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BBeneHHe 

B IIOClleAHHe I'OJ:Ibl p83llH'IHbiMH 8BTOp8MI1 ITOCTpO ~II p51Jl HOBbiX CXeM 

TeopeTJ1qeCKOI'O OITHC8HI151 Heo6p8TI1MWX rrpoueCCOB B H~paBHOBeCHWX CI1CTe

/}-5/ 
MaX , 3TH MeTO)lhl OCHOBaHW Ha I'HITOTe3e 0 COKJaWeHHI1 qJ1Cll8 napa-

MeTpOB 1 He06XOJlHMbiX Jlll51 OIT!1CBHI151 HepaBHOB8CHOH CH ~TeMI,I B rrpouecce 

ee 3BOl1IOUH11. H MeHHO, rrpeJJrronaraeTc 51, qTo JJn 51 MOMeH ron BpeMeHI1, 6onb-

llii1X HeKOTOpOI'O X8paKTepHOI'O BpeMeHI1 "3a6b!B8HI151" 11CXOJlHb!X KOppell51UI1ll 1 

COCT051H!1e CHCTeMbl MOIKHO OITHCaTb CpeJJHI1M H 3HaqeHI151MI1 < pm 

Sp (Pm p(t,O)) H8KOTOpOI'O orpaH!1qeHHOI'O Ha6opa <mepaTOpOB p 

t 
> 

m 

m -COBOKYITHOCTb Herrpepb!BHLIX 11lll1 Lli1CKpeTHhiX 11HJl8KCOB) 1 rrepBb!H 

apryMeHT CTaT!1CTJ1qecKOI'O OITep8TOpa 03HaqaeT 3aB11CIIMOCTb OT qe-

pe3 MaKpOCKOITJ1qeCKI1e rrepeMeHHbie, a BTOpOH apryMeF T I I = 0 yKa3bi-

BaeT Ha B03MO)I<HyiO 38BI1CI1MOCTb OT BpeMeH11 qepe3 IT Je.QCT8BlleH!1e feH3eH-

6epra, npl1 3TOM HepaBHOBeCHb!H CT8TI1CTJ1qeCKI1H orrep 1 I'Op ( HCO ) p (t,O) 

MOIKHO ITOCTp011Tb KaK tjJyHKU110Hall, 3aBHC51W11H TOnhKO lT orreparopOB Pm 
t 

11 ~YHKU11H < pm CaMI1 tjlyHKU1111 < P m > 

TaTe pell!eHI151 38MKHyTOH CI1CTeMW Hell11HBHHWX 11HTer'pJJJI1¢¢epeHU!1allbHWX 

ypaBHeH!1ii, rronyqaeMLIX ycpeJJHeH!1eM orreparopHbrx ypEB!IeH!1f\ JJBJ1;.KeJII151 Jlll51 
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no p(t,O). 
/1-5/ 

TeopeTH'IeCKHe cxeMbi coaep)!(aT pa3nH'IHbre 

peuerrTI>I rrocrpoeuu 51 fiCO , COOTBeTCTBYJOillef'O TaKOMy COKpa!lleHHOMY 

OITHC8HHIO HepaBHOBe:HWX CHCTeM, 

8 K8)!(A0M H3 ITHX MeTOAOB UepaBHOBeCHWA CT8THCTH'IeCKHA orrepaTop 

TeCHO CB5138H C KB8.1Hp8BHOBeCHbiM CT8THCTH'IeCKHM OITepaTOpOM p q ( t, 0 ) 

p (t,O) = t>>p I -S(t,O) 
q 

S ( t,O) 

( 1.1) 
<fl ( t) En S J exp I - ~ Fm ( t) Pm 

m 

ITpH'IeM HCTHHHWe CleAHHe OITepaTOpOB p 
m IIpHp8BHHB810TC51 K cpeAHHM 

3H8'IeHH51M 3THX OIIEpaTOpOB ITO pacnpeaeneHHIO p q (I, 0 ) 

<P 
m 

t 
> Sp ( P m p ( l , 0 ) ) 

'lTO aaer ypaBHeHHH, onpeaeJIHJO!llHe Fm (t), 

llna ua6opa ql) HKUHil, F n ( t ) 

( 1.2) 

,t 
" . 51Bfl5110TC51 COIIp51fl\eHHblMH 

B CMbiCne HepaBHOB•~CHOi! repMOAHHaMHKH H npeACT8Bfl5110T C060ii Ha60pbl 

0606!lleHHbiX TepMOIJUH8MH'leCKUX CHfl U TepMO.QUHaMU'leCKHX KOOpAH'lBT, 

0 /1-5/ 
COOTBeTCTBeHHO. TaKHM o6pa30M, B paMK8X K8)!():10H H3 CXeM Cy!lleCT-

ByeT O.QHa H Ta )!(e CB513b TepMOAHH8MU'leCKUX CHfl C TepMOAHHLlMH'leCKHMH 

KOOpAHH8T8MH 

< p ', 
0 <fl (t) 

m 
F (t) 

o S(t) 
( 1,3) 

3TH CXeMbl I1pHBOA5 T K OAHHBKOBbiM ITO c!JopMe o6o6!lleHHLIM KHHeTU'leCKHM 

ypaBHeHH51M, OIIUCI,JB8!01UliM 3B0fl!OUUIO BO BpeMeHH QJYHKUHH < p >t, F (t) 
n 

( I 1 a/) 
CM, 
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-I 
m 

F (t) n 

8 
2 

<ll (t) 
F m (t) =< pn 

t 
> 

8 F (t) 8 F (t) n . m 

8 2 s (t ) 
I -------- < p 
m 8<P n 

a F (t) 

a t 

t 
> 8<P 

t m 
> m 

= Sp ( P n p (t,O) ) . ( 1.4) 

t 
( 1.5) '> 

·" 
H - PaMHllbTOHuaa cucTeMbi, l:tn51 rrpocTOTbi 6yneM C'!HTaTh, 'ITO u H 

He 38BHCUT OT BpeMeHH), H K 0JlHH8KOBbiM IIO <jlopMe Bb!p8)1(eHH5IM Jln51 IlpO-

H3BOJlCTB8 9HTpOIIHH 

( 1.6) 

- I 
8 2 <ll (t) 

8 Fn (t)8Fm (t) 

ci>OpMynhi ( 1.4), ( 1.5) H ( 1.6) B pa3nH'!HbiX MeTOJl8X OTnH'!8!0TC51 TOnbKO 

crroco6oM ycpenaeHH51 orreparopoa Pn = i\- [ Pn , H , r.e. 5IBHbiMH 

Bhlp8)1(eHH5IMH Jln51 cpeJlHHX IIOTOKOB 

t 
> S p ( Pn p ( t, 0 ) ) 

KOTOpbie 38BHC5IT OT 5IBHbiX Bbipa)l(eHHil anSI p ( t, 0 ) 
Ill 

B Merone, rrpenno)l(eHHOM onauM ua aaropoa , HCO aarrHCbiBa-

eTC51 B BHJle K8HOHH'leCKOI'O pacrrpeneneHHSI KB83HHHTerpanOB JlBU)I(eHH51 
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fV'VV'. '/V'.A. 
0 

p F (t) - ( f dt ' e ct p (t ') F ( t + t ' ) 
n n n 

ltl It H ( 1. 7) 
p (t) e h p e h 

n n 

H MOlK8T 6b!Tb BblpB)K8H 'Iepe3 lfHBBpHBHTHYIO 'I BCTb OTiepaTopa 9HTpOTIIflf 

S ( t • 0 ) I 1 a/. 

HaHa 

p(t,O) 
0 (t 

exp l - f f dt ' e s ( t + • t ' ) 

/V'V\-"v-VV V'VvVV 

= cxp l - S ( t 0 ) 
~1,~"'\..t'"\,..~""""' 

exp l en p ( t. 0 ) 
q 

( 1.8) 

__, + 0 nocne TepMO~HHaMH'IecKoro npe~enhHoro nepexo~a 

HCO TecHo CBSI3aH c MeTo~oM MaK-lleH-3TOT MeTO~ TIOCTpOeHHSI 

/2/ 
, KOTOpblll BBO~IfT B ypaBH8Hif8 Jll!yBifJ1J1SI 'IJ18H, OTIIfCbiBB!Oilllfll BJ11f-

/1/ 
SIHI!e TepMOCTaTa. ( TJ11!'IIf8 M8TO~a 

/2/ 
OT M8TO~a MaK-JleHHaHa COCTO-

1fT B TOM, 'ITO BMe•;TO lfCTO'IHifKOB, OTIHCbiBB!OilllfX KOH8'IH08 BJ11fHHif8 TepMO-

CTBTa, B ypaBH8Hif8 JlHyBifJ1J1SI BBO~SITCSI 6eCKOH8'IHO Manwe lfCTO'IHifKII, 

/6/ 
OT6HpB!Oilllfe ero 38 IB3~biBBIOilllf8 peweHIISI • Docne HHTerpHpOBBHifH TIO 

Ill 
'IBCTHM II OT6paCWBlHIIH TIOBepXHOCTHWX lfHTerpanOB M8TO~W pa60T If 

/2/ 
TiplfBO~HT K O~Y HBKOBb!M pe3yJ1hTBTBM, If B 9TOM CMbiCJ1e OHif 9KBifBB-

J18HTHW. DosToMy ~9nee MW 6y~eM cpaBHifBBTh c ~pyrHMif MeToaaMH ni!Wb 

Ill 
Me TO~ 

ilpyroil cnocc6 nocTpoeHHH HCO 13/ 
lf3J10lK8H B pa60T8 BBTOpOB 

DpH 9TOM nco BWpBlKB8TCH qepe3 lfHBBplfaHTHyJO 'IBCTb KBB31fpBBHO-

r---v"""'v""' 0 

p (t,O) p (t,O) = f J dt 'e H p 
Q q 

0 

(t+t', t' ) =f f dt 'e H 

6 
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HCO ( 1,8) H ( 1.9) YllOBneTBOpHIOT ypaBHeHHIO J1Hy 3HnnH B CMhiCne KBa-

/6/ 
3HCpellHHX IIpH E -" 0 

EnH3Koe K ¢opMyne ( 1,9) 
/4/ 

Bhipa)KeHHe llnH p ( t, ) ) rrony'IeHo B pa-

6oTax Po6epTCOHa , KOTOpb!ll: HCXOilHn H3 MeTOil8 IIpOeKUHOHHblX OIIepa-

171 
TOpOB UBaHuHra llnH HCO t OIIHCbiB810!Ilero .!epaBHOBeCHbie CHCTe

t 
Mbl B TepMHH8X orpy6neHHb!X IIepeMeHHhiX < p n '> H flpoeK-

UHOHHbie orrepaTOpbl BBOilHTCH Po6epTCOHOM B Bb!p8)KE HHH llnSI a p (t,O) I at 
q 

