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BBegeHHe 

KBaHTOBoMeXaHnqecKaR 3anaqa Tpex Ten 3HaqHTenbHo 6oraqe conep

*aHHeM ITO cpaBHeHHID C xopowo H3yqeHHOll 3anaqett ITOTeHUHanbHOro B38HMO

nettCTBHR ilBYX qaCTHU, no cymeCTBY TOnbKO C 3anaqH Tpex Ten HaqHHaeT

CR HeTpHBHanbHaR TeopHR pacceRHHR, ITO3BOnRIDIUaR H3yqaTb ITpoueCCbl C ITe

pepacITpeneneHHeM qaCTHU H 3HeprHH B CHCTeMe, BMeCTe C TeM TeXHHqe -

CKHe TpynHOCTH, CBR38Hllble C peweHHeM 3anaqH Tpex Ten, Tpe6yIDT ITpHMeHe

llHR KaqeCTBeHHO HOBb!X MeTOilOB H MOnenett. 

HcKnroqHTenbHaR ponb KynoHOBCKoro B38HMonettCTBHR B ¢H3HKe OITpene

nReT To oco6oe MecTo, KOT6poe cpenn TpexTenbHbIX 3anaq aaHHMaeT 3anaqa 

Tpex Ten, B38HMonettCTBYIDIUHX ITO 38KOHY KynoHa, Ha ee OCHOBe MO*HO 

CTporo c¢opMynupOB8Tb PM 3anaq aTOMHOll H Me30aTOMHOll ¢H3HKH H pe

lliHTb HX C ToqHOCTbID, 06ecITeqnaaromett yBepeHHOe cpaBHeHHe C 3KCITepuMeH-

TOM, 

C npyrott cTopoHb1, KynoHoacKaR 3anaqa Tpex · Ten non*Ha coxpaHHTb 

xapaKTepHb1e qepTbl 3a)laqu MHOrHX Ten, He CBR38HHbJe co CITeuu¢aqeCKHM 

xapaKTepOM KynoHOBCKOro B38HMOnettCTBHR, H Mbl 11aneeMCR, qTo 3TO o6CTO

RTenbCTBO ITO3BOnHT B nanbHefiweM MonenupoBaTb C ee ITOMOIUbID npyrue, 

6onee cno*HbJe CHCTeMbl. 
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l1anaraeMaSI cxeMa Bb1qncnem1fi ipopManbHO npnMeHnMa K mo6ofi cncTe

Me H3 Tpex qaCTHU C KynoHOBCKHM B38HMOnefiCTBHeM. OnHaKO npaKTHqeCKH 

OHa yno6Ha nmllb nnsi: cnyqasi MenneHHbIX CTOnKHOB0HHH B CHCTeMe H3 nayx 

nonO,KHTenbHO aapSI)K0HHhlX qacTHU (si:nep) H 6onee nerKOH OTPHll8T0nbHO 

aapSI,K0HHOH qaCTHUbl ( aneKTpona HnH M030Ha), TO eCTb nnsi onncaHHSI 

npoueccoa Tnna 

Z 1 e+Z 2 ➔ Z 1 +Z 2 e. (1) 

llnsi: T8KHX CHCTeM MO)KHO 0CT0CTB0HHO paanen11Tb aneKTpOHll00 H 

sinepnoe ABH)K0HHSI H BbIAenHTb B aanaqe Manblll napaMeTp - OTHOID0HH0 

MaCCbI aneKTpoHa K Macce si:npa, qTo cymecTaeHHo ynpomaeT ee pemeH11e. 

TaKofi nonxon K aanaqe Tpex Ten siansi:eTCSI nocnenoaaTenbHofi peannaau11efi 

MeTona B036Y*A0HHblX CT8llHOHapHbIX COCTOSIHHH (B.C.C.) B aanaqe paccesi:

HHSI. MeTOA B.C.C. naBHO H3B0CT0H B lpH3HKe aTOMHblX CTOnKHOB0HHH, HO 

no cnx nop np11MeHSieTcsi: nnmb an11aon11qeCKH. Bonee Toro, nocnenHee. ape-

/1 / • 
MSI OH CTan Bb!3b!B8Tb B03p8,K0HHSI • OcHOBHaSI npnqnHa T8KOH Henony-

nsi:pHOCTH MeTona COCTOHT B TOM, qTo nnsi ero npHMeHeHHSI B cnyqae OTHO

CHT0nbHO npOCTOH peaKUHH (1) He06XOAHMO npenaap11TenbHO pemHTb aanaqy 

nayx ueHTpOB KB8HTOBOH MeXaHHKH (To eCTb HBHTH aneKTpOHHyIO qaCTb 

nonHofi aonHoaofi ipyHKu1111), a 9TO Y*e caMo no ce6e npencTaansi:eT rpo

M03AKYIO 11 TpynoeMKYIO aanaqy. B nocnenHee apeMSI, OAHaKo, 9TH TpynHoc-
/2,3/ 

TH npeononeHbl B psine pa6oT ' H T0M C8Mb!M. ycTpaHeHO ipopManbHOe 

npensi:T_cTane nnsi: np11MeHeHHSI MeTona B.C.C. a aanaqax Tnna ( 1). 
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B eacT0HmeA pa5oTe rrocneaoaaTen&eo rrsnaraeTCH cxeMa Bhlqrrcne

HHA ceqeHHfi pasnrrqHh!X peaKUHfi rrprr MeaneHHbIX CT0JIKH0BBIIHHX B CHCTBMB 

( 1). YacTHb!B cnyqarr rrcrronh30B8HHH 3TOfi CXBMbl rrpeacTaBnBHbl B rrpe;:u,1-

/4/ 
aymrrx pa50T8X 8BT0P0B 

ITocTaHOBKa saaaqrr H o5oseaqeeHH 

faMHnhTOHH8H CHCTBMbl H3 Tpex qacTHU C sapHD8MH Z I Z 2 

- Z 3 H M8CC8MH M I 

1/ J<----ti ➔ - 2 M RI 
I 

M 2 paaee: 

Z I Za 

I Ra-«11 
/1/ 

nocne BBBDBHHH K0oparrHaT HKo5H , 

➔ ➔ ➔ 

M iR i+M2R2+MaRa 

➔ ➔ 

M1H1+M2R2 

MI+ M 2 

ou rrpeo5pasyeTCH K array 

1i 2 1/ 
ti ➔--- ti ➔ 

R 2m 

z 2 z 3 
+ 

r I 

rae BBBDBHbl o5oseaqeHHH 
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Mt=M1+M2+Ma, 

1 
M 

1 1 
=--+--

Mi M2 

r 1 = I Ra - R t :\ 

1 
m 

➔ ➔ 

_2__+ 
Ma 

1 

Mi +M 2 

➔ ➔ 

r2=IRa-R2I R = 11 R 2 - R l !I • 
(5) 

