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A;_mpxaHOB H.B., nxarsa o., TnTOB A.I1. P4-5547 

fiBHJKeHne 'I8CTiiU B non'e CliCTeMbl 38KpenneHH~IX ueHTpOB 

PaccMaTpnsaeTcSI ·aanJKeHne npo6Tofi (cnolKHofi) '!aCTliUbi a· none npona .. : 

sonbHoro 'Incna ueHTpos. 

noKaaaHo,·'ITO aana'!a csonnTCSI K pemenn~ cncTeMw anre5panqecKnx 
n nHeTrpanbHbiX ypaBHeHnfi, npn'!eM nmt ee peannaaunn Heo5x·oanMo 3HaTb . 
sonHOBbie cpyHKunn, onncbiBa~n:me llBIIJKeHne npocTofi ( cnoJKHofi) '!aCTIIUbi na 

• I ' ~ . " 

1130nllpOB8HHOM UeHTpe. 

llpenpHHT 06be,IP~HeHHOrO HHCTHT)'TB B,llepHhiX HCCJie,ltOBaHHJl .. 

)zy6Ha, 1970 

A~irkhanov I.V., Lkhagva 0., Titov. A.I. . . 
. 1 

P4-5547. 

Motion of Particles in the Fixed Centres Field 

Motion of an ~lementary (complex) particle in the field of an~ ... 
~rbitrary number of. centres· is considered,. . · 
· It is shown that the problem is reduced to the solution of a 
system of algebraic and integral equations, and for its realisation · 

. the wave functions describing the motion of an elementary (complex) 
· particl~ in one isolated centre are to be known. 

... 
· Preprint. Joint Institute for Nuclear Research. 

Dubna, 1970 



BBelleHIIe 

Paccesume noToKa •wcTIIU Ha ciicTeMe pacceiiBaTeneit, a TaKJKe 3a­

ll8'1II onpelleneHIISI . ypoBHeit ·::meprnn ~acTn~ B noTeHunanbHOM none, . co3-

llaHHOM CliCTeMOH CHnOBb!X ueHTpOB1 llOBOnbHO '18CTO BCTpeqaiOTCSI B pa3-, 

nii'lHbiX p83llenax $II3IIKH ( HanpiiMep, SillepHaSI II 8TOMH8SI $H3HK8~ KB8H­

:TOBaSI XIIMIISI II T.ll.). Ho. pe~eHIIe .KBaHTOBOMexaHII'leCKIIX 3alla'l llnSI :no­

TeHunanoB, KOTOpbie npellcTaBnSIJOT co6oit HanoJKeHne ueHTpanhHo-c~MMeT­

pH'IHhiX noTeHuiianoB c ueJITpaMn B pa3liH'IHhiX TO'IKax, 'lpe3Bhi'lafin o 

3aTpyllHIITenhH0 1 nocKonbicy pe3ynhTIIpyiOmee none He ·o6nallaeT. c$epH•IecKoli. :..,.. ... 
CIIMMeTpiiefi II nepeMeHHbie B ypaBHeHHII llipellHHrepa He p83llenSJJOTCSio 

!lnSI pemeHIISI nollo6HhiX 3alla'l cymecTByeT pSill npu6niiJKeHHhiX MeTo­

/1-3/ llOB 1 llnSI KOTOpbl~ CyllleCTBeHH8 ManOCTb o6naCTH B38IIMoi.tefiCTBHSI 

( npn6nHJKeniie noTeHunana Man oro pallnyca). 

