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KaK nsaecTHO, a Mo.nenH o6onoqeK .naHmeHHe acex HyKnoaoa _paccMaT

pHaae.TCH OTHOCHTenbHO HeKOTOpOil: !\JHKCHpOB8HHOil: TOqKH npOCTp8HCTB8o 
' ' . 

nosTOMY OK83biBaeTCSI0 qTo UeHTp M8CC H.t:tpa B COCTOSIHHHX, OllHCbiBaeMbiX 

BOnHOBblMH !\JYHKUHSIMH STOil: MOAenH, HCllbiTbiBaeT KOne6aTenbHbie ABHm&.--

/1/ ~ ' 6 ' ' ~ HHSI 0 vTH .Kone 8HHSI SIBnSIIDTCSI He~H~qeCKHMH H llOSTOMy COOTBeTCTBY-

IDlltHe HM COCTOSIHHSI. H83biB8IDTCSI nomHbiMHo Psr.n pa60T llOCBslllleH npo6neMe 
. - /2/ 

· BbiAeneHHst ueaTpa ,Mac:c . st.npa 1:13 o6onoqeqaoil: aonaoaoil: !\JyHKUI:ll:l 1:1 a 

HHX npeAtiOmeHbl MeTOAbl llOCTpOeHHSI npaBI:lnbHbiX o6onoqeqHbiX !\JyHKUI:lil:~ 
•. 

0AH8KO STI:l MeTOAbl ASIDT OAHH8KOBbie pesynbT8Tbi TOnbKO B cnyqae OCUI:ln
. /3/ 

nRTopaoro rapMOHJ:lqecKoro noTeHuHana 

1..fTO·K8C8eTCH MO.t:tenH· o6ono;,leK C npOI:l3BOnbHbiM noTeHUHanOM KOHeq-

HOi!: rny6HHbl (aanpHMep, noTeHUI:l8lt CaKCOHa-By.nca),. Kor.na 
I . 

a raMI:lnb·.-

TOHI:l.aHe aenbssr pas.nenl:lTb BHyTpeiiHI:le nepeMeHHbie n Koop.nHHaTbi ueaTpa 

Mace, BOllpOC 0 ·ToqHOM Bbi.t:teneHI:ll:l nomHbiX COCTOSIHI:lil: OCTaeTCH HeperueHHbiMo. 
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0AHaKO. aaMeTIIM 1 'ITO B nocneAHee BpeMSI 6bJnii npeAnmKeHbl npn6nHIKeHHbie 
/4 5/ . . ·. . . . . 

!1 MeTOAbl 1 · IICKniO'IeHIISI nOIKHb!X COCTOSIHIIfi1 npiii'OAHb!e TOnbKO AnSI ManbiX 

"'Boa6yiKAeHIIfi SIApa. MeTOA 
141 

IICnonbayeT To, 'ITO ABIIIKeHne ueHTpa Mace ,. ' . . . . ' . 

SIBnSieTCSI eAHHCTBeHHb!M KOnneKTHBHbiM_ ABIIIKeHHeM, He CBSI3aHHb!M C BHyT-

'. peHHHM1 eCnii I'aMHnbTOHHaH C~CTeMbl qacTHU o6naAaeT CBOfiCTBOM TpaHCnSI

·. UIIOIIHOfi IIJIBapHaHTHOCTH. noaTOMY OAHO'IaCTII'IHblfi I'aMIInhTOHHaH aaniiCbi

BaeTCSI B TpaHCnSIUHOHHO IIHBapiiaHTHOfi cpopMe, B TaKOfi MOAenH o6ono'leK 

,. HyKnOHhl ABIIIKYTCSI He OTHOCHTenbHO HeKOTOpOfi cpHKCHpOBaHHOfi TO'IKH 

npocTpaHCTBa, a oTHOCIITenhHO ueHTpa Mace. DnSI BbiAeneHHSI ABIIIKeHIISI ... 

. UeHTpa MaCe K TpaHCnSIUHOHHO HHBapiiaHTHOMy I'aMHnbTOHHaHy.Ao6aBnSieTCSI 

, noTeHUIIBn 1 nOA06paHHbifi nOAXOASIIUHM o6pa30M TaK, 'IT06bi 3acpHKCIIpOBaTb 

nonoiKeHIIe UeHTpa MaCC SIApa. faMHnbTOHHaH UeHTpa MaCe _H BHyTpeHHSISI 

qaCTb HOBOI'O I'aM!WbTOHHaHa .KOMMYTHpyiOT, K. COIKaneHHI0 1 STOT MeTOA 

·: ,...' Mano npHI'OAeH AnSI KOHKpeTHbiX pac'leTOB II TO'IHOCTb MeTOAa 3aBIICIIT 

oT. ilo6aBneHHOI'·o noTeHUIIana. 

/5/... ' . . " 
B pa6~Te, .npeAnoiKeH MeToA BbiAeneHIISI II3 ABYX'IaCTII'IHOH BOnHoBofi 

cpyHKUHH noTeHUIIana KOH9'1HOfi rny6HHbi ,TOnbKO tiaCTII cpyHKUHfi, 3aBIICSIIUefi . ' . ' . . ~ ' . - ;_ . ' '.. . 

.OT OTHOCIITenhHOfi KOOPAIIHaTbi li IIMeiOIUeii: yrnOBOH MOMeHT l . 1 , paBHbiH 
'·' '. ' . ·-

Hynro (relative-angular- mo~entum zero part. ) • K coiKaneHIIIO, . STOT 
-+ 

MeTOA TpyAHO o6o6IUIITb .AnSI nonHOI'O pa3AeneHHSI nepeMeHHb!X . r . II R 

.( 
-+ 
R - KOOPAHHaTa ueHTpa Mace) • 

ffll . . 
B o6ono'le'!HaSI ABYX'IaCTH'!HaSI cpyHKUIISI no_TeHunana CaKcoHa-ByA-

Ca. paanaraeTCSI B pSIA no nonHofi CIICTeMe cpyHKUII~ 1 3aBHCSI~HX, OT KOOpAII-
-+ 

HaTh! ueHTpa Mace R , npii'IeM 6a31ICHbJe cpyHKUHH SIBnSIIOTCSI peweHHSI-
~ ' . . . . . - : . . . ~ 

MH ypaBHeHIISI WpeAHHI'epa c noTeHunaiiOM CaKCOHa~ByAca V, ( R ) • 

3TOT MeTOA YA06eH AnSI 'pac'!eTOB1 OAHaKO y'leT BniiSIHHSI Henpepb!BHOI'O 
,. ' ' • " ' ' ' • ' '><. , •• •• • -

cneKTpa npoH3BeAeH npii6nniKeHHo. n osTOMY ·AnSI cna6ocBSI3aHHbiX cocToSIHHii ' . ' ' . . . ,. . . .. 

TOqHOCTb pac'!eTOB HeBeniiKa •. 3aMeTIIM 1 'ITO npH npHMeHeHHII noTeHUIIanoB 
' ' . .• . ' . . - . '. : ' . . ' :· · .. ' . •' "' ·.-.. :. :"" . :. ~ ·' . ,_· 

,_ . KOHe'IHOfi I'J:Iy6HHbl B03HHKaeT He06XOAHMOCTb y'leTa Bn,JISIHHSI Henpepb!B!IOI'O. 
' • •• ' j ' ' • ' ' " ' ' ' • /!,I ' ~ ' • • -' •' . • '• ,'. ;,,• 

4 

cneKTpa. Oco6eHHO Bal: 

COCTOSIHIISI B MeTOAe C 

SIApa IIMeeTCSI Mano AI 

CSI CTanKHBaTbCSI npH : 

noTeHUHanOM KOHe'IHO~ 

C06CTB9HHbiX cpyHKUHfi '.. ' !71 ·. · ... 
uiianoM • 0Ka3hiBal 

cneKTpa Ha CBSI3aHHbi€ 
· .. 