B aanbHeii111eM anSI onpeaeneHHOCTH ycnoa11MCS1, 'ITO M 3 < M 1 , M 2 

qacTHUY c Maccoii: M 3 
H OTpllUBTenbHhIM sap MOM - Z 3 6yaeM H83hl-

B8Tb aneKTpOHOM ( 11n11 Me30HOM) 1 8 'IaCTIIUhl M1 H M 2 - Sl,1p8Mll, 

npH'IeM 6es nOTep11 o6UIHOCTII aceri:~a 6y,1eM npeanonaraTb, 'ITO Z 2 ·:::_ Z 1 , 

Tiocne OT,leneHHSI ,IBIVKeHHSI ueHTpa HHepUIIH Tpex. 'IBCTHU ypaBHeHHe 

lllpe!\HHI"epa CHCTeMhl np1106peTaeT BH!\ 

➔ ➔ ➔ ➔ 

H'P(R, r) =E'P(R,r) (6 )· 

rae E - nonHaSI aHeprHSI Tpex Ten B CHCTeMe ueHTpa HHepUHH, a ra-

MHnbTOHHBH H B e,IHHHUaX t = z a = m = 1 Bhlp8)1(8eTCSI cneay10IUIIM 

o6pasoM: 

1 Z I Z2 
+Ho, H=---1':!. ➔ + 2M R R 

1 z, Z2 
H =-,--!':!. ➔------ (7) 

o r r1 r2 

M= 
Ml M2 (M1+M2+ M3) 

MaCM1+M2)2 

3aecb ff O - raMHnbTOHHaH 38,IB'IH !IBYX ueHTpOB, TO ecTb 38,IB'Ill 0 

,IBHlKeHHH aneKTpOHa B none !IBYX HeilO,IBH)KIIblX SI,lep, yaaneHllh!X Ha pac-

CTOSl!rne R • 
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P ermrn ypaBHemi:e lllpemrnrepa 

(8) 

HaH)leM co6CTBeHHOe 3Ha'IeHlrn ( Tep Mb!) E n ( R ) Ii co6cTBeHHOe qiyHK-

UHH 
➔ 

r R )lliCKpeTHOPO crreKTpa aa)la'IH llBYX ueHTpOB 

E < 0 ). 
n 

CornacHo MeTO)ly B.C.C. HIUeM pemeHHe HCXO)lHOPO ypaBHeHHg (6) 

B BHlle paanoMeHHg 

➔ ➔ 

IP(R,r) 
➔ 

·I¢ (r';R)i/1 (R) 
In I 

(9) 

ITO pemeHHgM ypaBHe1mg ( 8). IT O)lCTaHOBKa 9TOPO paanoMeHHg B ypaBHelme 

(6) tt ycpe)lHeHHe rro KOOPllHHaTaM aneKTpoHa rrpHBO)lHT K CHCTeMe )lliqJcpe

*) 
peHuHanbHbIX ypaBHeHHM )lng OITHCaHHg gaepaoro )lBHMeHHg 

[-_I_~ ➔ + En(R) + 
2M u 

+ 21., I [2Q (R)VR➔ +K (R)] if, (R)= E (R) i/i (R) 
n I m I nm nm m n n 

3JleCh 

➔ ➔ 

Q nm ( R) 

➔ 
➔ ➔ ( ➔ ) f dr ¢ n (r;H)(-,-!'1R) <pm r;R 

(IO) 

( 11 ) 

Ji,) 
B o6rueM cny'Iae paanoMeHHe (9) )lom1rno BKnJO'IaTh cocTogHHg aerrpe-

pbIBHoro crreKTpa 3a)la'IH llBYX ueHTpOB 

IP (R , ;) = I ¢ ( ; ; R ) i/i n (R ) + f d le" ¢ k (~ R ) i/i k ( R ) , ( 9a) 
lnl n .· 

H BMeCTO CHCTeMhl )lHqiqiepeHuHanhHh!X ypaBHeHHM ( 10) Mb! npH)leM K CHCTeMe 

HHTerpo)lmjiqiepeHUHanhHbIX ypaBHeHHM, EcnH orpaHH'IHTbCg paCCMOTpeHHeM Me)l

neHHbIX CTOnKHOBeHHM, TO HHTerpanbHhIH 'IneH B paanoMeHHH (9a) MO:lKHO onyc

THTh, xoTg TO'IHhie rpaHHUhl BO3HHKaJOIUeM IlpH STOM norpemHOCTH oueHHTb IlOKa 
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fdr'VR➔ ¢ (r;R)'V ➔ ¢ (r;R)+V~Q (R) 
n R m · .t(. nm 

➔ ➔ ➔ 

= II ( R ) + div Q ( R ) -
nm nm 

MaTplf"IHb!e aneMeHTb! OT onepa TOpOB smepHOI'O /lBH)K9HIHI no BOnHOBb!M 

qiyHKUHSIM 38/lB'IH llBYX ueHTpoB. Hs onpeneneHHH ( 11) cnenyIOT B8)KHb!e 

COOTHOllleHHSI nng MaTpH'IHblX 3neMeHTOB: 

➔ ➔ ➔ ➔ 

K nm ( R ) - K mn (R ) = 2 div Q nm ( R ) , 

➔ ➔ 

II (R) = II (R ) 
nm mn 

Q nm ( R) = - Q m n ( R ) • 
( 12) 