B llaHHOH pa6oTe1 IICITOnb3YSI IIHTerpanhHb!i1: llOllXOll K KBaHTOBO-Mexa­

JIII'leCKIIM 3ana•IaM 1 Mbl nonyqaeM ~IICTeMy anre6paii'lJeCKIIX II IIHTerpanbHb!X 
. ' . . ' ' " 

ypaBJielmfi llnSI OllllC8Jillsi pacceSIHHSI '18CTHU 1 . a T8KJKe onpeneneHIISI. ypOBHefi 

::mepruu qacTIIU B noTeiiUllanbHOM none cnoJKHoli. KoH$Hrypau~II. CTporlle , 

IIHTerpanhHbie ypaBHeHIISI llnst N -Ten B o6meM cnyqae · nony'leHhi B pa-
. /4/ 

6oTaX • 3Tll HHTerpanhH.bie ypaBHeHl!SI IT03BOnSIJOT Olll!Cb!B8Tb BCeB03MO:JK-

Hbie npoueccbi, KOTOpbxe B npl!HUllne MoryT npollcxollHTb B qllcTeMe N -Ten, 

noaToMy cTpyKTypa ypaBHeHIIli nony'laeTCSI o'leHb cnolK'Holi. Ho npll Hccne-

3 
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AOB8HlUI KOHKpeTHbiX 381l8'I1 Y'IHTb!B8.H cneumllHKy paCCM8TpHBaeMOfi CliCTeMbl 

H nponcxoA.H~Hx a· nefi ripoueccoa, MO)KHO c · c·aMoro naqana nanHcaTb 6onee . 

npocTLie ypaaneJIHR, KOTOpbxe nerqe HccneAoBaTb. TaKofi noAXOil oKasancR 
: . . 

a¢4JeKTHBHbiM AnSI OnHC8HH.I1. JlBH)KeHII.II 'I8CT!fU B none CHCTeMbl 38Kpem;Ie!UibiX 

ueHTpon. 
' /5/ 

B pa6oTe , Hcnonbsy.II miTerpanbHbie ypannenn.11 ¢aJ:tJ:teena, saJ:ta'Iy 

pacce.I1HH.I1 qacTHU na cncTeMe £i>uKcnpoBaHHhiX ueHTpon cnenn K pewemuo 
. ' 

cHcTeMbi anre6pa'nqecKiix ypanaennfi Jln.II aMnnHTYJl pac'ce.I1HH.I1. B nepnoM pas­

Ilene Jl8HHOfi pa60Tbl' Mbl 1 HCnOnb3Y.I1 H9CKOnbKO HHOfi nOJlXOJl 1 . o6o6wae~ pe-

. 6 /5/ ' synbTaThi pa OThi na cnyqafi aenoKanbHhiX noTeJiuHanon n nepeKphiB8IOIIIHX-; 

c.11 noTeHuHanon. KpoMe ~Toro nox<asaao, 'ITO sa]la'Iy aa cn.~tsai!IIhie cocTo.l1lm.l1 

na MHornx ueaTpax TaKllie MO)KHO cnec-rn K pewennro cncTeMbi anre6panqe­

CKHX ypaaHeHIIHo 

Bo BTopoM pasAene nonyqeJIHhie pesynbTaThi o6o6maiOTC.I1 Ha cnyqafi 

llB!f)KeHH.II CnO)KHbiX 'I8CTHU B none N -ueHTpon. 

! ·~ 

I. Paccesune H CBRsaHHhle cocTo.11&n.l1 npocTofi qacTnUhl 

JI8 CHCTeMe N -pacceilBaTenefi 

llnH npOCTOTbl B Hatiane paCCMOTpliM ITOT9JIUll8nbHOe pacce.IIHHe npoc­

TOH tiacTHUh~ aa JlBY~ saKpenneHHhiX ueaTpax. 3aTeM noKa>KeM, 'ITO pasnn~ 

naeMbiH MeTOJl npHMeHnM II Jln.II onHC8HII.I1 CB.I13811HbiX COCT0.11Hllfi ll8 JlBYX 

ueaTpax. B KoHue -pa.3J:tena CAenano ~6o6meaue aa cnyqafi 

' aa cnyqafi aenoKanbHhiX u nepeKpbiBaromuxc.II noTeauHanon. 

N -ueaTpon H 

a) ITycTb qacTnua 3 pacceHnaeTc.II a a •ueaTpax I H 2, npuq~·M. ueaTp 

H8XOAHTC.I1 B H8'Iane KOOpllHH8To 

',. 