UIIIO paanoiKIITb no. coe 

niiyBHnnSI, 

B aToii cTaTbe 

HbiX II KoopAHHaTbi u~ 

cpyHKUIIII AnSI npOH3BOl 

ueHTpa Mace npeACTai 

¢yHKUHfi 3aAa'IH llJTyp 

y'leTa HenpepbiBHOI'O c 

MOIKeT 6b!Tb CAenaHO 

§1, Paa 

! 

Bo MHOI'IIX Bbi'Il 

Hb!e. o6ono'!e'!Hble a on 

HHSI MaTpii'IHbiX anel\. 

ABrXHyKnOHHbiX KOppe. 

nepeAa'I B paMKax Me 

BaSI. cpyH!<UHSI SIBnSieTC_l 

3aBHCSIIUHX OT KOOPAI 

'l~'IHbiX ¢yHKUIIii ynpo: 

npOH3BeAeHHe cpyHKUHJ 

HIIX nepeMeHHb!X, 



rrpeJlnO)I{9Hhi rrpn6nn)l{eHHbie 

HI'OJlHbi9 TOnbKO )lnst ManhiX 

:TO JlBll)I{9Hll9. U9HTpa MaCe 

~M, He CBst3aliHbiM C · BHYT

na)laeT CBOHCTBOM TpaHCnst

·lll I'aMHnbTOHH8H SaiiHCbi-· 

B TaKoii MOJlenn o6onoqeK 

~HKCHpOBaHHOll TOqKH 

Sl Bbi)l9n9HHSl JlBH)I{9HHSl 

~MHnhTOHHaHy )lOGaBnSieTCSl 

aK, qT06bi SacjJHKCHpOB8Tb 

EITpa M8CC H BHyTpeHHSlSl 

:O)I{aneHHI0 1 • a TOT M9T0Jl 

HOCTb M9TOJla 38BHCHT 

~- H3 JlByxqacTnqHoii BOnHOBOH 

i8CTH tPYHKUHii, SaBHCSIIUeii 

30H MOM9HT 1.. . 1 . paBHblll 

K · co)l{anenniO, aToT 
-+ 

S[ rrepeMeHHb!X . r . n R 

11 rrol'enunana CaKcoHa-ByJl:_ 

' 
u:uii, . saBHCS{.IllliX . o~ KoOpJln-

rHKUI;iH • smnstiOTCst pel!le~mst

?l!a.;..ByJlca • Y ( R ) • 

J3nHSIHHSl H9IIpepb!BHOI'O 

[ cna6ocBSISaHHhiX cocTostHHii . " '. ' ·· .. 

1 rrpHMe~eH.HH ~<:>,T~H.~nan_oB . 

[9Ta BnnstHHSl H~~pep~I-~~9.1'0 . 

CII9KTpa. 0co6eHHO Ba)I{HO BiiHSIHHe- H9IIpepbiBHOrO CIIeKTpa Ha CBSISaHHh.l9 

COCTOSlliliSl B MeTOJle. CMeiUHBaHHSl KOH!jJJirypaUHii1 KOI'Jla · B cpeJlH9M none 

SIJlpa IIM99TCSl Mano iliiCKpeTHbiX ypoBHeii. C aTOll >Ke rrpo6neMoii IIpiiXOJlii~ 

est cTanKIIBaTbCSI rrpH pemeHHH ypaBHeHHst WpeJlnHrepa c JletjJcipMiipcmaHHhiM 

IIOTeHUIIanoM KOHeqnoii rny6HHhl 1 KOI')la BOnHOBast tPYHKUHSl · -cyrrepiiOSHUIISl 

co6cTBeHHhiX tjJyHKUIIii ra'~mnhTOHIIaHa co ctjJepiiqecKH cnMMeTpiiqHhiM rroien·· 
n1 · - · - - . 

UHanOM • 0Ka3hiBaeTCst1 · qTo IIpo6neMy yqeTa BnHSIIIliSl lleiipepbiBHOI'O 
. - . /8 9/ -

- CIIeKTpa Ha CBSI3aHHbl9 COCT-OSlHHSl MO)I{HO peiilllTb 
1 

1 ecnn BOnHOBYIO tlJYHK· 

UHIO pa3li0)1{llTb IIO. co6CTB9HHhiM BOnHC'Bbll'd tPYHKUHstM'GNJR) SaJlaiJII _illTypMa·-. 

flHyBnnnst. 

B aToll: cTaTbe _npe)lnaraeTcst MeTOJl pas)lenennst BHyTpeHHHX rrepeMeH-

HhiX n KOOpJliiHaThi uenTpa Mace JlByxqacTHqnoll: o6onoqeqnoii BOnHoBoii 

tjJyHKUHH )lnst rrponsBonbnoro Konequoro noTenunana. BonnoBast tjJyHKUIIst 

ueHTpa Mace npeJlCTaBnena B BIIJle cyrrepnosnuHH co6cTBeHHhiX BOnHOBhiX 

tPYHKUHH Sa)laqH illTypMa-JinyBHnnst. _TaKHM nyTeM CHHMaeTCSl npo6neMa 

yqeTa HenpepbiBHOI'O CII9KTpa II · noaTOMY Bbl)leneHH9 BHyTpeHHHX- nepeMeHHbiX. 

MO)I{eT 6biTb CJlenano c n106oii cTeneHhiO ToqnocTn. 

§1. PasJleneHHe rrepeMeHHhiX B ypaBHeH!m Wpemmrepa 

B cnyqae gByx qacTHU 

Bo MHOI'HX BbiqncneHHSlX B SlJl9pHOH tPH3HK9 IICIIOnhSyiOT~Sl JlByxqaCTH'I

Hbl9. o6onoqeqHbl9 aonHOBbie tiJyHKUHH. ITpHMepoM MOI'YT cny)I{IITb Bbiqncne

HHSl MaTpnqHbiX aneMeHTOB OT JlByxqaCTHqHbiX B3aHMOJl9llCTBIIll1 nsyqeHne 

JlB~XHyKnOHHblX- KOppenstUHfi B S[JlpaX H IlpSIMbiX JlBYXIIyKnOHHbiX peaKUHll 

nepe)laq B paMKaX M9T0Jla' IICKa)I{9HHbiX BOnH. 06bi'iHO o6onoqeqHaSI BOnHO

Bast tPYH.KUIISl SIBnsteTCSl IlpOH3B9Jl9HHeM OJlHOqaCTHqHbiX _ BOnHOBbiX tPYHKUHH ,· 
. - /1/ . . ·. 

