHH, 

OrrpelleneHHe (4,1) osgaqaeT, qTo SHTporrHH HepaBfOBecHoro coc

TOHHHH p(t,O) OU8HHB88TCH K8K SHTpOITHH COCTOHHHH C orpy6neHHhlM 

cTaTHCTHqeCKHM oiTepaTopoM Pp(t,O) ITpH ycnoBHH, qTc ero cpellHHfi 

norapH$M ITO cocTOHHHIO p ( t, 0) paBeH cpellHeMy nora pH pMy ITO cocTOH

HHJO P·p (t,O). HH)f{e Mbl y6ellHMCH, qTo sTa aenHqHHa lleficTBHTenhHO 

o6nall88T CBOHCTB8MH SHTpOITHH, Bbl'fHCnHM CKOpOCTb H3 '.18H8HHH SHTpOITHH, 

/lH$$epeHUHpyH (4,1) ITO BpeMeHH 

S ( t) =- S p P p ( t, 0) _!__ In P p ( t, 0) - S p In P p ( t, 0) ~ ( t' 0 ) . 
a t at 

( 4,4) 

DoCKOnbKY 

SpPp(t,O) 
a a 

In P p ( t, 0) = --S p P p ( t , 0 ) =- Spp ( t, 0) = 0, 
at at 

(4,5) 
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To nepBoe cnaraeMo,~ B ( 4,4) He aaeT BKnaaa B S ( t) , Llanee, 

BTOpoe CJiaraeMoe B ~HrypHOH CK06Ke npeJlCTaBJIHeT C060H HCTOqHHKH 

B ypaBHeHHHX lJHyBiliiJIH ( 2, 7 a,6) j 3H8K MHHyc COOTBeTCTByeT 38II83JlbiBa

!OmHM1 a IIJIIOC - OIIE•pe)l(aiOmHM rpaHHqHhiM yCJIOBHHM, 0JlH8KO BKJI8Jl HC

TOqHHKOB B rrpaByiO I8CTb ( 4,6) paBeH HYJII01 IIOCKOJihKY p ( 1- p) = 0 , 

TaKHM o6pa3oM 1 S( ) rrpHHHMaeT BHJl 

(4,7) 
= i Sp In P p ( t, 0) Lp ( t, 0) , 

• ) as( t, J) . ( ) 
rae S ( t, 0 = ------ + 1 L S t, 0 - orrepaTop rrpoH3BOJlCTBa 9HTporrnn. at 
B cnyqae rpaHHqHhl> ycnoBHH (~2a) H3 (~6a), (~11) cneayeT 

0 
p ( t, 0) = P p ( t, 0) - i J d t 

1 
e ft I e 

1 
t 1 L ( L P- P L }p ( t + t 1 , 0) 

H IIpOH3BOJlCTBO 9H~JOIIHH paBHO 

B cnyqae rpaHHqHhl:: ycnoBHH ( 2,26) nMeeM aHanornquo 

H 

p(t,O)= Pr (t,O) +if dt
1 

e-£t1e
1
t1L(LP-PL)p(t+t 1 ,0) 

0 

24 
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0TMeTHM, 'ITO ecnH P - orrepaTop rrpoeKTHpoBaHHSI, KOMMYTHPYIOIUHti 

C IIOnHhiM raMHnhTOHHBHOM CHCTeMbi 0 TO B o6IUHX cnyq, !SIX :J' p ( t, 0) =P ( t, 0), 

a S(t) =0, KaK sTo cnenyeT H3 Bhtpa:>KeHHH (4,8a) 1 (4,86), TaKHM 

o6pa3oM, rrpH aToM orrpeneneHHH orrepaTopa P SHTpom SI ( 4, 1) coxpaHSI-

eTCSI, 

npoH3BOllCTBO SHTpOIIHH (4,7) IIpH ycpenHeHHH ITO Pp(t,O) o6pa-

maeTCSI B Hynh, neHCTBHTenhH0 0 

<S( t,O) >
0 

m aS(t,O) 
Sp I J p ( t, 0) ( --- + i L S ( t, .o )) a, 

- s (t, 0) 

= Sp I e 
as(t,O) 1 (----+-[S(t,O),H ])! =0, a, i h 

'ITO cnenyeT 113 HOpMHpOBKH :J' p_ ( t, 0) H UHKnH'leCKOH IIepeCT8HOBKH 

B qneHe C KOMMyTaTOpOM, 

(4,9) 

HepaBHOBeCHbiH cTaTHCTH'leCKHH orrepaTop ( 2,6a) 3anmueM B Brrae 

0 

( 0 ) -s (t,o) I 
p t, = e -

d 

dt 

. 0 
= e-S(t, o \I 1 

d t 1 e E t 1 I d T e - T S( t + t 1 • t 1 ) 
0 

(4.10) 

S
: ( ) (T-1 )S(t+t 1 ,t 1 ) 

t+ t 1 , I 1 e · 

nnSI IIpOH3BOllCTB8 SHTpOIIHH C IIOMO!UhiO ( 4,10) C y'leT )M ( 4, 9) rrony'IHM 

0 

I /t 1 (S(t,O), S(t+t1,tl))dtl ( 4, II) 
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rae 