Ero MeTOil rrpHBOilHT K HHTerpanbHOMy ypaBHeHHIO lln!I P q (t,O) , aaano-
171 

rH'IHOMy OCHOBHhiM KHHeTH'IeCKHM ypaBHeHHHM UBaHUEra , H K 38MKHyTo-

My Bhipa)KeHHIO llnH HCO B BHile ¢yHKUHOHana OT p q ( t, 0 ) , 
/5/ 

fleneTMHHCKHM H HueHKO IIOCTpOeHa eme O~Ha CXeMa COKpa!IleHHO-

ro OIIHC8HHH HepaBHOBeCHhiX CHCTeM, OCHOBaHHaSI Ha lHTerpanbHOM ypaBHe-

HHH llnH HCO • EnH3Koe no ¢opMe HHTerpanbHOE ypaa,HeHHe llnH 

HCO 
/3/ /8/ 

IIony'IeHO B pa60Te 8BTOpOB , 0TnH'IHe 9THX ypaBHeHHfi 

Jlpyr OT Jlpyra o6ycnoBneHO pa3nH'IHeM B rpaHH'IHbiX ;rcnOBHHX, IIpHHHTbiX 

IIpH HX BhiBOJle, 

B HaCTOH!Ilell: pa6oTe Mhi rroKa)KeM, 'ITO MeTOilhi, H3nO)KeHHhie aBTopaMH 

11-1a 3/ 
B pa6oTaX ' t 9KBHBaneHTHbl Me)KJly C060fi B TCM CMbiCne, 'ITO IIpHBQ-

IlHT, IIpH HeKOTOpblX IIpe/liiOnO)KeHHHX BeCbMa o6mero <apaKTepa, K OllHHaKo

BhlM 0606!IleHHhiM KHHeTH'IeCKHM ypaBHeHHHM llnSI ¢ym UHfi < p n '> t H 

F n ( t ) , CBH38HHhiM Me)KJly co6oll: OllHHaKOBhiMI TepMOilHHaMH'IeCKHMH 

paBeHCTB8MH ( 1,3), 
/4/ /3/ 

.Uanee, COIIOCTaBnHH MeTOil Po6epTCOHa C MOTOilOM pa60Thl , 

Mbl IIOK8)KeM, 'ITO eCnH HBHO y'IeCTb He06paTHMbie rpnHH'IHbie ycnOBHH 

HCO , H llnH o6o6meHHhiX 

KHHeTH'IeCKHX ypaBHeHHfi B MeTOile Po6epTCOHa, TO rro:nellHHfi COBITallaeTCO 

cxeMofi 
131

, ocHoBaHHoll: Ha HCO B ¢opMe p (t,O) ,;~ ( (, 0 ) , 
q /1-3/ 

f1 0-BHilHMOMY, HeT IIOnHOfi 9KBHBaneHTHOCTH MeT(>/lOB C Me TOll OM 

fleneTMHHCKOro-HueHKO B TOM ero BHile, B K8KOM OH !3nO)KeH B pa6oTaX 
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/5/ 
E ~llH, OAH8K0 1 38MBHHTb B 9TOM MBTOAe orrepaUUIO 9THX 8BTOpOB 

"pa3MBlllllB8Hll51" 1 OIIH ~biB810lllYIO 9B0ll!OUHIO CllCTBMbi BO BpeMeHH IIpll cpllKCll-

poBaHHLIX 3aaqe&ll51X pyHKUllfi Fn ( t) 

B OCHOBB 9prOAllqecKIX COOTHOllleHUfi 

t 
ll < p n '> 

/5/ 
pa6or ) , Ha orrepaUHIO 9B0ll!OUHH 

CllCTeMLI ITO ee cpa30E Oft TpaeKTOpllll ( B rrpouecce TaKOfi 9BOll!OUHH MBH5110T-

C51 KaK AHH8MUqeCKHB rrepeMeHHLie, TBK ll cpyHKUHH Fn ( t) 

TO B TaKOM Bllll0H3MEHBHHOM BllAB 9TOT MBTOA IIOllHOCTb!O 9KBHB8llBHTBH 

/1-4/ /1/ 
, a HHTerpanhaoe ypaBaeaue nnH HCO qeT~peM npyrnM MBTJA8M 

roqao coBrranaer c unrerpanbHLIM ypaBHeaueM nnH 

2. 3KBHBilllBIITI!OCTb MBTOf!OB HCO 

DoKaiKeM 9KBHB11lleHTHOCTb rrpeJlcTaBneanil 

0 

II CO 

/1/ /3/ 
H 

/3/ 

II CO B ABYX cpopMax: 

), 

p ( t. u) t>xp I - f J d t I t>ft I s ( t + t 
I 

t 
I 

(2.1a) 

H 

0 

p ( t. 0) f f d (2 .16) 

3aiiHlllBM HHBapHBIITII)IO qaCTb KB83Hp8BH0!3BCHOrO pacrrpeneJieHH51 B BHAB 

p (t,O) = p (t,O) 
Q 

0 

= f f dt 
I 

( l O -~I,ti\'_~I~(~:;-I:-;-1~-
e-S ttlt,tt =f J dtt eftt e 

-oo 

(2.2) 
0 

=f f d t 
I 

,_ .......... _........ ....... -.. ....... -.· 

x · . . I r ( t + t 
1 

, t I ) e -s < t + t 1 • t 1 l 
n 
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3necb 

s ( t,t)) S (t,O) -I (t,O), 

o n 1 
l{t,O) =I dt

1 
e S (t+t

1 
,t

1
), I (t .. t

1
) = e h 

--oc 

s ( t' 0) 
aS(t,O) 

a t 
l . 

+-[S(t,O),H], S(t,t 1 ) 
ih 

it H 
I ----

h 
I ( t, 0) e 

itt H It I H 
_h __ , -h--

= (' s ( t ' () ) c 

(2,3) 

VIHT81"'pl1py5! rrepBb!H '-Jn8H B rrpaBOH '-!aCTI1 cpOpMynbi ( 2,2) ITO '-laCT5!M 11 

Y'-111 TbiBa H, '!To 

dS ( t, 0) 

d t 

rrony'-111M 

~ ...... 
as( t, o l 

at 

1 
+

ih 
[S(t,O) ,H { I ( t, 0 ) , 

e -S ( t + t l, t I 

I d r 1 I r ( t + t 1 , t 1 
0 I 

I' -S ( t + t1 ,t 1 l 

(2.4) 

(2.5) 

Bropoe cnaraeMoe rrpasoi1 '-!aCTH <jlopMynhr (2.5) 11 rrt,pBI>Iii '-!neH cyMMbi 

( rrpn n = I ) pa3nO)KeHH5! (2.2) s3aHMHO yHH'-!To"a!OTCH, Torna pa3-

HOCTb Me)K.Qy ABYMH paccMaTpi1BaeMbiMH cpopMynaMI1 HCO ITpi1H11MaeT 

BI1.Q 

~ 0 ~ 

e-SCt,O)_e-SCt,O)=f Idt,en 1 B(t +t,,t,) 1.-SCt+t 1 ,t 1 l, (2.6) 
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n I 
I (-1) fdr •.. fdr I (t+t

1
,t

1
) ... lr (t+t

1
,t

1
). (2,7) 

n=2 0 1 0 n T I n 

0TMeTHM 0 'ITO, eCJlJ! MO)I(HO 6bin0 6bJ COBeplllHTb rrpe)lenbHblll rrepeXOJl f -> 0 

JlO TepMOJlHH8MH'IeC KOI'O rrpeJlena, TO, BOCIIOnb30B8BillHCb TeOpeMOll A6en51, 

Mbl HMenH 6hi 

~----
lim S ( t + t I . t I) 

t
1 

-+-oo 

~ 

lim S ( t + t I , t I ) = S (-"" , -"" ) 
t

1 
-Jo -oo 

lim S (t,O) S (-oo , -oo ) 
( _. 0 

lim I ( t + t 
1 

, t 
1 

) 0 

lim 8 ( t + t I , t I = 0 . 
t

1 
-+ -oo 

(2.8) 

(2,9) 

(2.10) 

0 08TOMY rrpH f -> 0 npaBaSI 'laCTb (2.6) CTpeMHTCSI K aymo, TaKHM o6pa-

30M, rrpe)lenbHbie 3JJa'leHH51 t:IBYX cpopM HCO 

co6oi1:: 

0 

lim £ f dt 1 e ft 1 

(-->0 

= lim exp 
(-->0 

( t 1 
e 

(2.1a,6) paBHbi Me)l(ay 

(2.11) 

-8(-oo,-oo 
=e 

PaBeHCTBa (2.10) ~ (2,11) He 03Ha'laJOT ellle, KOHe'IHO, 8KBHBaneHTHOCTH 

HCO (2.1a,6), nocKonbKY npeaen f --> 0 cne)lyeT BU'IHCnS!Tb TOnbKO 

rrocne Bbi'IHCneHHSI cpe)lHHX If ycTpeMneHH51 06beMa CHCTeMbl K 6eCKOHe'IHOC-

TH, Moli<HO CK838Tb TOnbKO, 'ITO pa3HOCTb (2,6) rrpH ManhiX 

6bJTb caenaaa KBK ;Toaao Manoil, ecnH npeJlen (2.9) cyllleCTByeT, 

10 
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06cyAHM Terrepb 8KBHBaneHTHOCTb ABYX <iJopM IICO (2,1a,6) C TO'!-

KH 3peHH51 Bbl'!HCJieHH51 cpeAHHX 3Ha'!eHHll OIIepaTOpOB, 0TMeTHM npe:>K.rte 

Bcero, 'ITO B cuny coxpaHeHH51 HOpMHpOBKH HCO 

rrpu 

0 
Sp f f d t

1 
e f ~ 

~ 
= S p e -s < t , o ) _ S p e - s < t , o ) 0 

f _, 0 nocne B351Tll51 wnypa. CneAOBaTenbHo,rro TeopeMe A6enH 

lim 
(....0 

........ v----, ..... --------
0 ft 1 ( ) -s(t f-t 1 ,t 1 l f dt

1 
e Sp B t + t 1 , t 1 e 

I. S B ( t ) -s < t + t1 , t I = 1m p t + I , t I e = 0 . 
t

1
-+-oo 

(2.12) 

(2.13) 

YMHO:>KHM npaByJO H neByJO '!aCTH paBeHCTBa (2 .6) Hn npoH3BOJibHbiil: orrepa-

TOp A ll Bbl'!HCJIHM wnyp: 

~ 

Ae
-S (t,O) 

lim Sp 
f _,o 

~~ 

- lim S p A e - 8 < t '
0

) 

f ->0 

~ 

lim S p AB ( t + t 
1 

, t 
1 

) e -s < t + t 1 't 1) 

t ---i>-CXl 

I 

(2.14) 

llycTb Tenepb onepaTop A YAOBJieTBOp 51eT IIpllHUI lily OCJia6JieHH51 KOppe-

lim S p AB ( t + t1 , t 1 ) 

t 1 -+-oo 

-s < t 
e 

........................................... 
-s <t +t 1 ,t 1 l 

=<A> lim Sp B ( t +t 1 , t 1 ) e 
t ->-00 

I 

I S A e 
-s < t + t 1 • t 1 l <A'> = im p 

t
1 

;.-oo 

(2.15) 