sa6nc5rmHx OT KOOpJlnHaT Bcex qacTHU .• HcnonbSOBanne TaKHX o6ono-

qeqHbiX tPYHKUHii ynpoiUa9TCSl 1 ecnii BOnHOBaH '!jJynKUllSl ~peJlCTaB~eHa KaK 

IIpOHSB9Jl9Hll9 tjJyHKUIIA, SaBIICSIIUHX OT KOOpJlHHaT U91ITpa' Mace II BHyTpeH

HHX nepeMeHHbiXo 
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Bh!IIHllleM I'aM,IInhT':lHHaH: 

1i2 ,... ) -ll(-;1;r; =-2m 

" 

. 2 

~ 1+'V(r 1 
)..:.. :.:.~ 1'1'2 +Y(r2 > .• 

2m · ( 1 ) 

Mbi:<npeJlrronai'aeM, 'ITo· rroTeuuuanhi. V ( r.· ) . -·.smnsnoTcSI ueuTpanbuo-cuM~ 
.. . I 

· MeTpn'IHhiMH. 6ea. crruu-op6nTanbHOI'o aaauMOileikTBHSI. B. I'aMunhTouualie 

( 1) IIepeMeHHhie r"1 'H t 2 .p83JleneHhl, IIOSTOMY JlBYX'IaCTH'IHY!O o6onoqeq

Hy~ aonHOBY!O «jlyHKUH{o MO/KeM· 38IIHC8Th B BUtte: 

'P <?1 ·, -;2 >='~' o · <.:+1 > '~' e <.:+2>· 
.. n!Ltm 1 n2 2m2 . 

(2·) 

Ba~aeM ~MecTo ·pa~uycoa:...aeKTopoa 'IacTnu 
.... 
r 1 

.... 
u r 2 HOBhle rrepeMeHHhle 

.... 
R r II . . 

_. ,' .... .... .... .... r. 1 -r 2 R ~r2 r = ' = (3) 
:..;2 yrr 

TaKaSi aaMeHa rrepeMeHJlhiX HMeeT rrpeuMyllleCTBa no cpaaueuuJO c aaMe -
/10/ , . ; , , .. 

HOf! . , T8K K8K COOTHOllleHHe (3) oaeT OllHH8KOBY!O IIO ~OpMe BOnHOBY!O 
.l, ........ /11/ •' (,) 
't'YHKUH~, aaaHCSilllYJO oT r H R • Ylcrronbayg 3 , rreperrullleM 

I'aMuni.Touuau ' ( 1 ) B suae: 

.... ... ... , , 1i 2. , ,. 1i2, ; . .... .... .... -+ 

H(r
1 

,r 2 )=--
2

-1'1R:t-V(R)--·
2
-·-1'1 :rU(r,R) = H(r,R), 

m · m. r · . 
(4) 

-+ .... 
.... R .... R .... 

U (;, R ) = V Cl - r I>+ V (I + r :1)- V ( R) • 
y2 y2 ; (5) 

.... 
Ecnii: u<r: R) ~const unu «jlyHKUHSI OTHOCHTenhHbiX 'KOOPilHH8T 

.... 
r ·, .. To 

aaaa'Ia paaaeneuuSI rrepeMeHHbiX it pellleHa, Oaua~o 'faKaSI 
.... 

H r 

CHTy8UHSI,BCTpe'laeTC.s!TOnbKO IIpH IIpHMeHeHHH IIOCTOSIHHOI'O HnU OCUHnnst-

TOpHOI'O IIOTeHUHana, . 

6 

·''1· I• 

B o6oauaqeuum 

1i2 
[--A +V(R)-

. 2m· R 

4T06bl pelllHTb ypaB~ 

ua 'P Jl ( r: R ) • M 1 

BOpSieT cneJly!OlllHM . 

J 'P 2 ( 
, .,_, .. 

Jw 2<r-,_, 

Ycnoaue (7) oaHa'Ia 

paccT,OSIHHe llPYI' OT 

aauo 5 rrpocTpaHCTBI 

npH Bb!IIOnHeHll 
. .... . 

«jlyHKUH!O 'P ll ( ;, R) 

nuyaunnSI G NL. : 

w <~ n> = 
/l nf'ml 

CaoficTaa co6c 

: ll0CT8TO'IHO XOpOlllO 

'IT.O Yll06HO IIpHMeHll 

IIOCKOnhKy OHH ·rrpett 

c 'y'!eTOM ·anuSIHHH I 

BhimlllleM YiiaE 

a ~L H C06CTBeHHb: 

. . . ~2 d2 .. 1i . L 
[---.-t-· 

2m dR 2m 



) . (1) 

~TCH UeHTpallbHQ-CRM

IIH, B. raMRllhToHnalie 

lBYX'I8CTR'IHYIO 060liO'Ie'I-

(2) 

HOBbie nepeMeHHbie 

(3) 

:> CpaBHeHHIO C 38Me.

!YIO' no <flopMe BOliHOBYIO 

YH (3 ), . nepennweM · 

... 
H(r,R), (4) 

V(R). (5) 

... 
:oopanHaT r · · 1 . TO · 

!Ha. OaHaKo 'I'aKaH · · 

rOHHHOI'O HliH.OCURllliS!-

',, .·. ~ 

., 

1 

· B o6oaHa'!eHHHX ( 3) ypaBaeane lllpeanarepa RMeeT BHll: 

1i. 2 . 1i 2 ... ... ... 
[_-:- -. -.D. + v ( R ) --D. r + u ( r>, R )] 'PII(r', R) = E II 'P II u·. R ) . 

2m R 2m. r ·. r r .. . 
(6) 

4 To6hi pewHTh ypaBHeHne ( 6) 1 HY>KHO onpe'aennTh rpaHH'IHhie ycnoBH H 

aa · 'PJl <r: R) • Mhi npeanono>KHM, 'ITO EJ.!<.O H 'PJ.!(r: tf) YllOBne·r-

. BOpHeT CllellYIOlllRM 'Ipe60B8HRHM .: 

2 ... ' 
f'PJl (r,H)dr<A<oo (7) 

JW 2
(f'; R)dR <B<.oo. 

Jl. ' 
(8) 

YcnoBne (7) oaaaqaeT1 'ITO qacTHUhi He MoryT' yJlaliHThCH Ha 6ecKOHe'Iiioe 

paccr,oHHHe .upyr OT apyr'a, a (8) - 'ITO llBH>KeHne uenTpa Mace noKannao

BaHo a npocTpancTBe, 

TipR BbinOliHeHHH ycliOBHH (8) llBYX'IaCTH'IHYIO 060liO'!e'IHYIO BOliHOBy~:> 

<f>yaKuiiiO w Jl <;. ii > 

nnyBHllliH G NL. 

MO>KHO pa3liO>KHTh no BOliHOBbiM <flyHKUHHM: llJTyp_Ma

"i 

'P (~R)= I 
Jl nfm NLM 

CBoficTBa co6cTBeHHbiX 4iYHKUHfi aalla'IH lllTypMa-nnyBnnnH H3BeCTHl:ol. 
' /8 9/ . 