4 
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CocTOHHne cncTeMbi ,onncbxBaeTcsr BonHoBoii <jJyHKuneii 1/J 

YAOBneTBOpHeT ypaBH9HHID llipennHrepa 

rae T-+ 
R1 

+·V+V -E]f/J 
1 2 

0 

- OIIepaTOp KHH9Tll'I9CKOH SHeprnn 'I8CTHU.bl 3., 

1 KOTOpaH 

(I) 

llOT9HUH8nbl B38HMOLI9HCTBHH Tp9Tb9H '!8CTHUbl C nepBbiM H BTOpblM U9HTpa-

MHo I 
' . 

llnSI OllHC8HHH TaKoro npouecca YLI06HO nepeiiTH OT ypaBH9HHH (,1-) • K 

CHCTeMe HHTerpanbHblX ypaBHeHHH 

( 2) 

...... 
I I k 'R ( ) j <I> - e 1+ G + V ;,, 

I I 'I' 1,2 . (3) 

5 



3nech ~· 1 • ynom'reTBopneT ypaBHeHHIO Wpennnrepa 

... 
(H

1
-E)<I> 1 ,.(Ttt +V

1 
-E)~ 1 (R1,) 

I 

0 (4) 

H onHChiBaeT paccenune na -ciM ueHTpe, G ~+> = l / (E ..... H 1 + i d ~ <jlyHK:-

1 k'R-+ k2 __ . 2M E 
unn ftmna, B. { 2) l1BHD Bhineneua nana10uran Bonna - e 1 H h 2 • 

( k ~ ) 2 . = ( k... ) 2 

l1cnonhayn nBHhiil: BHn <jlyH~UHH fpmla, cncTeMy ( 3) nepenmneM cne­

nyiOUIHM o5pa3oM: 

•• 

<l>yHKUHH fpHH8 G ~~) ( R I • R ; ) CTp05ITC5I. H3 llBYX 
I ( 1) 

Mb!X peweHHfi . panHanhHOfi 'lJ8CTH. ypaBHeHHH ( 4) cp k L 
. '. . /6/ I 

napTHhiM o5paaoM (eM., nanpnMep, ). 

nHHefiHO He38BHCH­

cp (2) - CT8H-
• kL 1 

AcRMIITOTHK8 BOnHOBOfi <jlyHKUHH ( TO'lJHee, BOnl!OB85I <jlyl!KUH5I B .o5naCTHt 

0 i = 1,2 ) RMeeT ann: 

( 6) 
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·' 

3necb f £.: >M 1 
"" (2) 

ueuTpe n ¢ k L 1 

nl 
( 7) 

- rrapunanb!laSI aMrr nnTyna pacceSI!IHSI 11a -oM 

panrranbHofi qacTn ypanuenHSI (4) B o6nac-
(i) "" (I) (I) 

.• T:n, rne. V1 = 0 

- perne11ne 

• AMrrnHTYllhi F L M = ( F L M + f L M orrpenenmoTCSI 
I I I I I I 

I. 

rrp t1JopMyne 

(I) 

F 
L M 

i I 

(I) 
u 

kL · 
'i 

2M 1 Y* 
----- fdR 1 -~(u<

0 V 'll 1 
+ ¢ 0 > V 1/1 1

), 
h2 k ' H kL I kLI I 

kR j (kH ), 
· I L

1 
· I 

.. 

I I 

' ., 
kH (j (kH ) 

I L
1 

I 
in (kH ) ) 

't 

( 8) 

jL ( k H 1 )• H II L 
1 

( k H 1 ) - ct1JepnqecKJie tPYHKllll'! EeccenSI, . 0 2t - CHMBOn 
I . 

Kpo!leKepa. 

Mbi rronyqnnn TO'IIIYJO cncTeMy HHTerpanbHhiX ypanneunii ( 5), omiChi­

BaJOlllYJO paccmmne rrpocTofi qacTIIUhi na nnyx 3a/{perrnennL>IX uenTpax, Te­

rrepb o6cynnM crroco6bi perne!IHSI aTofi cncTeML>I. Cnaqana paccMoTpHM qacT-

llbifi cnyqafi, Korna rroTenuiianhi ne rrepeKpb!BaJOTCSI, T;e • 

. ' 
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I. 