TorAa cornacHo cooTHoweHHJO (2.13) npaBa51 '!aCTb popMyJihi (2.14) o6pawa-

eTCH B HyJib 1 H Mbl IIOJiy'!aeM 

11 



~._.... 

lim Sp A e-S(t,O) =lim Sp Ae -S(t,O) (2.16) 

Ecn11 orrepaTop A paaeH P 
n 

I = -[P 
i h n 

, H ] , TO H3 (2,16) cnenyeT pa-

BeHCTBO ITOTOKOB, o6o5weHHhlX KIIHeTIIqeCKHX ypaBHeHIIA II BhlpaMeHIIA nnH 

ITp0113BO,QCTB8 8HTpOITIJ 11, Bh!qiiCneHHhiX C ITOMOWbiO llBYX <fJopM 
Ill 

HCO 
131 

(2,la,6), TaKHM o6pawM, naa rrpencTaaneHIIH HCO H naJOT 

8KBIIBaneHTHhre cxeMbl orr11caHHH aeo6paTIIMhiX rrpoueccoa, ecnH orrepaTophi 

pn ynoaneTBOpHIOT Ip!iHUHITy ocna6neHHH KOppenHUIIA (2,15), 

0TMeTIIM, qTo B Tex Me ycnoauHx nnH o6eHx <fJopM HCO crrpaaen-

nHBO COOTHOWeH!le 

lim a Sp Ap (t,O) lim Sp [A, II ] p ( t, 0) , (2 .17) 
i h 

T,e, ITpOII3BO.QHbie ITO 11peMeHH OT cpe.QHIIX p8BHbl Cpe.QHHM OT ITp0113BO.QHbiX 
/9,101 

B CMWCne KB83HCpe.QHIX , qTO MOMHO p8CCM8TpHB8Tb K8K npyryJO 

<jlopMynHpooKy TeopeMI r JluymwnH, YpaaaeHHH naiiMeHHH HCO 
/la36/ 

HMeJOT BH.Q ' ' ! 

ap( t,Ol 

a, 

rne nn51 nco 

t -[9(t,Ol,ll] 
ih 

(2,ln) 

- R1 (t,O) ( i I, 2) , 

0 

HI (t,O)=f J dt, 
I -TS(t,O). (T-llS(t,O) 

J drc S(t+t1 ,t 1 ) e 
-oo 

a nnH IICO (2,16) 

H ( t, 0) = { 
2 

0 

0 

r d 

= £ ( p ( t , 0 ) - P, ( t , 0 ) ) 

12 
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Yc.uoBHe coxpaHeHH51 HOpMH)lOBKH 

npn f --> 0 wnyp OT neBOH 'l8CTH 

0 

lim Sp R (t,O) =lim f f d t 
( tl 

e 
I I 

(-->0 (-->0 

HCO 

(2.18) paBeH 

Sp s ( t + t I , 

BO BpeMeHH 03Ha'laeT, 'ITO 

Hynm, MHa'le roBOp51, 

-S(t,O) 

t I ) " 

lim S p R2 ( t, 0) 0 . 
(2.21 ) 

t --> --oo 
I 

EcnH onepaTop A ynoBneTBOp51eT npHHUHny ocna6neHH>~ Koppen51UHii, To 

lim Sp A R1 (t,O) 
(--> 0 

lim SpA f dr 
0 

t ~-~-00 

~ 

-TS(t,O) 
(' 

~ 

-S(t,O) 
= < A > lim S p S ( t + t 

1 
, 1

1 
) (' = 0 

t 1 ,._00 

lim SpA 1\ (t,O) 
t..--+0 

=<A> lim Sp S ( t 
t 

1 

t. + -<'00 

I 

+I 
1 

I ) 
1 

() 

-S r t + t , t 
1 

) 
(' 1 

S
, ) (T-1) S(t,O) 

( t • 11 , t 1 e = 

(2.22) 

( 2.23) 

npH 3TOM, YMHO)K851 ypaBHGfiH51 llBHIFGflll>I (2.18) Ha .\ 

wnyp, nony'laeM ypaBHeHHII (2.17), !:) 'WCTHOM cnyqae, r"cnn A = Pn 
~~ 

a p ( t ,0) = p ( 1, 0 ) 
q , TO Y)lBBHeHIHf (2,17) BbiTIOnHH!OlCil npn ntODOM 

ecnn 

ileiiCTBHTenbHO, YMHOiKa51 (2.18) npu 

(2.20) H (2.24) nony'lnM 

I ::I 

>t 
q 

2 

(2.24) 

Ha P,., C y"'!eTOM 



Sp Pn p ( t, 0) 
I 

Sp -[P ,H] p (t,O) 
i'l\ n 

npH mo6oM f 

B o6meM cny'lae 1 ecnH napaMeTpbi Fm ( t ) 

YAOBneT..30pSIIOT o6ot;!lleHHb!M KHHeTfi"IeCKHM ypaBHeHHSIM (1,4) 1 T.e. 

d t 
- < Pm > q 

dt 

t 
=< Pm > 

(2.25) 

(2.26) 

AOCTaTO'IHO 38A8Tb paBeHCTBO (2.24) ITpH t =- 00 
1 'IT06bi OHO BbiiTOnHSI-

nOCb B n1060fi MOMEHT BpeMeHH. 

3 . .£: BSI3b MeToga HCO 
/3/ /4/ 

c MeTOAOM Po6epTcoHa 

CornacHo pa6oTaM 
13161 

HCO 
131

p(t,O) =P~ 
q YAOBneTBOpSI-

eT ypaBHeHHIO flHyB 1nng C HCTO'IHHKaMH 

a P ( t ,o) 
+ at 

[p(t,O),H]=-f(p(t,O) -p (t,O)). 
i'l\ q 

...... ~ 
lleii:CTBHTenbH0 1 tPOf: ManbHOe perueHHe ( 3.1 ) eCTb p ( t, 0 ) = p ( t, 0 ) 

q 

3aiTHllleM 9TO ypaBH<•HHe B 9KBHBaneHTHOH ¢opMe: 

I 

( 3.1 ) 

a (-H + iL) op (t,O) 
at 

ap (t,O) 
- ( q 

at 
+ - [p (t,O),H]), ~q.2) 

i1i q 

o p ( t , 0 ) = p ( t , ) ) -p ( t , 0 ) 
1 

a 
q 

L -onepaTop flHyBHnng 

l iLA =-·-[A,H] 
i'l\ 

l.fneH 
ap ( t,o) 

B npaBOH '18CTH ypaBHeHHSI (3.2) MOMHO 38ITHC8Tb B 

at 
OAHOH K3 ABYX ¢opM 

14 



~~!!= ~ rip ( t,O) a ( p Pq (t,O)) -4---- Sp . n 
at a<P >t at 

( 3,3a) 

HIIH 1 c Y'IeTOM (2,26): 

ap (t,O) 
~ 

a P (t,O) 
Sp p ( t, 0) ~ 

a P 1 t,O) 
p __:_g_ ___ 

X 

at n a<Pn >t n a <l'n >t (3,36) 

X s p I pn p q ( t • 0 ) + p n a p ( l • 0 ) =-d)(t) L p (t,O)-iP(t)Lap(t,O), 
q 

rAe P(t) 
/4/ 

-npoeKUHOHHbiH onepaTop, BB8A8HHbJi~ p ot)epTCOHOM 

P(t)A =~ ap(t,O) 

n a <P >t 
Sp ( Pn A ) , 

n 

P ( t ) ~p ( t ') A = P ( t) A 

(3.4) 

06a Bblp8)1(8HH51 1 ( 3,3a) H ( 3,36) 1 T0)1(A8CTBCIIJIO paE Hbl APYI' Apyry 1 TBK 

KBK B cuny CyiUeCTBOB8HH51 o6o6rueHHbiX KH!I8TH'WCKHX ypaBHeHHH 

L < p ) = ...2_ Sp p p (t,O) = -i Sp p I (J (t,O)-
at n rlt n q n 'I 

(3,5) 

- i S p Pn L 0 p ( t , 0 ) 

Ecnu B351Tb 
a P < t,O) 

B tPOj)TdC (3,3a), TO B ypaBl!eHHH (3,2) BC51 

npaB851 'IBCTb 38BHCHT TOilbKO OT f' ( l, () ) 
q 1 1!0 lie COA8plKHT p ( l, 0) 

B 8TOM cnyqae ypaBHeHue (3,2) cpa3y pewaercH OTWCHTenbHO p ( t, 0) 

H peweHHe HMeeT BHA 

0 

p (t,O) = c f dt
1 

e
0

1 
e it 1 L p ( t + t • 0 ) . 

q 1 
(3,6) 

ap < t,O) 
Ec1111 B351Tb __:__g___ B tlJopMe (3,36), TO IIOCJe nepeHeCeHH51 B ne-

a, 
BYIO 'IBCTb ypaBH8HH 5I ( 3,2) BCeX 'IJleHOB 1 COACp)l(alU 1X a p ( l, ()) 1 nonyqaeM 

15 



a 1-+e +i 0-P(tl) L lop (t,O) a, -iO-P(t))Lp (t,O). 
q 

(3. 7) 

3TO ypaBH8HUe MO)I{HO peWUTb 8H8J10f'U'IHO TOMy, KBK 9TO CJl8J18HO B pa6o
/4/ 

Tax Po6epTCOHa Y MHO)I{HM o6e 'laCTU ypaBHeHU51 ( 3.7) cneBa Ha on epa-

Top ec t ' T ( t , t ' ) , rne orrepaTop T ( t, t ') ynoBneTBOp51eT ypaBHeHUID 

_a T (t,, ') 
a,, T ( t , t ') ( I - P ( t ') ) L (3,8) 

c Ha'lanbHhiM ycnoBueM T ( t, t) =I • Torna (3.7) ;1pUHHMaeT BUll 

d 

d t' 

{t 
e T (t,t ')or- (t',O) 

. ( t 
= -1 e T(t,t') 0-P(t'))L p (t',O). (3.9) 

q 

llHTef'pHpy 51 9TO ypaB HE HHe B rrpenenax OT l ' =- "" no t '= t ,rrony'la-

eM 

p (t,O) =p (t,O) 
t ' 
f dt'ec<t -tT (t,t')(l-P(t'))L p (t',O), (3.10) 

q q 

unu 

0 
p (t,O) =P (t,O)- i f dt 'lt T (t,t +t ')(l-P(t+t'))Lp (t+t',O) (3,10a) 

q q 

( rronaraeM lim ect T (t, 1 ') op ( t ',0)~ ) . T aKHM o6pa3oM, ¢opMyJILI ( 3,6) H 

(3,10) rrpeJlCTaBJ151!0T C )6011 JlBe paBHOUeHHhle ¢opMLI 3aiTUCU peweHU51 

ypaBHeHU51 J1HyBUJ1J151 c !CTO'IHHKaMu (3,1 ). CooTHoweuue Tuna (3.10) ne)I{UT 
/4/ 