TTpH R ➔ 0 TepMbl En ( R ) H qiyHKUHH ¢n(;;R 

HenpE:pbIBHO nepeXO/lSIT B YPOBHH 3Heprnn H BOnHOBbJe qiyHKUHH BO/lOPOllOIIO-

no6Horo aToMa c sapsmoM R/lpa 

TOBbIX 'IHCen ln}c(Nfm 

aneKTpOH OCTaeTCSI nH60 y Sl/lpa 

( z 1 + z 2 ) H Ha6opoM cqiepH'leCKHX KBaH

/5/ 
) • TTpH 6eCKOH9'1HOM ynaneHHII Sl/lep 

z 1 ' nH6o y Sl/lpa z 2 • B COOTBeTCT-

BHH C 3THM pasnuqaIOT Z 
1 

- TepMhI, KOTOpbie npH R ➔ _oo nepeXO/lSIT 

B YPOBHH 3HepI'HH BO/lOpO/lOIIOll0611oro aTOMa C sapsmoM Sl/lpa z 1 H Ha-

6opoM napa6onH'l9CKHX 'IHCen ln}=(nn 1 n 2 m) ),H Z 2 - TepMbl 

c 11a6opoM In' I = ( n 'n ~ n ; m' ) , TT pH 3TOM BOn!IOBbI e qiyHKUH H 

rp (r; R ) rrepeXO/lSIT B napa60nH'l9CKHe 8TOMHbie qiy!IKUHH rp ( ; 
1 n n 

H ¢ n, ( ? 2 ) COOTBeTCTBe!IIIO e z 1 - H e z 2 -BO/lOPOllOIIO/l06!Ih!X 

aTOMOB. TTpaBHna COOTBeTCTBIHI M9)KJlY pasnH'IHblMII 11a6opaMH KB81ITOBb!X 

. /5/ 
'IHcen nng n106oro TepMa naHhI B pa6oTe , acHMnToTuqecKHe pasno)Ke-

HHSI TepMOB If BOnHOBb!X qiyHKUHH IIpH R 1>> 1 • 6 /6/ 
II8H/l91Ibl B pa OTaX • 

B o6naCTH KOHe'IHbIX R BOnHOBbie qiyHKUHH cpn ; ; R ), Tep-

Mb! En( R ) ' a TaK)Ke MaTpH'IHbJe aneMeHTbl 
➔ ( 

Qmn 

➔ 

R ) H 
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➔ 

K mn 
( R) MO)KHO HaHTll TOnbKO C IlOMOIUb!O 'IncneHHbIX paC'I0TOB. B 

aacToHmee apeMH TaKne pac'IeTbI He BbI3bIBaJOT np1rnmrnuanhHh1x aaTpynae
/2 3/ 

HUH u y)Ke BbmonaeHbI nnH uenoro pm:ta cucTeM ' • Eonee nonpo6Ho 
/2,5,6/ 

CBOHCTBa peweHIIll 3a)la'III JlBYX ueHTpOB U3n0)K0Hbl B pa6oTax 

Ilayxypoaaeaoe npu6nu)KeHue MeTona B,C,C. 

il ByX ypOBHeBoe npu6nn)KeHUe MeTOJla B.C.C. COCTOllT B TOM, 'ITO B pa3-

nO)K0Hllll (9) IlOJlHOll BOJlHOBOH ¢yHKUlllI orpaHU'IIIB8JOTC51 JlBYMH 'IneHaMII 

➔ 

w < i. n = ¢ 1 < ;; n > i,1, 1 < i> + ¢ 2 <?; n > i,1,2 < n > . (9a) 

3necb ¢, 
1 

( ; ; R ) - aonHoBaH ¢YHKUIIH Z 1 - TepMa, a 

R) - BOnHOB851 ¢yHKUU51 Z 2- TepMa. ITepaoe cnaraeMoe pasno,KeHnH 

(9a) npn R ➔ 00 npencTaanHeT neayJO 'IaCTh peaKUlllI ( 1), a BTOpoe- ee 

npaayJO 'IaCTh. KaK Mb! noKa)KeM B nanhHeil:rneM, nayxypoaaeaoe npn6nu)Ke

H1Ie MO)KHO :nocTaTO'IHO CTporo o6oCHOBaTb TOnbKO nnH nepeXO)lOB II3 OCHOB-

HOf'O COCT051Hll51 e Z I - aToMa B OCHOBHOe COCTOHHIIe e Z 2 - aTOMa: 

Z 
1
e0s) + Z 2 ➔ Z 1 +Z

2
e0s). ( 1 a) 

B 9TOM npn6nu)KeHnn aaanns cymecTBeHHo ynpomaeTcH, nocKonbKY MaTplI'IHbie 

aneMeHTbl ( 11 ) Me)KJly U -COCT051HII51MII 3a)la'Ill JlBYX ueHTpOB c¢epu'IeCKll-

CUMMeTpll'IHbl. B npn6nu)KeHllll (9a) pellleHue CllCT0Mbl ypaBHeHuii ( 10) llIUeM 

B Bll)le 

➔ 1 
if, 1 ( R ) = -R- X 

1 
( R ) PL ( cos 0 ) • ( 13) 

B pesynhTaTe npnneM K CllCTeMe ypaBHeHnil: )lnH pannan bHb!X ¢YHKUIIH 

X 2 ( R ): 
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rile 

2"' 

d_K_i_ + 2 M [ E - E (R ) -
dR2 . . I 

z 1 z 2 

R 

,L(L+l) ] X 
2 . I 

2M R 

2 2 d 
I [ ( K I l (R) - - Q tJ (R )) X J + 2 Q tJ (_R) ~ 

J=I R dR 

➔ 

Q IJ ( R 
R ➔ 

RQ IJ ( R). 

] , 

Ha CBOHCTB MaTplI"IHhlX sneMeHTOB ( IT. 2) cnellyeT, 'ITO 

1 . 
K

11
("")=--

2
-(K ± l)E 1 (oo), 

(14) 

K iJ ( oo ) = Q IJ (oo ) = 0; Q 11 (R) = 0, (i,j )= (1,2 ) , 
( 15) 

rile K = M2-M1 
M2 +M 1 

, a BepXHHfi H HH)KHHfi 3H8KH COOTBeTCTBYIDT 

z 1 - I{ z 2 - TepMaM. C Y'l0TOM CBOfiCTB ( 15) B aCHMilTOTH'l0CKCH 

o6naCTH R ➔ "" CHCTeMa ( 14) llpHMeT BH/l 

X ;, + 2 M [ E - E 
1 

( 00 ) ] X 
1 

= 0 • ( 14a) 

Bh1pa*eHHe 

2 
Z 1 1 2 

E 1<"" )= - -- [l -- (K+l) ] 
2 4M 

( 16) 

H aaanorHtJHoe eMy cnaraeMoe B ypasaeHHH llnR ~YHKUHH X2 npe/lCTaB-

nRIDT COOTB0TCTB0HHO SHeprm1 1{3OnHpOB8HHhlX e Z I - I{ e Z 2 -aTOMOB 

B llByxypOBH0BOM npH6nH)K0HHH ( CHCTeMa 0/lHHHll e = 1i = m = 1 ) . 

HeTpyllHO y6ellHTbCR, 'ITO 9TH Bhlp8)1(0HHR COBil8/l8IDT C TO'IHhlMH 3H8'10HHR-
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MH 3HeprHH nHllib C TOqHOCTbID no qneHOB "'1/M 
*) 

BKnroquTenbHO 

n1rn 6onbmuncTaa saaa'l (aa)Ke MesoaToMHbrx, rae M "" 10) yKasaHHaH 

/4 7/ 
ToquocTb aocTaToqna H ace npeabraymHe pacqeTbr ' Bbmonueuu a 

3TOM npu6nu)KeliHH. 

fpaunqHbre ycnOBHH B MeToge B,C,C, 

OCHOBHOe B03pa)KeHHe, KOTOpoe 06brqHo Bbl!lBHraIDT npoTHB MeToaa 

8,C,C,, COCTOHT B TOM, qTo OH IlpHBO!lHT K HeaepHb!M aCHMIITOTHqeCKHM 

/1/ 
3HaqeHHHM ( 16) anH 3Hepruu usonupoBaHHb!X aTOMOB , a BMeCTe C 

3THM H uenpaBHnbHblM Bblpa)KeHHHM anH HMnynbCOB pacceHHHH B oTaenblibIX 

KaHanax peaKUHH, 8 aeii:CTBHTenbHOCTH 3Ta TpyaHOCTb He eaHHCTBeHHaH, 

npuqeM BCe cyrueCTByroruue npo6neMbl B3aHMOCBH38Hbl. OaHaKO qiaKTuqeCKH 

01m onpeaenHIDTCH He MeToaoM B.C.C,, a ero npu6nu)KeHHoii: peanusauuei1, 

3aMeTHM, npe)Kae acero, qTo B MeToae B.C.C, Kanan peaKuuu orrpe

aenHeTCH Ha6opoM napa6onuqeCKHX KBaHT0BbIX queen: 