I d Rl VI ( Rl ) v j (R j ) = 0 • i~ j 

Torlla,· nollcTaBmiSI s. (8) tfrl 

rile 

1,2 '. (9) 

, ( T.e. B Toii o6nacTn, rile 

BbiXOJlllT 118 . aCllMII~OTllKy) 1 

,k j 1,2 • ( 10) ' 

.... ., ·ik'R (1) k ' 
w [ ( e -1) 8 Y* (-) +1]' 

M
1 

k' L·M 1 I L 
I I I' 

• 

2M 1 .... Y·* .Y Lj Mj (1) ' = (2)( 11) 
L1 M1 

WL M L M = -T -- I dRI cpkL; Vi cp·kLj • .. 
I I j j k . Rl Rl 

Opn BhlllOnHeHllll ycnoBllSI (9) CllCTeMa anre6panqeCKllX ypaBHellllH (10) 

SIBnSieTCSI Toquofi n nonHoCTbro onncbiBaeT pacceSIHne Ha JlBYX ueHTpax, ec-

nn H3BeCTHbi aMnnnTyllbi pacceHHllH 

... (2) cp kL Ha OTilenbHblX ueHTpax. 
j 

f (I) 
L 1 M1 

8 

ll BOnliOBbie tPYHKUlllj rl.. (1) . 't' kL 1 t 

':i 
'' 



"'(2). "' 2 ... ... . . ... ... 
PaanaraSI !flyaKunn ¢kL~R1)/RJ =¢~i (H 1 -H l}/IH1 ...:.RI B ¢aK-

. I j . /}Q/ 
.TopnaoaaHHhiH PSI.ll (eM. I1.C. fpaalllTeil;H n I1.M. PwKnK , $opMynhi 8,532 

ll 8,533) t OT CllCTeMbl ( 10). MO)I{HO IIepeHTll K apyroi1 

CKllX ypaBHeHHH 1 B KOTOpbie BOllHOBbie tPYHI~Ullll cp ~i 
I 

cncTeMe anre6panqe-' 

cp (2) Ue BXO-
kLj 

ll5IT1 T,e·, .a·m1 pellleHIIH T8KOH CllCTeMbl H8ll0 3H8Tb TOllbKO em 
Ll M I 

Ecnn rrpearronomnTb 1 'ITo· H >> 1 rae ro - paanyc aaanMo-

aeilcTBHSI rraa~rolllei1 qacTHUhi c KamllhiM uenTpoM 1 a H ..., paCCTOSIHlle 

Me may ueaTpaMn n L 1 = 0 

F 0) 
. 00 . 

= 1,2 1 TO IIpllX O)lllM K pe3yllbTaTy 

elkR 

H 
' u j = 1,2 • (12) + ---

CncTeMa anre6panqecKnx ypaaaeuni1 ( 12) 6bma rronyl{e.ila · EpaKae-
1718/ 

poM • 

6) Terrepb paccMOTpHM· CBSI3aHHbie coc1-ommSI ua aayx uenTpax, B 
2 ' 

aToM cnyqae t/J = I t/J 1 ( T.e. aeT rraaaro1Jlei1 BOllHbi) II t/J 1 ynoarieT-
1=1 ., 

BOp5IeT ypaBHeHHIO ... 

i ;6j= 1,2 

I1crronbaySI 6uimuei1uyro, ¢opMy ¢YHKunn fpuua, cncTeMy (3') rreperrn-

IJleM B Bll)le 

9 

·, 
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Y* 
2M 

... 
o<o . I dRI 

Ll Ml ¢ v t/JI 
nl Ll h2 Rl 

. n I L 1 I 

Bw 2M 
... Y* 

(1) v t/Jj ( 14) 
Ll Ml 

kl Ll 
- --· IdR1 rp~ L I • 

h2 R· I I 
I 

k . -
nIL I-

ueHTpa, 

- ypoBHH ::meprnn H3onnponatmoro -ro 

- nonHaSI sHeprHSI nceil: cncTeMbi, · npii'I~M 

E0 > 0 

llnSI KpaTKOCTH. nnoJlSI cneayromne o6o3HaqeHnSI 

L ' I . 

u noacTaBnSI5! ( 13) n (14), nonyq a eM 

10 

<I> * 
{31 

y * ,;, L 1 M1 __ ·. (n. 
rp·k L 

Rl I I 

.., 

( 15) 

(I) . Q f3t·b_. (j) 

Bn L + I d kl B k L ) I I 2 . 2 I l 
k o + k I 

.. 