B OCHOBe MeTOJla, pa3B~ TOf'O Po6epTCOHOM , a COOTHOWeHHe ( 3,6) -
/3/ 

B ocnoBe uawero MeTona • 0TJIU'IUe HCO (3.10) oT cooTBeTCTByiDwe-
c ( t '- t ) 

ro Bbipa)l{eHuH Po6epTc,ma 3aKJIJO'IaeTC51 B HanH'IUU MHO)I{UTeJ151 e 

B HHTerpaJibHOM 'IJ18He <~OpMyJlbl ( 3.10), 3TOT MH0)1{HT8J1b CB513aH C He06pa

TUMbiM XapaKTepOM ypaBH8HU51 J1HyBUJ1J151 (3,1) C 6eCKOIIe'IHO M8Jlb!M 
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HCToqHHKOM. EcnH, KaK sTo AenaeT Po6epTcoH, HcxoalTb H3 ToqHoro ypas

HeHH~ nHyBHnn~ 6e3 HCTOqHHKOB B rrpaBOH qacTH, TO rronyqHTC~ ~OpMyna 

(3.10) 6ea 
f(t'-t) 

MHO)I{HTen~ e , nonyqeHHOe pe IleHHe, OAH8KO, 6yAeT 

06paTHMbiM BO BpeMeHH, K8K HCXOAHOe ypaBHeHHe nHyi,Hnn~, H C ero ITD

MOWblO Henba~ rronyqHTb ypasHeHH~ An~ Heo6paTHMhiX 11poueccos, He Hana

ra~ AOITOnHHTenbHbiX rpaHHqHbiX ycnOBHfi. 3TO MO)I{HO < AenaTb Bbi6opoM 

o6xoAa rronlOCOB B KoMrrneKCHOfi rrnocKOCTH, ilpyroe OT.JHqHe HCO ( 3,10) 

OT ~OpMynbi Po6epTCOH8 CB~38HO C Bhi60pOM MOMeHTa f.peMeHH tO , npH 

KoTopoM p (t
0 

,0) =pq (t
0 

,0) • B TeXHHKe Po6epTCOH.l rrpHHHMaeTc~ 

0 , B TO BpeM~ K8K B ~OpMyne (3,10) t = •. oo 
0 

• 8hi6op 

, ITO HBilleMy MHeHHlD, 6onee YA06eH, fiOCK01.bKy ITpH 9TOM HCKnlD-

qalOTC~ He~H3HqecKHe rrepeXOAHhie 9~~eKTbi, 

0TMeTHM T8K)I{e, qTo o6o6weHHbie KHHeTHqeCKHe ypaBHeHH~ MO)I{HO 

rronyqHTb, ycpeAH~~ rro pacrrpeAeneHHlD ( 3.10) onepaTo JHbie ypaBHeHH~ ABH-

)l{eHH~ 

P = iL P 
n n ( 3.11 ) 

TaKHM o6paaoM,Mhl nonyqaeM ypasHeHHe BHAa 

a t , 
-<P >t=-iSpP Lp (t,O)-fdt'eE<t-t>splP LT(t,t')(l-P(t'))Lp (t',O)!. a t n n q -oo n q 

f 3.12) 

ilpyroA 9KBHBaneHTHbiA ITOAXOA 38KnlOqaeTC~ B HCITOnb30B8HHH ypaBHeHH~ 

ABH)I{eHH~ An~ p ( t, 0 ) , nocneAHee MO)I{HO rronyqHTb, ITOACT8BHB B 
q 

~opMyny (3,36) peweHHe (3,10), qTo AaeT 

_a_P (t,O)=-iP(t)Lp (t,O)-iP(t)L8p (t,O) 
at q q (3.13) 

t 
= - i P ( t ) L p ( t , 0 ) - f d t ' e E< t , -t~ ( t) L T ( t , t ') : 1 - P ( t ')) L p ( t ', 0 ) . 

q q 

17 



Tenepb o6o5meHHbie KHHeTIPieCKHe ypaBHeHH51 nony'IaiOTC51, ecnrr yMHO;>KHl'b 

ypaBHeHHe (3,13) Ha onepal'Ophl Pn H Bbi'IHCJ1Hl'b umyp, flocKOJlbKY 

Sp P P (t) A 
n 

opq(t,O) 

Sp (PmA) = Sp (Pn A 

Sp ~ 
a a =-< p at n 

t 

> 

(3.14) 

ro nprr TaKoM noAXO.Ie CHOBa nony'IaiOl'C51 ypaBHeHH 51 ( 3,12), B Mel'Oile 

Po6eprcoHa HCIIOJ1b3~ ere 51 ypaBHeHHe llBH;>KeHH51 llJ151 Pq ( t, 0 ) H MaKpo-

CKOIIH'IeCKHe ypaBHefH51 nepeHoca, KOl'Ophle Ol'J1H'I810l'C51 COOl'Bel'Cl'BeHHO 

Ol'ypaBHeHHll (3,13) H (3,12) Ol'Cyl'Cl'BHeM MHO;>KHl'eJ151 e f(t'-t) H 

HH;>KHHM npe!leJlOM t 1, = 0 HHl'ei'pHpOB8HH51 IIO BpeMeHH, M O;>KHO CK838l'b 

/4/ 
II03l'OMy,'Il'O Mel'Oil ])o6epl'COHa 6y!lel' llOJlHOCl'b!O 3KBHBaJ1eHl'eH Mel'o-

/3/ 
llY HCO , ec.m B Mel'Oile Po6eprcoHa noll p ( t,O) IIOHHMBl'b pe-

llleHHe ypaBHeHH51 JlH) BHJ1J151 C HCl'O'IHHK8MH ( 3.11 o6eciie'IHB8IO!llHMH Heo6pa, 
l'HMblll xapaKTep 3BO,IIOUHH BO BpeMeHH K8K C8MOI'O Cl'8l'HCl'H'IeCKOI'O OIIepa-

l'Opa, l'BK H tfYHKUHll < pn >t H 1 51BJ151IO!llHXC51 pe!lleHH51MH 

0606!lleHHbiX KHHel'H'II!CKHX ypaBHeHHH, H 3aMeHHl'b H'lf;>KH'Ifll rrpe!leJl HHl'ei'pH-

p0B8HH51 no BpeMeHH t 0 = 0 Ha t 0 = - oo 

llpyra51, paBHOU ~HHa51 ( 3.13) .popMa ypaBHeHH51 llBH;>KeHH 51 llJlH orreparopa 

p q ( t, 0) 

(3.6): 

nony•taerc51, ecnrr B .popMyny (3,36) IIOilCl'aBHl'b pe!lleHHe 

a 
-p (t,O)=- P(t)Lp(t,O) 
at q 

0 
( 3,15) 

-oo 
f d t 

1 
P ( t) L e =- i ( 

YMHO)Ka51 ypaBHeHHe :s.15) Ha p 
n 

H Bbi'IHCJ15151 lllllyp, nony'IHM ypaBHe-

HHe llBH;>KeHH51 llJ151 M lKpOCKOIIH'IeCKHX nepeMeHHb!X < p n > t 
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a t 
- <P > at n 

0 

=-if J dt
1 

e ftl Sp P n L e 
1 

t 1L p q ( t+ t
1

, 0) . (3.16) 

/4/ 
B MeTOJle Po6epTcoHa o6o6meHHbte ypaBHeHHSI HepeHoca sanHCbiB8JOTCSI 

B fPopMe ( 3.12), a B MeToJle HCO 
131 

- B SKE HBaneHTHofi ¢op!'vE ( 3.16). 

0TnH"'He ypaBHeHHfi (3.12), (3.13) H (3.15), (3.16) Jlpyr OT Jlpyra o6ycnoB-

neHO pa3nH"'H9M CITOC06a 38ITHCii SIBHOro Bblp8M9HHSI )lnSI HCO: B 

¢opMe (3.10) RnH B ¢opMe (3,6). CneJlyeT OTMeTH1h, 'ITO TeXHH"'eCKH o6o6-

meHHbie KHHeTH"'eCKHe ypaBHeHHSI ( 3.12), rrony"'eHHh e no MeTO.!ly Po6epTco

Ha, rOp83.[10 CnO)I{Hee ypaBHeHHll ( 3.16), XOTSI H IIOl HOCTb!O SKBHBaneHTHbl 

nocneJlHHM. 

Do CTpyKType ypaBH9HHe (3.13) COBIT8,!l89T C OCHOBHhlM KHH9TH"'9CKHM 

171 
ypaBHeHHeM UBaHuHra , HO c JlpyrRM onpeJleneH !eM onepaTopa P, 

IIOJl06HO TOMy, K8K ypaBH9HHe (3.15) MOMeT 6h1Tb :18ITHC8HO B 6onee rrpoc

TOH SKBHBaneHTHOll ¢opMe, COJlepMamefi TOnbKO 06 bl"'Hbl8 on epa TOphi SBOnJO-

UHii exp ( i t L ) • 3TOT Bonpoc 6yJleT pacci\:OTpeH B Jlpyrofi pa6oTe. 

4. OnepaUHSI B3SITHSI HHB8QH8HTHOfi qacTH KaK rrpoeKUHOHHhtfi 

11 "' HCO Ill H HC0131 
onepaTOp.pyrHe wOpMynHpOBKH MeTOJlOB _ 

DoKaMeM, 'ITO MeTOJl HCO /3/ 
MOMI!O c¢:>pMynHpOB8Tb B BHJl8 

paBeHCTB8 

Rnlf 

,..,..,....,.__ 
p (t,O) 

0 

= ( f d l 
I 

~ 

Pq (t,O ) 

( t 1 

e 

~ 
e n 

e 

it H 
- --..L_ 

p(t+t ,O)e n 
I 

p 
q 
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( 4.2) 



0 ~ 

p ( t,O) I d t 
I 

. t 
e 1 

d p (t + t I , t, ) = p ( t, 0 ) ( 4,3) 
d t I q 

nocKOJibKY B MeTo~e HCO /2 I P ( t' 0 ) YAOBJieTBOp51eT ypaBHeHHIO 

d 
-- p ( t + t I , : I ) = - f ( p ( t + t I , t 1 ) -p q ( t + l 1 , t I ) ) , 

d t 1 
( 4.4) 

TO HHTerpaJibH~A qneH B ¢opMyJie (4,3) paBeH 

~~ 

( p (I +l I , t I ) - pq ( t + t I , t I ) ) = p ( t ,0)- p q ( t ,0) = 0, ( 4,5) 

cornaCHO COOTHOWBHHlo ( 4,1). TorAa ( 4,3) IIpHHHM88T BHA HCO /3/, 

~-

p (t,O) = p (t,OI ( 4.6) 
Q 

/3/ 
CneAyeT OTMeTHTb, qro npH ¢opMynHpOBKe MeTOAa HCO C IIOMOWb!O 

paBBHCTBa ( 4,1) 6e3pa 3JIHqHO, 51BJ1518TC51 JIH p ( t, 0) peweHHeM ypaBHe-

HH51 nHyBHJ1J151 C HCTQqf:HK8MH (4,4) HJIH peweHHBM TQqHOrO ypaBH8HH51 

nHyBHJIJ151 

a P (t,O) 
---+ at 

l [p(t,O),II] 
i11 

0 . 