"") B B8)KHQM qacTH0M cnyqae I 
'4M= 
= I 

m 
2M 

qTo nHllib HeMH0ro OTnH'!aeTCSI OT pasno)KeHHH TQqHoro Bb1pa:1KeHHH 

El 

2 2 
z I -1 Z1 1 1 

= - __ 1 ( I + -- ) "' - --- (1 - -- + --2- ). 
2 Ml 2 M1 M 1 

(16a) 
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(Z
1

e) . +Z 2 ➔ Z 1 +(Z 2e),, , 
nn

1
n

2
m nn

1
n 2 m (15) 

0JlHaKO o5menpHHHTO KaHan peaKUllll onpe)lellHTh Ha5opoM c~epll'10CKHX 

KBaHTOBbIX 'IHCen: 

(Z, e)nem +Z2 ➔ z, +(l_i e )n'e'm' • ( 1 B) 

Ilpll'l0M rpaHH'IHbI0 ycnoBHH B KaHanax C 0JlHH8KOBbIMH n ll pa3Hb1Mll e ll m 

Hepa3llll'IHMbI. IloaToMy Ilpli H3Y'l0Hlili peaKUllll ( 1) !:(8)1{0 B npu5nH)K0Hlill a -

COCTOHHHH (m=m' = 0) Mb! JlQll)KHbl pemaTh N = ( n + n ' ) - KaHallhHYIO 

xi 
aaJla'ly pacceHHHH 'IT05bI B KOH0'1HOM peaynhTaTe Bbl/l0llllTh 

KaHan (lB) H3 nuHeHHOH cynepn03HUllll KaHallOB (15). TonhKO B cny'!ae 

peaKUllli (la), TOeCTh JlllH nepeXOJlOB ll3 OCHOBHOro COCTOHHHH B OCH0BH00 

n =n'=l),· MQ)KHQ .orpaHH'lliThCH JlByxypOBH0BblM npn5nH)K0HlleM. 

Y)Ke OJlHO 9TO coo5pa)KeHlie H~ Il03BOllH0T B o6meM cny'lae orpaHH

'lllThCH JlByxypOBH0BbIM npn5nH)K0HH0M ll BblHY)KJlaeT pelllaTh CliCTeMy 

N '> n + n ' ypaBHeHHH! 

2 

~ + [2ME- L(L+l) ] X 
dR2 R I 

N " 
I [ K 

11 
(R) X + 2 Q ll (R) w 

.d R 
] ,, 

l=I l 
( 14a) 

K ij (R ) = 2 MW 1 (R) o IJ · + K IJ (R ) - + Q lj ( R ) • 

WI (R)=E1(R)+ 
Z 1 Z2 
R 

i = 1,2, ... , N. 

;,..) 
Ilpu5nll)K0Hll0 a - TepMOB COOTB0TCTByeT npeHe6pe)K0HHIO BllllH-

Hll0M M030Ha Ha BpameHue M0)K'bH/l0pHOH OCH B npouecce pacceHHHH li 

npn M0Jlll0HHbIX CTOllKHOB0HliHX ~li3ll'!0CKH onpaBJlaHo. B o6meM cny'!ae 

ero onpaBJlaTh TpyJlHee !Bl, noaToMy,cTporo roaopH, '!Reno KaHanoB 

B03pacTaeT eme 5b!CTpee: . N = n 2 + ( n , ) 2 
• 3 TO MliHHMallhHOe 

'lliCllO KaHanoB 3a)la'lli (1 B) ~li3H'l0CKli COOTB0TCTByeT JlBYXKaHanbHOMy 

npu6nn)KeHHIO B cny'lae pea KUHR ( 1 a). 
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KoppeKTHO nocTaBneHHaH MHoroKaHanbHaH sana11a pacceHHllH nonlliHa 

llM0Tb 8CllMilTOTII'l0CKllM BIIA 

X ,I, + k 2 X . = 0 
I 1 ( 17) 

OnHaKo B o6meM cny-,rne nng cncTe;,1!,1 ( 14a) 8TO ycnoane He BblnonHeHo, 

IlOCKOnbKY npn . MaTpllUbl K08cpcpnuneHTOB K ( R ) ll 

Q ( R) llM0IOT 6no•rnyIO CTpyKTYPY 

( 

eZ : 0 ) ,-/· t ~•:-- . 
rne nnaroHanbHhie 6noKn sanonHeHhI MaTpn11Hh1 Mll aneMeHTaMn no aonHoBbIM 

cpyHKUllHM Z 1 - If Z 2 - TepMOB COOTBeTCTB0HHO, 

B npnnollieHnn I Ha 11acTHOM npnMepe noKa3aHo, 'ITO ecnn npn 

Bbl'lllCnennn ce11eHnM peaKUllll ( 16) Y'lllTbIBa Tb no M0Hbllleii Mepe BCe 

8CllMilTOTll'l0CKll Bb!pOlliA0HHhl0 a COCTOHHIIH, TO 

2 Q .. (oo)~=o, 
IJ I lj dR 

XOTH OTnenbHhie 1} 1 J (oo ) f. 0 

(18) 

CooTHOllleHne ( 18) Heo6xomrMo nng ynoaneTaopeHmu ycnoani1 ( 17), 

HO OHO HenocTaTO'lHO, IlOCKOnbKY a HCXOAHOM 6asnce MaTpHua 

K ( R ) HenHaroHanbHa. OnHaKo, nepexong K HOBoMy 6asncy Xi 

C IlOMOlllblO OpToroHanbHOro npeo6pa30B8HllH A 

= " -1 
K(R) = AK(R)A 

(19) 

KOTopoe onpenenHeTcSI H3 ycnoBHH nnaronanhHOCTH npeo6paaoaamrni1 MaTpH-
= 

Ubl K ( R ) npH R ➔ 00 , MOlliHO aanHC8Tb 8KBHBaneHTHyIO CHC-

TeMy ypaBH0HHii 

13 



2 
_d XL+[2ME- L(L+l) ]x_ 

dH2 R2 
i [ K <R>x +2t5 1l <R> a xi 
Ii I ll l dR 

] , · (146) 

nnsi KOTopol!: rpam!'IHbie ycnOBllSI ( 17) BbIIlOnHeHbl, . 