( 4o12) 

KBBHTOBBH KOppellHUHOHHBH ~YHKUHHo ¢opMyna (4o11) T04H8H 0 B 48CTHOM 

cnyqae Manoro B3aH~oaeAcTBHH rroao6HaH ~opMyna 6wna rronyqeHa B pa

/6/ 
6oTe BBTOpOB 

nycTb raMllnbT )HHBH HMeeT BHJl ( 3o1) 0 a p - orrepaTop BbiJleneHHH 

aHaroHanbHOA qacTH B rrpeacTasneHHH H 0 o B 3TOM cnyqae yno6Ho 
0 

p83J10)f(I!Tb BblpB)f(eHHe J?-llH S ( l ) B pHil ITO B38HMOJlefiCTBHl0 0 HCITOI1b3YH 

Teopllla B03MylUeHHfi InH CTilTHCTH4eCKOrO orrepaTopa p( t,O) , noncTaBHM 

B ( 4o 7) rrpaBylD 48CTb HHTerpanbHOrO ypaBHeHHH ( 3o8a) H, Y4HTb!B8H 0 4TO 

Sp In P p ( t, 0) L 0 'f ( t, 0) = 0. P Lv P = 0, P L 0 - L 0 P = 0. 

rronyqi!M 8Wp8)f(eHI!e JlllH DpOH3BOJlCTB8 3HTpODUH B cnyqae rpaHH4HhlX 

ycnoBHfi 3ana3JlbiBalD uero THrra: 

l t I 
I(' 

m It L m ( Sp I In J p ( t, 0) Lv e 1 0 ( l - J )L vP I+ l 1• 0) I . 

AHanorH4HO JlilH rpa!:H4Hl>IX ycnoBHti orrepe)f(alamero THna HMeeM: 

(4o13a) 

(4o136) 

nofWTilBilHH B QJOpMy'lbl (4o13a), (4o136) HTepaUHOHHble pHJlbl ITO CTerreHHM 

\ 0 IT011Y'IileMble 0 COOTBeTCTBei!HO, H3 I!HTerpanbHb!X YpaBHPttllti ( ~o8a) 
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If ( 3,85), MO)KHO 38IllfC8Th Bbip8)K8HH8 nnH S ( t ) B BHJl8 p>1UOB ITO CT8ITe-

HHM B38HMOJl8ftCTBHH, 0TM8THM, qTo cornaCHO (4,13a) If (4,135) ITpH . 
If S ( t) = 0 IT8pBbi8 OTnifqHbi8 OT HynH qneHbl B pa3n0)K8Jilflf 

S r, a ( t) ITO CT8IT8HHM B381fMOU8ifcTBHH ITOHBnHJOTCH BO ETOpOM ITOpHJlK8, 

PaccMoTpHM neTanhHee qneHbi BToporo ITopHnKa B ('. 13a,5). flpH 

3TOM B Bbip8)K8HHHX nnH CT8THCTifqeCKHX OIIepaTOpOB :J! p ( , 0) H p ( t, 0) 

MO)KHO rrono)KHTh V = 0 • Torna cornacHo (3,8a,5) 

(4,14) 

a If3 ypaBH8HHH JlBif)K8HHH ( 2, 10), KOTOpoe 38ITHlll8M B BIIJl8 

(4,15) 

cnenyeT, qTo rrpn V = 0 

0' (4.16) 

IIOCKOnhKY ITp8B8H qaCTh (4,15) IfCqesaeT ITpH V = 0 ( HBnOMHHM, qTQ 

cornacHo HHTerpanhHhiM ypaBHeHHSIM ( 3,8a,5) oiTepaTop (1 - P) p ( t, 0 ) 

HM88T ITO KpaftHel! Mepe ITepBbii! ITOp>ILlOK M8IIOCTH ITO B3aJ:MOJl8ftCTBHIO V ) , 

Hs (4,16) cnenyeT, qTn 

Ynep)KHB8SI nHlllh qneHbi BToporo ITopHJlKa ITO V , B ( 4,13a,5) sa MeHMM 

e
1

t 1L 0 p(t,+t 1,0)Ha Pp(t,O), YqHTbiBaH, qTo PLvP=I', H3 (4,13a) 

nonyqHM 
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0 

Sr(t) __ J dtleftll(t,tl)= 
(4.18a) 

a H3 (4.136) aHanoruqHo 

rne 

(4.19) 

u rrpH BbiBoae <jlopMyn ( 4.14a,6) Mbi ucrronb3oBanu nerKo rrpoBepHeMbie 

rrepeCT8HOBKOH orreptTOpOB llOA 3H8KOM rnrrypa COOTHOWeHHH 

( 4.20) 

npoH3BOACTBO OlHTpOllHH ( 4. 18a) B H 0- rrpencTaBneHHH MO)I{HQ 38llH-

caTh B BHne 

. 
S(t}=-I 

r m, n 

ecnu 

In p n n ( t, 0) > 0 , (4.21) 
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TaKHM o6paaoM 1 cornacHo BbipaMGHHHM ( 4,14a,6) 3aMeua rpaHH'IHbiX 