B rrocneAHeM cnyqae 

d 
-- p ( t + t 1 , t 1 

dtl 

~ 

=0, p(t + t 1 ,t 1)=p(t,O), p(t,O)=p(t,O) 

f1 08TOMy HHTerpaJibHbtA qneH B ¢opMyJie ( 4,3) paBeH HyJIJO H ( 4,1 ) rrepe-

XOAHT B (4,6). <l>opMyJiflpOBKH (4,1) H (4,6) TOJKABCTBBHHbl JIHWb IIpH 

{ -> 0 , f1pH 8TOM BbliiOJIH518TC51 CJieAyJOWee COOTHOWeHHe: 
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~ 

~ ............... 
lim Sp A p (t,O) lim SpA Pq ( t, 0) 

q 

(-.0 (-.0 

rt:~e A -rrpOH3BOnbHhiH orrepaTop. 3To oaua"'aeT, 

orrepaUHH B3HTHH HHBapH8HTHOH "18CTH OT pq (t,O) 

HeKoTopyiD orrepaUHID rrpoeKTHpoBaHHH orrepaTopa pq 

( 4. 7) 

~TO IIpH ... 0 

1IpeACT8BnHeT C060H 

( t' 0 ) B IIOAIIpo-

CTpaHCTBO, o6pa30B8HHOe HHTerpanaMH ypaBHeHHH nHyJIHnJIH C 3aA8HHbiM 

raMHnbTOH118HOM H 

PaBeHCTBO ( 4,1) C IIOMO!UbiD TeopeMbl A6enH MO KHO 38IIHC8Tb B BHAe 

---
e h ---->e 

t --Jo- 00 
I 

(4,8a) 

it 1 H tt 1H tt 1 H it 1H 

e-~ pq(t-t
1
,0)e f> _.. e- -T p( t-1

1
,0) e -'11-- ( 4.86) 

p ( l' 0 ) 

HHK8MH, 

t ... "" I 

CooTHOllleHHH (4.8) Bbtpa>KaiOT TOT !lJaKT, "'TO B ~eaynbTaTe 9BOniDUHH 

HepaBHOBeCHOH CHCTeMbl C raMHnbTOHH8HOM II HeK•lTOpoe HCXOAHOe pac-

rrpet:~eneHHe p ( l, 0 ) 
q 

rrepeXOAHT B liHB8pH8HTHQe pacnpet:~eneHHe p (t,O) , 

HBnS!IDIUeeCH HHTerpanOM ypaBH9HHH nnyBHnnS!, nnH M8 KpOCKOIIH"'9CKHX CHCT9M 

COOTHOlll9Hil H ( 4.8) AOn>KHbl BbiiiOnHS!TbC S! AnH niD6biX H 3."18nbHbiX pacrrpet:~ene-

HHH p q ( l • 0 ) • 0 08TO'VIY MQ)KHO, B "18CTHOCTH, Bl r6paTb orrepaTOp 

p ( l , 0 ) B BH}:{e IIpOH3BOnbHOrO KB83IIP8BHOBeCHorc pacrrpet:~eneHHH ( 1,1 ), 
q 

38BHCHIUero OT Ha6opa 4JyHKUHH F ( t) 
n 

6yt:~eT 38BHC9Tb OT TeX >Ke <jlyHKUHH F (t) 
n 

HO aHanorH"'HO MO>KHO ~OK838Tb, "'TO MeTOA 

p0B8Tb B !lJopMe, aHanorH"'HOH (4,1 ). !1MeHHO, 

21 

<P 
n 

>' • Tort:~a p (t,O) 

< p n > t • CoBep!lleH-

nco 11/ 
MOiKHO C<jJOpMynH-



·~ 

fn p (t,O) 
.~ 

f1t p (t,O) 
Q 

-~ f t I 
e fnp(t+t,O)e .ft 

I 

f
o d eft 1 

f t I e 
-~ 

En p q ( t + t 1 , 0 ) e -II 

(4.9) 

(4.10) 

.UeiicTBHTenhHO, rronai'aSI, 'ITO En p ( t, 0) YAOBneTsopSieT ypasHeHHIO 

/6/ 
nuyBHJ1J1SI (TO'IHOMY IJlH C HCTO'IHHK8MH ) 

a 1 --fn p(t,O) + -[Enp(t,O),H] =-R(t,O), a, i~ 

rAe R ( t, 0) p8BJIO f (En p ( t,O)-En p ( t,O)) 
Q 

cpaay rrony'laeM 

........ ~ 
fn p (t,O) En) (t,O) 

' Q 

TO eCTh $opMynHpOBKy MeTOA8 HCO 
Ill 

, 0pH 8TOM 

-~ .............. 
lim S p A fn p ( t, 0) 

Q 

~ 
limSpA fnp (t,O) 

Q 

.QorryCTHM, 'ITO 1'8MHl hTOHH8H CHCTeMbl HMeeT BHA 

H = Ho + V 

( 4.11) 

0 , H3 (4,10) 

( 4.12) 

( 4,13) 

( 4,14) 

I'Ae H o 6yaeM HI TeprrpeTHpOB8 Th K8K 1'8MlcWhTOHH8H OCHOBHOI'O COCTOSI-

HUH, a V -KaK 1 eKoTopoe B03MyllleHHe. OycTh p ( t, 0) ecTh HCO 

YAOBJleTBOpH!OlllHH ypaBHeHHIO nyuBHJlJlSI c raMHJlhTOHH8HOM H Ecnu 

H8'1HH8H C MOMeHTa I~eMeHH 8BOJl!OUHSI CHCTeMbl BO BpeMeiiH 6yaeT 

OIIpeJ].eJJHThCH 1'8MHJlbTOHH8HOM , TO ITO IIpOllleCTBHH 0Tpe3Ka BpeMeHH 

t 1 CT8THCTH'IeCKHH OIIepaTOp IIpHMeT BHA 
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( 4.15) 

Ecnn 6ht p (t,O) ynoaneTaopgn ypaBHeHHio fl!fyann.IH He c H , a c 

H 0 , TO aenH"!HHa ( 4.15) He saancena 6bt oT t 1 , 

Dpn 6onbli1HX t 1 ( nonoJKHTenhHbiX nnn oTpnua renbHbiX) cnenyeT 

oJKnnaTb, "'TO pacnpeneneHne (4.15) 6yneT npn6nnJKaTlCH K HHTerpany ypaa-

Jo LlpyrHM!f cno-

BaMH, npH t I -> + oo BbtpaJKeHHe ( 4,} 5) nonJKHO 6 ,!Tb HHBapHaHTHbiM 

no OTHOIIleH!f!O K 9BOniOUHH CHCTeMbl C raMHnbTOH!faHOH Ho (abt6op 

t 1 COOTBeTCTByeT 3ana3llb!Ba!OII1HM, a t 1 -> + oo onepeJKaiO-

Ill!fM pellieH!fHM ypanHeH!fH fl~Iyannng), DycTb Hac !fHTepecyeT p ( t, 0) 

3aBHCHII1!fll OT onpeneneHHoro Ha6opa <jlyHKU!fll F n ( t ) 

HeTpynHo nocTpo!iTb pacnpeneneH!fe p
0 (t, O) , 311BHCHII1ee OT Toro IKe 

Ha6opa cpyHKUHll If !fHBapHaHTHOe no OTHOIIleHH!O K 9BOniOUHH C raM!fnbTOHHa-

HOM H 0 • LleiicTB!fTenbHo, pacnpeneneH!fe 

pO ( t,O) 
0 (t 

£ f dt 1 e 1 

ynoaneTBOpHeT ypaBHeHH!O 

l 
+-

it. 

e p 

i1 1 Ho 
---

'!\ ( 4.16) 

( 4.17) 

H npn f -> + 0 HBnHeTCH HHTerpanOM ypaBaeHHH fl~yannng C raMHnbTOHHa-

HOM ( Bbt6op 3HaKa f <jJHKCHpyeT sana3llb!Bill01119e pellieH!fe), 

DpnMeHHH TeopeMy A6eng K (4.16), nony"!HM !f3 (4.11:) n (4.16) 9pronn"'ec-

KOe COOTH01119HHe 

_!.~ -~0 it1HO 

e 11 p(t+t 1,0)e 11 -->e ii pq (t+t1 ,(l)e 
tl--i--00 

(4.18a) 
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e 

lt
1 

H
0 

p(t-t
1

,01e"" -e 
t 1-+ 00 

'f1 

CHoBa npHMeHSISI TeopeM:r A6enSI, nonyqaeM H3 ( 4.18a): 

0 

= f f dtl 
-oo 

f t 1 
e e 

-> + 0 

lt 1 H O 

----'?1 
(4.186) 

( 4.19) 

Y"'HThlBa~ 'ITO p (t,O YAOBneTBOpSieT ypaBHeHH~ nuyBHnnSI C raMHnbTo-

HHBHOM H , ua ( 4. 1!1) nerKo nony"'HTb HHTerpanbHOe ypaBHeHHe anSI 

p ( t ' 0 ) , HH>Ke Mbl noKa>KeM, 'ITO OHO nonHOCTb~ COBna.oaeT C HHTer-

panbHhiM ypaBHeHHeM AJISI HCO /3/ 6 /8/ 
, nonyqeHHhiM B pa OTe HCXOASI 

-~ 
B BHAe p ( t, 0) = p ( t ,0) 

q 
HCO , 0TMeTHM, 'ITO B H3 onpeaeneHHSI 

(4,19) cneBa CTOHT HH~ipH8HTH8SI "'BCTb nco no OTHOllieHH~ K 3BOn~UHH 

C 1"'8MHnbTOHH8HOM He , a cnpaBa - T8K8SI >Ke HHB8pH8HTH8SI "'BCTb 

OT KBaaupaBHOBecaoro p ~cnpe.oeneHH SI p q ( t, 0 ) • TaKHM o6paaoM, oTnH-

"'He <flopMynHpOBKH (4,19) OT (4,1) 3aKn~qaeTCSI nHllib B TOM, 'ITO B (4,.19) 

npupaBHHBB~TCSI npOeKUP.H onepaTOp<E p ( t,O) H p (t,O) 
q 

B noa-

npOCTpaHCTBe HHTerpanOB ABH>KeHHSI C 1"'8MHnbTOHH8HOM B TO 

BpeMSI KBK B (4.1) npHp9BHHB8~TCSI npOeKUHH TeX >Ke onepaTOpOB B nO.ll-

npOCTpaHCTBO HHTerpano 1 ABH>KeHHSI c nonHbiM raMHnbTOHHaHoM H 

HHTerpupyH nesy~ qacTb (4,19) no "'aCTSIM, nonyqaeM 

0 

p ( t, 0) - f dt 
1 
eft 1 

( 4.20) 
=Po (t,O) . 
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Ecnu p (t,O) ecTh peweaue Toqaoro ypaBHeHH5! J1t:yBunn5!, TO HHTerpanh""' 

Hb!H qneH B neBOH qaCTii ( 4,20) paBeH 

ih 
[p(t+t

1
,0),V]e ( 4.21 ) 