TTpH 9TOM 2 
k 1 =2ME. =2ME-K11(""), 

1 (20) 

a 3H8'l0HHe 

HOB0HHSI 

E ~HKCHpOB8HO Bb16opoM Ha'lana OTC'leTa 9HepI'lflf CTOnK-

( B OJlHOM H3 KaHanoa peaKUHH, Ecnn ace KaHanb1 peaKUlflf 

OTKpb!TbI, TO 9HepI'lfSI CTOnKHOB0HHSI ( OTC'llfTbIB80TCSI OT aepxHero 

ypOBHSI 

ycnoBHSI 

EN , a rronHaSI 9HepI'HSI CHCTeMbl E orrpenensieTcSI ua 

l "" 
E = ( + -- KNN("") 

2M (20a) 

OTMeTHM B8)KHbIH ~aKT, KOTOpb!H Mb! )lOK8)K0M B rrpnno;>KeHHlf II Ha 

'l8CTHOM rrpHMepe OCHOBHOI'O TepMa 38)l8'lli i::myx ueHTpOB, 0Ka3bIB80TCSI, 

" 
O)lHOBpeMeHHO C JlH8I'OHanuaauueR (19) MaTpHUhl K (" R ) Mb! YTO'l-

HSieM 3H8'l0Hlfe El 9HepI'HH H30nHpOB8HHOI'O aTOMa, a BMeCTe C HHM 

lf 3H8'l0HHe HMrrynbca (20) B K8)K)l0M Kanane peaKUHH, TTony'leHHOe TaM 

no TeopHH B03Mymeauil: Bb1pa;>KeHHe nnsi E 
1 
= - 1-K 11 ("" ) HMeeT BHJl 

2M 

E t 
I 2 El[l--(K+l) + 
4M 

0,337 

16 M2 
(K+l)4] • (21) 

CooTHorneaue (21) rronyqeno B rrpenrrono;>KeHHH, 'lTO paano;>KeHHe (9a) 

BKmoqaeT JllfCKpeTHbie COCTOSIHHSI 38)l8'lli JlBYX UeHTpOB, C y'leTOM Herrpe

pb!BHOI'O crreKTpa OHO rrpHMeT BHJl: 

"' I H +-1-(I 
E t = E t + 2 M 11 (2 M )2 n=2 

H H ➔ II 1 kll k I ) • ( 21 ) In nl + I dk k2 a 

E 1-E 0 E +~ 

B cnyqae M 1 = M 2 rrpHJleM K ~OpMyne 

"' l 3 I 
El =Ei[l---+--+---(S +S )] 

M 4 M 2 4 M 2 JlHCKp, Herrp. ' 
. I 1 

(216) 
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S = 0,337 H 
/lHCKp. 

/14/ K) 
S = 0,663 , TO eCTb Y'IeT 

Henp. 

HenpephlBHoro cneKTpa npHBO/lHT Jlnll OCHOBHoro COCTOllHHll K HCTHHHOMY 

paanmKeHmo ( 16a) C TO'IHOCTblO llO qneHOB = 1 /M 21 BKnlO'IUTenbHO. 

TTpu 9TOM BKnall Henpepb!BHOro cneKTpa COCTaBnneT 

2 **' :aKnaJla 'lneHoa· = 1/ M 1 

= l /6 oT o5mero 

TaKHM o5pa30M, nocne/lOBaTenhHblH y'leT Bb!CIIIHX COCTOllHHH B MeTO-

Ile B.c.c. npHBO/lHT K npaBHnbHbIM aCHMnTOTH'leCKUM 3Ha'leHHllM aHeprHfi 

H30nHpOB8HHbIX aTOMOB, a TPYllHOCTH C rpaHH'IHbIMU ycnOBHllMU Bb!3B8Hbl 

nuIIIb llBYXYPOBH0Bb!M npH5nmKeHH0M M0TO/l8, 

MeTon cba30BbIX cbyHKUHfi 

B Yll05HblX o503Ha'leHHHX CHCTeMa ypaBH0HHfi ( 145). npHMeT BUil 

- dx 
LI X 1 = K lj X l + 2 Q IJ --/t--' 

i, j = 1,2, .•. , N • 
3JleCb 

L (L+l) 
R2 

(22) 

" BBe/leHbl o503Ha'leHHst: 

Ji,) 

(23) 
2 

k 1 =2ME-K 11 (oo), 

Y cnoaHe S + S = 1 B o5meM cny'lae cneJlyeT 
/lHCKp. Henp. . 

H3 cpaBHeHHll TO'IHoro peIIIeHHSl Jlnst 9HeprHU BOllOPOllOilOJl05Horo aTOMa 

H peIIIeHHst, nony'leHHoro no TeopHu B03MymeHufi. 

Ji,Ji, ) 
qTO CaMO no ce5e HHTepeCHO,IlOCKOnb/ B H30nHpOB8HHOM aTOMe aHa-

norH'IHblfi BKnall COCTaBnsteT 2/3 /}4 • 
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3aaa"Ia paccemnrn ( 14a) perneHa, ecntt nsaecTHa cooTBeTCTBYIOlllaSI 

eii MaTpttua pacceSIHHSI S • MeTOll qiasoahlx qiyHKUHii 191 nosaonSieT 

nepeHTH OT nHH0llHOH CHCT0Mhl .UHq>q>epeHUHanbHb!X ypaBHeHHH BTOPOI'O nopsm

Ka ( 14a) K CMCTeMe Hennn:eiiUb!X ypaBH0HHii nepBOI'O IlOPS!llKa lln>I MaTpHUhl 

s ( R) t YllOBneTBOPSI!OIUeii ycnOBJl!O s ( 00) = s • 
BosMO)KlihI pasntt"IHhie cnoco6b1 napaMeTpnsauntt S - MaTpHUhI. 

B aanhHefirneM MhI ncnonhsyeM napaMeTphI MaK-Xefina-Tsnepa 

KOTOpbI0 npn R ➔ oo nepeXOll>IT B MaTpH"IHbIG sneMeHTbl t i j 

t I. ( R) 
l J 

MaTpHUhl peaKUHH 

IlpHMYT BH.U: 

T. n1rn HHX ypaaHeHHS! MeTOlla q>a30BhIX q>yHKUHii 

d - ~ 
_ t . ( R ) = - a. ( K /3 a/3 + 2 Q /3 a /3, l ) , dR 11 ,a a J a 

t lj ( 0) = 0, t lj ( oo) = t I j ' 

I'lle BB0ll0HhI 0603Ha"IeHHS! 

a 

a =8 u +t (R)v , 
la la a la a 

;{ /3 i = 8 /3 i u /3 + t/3i ( R ) v /3 , 

Ef~i =8/3iu :S+t/3/R) v~, 

.1 rrR . (k R), 
u 1 =v 2 JL l 

_1 rrR n (k R) 
vi =-v 2 L I 

.uaa nttHeii:HO-He3aBHCHMb!X perneH!I ,I CB050llHOI'O ypaBHeHH SI 

L1X1=0 

16 
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C 8CHMilTOTHKOH npu R ➔ 00 

1 rr'L 
u ➔ -- ·sin ( k R - -- ) , 

I yk, I · 2 
l 

1 ( rrL ) 
v ➔ -- cos k IR - -2- . 

l vk7" 
MaTpuua paccesiHHSI S n cetieHHSI a I J 

peaKUHH Bb!pa:lKaIOTCSI tiepea aneMeHTb! M8TpHUbl T 

L . L L -1 
S =0+iT )0-iT ) , 

.00 
L 

}:_ a IJ 
L=O 

(26a) 

paanntiHhIX KaHanoB 
/10/ 

OObl'IHb!M o6pa30M : 

(28) 

B TaKoM nonxone s - MaTpnIJa Bcerna YHHTapHa, noCKOnhKY 

COOTBeTCTBYIOIUaSI eH T - MaTpHIJa CHMMeTpH'IHa. PaBeHCTBO t lj = 

= t j I cnenyeT H3 CHCTeMbl ypaBHeHHM (24) C ytieTOM ycnOBHSI llHBep-

reHUHH (12) H noKa3aHO B npuno:lKeHnHIII. TaM )Ke naH npoCTOH BbIBOn 

cilcTeMbI ypaBHeHHM ( 24). 