. ' .[l0CT8TO'IHO XOpOlllO 1 
o TI09TOMY Mbl orpaHII'IHMCH yKa38HHeM Ha T01 

'ITO yao6HO npnMeHHTh. <flyHKUHH B Ka'!eCTBe noliHOfi.CHCTeMl:ol 1 

nocKOllbKY OHH np.ellCTaBliHIOT llHCKpeTHhifi PM ·<f>yHKUHfi,. TioaTOMY :rpyllHOCTH 

C 'yqeTOM .BliHHHHH nenpepb!BHOI'O crteKTpa He B03HHK8IOT, 

BhimiuteM niaBHeHHe lll:ryp'Ma-nnyBHllliH Ha co6CTBeHHbie 3Ha'!eHRH 

a NL H co6CTBeHHhJe <f>yHKUHH G NL( R) 

. : . ~2 d2 
. . . ~ . L (L + 1) a V ( R) I G ( R) = E 'G . ( R ) 

[-2m dR:t 2m R2 + ·NL · · .NL ' OL NL .. · 

7 
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Mbi Tpe6yeM, 'IT06bi tjlyHKUHH G NL(R). YilOBneT_Iiopsmii cneJlyiOIIIUM 

rpaHH'IHbiM _rcnoBIISIM: 'G N L ( R) .. 0 npu: R -+ 0 u . R -+ ·"" 

· Dpn 'V (R) .< 0 u E OL .< 0 co6cTBeHHbie 'lucna a NL o6paayiOT 

6eCKOH9'1UYIO, nOC119JlOB8T91IbHOCTb nonmKHT91IbHbiX JlUCKpeTH~IX 'l!iC911, 

YilOB1IeT,BcipSiioiiiUX ycnoBuiO: a; 0 L.< a 11,.< a 2L ••• npu N -+"" aNL .. ·"" • 

YpaBneuHe ( 10). c npouaBonhUbiM rroTeuuHanoM 'V (R) 8H81IIiTU'l9CKii 

1ie peiiiaeTcSI, noaTOMY Jl1ISI uaxmKJleUHSI tjlyHKUUii GNJR) npuxoJlHTC:SI 
/8/ ·. . 

nonh30B8TbCSI 'lucneuUbiMH MeTOJlaMu • B Jl81IbHeiiiiieM 'GNL (R) 

6yJleM C'IHTBTb H3BeCTHOii tjlyHKUHeii; cPyHKUHH 'G NL( R) opTorouanhUhi 

C B9COM V (R) 

f'GN 'L (R) V(R) 'GNL(R)dR =- 8N 'N ( 11) 

n OJlCT8BUM ( 9) B ( 6). YMHO.)I(UM cneBa ua G N L (R)Y '- M ( R)V(R) X 
· i' .· ·oo -uoR 

xYe 0 m 0(7),n~u6aBUM u Bhi'ITeM aNL·V(R\ · npoHHTerpupyeM no nepeMeUHbiM 
-+ . 

. R , ....R.. . , _r_ u nony'luM: 
R r ., 

[-~ L '+ _i eo< e at-1) + ( E -ElL)) }; b ~ e ~m ~ X n e ( r ) + 
2m d r 2 2m r 2 o Lo n o o o o 

nf m 2 · (12) 
+I. (aNL -l) b NLO: X e (r) f'G N L (R)V (R)'G NL (R)dR-

Nn 0 0 0 ~ 0 0 0 0 

nfm ·· · · ·· . _.-+ · -I. b X 
0
(r)J'G YL Yn V(R)U(r,R)'GNLYLMYr,;.dRdORdO • 

NLM .NLM nL N LO 0 M O Lomo . · . r 
0 . 0 

nt.m 
l1T8K~ Mbl HMeeM CHCT9MY liHT9I'p0-illitPtP9P9HU!i81IbHbiX ypaBH9Hiill BTOpOI'O 

. IIOpSIJlK8 Ua C06CTB9HUbl9 tjlyHKUiiU X·n e ( r r li Ha.co6CTB9HHhl9 3U8'19UUSI 

OTHOCUT91IbHOI'O JlBU)I(9HHS!o 3Ta CHCTeMa. HM99T npeHMYIII9CTB8 no E . IL 
cpaBH9Hii!O c ypaBH9Hii9M (a·). noCK01IbKY B ueii He COJl9P)I(~TCSI KO<?PilliHB-

.Tbl UeHTpa M8CC 1i cyMMiipOBaime. BK11!0'189T T01IbKO JlliCK'p9THb!9 'IHC118 
'. . . .. . . .. . 

N ( TO'IHee; a' NL j. no~TOMY Bbl)l9119HH9 JlBH)I(9HUSI ueHTpa Mace 

M0)1(9T 6biTb Bblii01IH9UO C 111060ii CTeneHb!O TO'IUOCTU. 

8 

f 

0JlH8KO B CHCTeMe 

HOMY cneKTpy OTHOCHTe; 

T01IbKO COCTOSIHHSI JlHCKI 

38Jl8'lli llJ TypMa-nliyBH11, 

'ITO B01IHOB8SI tjlyUKUHSI ,: 

liHTei'pHpyeMOCTH ITO KO 

Jx 2n e< r j d r .< c .< .00 
B aToM cny'lae· BC 

BHJl9! 

ll' IL ( ?, R ) = I. a nfn 
. . .. NLMnfm NL 

cPyHKUHH S n f!. r) Yil 

[_..!: g + '1i2 f(f+ 
2m dr 2 2m r 2 

C I'p8Uii'IHbiMH ycnOBH_SII 

DOJlCT8BHM ( 13) I 

YMHO)I(HM cneBa .Ha S n 
. . .. , 

npOHHT9I'pupyeM no;. ,.R. 

(E IL -EoL 

. ~ n Como P. o /s u. ( r 
_.,aN L M 1-'~Lo n<t"o 

n o 0 0 · 

nony'laeM: 

2 . . . 
x V (R)G NLCR)dr- I. a 

0. · NLM 
· · nfm 

. TaKHM o6pa3oM, 

H9HHii ( 12) MbL nony'IH 



eTBOpSinH cneJlyJOiilRM 

• 0 H. R ~ .oo 

a NL. o6paayJOT 

t·:An6KpeTHhlX queen, 

npH N ~.oo · aNL .... oo • 

·v (R > aHanHTH'IeCKli 

G. NJR ) . npnxciAHT~SI 

lbHeiirueM 'GN L ( R ) 

. opToroHanbHbi 

( 11) 

GN L (R)Y~-M ( RR ... )V(Rlx 
.•00 -uO 
pyeM no nepeMeHHbiM 

nf.~m 0 . ·( : 
N L M Xne r)+ 
. 0 0 0 0 

•.. . . . . (12) 
V2

(R)'G NL
0
(R)dR-

.)U(?,R)G NLY LMYe.;. dRd!lRd!lr 

WbHblX ypaBHeHlifi BTOporo. 

Ha .co6cTselilibie 3Ha'leliHSI 

!liMeeT ·npeliMyllieCTBa no 

t .He conep~aTCSI KO<;>pAHHa

ribKO tlliCKpeTlible 'IRCna 

;· nan>KeHltSI ueHTpa. Mace 

:liOCTH. 

l' 

I 

l 

.1 

OnHaKo s cncTeMe (12) ocTanocb erne ·HliTerpuposaHHe no HenpepbiB

liOMY cneKTpy OTliOCHTenhHOrO JlBli>KeliHSI. Qqe!Ib '18CTO AOCTaTO'IliO 3H8Tb 

TOnbKO COCTOSIIIHSI JlHCKpeTHOrO cneKTpa, a TOrAa co6CTBelilibie ~YliKUHH 

38Jl8'1H llJ TypMa-nliyBJinnSI o6pa3y!OT non!Iblfi Ha6op. TI OSTOMY npeAnOnO>KHM, 

'ITO sonnosaSI ~YHKUHSI 'l' fl (r, R) o6nanaeT CBOfiCTBOM KB8Jlp8TH'IIIOfi 

HliTerpHpyeMOCTH no KOOpAHHaTe OTHOCHTenbliO JlBH>KeliHSI, T.e. 