-~ 1 
e h 

Ecnu )!(9 ·p ( t, 0) yaoBneTBOp5!eT ypaBHeHHJO J1uyBH.In5! c ucToqauKaMH 

- d p ( t, 0) - p ( t ,0)) , TO HHTerpanbHbiH qneH HM€€1 Blit:l 
q 

f t 1 
e 

tt1 Ho it 1 Ho 

e-h-l-1-[p ( l+tt, 0), V l+dp(t+tt, 0)-·p ( l+tt, 0)] le--h-
i h l 

( 4.22) 

CornaCHO COOTHOllleHii!O (4,19) HHTerpan OT qneHOB B <BaapaTHOH CK06Ke 

B Bb!p8)!(9Hiili ( 4,22) o6pamaeTC5! B Hynh, H ( 4.22) IT€J= eXOt:lliT B Bb!p8)!(€-

Hiie (4,21). TaKHM o6pa3oM, ypaBHeHHe (4.19), KaK H (4.1), HeqyBCTBHTenh-

HO K 3aMeHe Toqaoro peweHH5! ypaBHeHH5! J1uyBunn5! c nonHwM raMunbTOHHa-

HOM H 

(4.20) 

Ha liHB8pliaHTHyJO qaCTb OT p 
q 

( t, 0) (4.f ). Tenepb ypaBHe-

HHe ITpliHiiM89T Blit:l 

0 

p ( l, 0) = p O ( l, 0) - f dt
1 

C ft I 

p(t,Ol=p (t,O)-
q 

0 

- J d II 

it 1 n 0 
('-h--

t _2_ [ p ( t + t
1 

, 0) V ll e 
i h 

tttHo 

e h 

it1 Ho 

h 

l l -- [p (t+ t
1
,0),V c 

ih 
, ( 4.23a) 

( 4.236) 

MHTerpanbHOe ypaBHeHue (4.23) ToqHo coBnaaaeT c HH~rpanhHWM ypaBHe-
... ~- /8/ 

Huer.t an5! IICO p(t,O) = p (t, 0) . 3To t:IOK~3LIBaeT nonHyJO 
q 

3KBHBaneHTHOCTh onpeaeneHHH p ( l, 0) C ITO!AOlllhiO CO<>TH0lll9Hiill (4,19), 

(4.6) li (4.1). 
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AHanorH'IHO orrpeaeneJ!HSJ HCO /1/ 
C ITOMOWbiD COOTHOW8HHA ( 4.9) If 

(4.12) 9KBHB8JieHTHW JITpeaeneHHID 

_it 1Hq_ _ ~-
e li fn p (t+t 1 ,0) e -tl 

0 

f J dt, 
( t, 

e 

0 
ftl 

= { J dt, e e 

_ _!t 1 H 0 _ 

fn p ( t + t , 0 ) e 11 
Q I 

(4.24) 

rae fn p ( l, 0) YL OBJI8TB0p5leT ypaBH8HHID JIHyBHJIJIH C TIOJIHbiM raMHJib-

TOHH8HOM H (TO' HOMy HJIH C HCTO'IHHK8MH BH):(8 - f ( fn p ( t • 0 ) -

- fn p ( t, 0) ), JlerKO TIOK838Tb, 'ITO (4,24) rrpHBO):(HT K HHTerpaJibHOMy 
Q 

ypaBH8HHID ):(JISI fn p ( t, 0) , TO'IHO COBIT8):(8IDWeMy C HHTerpanbHbiM 

/8/ 
ypaBHeHHeM ):(JIH En p , t, 0 ) , rrony'leHHbiM B pa6oTe HCXO):(H H3 orrpe-

/1/ 
aeneHHSJ MeToaa HCI} B <j:lopMe (4,12): 

fnp(t,O) fn p (t, 0) -
Q 

0 

- J dt, 
f t I 

e e 
a 1 I- fn p ( t+t 1 ,0) +- [fn p ( t+t 1,0), HJ+ (4,25) at, Q itt Q 

-~~ 
(t+t

1 
,O),V] I e 1'i 

3To ):(0K83WBaeT 9KBH38JI8HTHOCTb onpeaeneHHA HCO Ill 
C ITOMOWbiD 

COOTHOWeHHA (4,9),(4,12) H (4,24). 

0TM8THM, 'ITO IT )If Bb!BO):(e ypaBHeHHA ( 4,23) H ( 4,25) pa36HeHHe 

raMHJlbTOHH8H8 H Ha If v C):(8Jl8HO COB8pW8HHO ITpOH3BOJib-

HO, Becb BbiBO):( 9THX ypaBH8HHA OCT8H8TCSI H8H3MeHHbiM, 8CJIH, HaTipHMep, 

onepaTopbi H 0 11 v TIOM8HS!Tb M8CT8MH, 

PaccMoTpHM ypEBHeHHe (4.23) B cneuuanbHOM qacTHOM cnyqae, KOrAa 

ypaBH8HHSI ):(BH)K8HH5l JIJIH OTiepaTOpOB HM8IDT BH):( 
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pn 
l 

[ p n .Ho + v ] l p + I' (v) ianm m n 
i'b 

l 
] p 

n(V) 
- [ pn .v 

i1l (4.26) 

Y .QOOHO rrepeiiTH K BeKTOpHbiM BenH'1:HH8M p F (t ) c 

KOMITOHeHT8MH p n 1 or.Qa ypaBHeHHe ( 4.26) 

11pHMeT BH.Q 

p ia P + Pcvl ( 4.27) 

rAe a -M8TpHU8 C 9neMeHT8MH a mn • HaiiJJeM Terrepb ypaBHeHH5! 

.QBIOKeHH5! .Qn5! MaKpoCKOITH'IeCKHX rrepeMeHHbiX < P ·> H F ( t) 

l1MeeM 

oF(t) · t oF(t) t t 
---- < P > = ---- I ia < P '> + < P < n > 

o<P>t 

nanee, 

t 
- 1-dF(t)P,H

0
] >t iF(t)a <P> =0, 

it ' q 

t t 
T,K. <P >q = <P > H F(t) p KOMMYTHpyeT C p q 1 

o F (t) t 
---a<P> =-F(t)a. 

TaKHM o5pasoM, HCKOMbie ypaBHeHif5! sanHCbiBaJOTCH B B~~Ae 

-iF(t)a + 
t 

< p(V) > 

27 

(4.28) 

( 4.29) 

(4.30) 

( 4,31 ) 



ia < p >t + < p (Vl > t ( 4,32) 

nocneaHee ypaBHeHue rrcny~aercH ycpeaHeHHeM (4.27) no HCO • YpaB-

HeHHH (4.31) H (4.32) CITHCbiB8!0T .. rrpeueCCH!O" BenH~HH f (t) H <P >t 

C ITOCTOHHHbiMH ~BCTOTB~ !H a nm H npOTHBOITOnO*HhlMH ~838MH HnH CB06oa-

Hy!O 3BOn!OUH!O H penaKC lUHIO 38 c~eT B38Ht.!OlleHCTBHil V , 

BBeaeM npeacraBnoHHe naaHMoaeiicTBHH anH oneparopoB P 

it H 0 t II 0 
--,r- -~ -iat 

c Pc = e P , p iat 
e ( 4.33) 

e -i"~p , t • OnpeuenuM TBK*e ~YHKUHH F ( t) c noMoillbJO 

COOTHO!lleHHH 

F (t l F ( l) ~-I at F (t) F ( t) e I at (4.34) 

CornacHo (4.31 ), (4.32) 'l·YIIKUHH < l't t 
> I! F ( t l v noaneTBOfJ lll''T 

ypaBHeHI1HM 

t 
< I' t > 

a at F(t) 

npu ManOM V 

-i<lt ,. I) . t 
(V)> 

F ( t ) 11 • l't 

Sp 
iir 

[l't ,VI p(t,O), 

8F(t) _, I [1: 
~~·~·P-::- t o< t· In 

( 4,34u) 

vI p( I ,0) 

- MeUneHHO MeH5110lll118CH cpyi!KUIHI Bpe-

MeHH, 0TMeTl1M, ~TO re:JMOLII1118MH~ecKHe ITOTeHUHanbi ¢ (I) H S ( t ) 

F ( t ) 
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it Ho _ it Ho 

<I> ( t) = En S p exp I - F ( t) P I = En Sp e-~ exp I -. F ( t) P I e -1'1-

= En Sp exp I - F ( t ) P I = <I> ( t ) 

S(t) =<l>(t) +F(t)<P5 

Do3TOMy 

t 

< p t > 

KpoMe roro, 

8 <I> ( l) 

a F < d 

- t 
=<l>(t) + F(t) <Pt> 

F < t > 
8 s ( t). 
o<I\ >t 

( 4.35) 

= s ( l) 

( 4.36) 

0 F(t) -iat oF(t) oF(t) -tat oF(t) oF(t) tat oF(t) -tat 
---=e 
a F < t > 

' -~-- = -----t- e 
o<P :; o<P > 

,---t=---te =--_-f 
8 <P > 8 < P > 8 <Pt > 

t t 

t 
o<P > tat 

t 

~~=elat 
' a F < t) 

-t -t t -t 

o<Pt > o<Pt> -tat o<P·> -tato<Pt > 
= e 

a<i\ >t 

o<P>t 

oF( t > 

I at 
e 

--- ----=e -----= e 
oF(t) oF(t) 8 F ( t) 

o<P~ > t iat 
----- e 

oF(t) -iat oF(t) -iat ----= e e 
a F < t > o<P ~ o<Pt~ 

KB83HpaBHOBeCHhl~ CTBTHCTHqeCKHR orrepaTOp DpHHHMaer BHa 

a f< d 

( 4.37) 

p (t,O)=expi-<I>(t)-F(t)P I =expl-<I>(tl-F(t)P ; =P !F(t),O I 
Q t q 

t - -iat I iat 
='P l<P > ,01 =p IF(t) e ,01 =p e 

Q q Q 

=C 

DosTOMy 

it Ho 
-If p 

q 

l<P >t,o 1 e 
t 

it H 0 
-tr 
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( 4.39) 

Terrepb nerKo 3arrucaTI nco /3/ 
KaK tPYHKUllOHan TOITbKO OT MBAITBIIHO 

- t 
MBH.IIIOIIUIXC.II tPYHKUf!H < pt > 

-
f!ITf! F ( t ) 

l(t+tiJH 0 _ ~ 

~+t I , 0 ! e f! e fl 

= { 

0 
f t I J dt 1 e 

it H 

e-t-p 
q 

( 4.40) 

B paccMaTpHBaeMOM Cl y'!ae sproau'!eCKoe ycnoBHe ( 4.18a) npuHHMaeT BI!A 

.!..:1..~ - _l_!j_ Ho 
e 1i p ( l+ ti ,0) e 11 

t~-oo 
I 

p 
-

q 

{ elat <P >t+t\0 l • 
t+t I 

/8/ 
a llHTerpaiTbHOe ypaBH{·Hf!B ( 4.32 ) 38ITf!Cb!B8BTC.II B <iJopMe 

p(t,O)=p 
q 

+ 

0 

(t,O) -f dt
1 

{t 
C I 

> t+ti l e 
(V) 

! _l_ [p (t+t ,0), v] + 
j 1i I 

( 4.41) 