B nByxypoBHeBOM npuonH:lKeHHH q>opMynhI nnsi ce'IeHHM (28) neI'KO 

aanncaTh B paaBepHyTOM BHne: 

2 L 2 
o 1i o + ( t1i > 

2 L L 2 
(D -1) + ( t 11 + t 2 2> 

(29) 

TTpH aHanuae peaKIJHH (la) napaMeTpH3aIJHSI ce'IeHHM (29) OK83bJBaeTCSI 

'Ipe3Bbl'I8MHO ynooHOH. 

Mb! He CTaHeM 3)leCb KacaTbCSI nonpo6HOCT9H H TeXHH'IeCKHX Tpyn

HOCTeH, KOTOpbJe B03HHK8IOT npu npaKTH'IeCKOM peanH38IJHH MeTona q>830Bb!X 
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qiyHKlUIH. HeKOTOpbie ll:3 HIIX MOMHO HaHTII B rrpnnoMeHll:ll III, B MOHorpa-

/9/ /4/ 
tplIHX n B pa6oTaX aBTOpOB 

3aKnJQ'-leH!I_~ 

flplI Me,'W8HHhIX CTOnKHOBeH!ISIX B ClICTeMe Tpex Ten, KOI'tla nmrna 

BOnHbl ne EponnH 'iaCTll:11 cpaBHll:Ma C pa3MepaMII o6naCTlI B38lIMOtl8HCT

BIISI II neo6XOtllIMO Y'ill:TbIBaTb B38ll:MHOe BmHIHlle BCeX Tpex 'iaCTll:11, rrpn6-

n1IMeHllble MeTOtlhl pell!eHIISI KB8HTOBOMexaHll:'ieCKOH 38tl8'ilI Tpex Ten Herrpn

I'Otlllhle 

B 3TIIX ycnomu1x rrocnenonaTenhHaH pean1Iaa111IH MeTona B.C.C, o6na

naeT tlOCT8TO'-IHOii o6IUHOCTblO II 11eo6xon1IMOH CTpOI'OCTbIO, OtlHaKO Tpe6yeT 

pell!eHIIH MHOI'OKaHanhHOH 38tl8'-III pacceHHIIH. ITo3TOMy rrpaKTII'-leCKII MeTOtl 

B.c.c. yno6Ho IIplIMeHHTb TOnbKO B tlBYXKaHanbHOM rrpn6n1IMeH1III, cnenona

TenhHO, !WH peaKl!IIH TIIIIa ( 1 a). 

flplI MenneHHhlX CTOnKHOBeHIIRX 3TO rrpn6n1IMeH1Ie tlOCT8TO'-IHO o60CHO

BaHo, Ero MO,IUIO yny'-lll!IITb, ecnlI BMeCTO 3qiqieKTIIBHblX IIOTeHIIIIanoB 

K lj ( n > llBYXKaHanbHOH 38tl8'-III IIC.rronh30B8Tb "rrorrpaBneHHhre" 38 

"' 
C'-!eT Bb!Cll!IIX COCTOSIHIIH IIOTeHIIIIanbl K 

lj 
( R ) • fl ocnenHee o6cToH-

TenbCTBO HecyruecTBeHHO B aTOMHb!X 38tl8'18X, HO MOMeT OK838TbCR B8)K

Hb!M IIplI pell!eHIIII 38tl8'1 Me308TOMHOH tplI31IKII, rne rrapaMeTp paanoMeHIISI 

l/2M"' 0,1 yMe He Man. 

TipaKTlI'i8CKOe IICIIOnb30B8HIIe 
141 

II3nOMeHHOH MeTO.UIIKII .UOKaaano ee 

o6ocHoBaHHocTb .unR 11enoro Knacca aa.ua'I, 

Tipnno>KeHne I 

OnepaToph1 V R II il i; B 3nnnncon.uanbHhlX KOOP.UR Ha Tax BhirJrn-

/2 3/ 
.USIT .UOBOnbHO rpOM03.UKO 

1 
· 1 O.UHBKO B npe.uene R ➔ oo , KOI'.U8 
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pememrn 38)l8'iH llBYX ueHTpOB nepeXO)lSIT B BOnHOBbJe ¢yHKUHH BO)loponono-

" " no6HOI'O aTOMa, OHH ynpomaIOTCSI H B. c¢epH'i0CKHX KOOPllHHBTaX r, t= r R 

npno6peTaIOT BHll 

v ➔ = _.!_ (K ±I>['; (_a_ - _!_ _L) + R-1- _a_], 
R 2 a r r at r at 

2 a2 
2 a ± 1) l--+- -- -ar 2 r ar 

1 . 2 z 
=--(K±l) (E1+-) 

2 r 

rne BepXHHH 3H8K OTBe'iaeT z 
1 

- TepMaM, a " r H " R - COOTB0TCT-

ByiolIJHe enHHH'iHble B0KTOPbI • .UnSI Bbl'iHCneHHSI MaTpH'iHblX aneMeHTOB OT 

onepaTopoB ( Il. I Hano BocnonbaoBaTbCSI paanmKeHneM napa6onn-qec-

- /11/ 
KHX BOnHOBb!X ¢YHKUHII no c¢epH'i0CKIIM • B 'i8CTHOM cny'iae, KOI'lla 

OllHa H3 BOnHOBblX ¢YHKUIIH COOTB0TCTByeT OCHOBHOMY COCTOSIHHIO, HafineM: 

( n .. 2) 

K ln 38BIICHT TOnbKO OT rnaBHOI'O KBBHTOBOI'O 'iHCna 

n , a Q 1 n I KpoMe TOI'O,-OT pa3HOCTII • TiocnenHee 

CBOHCTBO Q 1 n IlO3BOnSieT llOK838Tb BB*Hoe paBeHCTBO 

~ 
la l 

dxa [n-i ] dx 
Ql ( 00 )--- = ~ ~ Q (oo) n a 1000,nn 1n 2o· .dR d R n °2=o 

19 
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B caMoM i:tene, XOTH s o6meM cnytrae somrnsasi: IPYHKUHH si:i:tepHoro 
LIBH)l(eHHH 

)( a aasncuT OT mecTu KBaHTOBbIX queen: 

)(a=)(kLAnn2m ( IT ,S) 

Hos aCHMnroTuqecxofi o6nacru 

llOCKOnhKY npu R ➔ oo 

X a Y)l(e He 38BHCHT OT n 
2 H m 

Horo aTOMa, a BMecTe c Hero H 3HaqeHHe (20) 8Hepr1rn £ n = E -En (
00

) • 

C yqeTOM 9Toro o6cTOHTenhcTsa cyMMa B cxo6xax o6pamaeTcsi: B Hynh, 

OT Hnx He aasncnT sHeprHSI En uaonupoBaH-

qTo MO)l(HO ycTaHOBHTh HenocpeLICTBeHHo, Hcnonh3YH HBHOe Bb!pa)l(emre 

IT. 2 ). 