2 '< ) . . Jxner dr<C<oo •. ... 
B aTOM cnyqae sonaosyro ~YHKUHJO 'l' fl<?. R > MO>KliO aamicaTb B 

BH)le: 

G NL(R) 
R 

ynosneT.sopSI!OT cnenyrorueMy ypasHeliHJO: 

(13) 

(14) 

C rpaliH'IlibiMH ycnOBHSIMli S nf( r)-> 0 npH r .... 0 " H r ..... oo 

TioncTaBHM (13) B (6), npn6a~HM n Bbi'ITeM aNL V(R)+f3neV(r~,. 

YMHO>KHM cnesa Ha sn e (r)Ye m (.1....)~ .L (R)YL M (R) v ( r)VOdli 
. · . ... ... o o o o r o o o o ll . 
nponaTerpupyeM nor- •· R. Hcnonb3YSI opToroaanbHOCTb 6asHCHbiX WliKUHfi, 

. . ( . ) n of om o 
nonyqaeM: E fl:-.E 0L -E 0 n a N L M o Lo o o o 

n f 0m0 ' 2 . n ofo"'o 
·-I a Pnfo JS v(r)V (r)S n (r)dr+I(l-aNL )aNL M f GN· L (R) x 

n NO L 
0
M O n(f-' 0 . nL 0 N . • 0 . 0 0 0 0 · 

. ... (15) 

xV 2 (R)'GNL(R)dr:- I a~JGN Ls e YL M Ye ·. y(r)V(R)U(t,R)G~Ls eYu~em )< 

0 NLM o 0 no 0 0 0 om 0 n . 
nfm· · · : · 

, xdrdRd!l.d!l R. 

. TaKHM o6pa3oM, sMeCTO cHCTeMbi HHTerpo-JlH~~epe!IunanblibiX ypas

!IeHHii ( 12) Mbi nonyqnnn cucTet-fY anre6pauqecKnx ypas!IeHHii (15). Ha 



ycnOBHH paapell!HMOCTH CUCT9Mhl ( 1 5) . OTHOCUTenbHO KOaljlljJHUHeHTOB 

II n fm 
ONLM 

nony~aeM co5cTnennwe aua~ennn Ell aana~il (1 ) , a 

noncTannnn 11 ~er':'M B (13) 0 nony~HM nnyxnyKnonayro 65ono~e~uyro 
-> 

nonuonyro cjiy.HKUHro w fL < ?, R > 

ilnn pell!eHHH nony~eHHOH 5eCKOHe~HOM .CUCT9Mhl ypanHeHnii Heo5xo

~HMO o5pe~aTb CyMMHpOB~HHe npu KllKOM-TO ljJHKCHpOB8HHOM V 

v -~ucno cnaraeMLIX n cyMMe ( 13)). Torna u.3 ycrionun paapell!HMocTH 
• , 

0 

• (v) · 
aToli cncTeMhi nony~aeM npu5numeHHhie co5cTneHHhie. ana~eHun E fL 

n f m ( . . (V ) ( _; -".) . 
· H Kosc~qJHUHeHTLI 11 NL M v >. , T.e. co5cTneHHhie ¢YHKUHH 'P jL r, R . 

Ynenu•mnan ~ucno ~nenon paanomeuun v , npn5numaeMcn. K TO~UoMy 
TO~H. n · " llJ , . 

3Ho~eltuio E • aHHhiH MeTon pellleHIHI ypannenun penunrepa · 

. 5 5 . 0 E. (v) xopoll! TeM, ~To nony'lei!Hbre · npu nu~eHHhie co CTBeHHhie aua~enun 
. /12/ fL 

onpenenenw c H35WTKOM u cnpanennuno uepaneHCTBO 

f'Jle 

E (V)>E(V+I)>[<(V+2)> >E 1: 
fL '- ~fl - 'fL _ ... _ 'fL+s 

I. E(V) E 
"' lm fL = ~ fL + ~ 

~ ' 
v-> "" 

E fL TO~Hoe co5cTneuuoe ana~enue, a 

( 16) 

~ - Oll!H5KH, CBH3aHHbl9 

C.TO~HOCTbiD 'IHCneHUWX pac~eTOB, 

TaKHM o5paaoM, nony~enuan cucTeMa anre5pau~eCKHX ypannenuii 

COJlepmHT TOnbKO CyMMHpOBaHHe no JlHCKpeTHL!M KBaHTOBbiM 'IHCnaM · H 
(~) . . 

TO~HOCTb uaxomneuun co5cTneHHhiX ana~euuii E fL u nonHOBhiX ljlyHKUHii 
. (v) -> -> . . •. 

'P fL .· ( r, R ) aanHCHT OT ~ucna v y'IHTbiBaeMbiX 'lnenon B ( 15), Tipu 

ynenu~eunn nx nwnenenne nnnmeuun ueHTpa Maccw Momno.npouanecTH 

· c nro5oii menaeMoii cTenefr~Ki Tc;~HOCTH. 

§2 •. I.JucneHHhie peavnbTaTbi 

Hcno, ~To pell!UTb cncieMy ypanneuuii (15 >' Momuo TOnbKo ~ncneuno. 

B npuuunne cncTeMa ypanuenuii (15) npocTa nnn ~ncneuuoro pellleunn, aa 

10 

J 

~· 

·I ~. 

'*'•' 

ncKnroqenneM nocne 

lli9CTH He38BHCHMhl!v. 

MO)I{HO YM9Hbll!HTb !J 

noTeHuuana · U (-;, R 
BcnoMHUM, ~Tc 

-> ·-> 

u (1; R) ~ VCI ~ 
' 

rne 

'V( 

-> 

IR 

.li1 

a (} - yron Me>K! 

P aanomu M · · W l 

y;\ ((}) 

w 

TI OCKOnbKY c~s (~ 6 

cuTe~bHo npeo5paarn 

;\ -~eT:HLle~ Paa 

JlHTCH nyTeM ~ncneH 

c ( · .. : ;\ 

ilnn Bbi~HcneHHH yrr. 

nonbayeMCH COOTHOU 



renbHO K091jlqliiU~eHTOB 

E IL aanattu ( 1 ) , a 

yKnouuy~ 65onottettuyro 

~TeMLi ypaaueuui1 ueo5xo-

IKCIIpOB8HHOM V 

18 na yc.riOBHSl paapelllHMOCTH 

mnLre auatteHuSI E(v) 
. . . (V) ' J; 

re ljlyHKUHH 'P (f: R ) · . . IL 

UpiiOnHlliaeMCSl K TO'IHOMy 

panneHIISI lllpeniinrepa. 

CTBeH~hle a~atteHHSl E(v) 
/12/ IL . 

'ICTBO 

( 16) 

·~ - OlllHOKH, CDS138HIIble 

'. ' . 
· .KBaiiTOBbiM .ttHcnaM u 
(v) 
IL :II. B~>nHO~biX ljlynKimi1 

~9Mb!X ttnei!OB. D (15). npii 

'Cb! MOlliHO .UpOH3B9CTH 

~ '. 