(4.42) 

Yao6Ho BBBCTI! orrepaTJp~ 9BOITIOUlli! AITH tPYHKUI!H OT MBAITBHHO MBHHIOWHXC.II 

rrepeMeHHbix: 

U ( l + l I , l ) f { < pt > t u-+ ( l + l I , l ) , ( 4.43) 

rae 
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a t+tJ a - r a 
exp(t 1 ,at )=T exp l [ dr <a; <Pr > a<'P' >r 

. t+t, 
= T exp l - ~ J ilr < [ P , V ] •-J 

1i t 

Toraa ypaBHBHHe (4.42) npHHHMaer BHA 

0 

r 

a 
( 4.44) 

p (t,O) =Pq l<P >t,O I -fdt
1 

eft
1 
~o I 

e 1l l--[p(t+t
1
,0),V] + 

i 1t 

a Pq l eiatl <P}. 0 I 
+u (t+t,,t) ------------ u+(t+t,,t) x 

a e iat 1 <P > t 

it H 

xSp P(V) p (t+t 1 ,0)1 e fl 

PeweHHe sroro ypaBHBHHH eCTb HCO BHAa 

p ( t, 0) 

X p 
q 

!at 
e 2 

it H 
_a__ -

e 'II U ( t + t2 , t ) X 

-~ < P ·> t , 0 I U + ( t + t 
2 

, t ) e 1l 

0 

(4.45) 

( 4.46) 

ft 
p (t + t 

1 
, 0 ) = f J d 1

2 
e 2 e 1l 

-oo 
ll (t+l, +12. I +12) U(1+12,1) X 

(4.47) 
it

2 
H 

ia(t 1+t 2 l t + + ---:ji-
p e <P> ,0 I U (l+t 2 ,t) U (t+t

1
+1 2 ,I +t 2 ) e 

q 

ilnH crar.monapHbiX npoucccoB < P 
t 

> 
t 

HCHHB (4.45) cnonHTCH K ypaBHBHHID 
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p ( t • 0 ) 

0 

p 
Q 

( t. 0) f dt 
1 

peweHHe KOTOporo llMe3T BHA 

p (t,O) 

!t!HO 

e fi 

~~ 

e 1'1 P 
Q 

_ it
1

H 0 

_l_[p(t+t ,O),V]e 1'1 

i'fi 1 

( 4.48) 

-~~ Ia (t+t2 ) - 1! 
l e <P'> , 0 I P (4.49) 

B cny'-lae necTauuoHap !LIX npoueccon onepaTopLr lJ ( t 1 , t 2 ) coaep!KaT 

BC8 3<p<lJeK Tbl 38ll83ALIE 8HII H II ll8M HTll no MeAneHHO M8HHIO!llll MCH nepeMeH-

i!Idl\1 •, p '· t 
t 

/21 
5. C B H3b M8Tt :~;>A~a~_!LIJ"'(61:1.~,) __ ~~_,C~M~euT:..:Oo«A"'-"'0-"M._.n~e..,n.:,;e""T,.,_.,M.,H._H"-"'C"'K_,O:.or..:O=L,;;.. 

/5/ 
HqeHKO 

3prOAII'-18CKll8 CO::>THOW8HHH (4.18) 0'-!8Hb nOXOIKll Ha COOTHOW8HllH, 

/5/ 
neiKa!llHe B OCHOBe M8fOA8 neneTMllHCKOro-flueHKO • nocneAHll8 MOIKHO 

3anucaTb B nuae 

it
1 

H
0 

it 
1 

H
0 

it
1 

H
0 It I H 0 ---- ----

p il p ( I , () ) l' il ---+e 1! p ( t,O) e 11' (5.1a) 

t -+-00 Q 

1 

unu 

; t
1 

H
0 i tl 1!0 it I fiu i t 1 H O 

---- ---- ----
e il' p ( t,O) ,, f\ _, e 1! p (t ,0) e 1! 

( 5.15) 
t l 4 00 Q 

/5/ 
3TH COOl'HOW8HllH npu -18H5lnllCb B K CHCT8M8M 1 05JtaA810!llliM CBOHCTBOM 

(4.27). 0Tnll'-IH8 COOl'IOU18HllH (4.18) ll (5.1) Apyr 0TApyra3aKni0'-!88TCH 

B TOM, 'ITO B ( 4.18) J8'-lb llA8T 05 9BOnJOUllH no 4Ja30BOH TpaeKTOPHH Hepan:.. 

HOB8CHOH CUCT8MLI C I'E 1\IUnbTOHHSHOM 11 0 , B TO BpeMH K8K B (,5.1) 9BOniOUHH 

no TpaeKTOpHH CUCTe~Ibl 38M8H8H8 onepaUHeH "p83M8WHB8HllH" (no TepMHHO= 
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!51) n , " norHH aBTopoB pa60Thi • pH pa3Me!llHBaHHH He y IHThiBaeTCH H3MeHe-

HHe BpeMeHHOI'O apryMeHTa MaKpOCKOTIH'IeCKHX nepeMeHI!b!X < p > t H 

f ( t) , OT KOTOpb!X 38BHCHT CT8THCTH"'eCKHe onepaTO )bl P ( t, 0 ) H 

pq ( I. '0 ) • B o6!lleM cny"'ae 9TH onepauHH, o"'eBHt,Ho, He paBHoueHHhi 

H COOTHOllleHHH (5,1) Hy)!{HO 38MeHHTb COOTHOllleHHHMH ( 4,18), 8 rrpellenb-

HOM cnyqae KB83HCT8TH"'eCKHX IIpOUeCCOB, KOI'Il8 < p 
t 

H F ( t) 

He 38BHCHT OT BpeMeHH, COOTHOllleHHH (4,18) H (5,1) /lOmKHhl ll8B8Tb 

6nH3KHe pe3ynbT8Tbl, 3TOT rrpellenbHblll cnyqaif COOTBeT<:TByeT OTCyTCTBHIO 

9~~eKTOB IT8MHTH B CHCTeMe, CxeMa rrony"'eHHH HepaBH03eCHOI'O CT8THCTH

"'eCKOI'O orrepaTopa, o"'eHb 6nH3KaH K cxeMe neneTMHHCJ:oro H HueHKO, 

/111 
pa3BHBanacb paHee 0pOBOTOpOBhlM B rrpHMeHeHHH ~ CITHHOBhlM CHCTe-

MaM, B Ka"'eCTBe rrapaMeTpOB F m ( t ) , OITHChlB8!0!llH:: HepaBHOBeCHYIO 

CHCTeMy, Bhl6HpanHCb o6paTHhle TeMrrepaTypw cna6o B3EHMOileHCTBYIOlllHX 

Me)!{lly co6ofi ITOilCHCTeM (CITHHOB8H TeMrrepaTypa 3eeMa!OBCKOH ITOilCHCTe

Mbi, TeMrrepaTypa llHITOnb-llHITOnbHOI'O pe3epByapa, TeMIT•!paTypa pellleTKH), 

PaccMOTpHM, K KaKHM H3MeHeHHHM B HHTerpanbHO~ ypaBHeHHH llnH 

HCO rrpHBOilHT 3aMeHa rpaHH"'HhiX ycnoBHil ( 4.18) fa rpaHH"'Hhre ycno-
/5/ 

BHH (5,1 ), J;!MeH B BHily COITOCTaBneHHe pe3ynbT8TOB C i)860T8MH , 6y-

lleM paCCM8TpHB8Tb TOnbKO CHCTeMbi, o6nallaiO!llHe CBOH•:TBOM ( 4,27 ), Opell-

rronO)!{HM llanee, "'TO nony"'eHHoe TBKHM rryreM HHTerpan~Hoe ypaBHeHHe 

MH IICO He"'yBCTBHTenbHO K 38MeHe pe!lleHHH TO"'HO.'O ypaBHeHHH flHy-

BHnnH Ha pe!lleHHe yp8BHeHHH flHyBHnnH C HCTO"'HHK8MH (3,1), HH)!{e 6ylleT 

llaHo llOKa3aTenbCTBO aToro rrpellrrono)!{eHHH. OpeHMy!lleCTBO TaKoil 3aMeHw 

38KnroqaeTCSI B TOM, "'TO Mbl rrony"'aeM B03MO)!{HOCTb 38ITHC8Tb HBHOe Bhl-

pa)!{eHHe llnH pe!lleHHH HHTerpanbHOI'O ypaBHeHH H,, 

Y"'HThrBaH caoficTBo ( 4,39), 38TIH!lleM ( 5,1 ) B BH/l( 

i t
1 

H
0 

i t
1

Hq_ 

e fi p(t,O)e -il 

t -+-oo 
I 
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CpaBHHB8H (5,2) C (4,41 ), BHJllfM, 'ITO B 8pi'OJllf'leCKOM COOTHOIIIeHHH 

(4,41) OCUifnnHU!ilf llpEBOft '18CTif BO BpeMeHH t I C '18CTOT8Mif atnn 

B381fMHO KOMTieHCifpy!O''CH, B TO lKe BpeMH npaB85l '18CTh COOTHOIIIeHHH 

(5,2) OCUHnnlfpyeT BO BpeMeHif t I C '18CTOT8MH a • rnn 

OCUHnnHUHif MOlKHO yc1p8HifTh, ecnH B (5,1) p (t,O) 38MeHHTh H8 

onepaTop p ( t, t 
1

, 0 ) , I'Jle p ( t , t 
1 

, 0) eCTh HCO , B KOTopoM Bee 

<flyHKUHH <P >t llpH Jl105bJX I' B HHTepBane- 00 ~~' < t 38MeHeHbi 

Ha <flyHKUHH e iatl <P t 
> • E cnH noll p ( t , 0 ) TIOHHM8Th peiiieHHe 

ypaBHeHHH J1HyBHnnH C HCTO'IHHK8Mif ( 4,40), TO MOlKHO 38TIHC8Th 

p ( t , t 1 ,0) B BHJle 

0 
f t 

p ( t , t 1 , 0) = f f d t ~ e 2 

-oo 

1t
2 

H 

-11-- I !at! 
e p q e 

it2 H 

<P ·>t+t 2 , 0 l e ---~~-

it li I 
...:...::L:_ --(t+t+t)H 

I It H 
t+t2 - (t+t +t ) H - .:...::..L 

e !I e ~ 1 2 fJ I <P > , 0 l e 11 1 2 oe h 

-oo q t + t 2 

0 

= f f dt2 u ( t+l • t ) p 
2 q 

-00 

Teneph BMeCTO ( 5,2) nonyqaeM 

---- t 

p (t,t1 ,0) e P I< P > ,0 l 
t -Jo-00 

1 

q 

HnH, npHMeHHH TeopeMr A5enH K (5.4), 

0 

f f dt 1 e 
f tt 

itt I IO 
----n-

e 

Itt Ho t 
---r-p(t,t,,O)e =pql<P > 

f ---->+ 0 

HHTerpHpyH neByiD qacrh (5,5) no '18CTHM, nony'IHM 

0 

p(t,O) -fdt
1 

-oo 

l 
[ p ( t • t 1 + --

iii 

~o .ap(t,t 1,0) 
e 11 1----a,, 

_ lt!H.Q 

+ 

0 ), H 0 ] l e h p (t,O) 
q 
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Cornacno Bbipa>KeHHJO ( 5.3) 

ilanee, ITOCKOllbKY onepaTOp p (I , I I, 0) HeCHMMeTpH"'E~H ITO 

TO 

0 

Dp (1,1 1,0)=( fdt 2 

0 

= ( f dl2 

+ n P ( 1 • ti • o ) 