B i:tanhHe:ihueM npu BbJqHcneHHH nonpaBOK K 9Hepruu HaM llOHaL10-

6HTCH CyMMa PHLla Teopnil: BO3MyIUeHH:i1: 

00 

s I 
n:-0:2 

I"'Lle 

n-1 

I 
n

2
=o 

KtnKn 1 

E -E 1 n 

z2 
= - - (K ± 

2 

2 
_L ( K ± 

2 

I )4 0,337 
4 

an= 64 n a 
(n-1 ) 2n-3 

(n + I )2n+a 

ITpuno)l(eHue II 

1)4_1 
4 

YpasHeHne lIJpei:tnHrepa rpexrenhHO:i1 3aJ:1aqu 

I 
(-- ~ ➔ + 

2M R 

➔ 

Z 1 Z 2 + H ) q, ( r, R ) 
~ 0 

➔ 

E IJI ( ?, R ) , 

I"'Lle, KaK O6bJqHo, 

20 
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an 

IT. 6) 

( IT. 7) 

( IT~ 8) 



B rrpn6mnKeHHH 

➔ 

I, <p n (;; R ) if, n ( R ) , 
{n I 

c n. 9) 

( TI .10) 

o - TepMOB rrp~ R ➔ .oo IIpllBO.QllTC.ll K cne.Qy!Olll0ll 

CHCTeMe ypaBH0HHll Wpe.QHHI'epa ,Qn!il pannanbHhlX BOnHOBhIX qiyHKUHll H.Uep

HOI'O .QBIOK0HHSI: 

- X ~, + 2 M ~ [ En 8nm + -ifJ- H nm ] X m = 2 ME X n , 
< n .11) 

B CKanSipHOM IlpOH3B0.Q0HHH ( fl . 9) B0KTOpa-CTpOKH <p n ( ;'; R ) 

Ha aeKTop-cTon6eu rrpaBOMepHa IIO.QCTaHOBKa 

OpTOI'OHanhHOe rrpeo6pa30BaHHe A orrpenennM n:a ycnoBHSI nuaroHanu-

aamm · ( 0 . 11 ) B IIpeo6pa30BaHHOM 6aan:ce "' xn 
PaccMaTpHBaSI onepaTop H.UepHoro .QBHlli0HHSI - -fu" Ii R 

MyllleHHe, 1{3 ycnOBHSI 

(- _l_ fi ➔ + 
2M R 

R ➔ OO 

KaK B03-

< n .13) 

MOlliHO Hail:TH MaTpnuy rrpeo6paaoaaHHSI 

Bh16n:pasi aa HyneBoe npu6nullieHn:e nnsi 

A no Teopuu B03MYlll0Hllil:, 

¢ n ( ;; R ) perueHHSI aa.Qa'rn 

.QByx ueHTpOB (II .10). 
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1 
A = 8 .. +-2M lj IJ 

II Ii (1 - o Ii ) + 
E - E. 

I J 
(TT.14) 

I ~ 11
1a 11 ai + -- ~ [ __ ___:._;_:__~ 

(2M ) 2 
a f 1 (E 1 - Ea )(E 1 - E i) 
af i 

1 111aHa1 · -- ~· 

2 (E -E )2 il 
I a 

1111" 11 J (1 - 01j )l. 
(EI-Ej)2 

" B cnytrne CHMMeTp1Prnoi1: .nepeaapsmKH noTeHirnanb1 K 11 

=2MW1(H)o11+K1j(H)- ri 01j<R)=2MW1(R)o1j+R11 (R) 

ypaoHemrnx ( 14a) npeo6paay10TcSI no cpopMynaM 

K IJ ( H ) = 2 MW 1 ( H ) o ll + R lj ( R ) + 

R 

+ 21M [S1aHaJ(B)+H1a(R)Sa1-S1a[W1(R)-Wa(R)] Sail' 

B 

< n .15) 

s 
la E - E 

II I a 2 
n,a(H) = Kla(B)- 7f Qia (H)' Hla(oo) = II la • 

I a 

3TH <popMym,1 ocymecTDnSIIOT JlH8l'OllanH38'-lHIO CHCTeMbl ( 146) C TO'lHOCTblO 

"' JlO 1 / M 2 DKnIO'lUTenhHO, UnSI SHepl'HU OCHODHOl'O COCTOSIHHSI E1 OHH 

npHBOJlSIT K peaynbTaTy 

. I 
"' I II + 2 E1=E1+2M II (2M) 

}: 
n=2 

11 1nllnl 

E1-En 
< n .16) 

TTepBblll 'lneH B STOll cyMMe COOTDeTCTByeT SHeprHH TepMa npu 38KpenneH-

HbIX SIJlpax B npeaene R ➔ oo , DTopoi1: aaeT aaHa6aTu'lecxue nonpaBKH 

Ha JlBll}KeHHe SI)lep, a TpeTHll Y'lli Tl,IBaeT nonpaBKli K Tep My "'1/ M 2 
OT 

Bb!CllIHX COCTOSIHllll, 

OTMeTHM, 'ITO MaTpH'-l8 npeo6pa30D8HHSI TT , 14) 38BHCHT TOnbKO 

OT rnaBHhlX KB8HTOBhlX 'lHCen TepMOB n Ii n ll IlOTOMY He Hapyrua-

eT ycnomrn 

Hllll ( 17), 

( n . 4), o6ecne'lnBaIOlliero aCHMTITOTH'lecxyIO <popMy ypaBHe-
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TTpHJ10)KeHne III 

TTycTb /:(8118 CHCTeMa CBSI3aHHbIX ypaBH8HHH lllpeAHHI'epa 

L I if, 1 =K I l if, l + 2 Q lj ( n . 11) 
dR 

I'Ae L 
1 

-Amp4>epeHUHaJ1hHb!H onepaTop BTOporo .nopSIAKa THna (22), HMe-

IOIIlHH ABB mrneHHO-He3aBHCHMb!X perneHHSI, 

KOH (26a) H BpOHCKHaHOM 

u I H VI , C .aCHMilTOTH-

( n .1 s) 

B MaTpH'lHOM BHJle npe)lhIJlYIIlHe COOTHOllleHHSI npHMYT BHA 

L 'l' = K 'l' + 2Q 'l'', ( , Il •. 19) 

u~v-uv'=I ( Il . 19a) 

I'Jle L u H , V JlH8I'OH8J1h!Ihle MaTpHUhl COOTB8TCTB0HHO 

L H pellleHHH U I H -, 0/lHHH'l-onepaTopoB 

11ag MaTpnua; K H Q - MaTpHUhl, nocTpoeHHhle H3 aneMeHTOB 

K IJ H Q11 ; a q, BeKTOp-CTOJ16eu perneHHH 

BOpSI!OIUHX rpaHH'l!IblM ycJ10BHSIM 38/lS'lH pacceSIHHSI. 