) ~ MOlliHO TOnbKO 'IIICneHHOo 

~ ttucneuuoro peweHHH, aa 

ucKmotteuueM ·nocnenuero ttneua, rne HHTerpupoaaHIIe HYlliHO npoaecTn no 

1II9CTII H938BHCHMb!M nepeMeHHbiM. l.Jucno nepeMeHHLIX HHTerpHpOBBHIISl 

MOlliHO yMeHblliHTb llO Tpex, ecnn BOCUOnb30B8TbCSl CBOHCTBllMII CIIMMeTpllli 

noTeHUIIana 
.... 

BcnoMHHM, 'ITO U ( r", R ) . II MeeT BIIll! · 

.... .... 

R-r 
u (1' H)= v Cl I )+ v Cl 

.;2 

.... 
j)- v (R) "'w ( r', R) - v ( R ) ' 

rne 

(l7) 

.... .... 2 2 . lfo 
:j R + r:j = (R + r + 2 R r cos ()) ' 2 

a 
.... 

() - yron MellillY aeKTopaMu R 
.... 

II. r 

PaanolliHM · W ( r", R) 
y,\ (()) 

no nonHOH CIICTeMe cljlepntteCKIIX ljlyHKUIIH 

( 18) . 

... 
· n OCKOnbKY cos (- () + TT ) = -: .. cos () , TO W ( 1, R .) HHBapHaHTHO OTHO-

. cnTenbuo npe~6paaoaaHHSI e .... - () +" ' c'nenoaaTenhno, B .( 18) nee 

A -tteTHbre. P aayMeeTcSI, KoaljlljluuneHTLI paanollieHIISI ·C.\ ( r , H >. 

llHTCH nyTeM 'IHCneHHOrO HHTerpHpOB8HHH! 

. .... 
(:,.\ (r,R)= f Y;_ (()~W(;, R)dO 

. nonbayeMCH COOTHOlll9HII9M! 

11 

uaxo...; 

(18) 

BOC- . 



( 
.. 4 7T 

y'A 8).= v -. -. 
2'A+1 

TorAa nony'lae~: 

'A 
~ Y ,* < ii > Y . < _;_ > p;=->.. 1\f:l R 'Ap. ·• r • 

4 .....,. -+ .• -+ 

<YL M (_l!_)Yn (_r_),Y•'A((J)YLM( RR )Yn (-r-) 1>= 
o o R L om o r L. m r 

(20) 

(2'A+1)(2L +1)(2f~1) ·~ .· 'A .. . .. ( ) 
;, { 0 · J 2 (L 0'AOO!!LO)('AfOOl!foO) ~ (L 0'AM0 p.lLM) x 21 

4rr (2 L + 1)(2 fo+1) . J-1=-'A · 
X (_'A fJl m:lfomo> · . 

l1TaK, ifHTE7I'PHPOB8Hiie no yi:'nOBbiM nepeMeHHbiM CBeJIOCb K Bbl'IHCJieHH!O 

Koa<jlclmuHe~TOB Kne6wa-fopAOHa, ocTaeTCSI ·· TonbKO HHTei'pHpoaanHe no R 

H r 

TiocneAHHH '1Jl9H B ( 15) COA9p:1KHT CyMMHpOBBHHe no MBI'HHTHbiM KBBH-

TOBblM 'IHCJ18M M H m ·, DnSI ynpOIUeHHSI peweHHSI CHCTeMbl (15) 

ycpeAHHM ero no M H m H o603H8'1HM 'lepea UNLM nf.m • Toi'Aa: 
No L oM on of.om o 

~ U NLMnfm 
m M N 0 L 0 M0 n 0f 0 m·0 

(22) 
.. 

NLnf 1 
u = 

No Lonofo (2L + 1)(2f+ 1) 

TipH6JIH:1KeHHe (22) n03BOJISieT yMeHbWHTb paHI' MaTpHUbl Cl'ICT9Mbl (15) 

. · npH AaHHb!X f H L B (2 e + 1) (2 L + 1) paa. Toi'Aa nony'leH-

. Hb!e COCTOSIHHSI Bb!p0:1KA9Hbl no MBI'HH.THbiM KBBHTOBblM· 'IHCJ18M, 

3aMeTHM, 'ITO MaTpnua CHCTeMbl ( 15) S!BJISieTC.SI CyiUeCTBeHHO HeCHM

MeTpH'IHOH H noaTOMy nony'leHHbie C06CTB9HHbie BeKTOpbl MaTpHUbl 6YAYT 

HeOpTOI'OHBJlbHbl, Dnw HaXO:lKA9HHSI C06CTBeHHbiX 3H8'19HHH H BeKTOpOB He-· 

. . /13/ 
CHMMeTpH'IHOH MaTpHUbl npHMeHSIJICSI MeTOA • TipHBeAeM HeKOTOpbie 

peaynbTaTbl 'IHCneHHbiX pac'leToB B noTeHuHarie CaKcona-ByAca: 

V(r)=.;.. Vo 
1 + exp [(r-R 0 )a] 

(24) 

·12 

~·· 

i 

\ 
l 

.~ 

I 

npH CJ19AY!OIUHX 3H8'1~ 

!f>epMH, ·v 0 = 53,3 M 

l13 Ta6nHUb! 1 . BJ 

TOB CMeWHBBHHSI B( 

c aHepi'Heii - 35,595 .1 

!f>HUHeHTy CMeWHBBHH~ 

MO:lKHO CK838Tb 1 'ITO lJ. e . , , 
.WHBBHHSI. a~L Bl 

l!HSI uel!Tpa Mace B · nc 

Mow.HHCKOI'O AJISI OCUH· 

COCTOSIHHH CKOpOCTb C: 

UHana CaKcona-ByAca; 

TaKHM o6paaoM, 

MBCC·B ABYX'IBCTH'IHOH 

·noTeHUHana KOHe'IHOH 

npH ei'O HCnOJib30B8HH 

cneKTpa H noaToMz Bb 

BbinOJIHeHO · C mo6oii :lK• 

·ABTOp .npH3HaTen 

·3. BoxnauKoMy, B.B. 

noneaHbie o6cy:lKAeHHSI. 

MeTOA 'IHCnenno~ 

TiepenHweM ypaa: 



.... 
_r_), (20) 
r 

.... 
(-r-),> = 

m r 

enoch K Bhl'mcnemno 

~HTerpnpoBaHne no R 

tHHe' no MarHHTHhiM KBaH

W9HHSI CHCT9Mhl ( 15) 

uNLMnfm • TorAa: 
No L oM on of. om o 

(22) 

TpHUhl' CHCT9Mhl ( 15) 

'1) pas. TorAa nony'leH-

~hiM qncnaM. 

rc·SI cymecTBeHHO .aecHM- · 

3KT0pbl MaTpHUhi 6yAyT 

ta'leHHH H BeKTOpOB He

llpHBeAeM H9KOTOpbie 

lKCOHa-Bynca: 

(24) 