ycnoBHi1: aarra3/lhiBaJOmero Tuna ( 2,2a) ua rpaHH'Il!bJe ycnonHH orrepeMaJOme

ro THI18 ( 2,26) llpHBO!UIT K 38MGH8 3H8K8 CKOpOCTH H3MH!GHHH 3l!Tpomm, 

3RTpOI1HH (4,1) B03p8CT88T llliH rpDUH'IHhlX ycnoBHH (2,2a) H y6wBaeT 

AJIH rpaHH'IHhlX ycnOBHH (~26), 

AuanorH'IH8H CBH3b HMCGT MCCTO MGMily ~OpMOH rplHH'IHhlX YCJIOBHH 

H 3H8KOM HRTerpana CTOJIKHOBCHHH B KHHGTH'JGCKHX ypaB!GHHHX, fleil:CTBH-

TCJibU0 1 CCJIH orrepaTop A TaKos, 'ITO P A =A , TO er o cpenaee 3Ha-

'IeHHG <A>t=Sp(Ap(t,O)) HBn518TCH pGWCIIHGM KHHGTHICCKDrO ypaBHGHHH 

(4.22) 

nollCTBBHM TCI1Cpb B rrpaByJO 'I8CTb ypaBUCHHH (4,22) PffiiW TCDpHH B03My

lUCHiifl (3,11a) HliH (3,116) llliH CT8THCTH'ICCKOrO orrepaT>pa ·p(t,O). 

Torna BD BTopoM rropHnKe no V rroJlyqaeM 

0 

J dt 

too 

= - _I_ J J t I Sp A L ,) ' v ( t I ) p p ( t • 0 ) 
2 -"" 

Lv1'P t+t 1 ,0)= 

B CJIY'IIle rpllHH'IHLIX YC'JlOEHii ( 2,2a) 38ll83/lbiBBIOIUGrO TH!Hl H 

-ft itL Cjl d t e I SpA L e I o L v" p ( t + t 1 , 0) 
I V 

29 

(4,23a) 

(4.236) 



B cnyqae rpnHH'IHblX ycnoBHi1 ( 2,26) onepeiKmomero THna, TaKHM o6paaoM, 

38MeHa rpDHII'lHblX yCJJOBHH ( 2,2a) HB rpaHH'IHble yCJJOBIIR ( 2.26) rrpHB0£1HT 

K aaMeHe aHaKa Iff TerpanoB CTOJJKHOBeHHi1 anR BeJJH'IIIH A =p A. BnepBbie 
114/ 

3To o6cToRTeJJbCTBI> 6bJJJo oTMe'IeHo B pa6oTe Ko3Ha H 6epnHHa anR 

qacTHoro cny'IBR y>aBHeHHR 6onbUMaHa c napHbiM B38HMoaei1cTBHeM. B 

3TOM cnyqne orrepaTop A rrpeacTaBJJReT co6oi1 'IHCJJO qacTHU, a V - nap-

HOe B381IM0£1eHCTBI e Me/KAY HIIMII, 

noao6H~H Me·roa BBeaeHHR 6eCKOHe'IHO M8ll~X HCTO'IHHKOB MO/KeT 

6wTh npHMeHeH K tnaccuqecKoi1 CTaTHCTH'IeCKoi1 MexaHHKe anR N - qac-

TII'IHOH ¢yHKUIIII pa:rrpeaeneHHR Ecnu onpeaenMTb one-

paTop rrpoeKTHpOB8!HR T8KIIM o6p830M 1 'ITO 

n f I (j ) 1 ( 4.24) 

Toraa ypaBHeHHe a:lH/KeHHR £1l151 f N npHHHM8eT BH£1 

( 4.25) 

i L f N= I f N ' H l . 

HeTpyaHo BHaeTh, 'ITO orrpeaeneHHe (4.24) yaoBneTBOpReT Tpe6oBaHHRM 

( 2,}), 6eCKOHe'IHO Mallb!H IICTO'IHHK B ( 4, 25) II MeeT CMb:CJJ nOJJO/i<eHIIR 

rpnHH'IHoro ycnoBHR ocna6neHHR KoppenRUHH H.H. 6oron~6oBa H npHB0£1HT 
117/ 

K ero MeToay 

B KBaHTOBOM cnyqae ypaBHeHHH (4,25) MOIKHO aaMeHHTb HB ypaBHeHHR 

J]BH/KeHHR anR KOpf eJJRUHOHHbiX <flyHKUHH BII£18 Sp ( p a~ ... an ) 

BBeCTH onepaTOp rrpoeKTHpOBaHHR ITO COOTHOUleHH~ 

ffi ( + ) + HF 
.1 Sp p a 1 • • • a n = < a 1 • • • a n > , 
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HF + 
rne < ... 1> - cyMMa Bcex B03MO)KHbiX cnapHBaHHil o •epaTopoB a 

••• , an • 3TH cnapHBaHHH HBnHIOTCH HCKOMbiMM nepeMe IHbiMH, OITHCbiB810-

UlHMH HepaBHOBeCHOe COCTOHHHe CMCTeMbi, 
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