8 ( 0) it!Ho p 1+12, P. >t+t2e --~~-__ q ____ < (V 

8 <P > t+t2 

(5.7) 

If I I 

(5,8) 

t+t2 o I > ' X 

( 5.9) 

3aecb Mbi ucnonb30Banu 51BHoe Bbipa>KeHne ( 5,3) nn~r p (1,1 1 ,0), Yt:JHTbi

Ba51 !jlopMyllbi (5,7) If (5,8), ITpHBelleM HHTerpanbHbill "!lleH B ypaBHeHHH 

(5.6) K BUllY 

e " 

+ ( -e 

[p(t,t
1
,0), V] + Dp (t, 1

1
,0) + 

iti 

~ 
p (t,O)e h ] le 

q 

(5.10) 

l.JneH B KB811p8THOll CK06Ke npei1CT8Bl151eT co6oli HCT(I'!IIHKH B ypaBHeHHH 

(5.7). ~HTerpan oT BToro qnena cornacno ypaBHEHH~,(5,5) o6pamaeTC51 

B Hynb, "'TO i10K83biBaeT, K8K H B npellbiilyllieM naparpa!jle, B03MO>KHOCTb 

3aMeHbl peweHH51 TO'IHOI'O ypaBHeHH51 J1HyBHllll51 Ha p•~IlleHHe ypaBHeHH51 

J1HyBHllll51 C HCTO"'IIHK8MH, n OI1CT8Bll5151 ( 5,10) B ( 5,6) 
1 

nonyqaeM HHTei'p8llb-

HOe ypaBHeHHe All51 nco , y"'HTbiBaJOmee rpaH!l "!Hoe ycnoBne ( 5.4): 

0 

p(I,O) =p (t,O)-fdlltl 
Q -oo 1 

l-1-[p(t,l ,O),V] + 
i 11 I 

( 5.11 ) 

_ _!.~~ 
+Dp(t,t

1
,0) le 11 
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I Y!cnonh3YH BbtpaMeHHe (1;.9), aanHilleM nocne.nHHH 'IneH ypaBHeHHH (5.11) B 

BH.ll9 O 

f dt e
(tl 

I 
-oo 

X 
8 < p > t+tl 

( 5.12) 
it

2
H 0 It 

1
H lt2 H 0 

fl e- --11-e- -1!-0 

X ( f dt 
-oo 2 

e e e 

OnpeAenHM orreparopbi pacceSIHHH T t 1 H COOl'HOill9HHSIMH 

DpH 3l'OM 

(5.13) 

TorAa (5.12) npHHHMa H BHA 

0 

f dt 
I 

-oo 

. 8 ....::b ~ 
< P .-) _, t 1 I e tl p ( t + t 

1 
, 0 ) e - fl + C ( t , t 

1
) I 

(V) 8<P >t+tl q 

-~ e t1 C(t,t 1 
( 5.14) 

0 

f dt 
2 

= ( 
-oo 

( 5.15) 

llanee, .nnH npoH3BOnhH )ro orreparopa A 

36 



lim Sp A C ( I , I 1 
( _, 0 

( ) 
t+tl 

~ < A - 1 1 > q lim < e 
t ___,_00 

2 

it 2110 

-h-> t+tl~ 0 
Q 

(5.16) 

B CIWY COOTHOW8HHil (5,13) 1 BLIT8K810illero H3 YHHTc pHOCTH OIIeparopoB 

3BOJIIOUHH, 3nech 

Ae 

H MLI BOCIIOJlb30138JIHCb I!pHHUHIIOM OCJia6Jiei!Hil KOpp ?JlllUHH, TaKHM o6pa30M 1 

oneparop C ( t, t 1) He BJIHHer na pe3ynhrar IJLI'IHCne !Hil wnypoB oneparopoll 

A c HHTerpaJibllb!M ypaBHeHHeM (5.11 ). no3TOMY c TO'IKH 3pel!Hil l\Ll'IHC-

neHHil Cpe!l!IHX ypa13H8HHe (5,11) 3KBHB8JICJITHO ypal>!Iei!HIO 

1 a P (tttl' l) · t+t ~lL l - [ p ( I I 0 ) v l + _ __!..ll ___ -- <~ I~ v )' I(' h 
ih ' I' ' t'kP >1+tl (5.17) 

p (t,O) ~p (t,O) 
0 Q _!~~ 

- J dll I' c t I e h 

TaKI1M o6pa30M 1 3aMeJw rpal!H'IHJ,JX ycnonuil (4.18) 1111 (5,1) IIJlllBOJlHT K 

3aMeHe IIHTerpaJibHOrO ypanHeliiHl (4,42) llLl (5,17), 0T!\1UTil"1 1 'ITO ypaB

HCHHe ( 5,17) ornw-Iaerc 11 or ( 4,42) TOJihKO 3aMeHoi II CO (,( 1+ t 1 , 0 ) 11 

nepBOM '-IJieHe non HHTerpano~1 1w oneparop p ( t , 1 
1 

, 0), TaKaH 3aM,:Ba 

03H8488T '-18CTil'IHyiO IIOTCp!O IIUMilTH 110 MC[VlCJIIIO ~ 81lllJOI!UHdCil qJyi!Klli!III\1 

< I' t > t DeilcTBHTCJibH0 1 cornacHo 11LIJl11thCIHI5M (4.47) 11 (5,3) 1 

oneparop p ( 1 , 1 1 , 0 ) nony'!aeTCil H3 HCO p ( 1 t 1 1 , 0 ) 1 CCJIII B IIBI!Ot\1 

Bbtpa.>Kel!HI1 HJIH nocnenaero ( 4.47) noJIO:>KHTb li ( 1 + 1 1 tt 2 , I + t 2 ) "· 

ilJIII CTillli!Ol!ll[JHblX I!pOUCCCOB YJl8BIICI!IiC (5,17) CTE IIOIIHTCH TO'lllb!M II 

COBilanaer c ypaBIICIII1CM (4,48) •. B cny'!ae HecrauH•lHapHt,IX npoueccoB 

B pa3JIO/KCHH HX HJITerpaJibHL!X ypaBH8HI1il ( 4,42) 11 ( 5,17) 110 CT81l8H51M 

V COI\IIilr\lll<lT TOJibKO 'IJI8Hbl HyJieBOro H 118pBoro I OflHLIKOI1, 
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YpanHem1e (5o17) He conrraaaeT c ypasHeHHeM neneTMHHCKoro-HueH

/5/ 
Ko , rrocKonbKY n rrocneaHeM aenaeTc>I aorronHnTenbHoe rrpearrono)!(eHne, 

3aKniO'Hl!Olll88C>l B TOM, 1TO fiCO p (t,O) C'IHTaeTC5I 38BHC5IlllHM OT qlyHKUHH 

, B35IT!.JX T JnbKO B MOM8HT Bp8M8HH o npHHHMa5I 3TO 

npeJ1ITOJIOili8HI18, HM88M 

t 
< p > • 0 l 

t5o18) 

II p ( I ' l 1 ' 0 ) = f) J I I' i at 1 < p >t ' 0 l 

!at 1 t a pIe <P>,O . . t . t . 
--a----Sp Pcvf I e •a I< p > ,Q l. 
oeltl<p>t 

TorDit ypanHeHHe (5o11) npHHHMaeT BHA 

P I < I' 
0 

·p .t,o 1-J dt en 1 

l 

It 1 H O 

--,' r· i .. t t l e h - pI(' 1::1'> • o I. v. + 

l.tt t o p I ,. 1 ·/ I' ' , I I 
- Sp I'(V) p 

ih 

--~~! 
h 

!51 
'ITO T0 1!1l0 Ct•lll!L1AaeT C ·paRH8HH8M neneTMHHCKOrO-HUeHKO o 

( 5o19) 

liC!IOJlb.IYil II!>ltllUl!II OCJia3Jiellll5l KOppenHUHii, K8K 11 rrp11 nepeXOAe OT ypaBHe-

111!11 (5o11) h 'i'i1ll!WHI!l0 (5.17), nerKO ITOK838Tb, 'fTO C TO'IKH 3p8HH5I BLl'IHC-

Jl81!l!H CpCJ1HIL' ypalllll'lll!; (5.18) 3KBHBaneHTHO ypaBH8HH~ 
o it 1 Ho I 

I <1' ,•,o I- J dt
1 

e(
11 p-h--1-

" ih 
[pie iatl::P> 1,0 I,V J' 

iat t 
op le 1<1'>,0 I leiat 1 
------------ Sp p(V) p 

i) 1, iat 1 •• p 
( 5o20) 

Cpasuuna>I 3To ypa!IHeHI:e c Hawu~J ypaBHeHHeM ( 4,42), BHLIH~l, 'ITO 
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yp8BH8HH8 ( 5,20) nony'l88TC5! H3 ( 4,42) npH nOniiOM npE He6peX\8HHH 9¢¢eK-

T8MH naM5!TH no M8.QJ18HHO M8H5!10lliHMC5! nepeMeHHblM < -(1 t 
t > , r,e. 

npH 38M8H8 BC8X onepaTOpOB U ( l 1 , l 2 ) 118 8.QHHHUy B !fiOpMynax ( 4,46) 1 

(4,47) If yp8BH8HHH 

TOp OB U ( l I, l 
2 

) ; 

(4,45). 0.QH8KO COf'J18CHO Bblp8iK8HiffO (4,44) .QJ15! onepa-
• t 1+t2 T a 

U ( t
1
,t

2
) = T expl-~ J <[P,, ]> ---. 3To 

h t r1<P>r 

03H8'l88T npeHe6pefi\8HH8 Bb!CWHMH 'IJ18H8MH B p83Jl0fi\8Hl!H onepaTOpOB 

no CTeneH5!M B38HMO.Q8llcTBH5!, D09TOMy II 118CT8UHOH8pHblX 

npoueccax ypaBH8HHe (5.20) COBnaaaeT C ( 4,42) J1Hillb II J1HH8HHOM npH6J1H-

fi\8HHH ITO V ("'TO COOTB8TCTBY8T 6opHOBCKOMy I1pH6J1~ fi\8HH!O B ¢opMyJ18X 

.QJ15! KHH8TH'l8CKHX K09¢¢HUH8HTOB), B CJ1y"'ae CT8UHOH8pf h!X llp0U8CCOB 1 KOf'-
- t -

LIB < pt > = < p > = C'Onst 1 B CHCT8M8 OTCyTCTBYIOT 9 p4JeKTbl !18M 51TH H 

ypaBH8HH8 ( 5,20) CT8HOBHTC5! TO'IHblM If COBI18.[188T C yp lBH8HH8M ( 4,48). 
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