J 
l 
l 
l 

npH cne.oyromnx 3Ha'leHHSIX napa!V!eTpoB: A . = 16, R 0 = 1,25 A l/a 
. -1 ' 

ljlepMH, V 0 = 53,3 M::m, a = 1,59 ljlepMJI. • 

J13 Ta6nHUhl 1 BHllH01 'ITO CKOpdCTb CXOllHMOCTH a~~ K091jlljJHUHeH-

TOB CM9WHB8HHSI BOnHOBhiX tPYHKUHil: otieHb BenHKa. HanpHMep, COCTOSIHHSI 

c :aaeprneM: - 35,595 MaB n - 65,830 MaB. HMetoT TOnbKo no onaoMy Koa~ 

tPHUH9HTy CMeWHBaHHSI all = l 
11 . 1 COOTB9TCTB9HHO, llo9TOMY 

MO)I{HO CKa3aTb 1 'ITO llnSI CHnbHO CBSI38HHhiX COCTOSIHHif K091jlljJHUH9!IThl CMe

nf :wnBa!IHSI a NL BOn!IOBhiX ljlyUKUHH OT!IOCHTenbUOrO llBH)I{9fiHSI H llBHme- · 

HHSI uenTpa Mace B noTeuunane CaKcoua-By.oca 6nH3KH K KoaljlljJHuneiiTaM 

MorimucKoro AnSI ocullnnSITOp!IhiX 

COCTOSIHHH CKOpOCTb CXOllHMOCTH 

BOn!IOBhiX tPYHKUHH. nnSI cna6ocB~3,aH~'j,tx 
n e 

a NL Me.onenHee B cnyqae noT·eu-

unana CaKcoua-By.oca, '!eM AnSI noTeHU!tana rapMOHH'lecKoro ocunnnSITopa. 

TaKHM o6pasoM, npennomeu MeTOll Bh!lleneUHSI llBnmeunSI uenTpa 
•' ~ 

MaCC·B llBYX'laCTH'IHOH o6onoqe'IHOH BOnHOBOil: ljlyHKUHH npOH3BOnbHOrO 

·noTeHuHana KOHe'IHOil: rny6HHhi. MeToll ·o6na.oaeT TeM llOCTOHHCTBOM, 'ITO 

npH ero HCnOlib30BaHHH He B03~HKaeT npo6neMhl y'leTa UenpepbiBHOrO 

cne:KTpa. H no:aTOMY BhiAene·HHe llBH~eHHSI ueHTpa Mace MomeT 6htTb 

BhtnOnHeHO C nto60H menaeMOH TO'IHOCTbto, 

ABTOp npH3HaTeneH c.n. 11BaHOBOil:, B.l1. <t>ypMaHy, P.A •. 3pa!V!)I{SI!Iy, 

·3. Eox~aU;KOMy, B.E~ EenSieBy, B. Pht6apcKa aa HHTepec K pa6oTe H · 

noneanhte. o6cym.oeHHSI. 

llpHnomenHe 

MeTon 'IHcneHHoro peweHHSI ypaBHeHHSI lllTypMa-nnyBnnnSI 

·nep~nnweM ypimHeHHe ( 10) B cne.oyroweM BHAe: 

l .. 
,· 
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NLnf.-

0000 

OOIO 

0020 

IOUO 

IOIO 

!020 

2000 

2010 

2020 

T A B R H U A I 
Co6CTB6HHU6 3H8~6HHR ~~ (nocn~~HR CTpOKS), K03~HUH6HTU 
pa3HOX6HHR GL;~ ~BYXH6llTpOHHO~ CHCT6MH B noTeHUHane 

· · CaKcoaa-By~ca. . 

. ne. lfl-
NLnt 

nt Nt.Hl 
11e a If e. 

a.Nt .. alit. (Lilt.. lL,.vt.. . lit. 

r.ooo -O.OOI OIOI 1.003 OIOO 1.002 -o,030 

-O.OOI .. -0.802. OIII O.OOI .. OliO -o.006. a, 999 

0.002 -U.0.5t3 OI2I 0.003 OI02 'o.oou. 0.000 

-O.OOI · -0.'178 IIOI o.oor IIOO 0.002 .;.0.054 

-0.003 o.ooo !III o.ooo . IIIO - -0.002 · 0.009 

o.ooo -0.006 II2I O.OOI II02 o.ooo .o.ooo 

o.oo2 . -0.037 .2IOI . 0.003 0300. ·0.000 o.ooo 

o.ooo 0.006 2III O.OOI 03!0 o.ooo 0~000 
;, ,, 

o.ooo o.ooo 212! o.ooo 0302 o.ooo o.ooo 

8Hepi'H!l 

E }1 MaB -65 ~ 830 -28.078 -35.598 -50.880 -!2.6!0 

14 

i 
' ~ ' 
.I 
I 

I 
~ 
I· 

I 

i 
• 

rne . 

d 
2

'G NL 

· d R2 

g(R)= •L(i 
• . . 1 

Mbi C'IHTaeM; 'tiT• 

C06CTBeHHbie 3Ha'leHHSI 

' 
rpaHH'IHbiMH ycnoBnsn\.u 

BocnonbayeMcH ~ 

HHSI ypaBHeHHSI llJpeJlHll 

OOCTOSIHHbiM H paBHbiM . .· . ·;u 
HOllleHHSI HyMepoBa .. 

z t-f.t=2 

rne 

•. f( R ) =' 

. Z= (1 

Hpn 'IHCneHHOM .!= 

HHe Be]leTCSI B Jl.Ba 91 

HHTel'pnpyiOT ypaBHeHH 

(nony'IBIOT BHyTpeHHee 

(A 1 ) npn O'leHb 6onbu 

Hne - G · BHelll·.) •. I1: 

. Hb!X STHX pellleHHH .B ·1 

uoe auat:IeHne a NL 



TpOKa), KOSrW!H~!tteHTH 
!i B noTeH~.tHane 

0100 1~002 

OliO -0.006 · 

' 0102 'o.oou. 
" 

-.UOO 0.002 

II10 - ~0.002 · 

II02 0.000 

0300. o.ooo .. 
0310 . o.ooo 

0302 o.ooo 

-50.880 

-0,030 

o, 999 

o.ooo 
.;.0.054 

0.009 . 

.o.ooo 

o.ooo 
0~000 

o.ooo 

-12.610 

2 
d 'G NL 

. d R2 
(A1) 

r.ne . 

Mbi C'IHTaeM, 'ITO E
0 

L - HaaecTHaH aenH'IHIIa, aymao aailTH 

C06CTB9HHbl9 3H8'19HiiH aNL H C06CTBe HHbie tPYHKUHH 38ll8'1H (A1) C 

rpaHH'IHbiMH ycnoBHHMH 'G NL (R) ... 0 npH R-> 0 11 R ..:. oo . 

/14/ 
BocnonbayeMcH MeTOAOM , npe.nnoxceHHbiM .nnH 'IHCneaaoro peme-

HHH ypaBHeHHH llJpellHHI'epa. EcnH lii8I' 'IHCneHHOI'O HHTel'pllpOBaHHH Bbi6paH 

ilOCTOHHHbiM H paBHbiM h , TO MO)I{HO npHM9HHTh peKyppeHTHbie COOT-

aomeHHH HyMepoaa 
1151 

• 

I'lle 

f( R ) = g ( R ) + a ~L u ( R ) · 

h2 
Z-=0- --f) G 

. 12 

(A2) 

(A3) 

Hp11 'IHcneHHOM pemeHHH ypaaa.eHHfi THna ( A1) o6hi'IHO HHTei'pHpoaa

HHe B9,[l9TCH B Ji.Ba 9Tana npH tPHKCTpOBBHHOM 3H8'1911HH a (a NL ) 

HHTerpHpy!OT ypaBH9HHe (A1) OT Ha'lana· KOOpAHH8T B CTOpOHy 6onhliiHX R 

(nonyqaJOT BHyTpeuaee pemeHHe G · BHYT) H HHTei'pHpy!OT ypaBHelme 

( A1) npH o'leHh 6onhliiHX R B cTopoay ManhiX R · ( Buemuee peme-

HHe 'G . Bllelii·.) •. l13 Tpe6oBaHHS( paBeHTBa nof.apH!pMH'I9CKHX npOH3BOll-

. llbiX 9THX pemeHHil: B TO'IK9 CliiHB811HH 
.- R 

. m Momuo nony'IHTh co6cTaeu-

uoe aua'leUHe a NL H cooTBeTCTByJOIUHe co6cTBeUiibie ¢YHKUHH G NJR). 