06mee perneHHe CHCT0Mbl ( n. 19) HllleM B BH)le 

'l' = uA + vB =(u+vT)A 

1/' I , , YAOBJ1eT-

( n .20) 

npu Jl0ITOJ1HHT8J1hHOM yCJ10BHH 

3AeCb 

lllHX OT 

A 

38f8'1H 1 a 

R 

H 

en. 21 > 

8 - MaTpHUbl npOH3BOJ1hHbIX Koa4>4>uuneHTOB, 38BHCSI

' Bb16op KOTOpb!X orrpe)leJ1SI0TC5i rpaHH'lHblMH ycnOBHSIMH 
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T(R)=BA- 1 

( n. 22) 

no orrpeneneHHIO' T (oo ) = T H paBHa MaTpHue peaKUHH, ITocne rroncTaHoB-

KH peweHHH ( IT. 20) B ypaBH0HHe ( 
IT • 17) C yqeT0M il0IT0nHHTenbH0-

I'O ycnOBHH ( IT , 21) IT0ny<IHM CHCTeMy ypaBH0HHll! 

u 'A 'A-
1 

+v'B 'A-
1 

=K(u+vT)+2Q(u '+ v'T), 

uA'A- 1 +vB'A- 1 =0 . 

.iloMHmKaH cneBa. rrepBoe H3 ypaBH0HHll Ha u +TV 

IT.23) 

, a BTopoe Ha 
u '+Tv' H BhlqHTaH ero H3 rrepBoro, C yqeTQM C00TH0W0HHH 

IT, 19a) IlpHneM K ypaBH0HHIO 

T' = - ( u + Tv ) [ K ( u + v T) + 2 Q ( u '+ v' T ) ] ( n .24) 

nnH MaTpHUbl T ( R ) • 3 Ta CHCTeMa HennHellHb!X ypaBH0HHll rrep-

BOI'O rropHnKa 9KBHBaneHTHa CHCTeMe nHHellHbIX ypaBHeHHll BToporo rropHn

Ka (145) n nocTaToqHo yno5Ha B rrpaKTHqeCKHX pacqeTax, 

Bhl'IT0M H3 ypaBHeHHH 
( IT .19) TpaHCil0HHpOBaHHoe ypaBH0HHe 

L'P='PK+2'P'Q, ( n. 25) 

rrocne qero C yqeT0M paBeHCTBa (12) rrpnneM K C00TH0W0HHIO 

'l''I''-'l'''l'= 2'1' Q 'I' < n .20 > 

11cnonb3YH ¢opMynb1 ( IT. 20), ( IT, 19a) H ( .IT. 22), nonyqHM 0K0H-
qaTenbH0 

T-T = 2(u + Tv )Q(u +vT ). n. 21) 

CooTHOWeHne ! IT. 27) crrpaBennrrBo rrpir n1060M 3HaqeHrrn R 

H MO)l(eT cny)l(UTb nnH K0HTponH T0qHQCTH rrpu IIHTerpupoBaHnn Cl:ICT0Mbi 

ypaBHeHHll ( TI. 24), ITprr R ➔ oo Q ➔ o "' u T == T , T,e, MaTpuua 
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peaKUHH CHMMeTpH'IH8 B COOTB0TCTBHH C o6mHMH Tpe60B8HHHMH, B 

-KaHanbHOH saaa'le pacceHHHH 
N(N+l) 

2 
MaTpH'IHbIX aneMeHTOB 

N -

t lj = t 11 COCTaBnHIOT MHHHManbHhIH Ha6op napaMeTpOB, 11eo6xom1Mh!H 

anH napaMeTpH38UHH YHHTapHOH S - MaTpHUhl, 

~H3H'l0CKaH MaTpHUa peaKUHH T COOTBeTCTByeT TaKOMY pas6ne-

HHIO raMHnbTOHHaHa 38il8'1H ( 146) I npn KOTOpOM 

Hh!H BHil: 

H B 9TOM cny<Iae 

u 

VI 

d 
2 

2 
= --- +k 

d R2 

= v' ___!!]L 
I 2 

. (k 
J L I 

L(L + 1) 

R2 

R) ➔ 
_1_ 

v'~ 

=- y' 77 R n (k R) ➔ 

2 L I v'~-

"L 
2 

,L I HMeeT CTaHaapT-

IT.28) 

Bin e 
I 

COS e I , ( IT.29) 

l111oraa yao6Ho OTll0CTH K onepaTopy ·L I qacTb IlOTeHunanbHOi-i 9HeprHH 

( HanpHMep, aanbHOil0HCTBYIOillHH KynoHOBCKHH 'lneH) nnn, Hao6opoT, Bb!HeC-

TH ueHTpo6elliHh!H 'lneH HS- L I 
1131

• B 9TOM cnrrne HOBhle CTaHaapT-

Hhie perneHHH 

aCHMilTOTHKY 

u I 

VI 

H vi ypaBH0HHH (2_7) C onepaTopOM LI HMeIOT 

·sin e I 
R ➔ .oo • IT. 30) 

cos ~ I , 

PelllHB anH TaKoro pas6neHHH raMHnbTOHHaHa ypaBH0HHH ( I1. 24) MeToaa 

cpa30Bh!X cpyHKUHil:, HanaeM HecpH3H'l0CKYIO MaTpnuy peaKUHH T, l1CKO 

Mag MaTpnua peaKUHH T onpeaenHeTCH 3aTeM H3 COOTHOilleHHH 
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- - -1 T = ( cos 8 T + sin 8 ) ( cos 8 - sin 8 T ) , 
<IT.31) 

I'Jle cos 8 = I cos 8 1 I II sin 8 = I sin 8 1 I - JlliaroHanbHhie MaTPIIIlhI, a. 

O I= [I -( I " 

B cny,:rne 

R ➔ oo 

z 2 > 1 HeKOTOpbie II3 noTeHUIIanoB 

y6hrna10T KaK 1 / R 
• KaK ITOKa3bIBaeT OIThIT, B 3TOM cnytJae 

"" 
K lj ( R ) npu 

Yll06Ho onepaTop LI II pemeHIIH u ; II vi Bh16paTb B BIIJle: 

L = L + k 2 + ~ -~ l ) 
I d R2 I R R" 

U =FL(klH; T/1 ), 
z ( IT • 32) 

v T/ I 
G(kR;r, ). 

L I I 
k I 

¢1I31flJ0CKa.H MaTplil.ta peaKUillf BhllJIICn.HeTC.H 113 COOTHOllJ0HlfH ( IT • 31 ) np1I 

aHatJemm 

.z 
8 = a = arg f'(L+I-i--), 

L k ( IT. 33) 

a HOpMIIpOBKa KynOHOBCKIIX <PYHKUIIil onpeJlen.HeTC.H aCHMITTOTIIKoil: 

FL ( k I R ; TJ ) == · 
1 

_ sin ( k I R + TJ 
I 

In 2 k
1 
R - "

2 
L + a L ) 

I R ➔ 00 V k I ( IT .34) 
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