! ! 



rae 

2M ... 
--. -. J d R1 «1J * h 2 al 

2
M I d R «1J * VI 

h2 I al 

( 16) 

AHanorH'IHbiii BH!I HMeiOT MaTpH'IHbie aneMeHTbi Q {3 II Qf3 
13
· • 

•.· 1 aJ . t· J 
TaKIIM o6pa30M1 Mbl rrony'IIInii TO'IHYIO CIICTeMy anre6p81I'IeCKIIX II III!Te-

rpanhHb!X ypanHeHIIii anH Haxo*aeHIIH ypoBHeii B CIICTe~e anyx ueHTpon~ 

Eel! II BbmonHHeTcH ycnoBIIe ( 9), To, IIcrronhayH acii.MJJTOTIIKY nonnonon 

~yHKUIIII H8 K8*!IOM UeHTpe1 ., 

¢ b (I) ¢ ... 
n L n L n L 

I I I I 

( 17) 

¢(1) ( 1) . r<o (2) 
u + u 

k L K L K L kt L 
'I I I I I I I 

MO*Ho 'nepeiiTII oT ( 15) .K apyroii CIICTeMe ~nr~6paii'IeCKIIX II IIHTerpanhHbiX 

ypaBHeHIIii~ B Koiophle BOnHOBhle ~YHKUIIII ~ . . H ~ (I) 
'~'nl Ll 'l'ki.LI ,He BXO!IHT, 

Toe• anH pemeHHH T8KOii CHCTeMbl H8Jl0 3H8Tb TOnbKO. b ~~: L 
1 

II .( ~~: L I 

B ~opMyne ( 17) ¢ · · - perneHIIe paaiianbHoro ypan'ireHHH, ( 4) rrpii 
·: nl Ll ', 

V
1 

=0, T.e •. rrpii R
1

. ~"" ¢ L(H
1

) ""e-k.,.L1R 1 ... ,0 .· 
0

1 I . 

11 



PaccMoTpnM qacTHhiii cnyqaii. ITpe)lrrono*nM; 'ITO K8*Jlhiii rroTeHunan 

nMeeT TonbKO OJllfH ypoBeHb ( JlnSI rrpocTOThi " s . -cocToSIHne). Tor)la 

rrpe:JlrronaraSI
1 

'ITO ycnoBne ( 9) BhiiiDn!iSI eTCSI1 rrpeHe6peraSI nHTerpanhHoii 

'18CTb.IO B (] 5)' II pell18SI rrony'IeHHYIO ClfCTeMy1 IlpllXO)llfM K pesynbT8TY 

(k 2:- k 2' 

' 0 nt Ot 
( k 2 ,....; k 2 . ) = b (1) Ij(2) Q .. Q . ' . 

0 ... n2 02 · . ntOt n 2 o2 ata2 a2 at 
( 18) 

r)le 

Q = 
~M 1 ... -k o' R2 

--- I d R ¢ (R ) • e ~ 2 
. at a2 

h 2 
4 

t n o t V t ( Rt) -
. 1T t t . R2 

..... ·: Q -2M 1 . ... -k · ·a 

" 

(19} 
· a a · = -- -'-- I d R ¢. · . . ( R )' V . (R ) e n t

0 

t t 
2 t h 2 . 4rr 2 n2 0 2 2 2 . 2 --

'• : Rt .. 