15 

: 



PaccMoTpHM aBa perneHHSI G (a·) H G. (a+ 8 a ) 1 OTBe'laiOlliHe 

3Ha'leHHSIM a H a+.8a , T.e.: 

d 
2 

'G (a ) = [ g ( R ) +a u ( R ) ] G (a ) 
'dR 2 . 

d 
2 
G (a +.8 ~ )_ = [ g ( R ) +-<a+ 8 a ) u ( R)] 'G (a+ 8 a ) 

dR 2 

0Tcroaa nerKo nony'lHTh: 

· R=b 
. [ G (a) G'(a+.8 a) -'G (a+.8a) G '(a)] 

· R:;a 

R=b 

=8a f u(R) .G(a)'G(a+.8a) dR, 
R=a 

rae lliTpHX 03Ha'laeT an¢¢epeHUHPOBaHHe no _R 

OpnpaBHitBaSI BHyTpeHHee 'G n BHernHee perneHne 
BHYT 

(A4) 

(A5) 

'G 
BHelll 

ypaBJieHltSI (Al) B TO'lKe ClllltB8HltSI 

'lepea . 'G m( a ) 
~ 
nony'lHM nonpaBKY 

R·;, 

8a 

n o6oaHa'laSI nx Benn'lnHy 

K npofiHOMY 3Ha'leHHIO a 

['G' ,(a )-'G' .. (a )]'G (a) 

8
a = _ BHYT BHelll .m 

Rm . ~ ·. . . 

. f ti(R)G (a)'G (a+8a)dR+ (u(R)'G. (a)'G (a+.8a)dR(A6) · 
o BIIYT . BHYT R BHem BJielll 

m 

/14/ 
l1cnonbayg ( A2) 1 ( A3) H MeToa _1 Mo:llmo nony'lHTb cneayrornee 

npn6nn.mennoe cooTHOllleHne 

z . [- Z . - Z . +. 2 Z + h 
2 

f m 'G m ) 

8a =- m BHYT\ m-1 BHelll;m+1 .. m . + O(h 4)' 
. Rm 2 . -~ . . 2 . . . 

h f u(R)'G· dR + h f u(R }.'G dR 
o ' BHYT R BHelll 

m 

(AT) 

16 

t 
} 

.. - :r·--

: 

rae BenH'lHHhi z 

neJihl B TO'lKe ClliHBB 

R=R '- h . . m 

l1 TaK 1 ecnn B 1 

.MO)KJIQ IIO ·· cpopMyne 

6nnme K TO~HOMY CC 

TaThi noKa3biBaro:r 1 tJ 

COfiCTBeHHb!X 'lHCenl 

Horo 3Ha'leHHSI a· 

onpeaemie-r; KaKoe r. 

· _ nony~HTCSI B peaynh: 

COfiCTBeHHOe .SHa'leHJ 

3Ta HeonpeaeneHHoc 

'lncneHo no cjJopMyne 

R2 . 

'f .. _ V :~ (EoJ 
R . n 

1 

·rae R1 H R2 

. B · aToM cny'laE 

HHIO • _·a NL 6yae1 

(A7) u; (A8) yme H 

· ' 'lHcen · a NL CTO'l 

. 1. a.r. Heyaa'lnHI ) 

M~ax'. l1aa~;~nbc 
2. H. Bethe, M.E. _: 

'l'.H.R. Skyrine • 

. :: '( ;~· 

~· ," 



:_(a+oa) , oTBe'JaiOmue 

(A4) 

b. 

:a,. 

(A5) 

:temaee pemeaue 'G 
BHelll 

,o603Ha~ag HX BenH~HHY 

npo6HOMY 3Ha~eHHIO a 

• (a) 

}" (a)'G (a+Ba) dR( A6) · 
·: BHelll BHelll 

)}!{HO nony~HTb cnenyiOmee 

m·'G.m), 
---,---+ O(h 4 

), 

, dR 
.uem 

(A7) 

I r 
1-

~·-. 

I'Ae BeriH~HHbi z H f onpenenniOTCH ( A3), z m f.;. Bbl~HC-· 

neHbl B TO~Ke CIUHB8HHR R = R·m z· ' ·- B TO~Ke 
· BHyT1 m-1 

R=R '-h Z 
,. m BH9lll 1 m+ I 

B TO~Ke R = R m + h 

HTaK, ecnu B ua~ane pac~eTOB aanauo npo6uoe 3Ha~euue a TO 

.MO*HO no ¢opMyne (AT) uaiiTH HOBoe aua~euue a'= a+ 8 a '·· KOTopoe 

6nH}!{9 K TO~HOMY co6CTBeHHOMY 3Ha~elmiO a NL • quc:neHH&Ie peaynh·· 

T8Tbl ITOK83b!B8IOT1 ~TO CXOllUMOCTb npenn0}!{9HHOI'O M9TOA8 H8XO}!{A9HHR 

C06CTB9HHbiX ~Hcen aNL· 3a,Aa~_n llJTypMa-nuyBHnnn 38BHCIIT OT npo6-

HOI'O 3Ha~eHHR a· • B&t6op Benu~HHbi · Ha'ianhaoro aaa'IeHHR a 

onpenensiel'i KaKoe 113 co6cTBeHHbiX ~ncen a NL (a N-I,L ; aNL ;aN+I,L l 

- . · nony~HTCR B peaynhTaTe Bbl'iHCneHHH 1 noCKOnhKY ll8HHbiH MeTOll ,AaeT 

.·C.06CTBeliHOe .SHa'ieHHe • aNL. , 6nH*aiimee K npo6HOMY aua'ieHHIO a 

3Ta ueonpeneneuuocTh nHKBHllHpyeTcn, ecnu npo6u~e ana'ieHHe a Bbl-

· 'iHCneuo no ¢cipMyne 
1161

• 

r. V .Jm_ ( E - ~- V(R))- (L+l/2 )
2 

dR =,IT (N+l/2 ), 
ft2 OL NL . '. ' R2 • ' . (A8). 

R 
1 

H R 2 - Knaccu'ieCKHe TO'iKH: noBopoTa. 

. B. STOM cny'iae aapaHee H3BeCTH01 K K8KOMY co6CTB9HHOMY 3Ha'ie-

HHIO 6yAEh cxonuTcn HTepauuoHH&Iii pnn~ Pac'ieT&i no ¢opMynaM 

(A 7) n · (AS) Y*e. Hf! mecToii HTepauuu ABIOT. auaqeunn co6cTBeHH&Ix 

· ·' queen a NL c TO'iHOCThiO AO 'ieTBepToro an aKa .nocne, aannToii • 
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