YpaBnenne ( 18) rrpeJlcTaBnSieT co6oii ypaBHeHne BToporo rropSIJlKa· oT-

2 llOCIIT9nbHO k O .t II09TOMY lfM99T )lB8 pell19HlfSI 1 T.e. ClfCT9M8 1 COCTOH~ 

mall ns JlBYX · uenTpoB, nMeeT JlBa ypoBHSI. KpoMe Toro, MO*Ho. y6eJllfTbCSI 1 · · 

'ITO rrpn-R ·> ro 

T.e .• :rrpn R ... ()Q 

k2 
0 = k 2 

nt 02 

(} - e - k n:Pf I R lf Q . - e - k n to tR I R 
at a 2 . a2 at . ' 

Ilp8B8SI 'I8CTb B (18) 38HynSieTCSI lf. lfM9eM )lB8 pellleHMSI 

nnn k2 
0 . kn2 02 • 8TO 03H8'I8e~1 'ITO 'I8CTlfU8 

\ 

noKannsoBana nn6o Ha OJlHOM, nn6o-- na JlpyroM ueHTpe. 3aMeTnM, ·'ITO 
. . c . . /1-3/ 

rro)lo6Hhie pesynhT8Tbl 6bxnn rrony'IeHbi JlpyrnM crroco6oM B pSIJle pa6o'l,' • 
' . ' . ,. • i' 

12 

I - , 

l 
\ 
I 
I 

.. 

B) Terrepb rroKa*e.M 

cny'Iaii IlpOII3BOnbllOI'O 'Ill 

B. cnyqae pacceSIHns 

ljJ 

3)leCb N ;... qncno 

'I8CTlfUeii H. i. -M .UeHT, 

HaXOJllJTCSI B H8'Iane KOOp 

ct>yHKUlJlJ . t/1 1 
. YJlC 

tfrl <Ill. n 
"- e 

Tlpn BbiiiOnHEmnn yc. 

ypaBHeHnii 

I'Jl9' 

... 
R t1 

F<o 
L M 

I I 

w~o 
L·M 

I I 

' (2) w ' 
LIM{Lj.Mj 

(t) 
WL M =[< 

I I ' 

- paCCTOSIH~e. ~ 

AHanOI'lJ'IHblM o6pa: 

B cncTeMe · N -uewrpo1 

18 n 19) Mbi ~onyqaeM c 



>KHM ~ _ 'ITO K8 )i(Jlhiii noTe Hunan­

s .. -cocTo~mne). TorJla 

npeae6per8H HHTerpanhHoii 

1 npHXOJlllM K pesynhT8TY 

( 18) 

-k . ~· R
2 e l1:l 2 . 

R2 

8BHeHne BTOpOI'O nopHJlK8. OT-

i.ueHIIH 1 . T.e. CIICTeMa 1 COCTOH~ 

OMe- TOI'0 1 MO)I(HO, y6eJliiThCH 1 · . 

. .:.k 0 R ' 
II Q ·. · - e nt 1 / R 

, a2 at . ' 

mieTCH, n IIMeeM JlBa pernemm 
~ , ' ' r , , ~ • 

' 
• 3To 03H8'!8e~, 'ITO '!8CTIIU8 

i 

)~ ueHTpe~ 38MeTIIM 1 .'ITO 
. . . . /1-3/ 

1 cnoco6oM B pHJle p86o'l;' . • ,. ,.· 

I 
. l 

I 

.. 

B) Teneph noK8)1(eM, K8K o6o61U8J.OTCH ndnytiei!Hbte pesynhT8T.hi · H8 

cnyqaii npoi13BOnhHoro tiiiCn8 p8cceiiB810.1UIIX ueHTpoB. 

B. cnyti8e p8ccemmH BOnHoByro <jlyHKUHIO 6yJleM IICK8Th B BIIJle 

3)lecb N 

N 

+ I 
1=1 

- tiiicno ueHTpoB, 

1/Jl ( 20) 

- p8CCTOHHIIe Me)I(Jly n8Jl8101Ueii 

'!8CTI1Ueil: II. i · -M .ueHTpoM. K8K II p8Hhrne, nepBhiii p8cceiiB810IUIIii ueHTp 

H8XOJliiTCH B H8'!8ne KOOPJliiH8Te 

tPyHKUIIII 1/Jl YJlOBneTBOpHIOT CIICTeMe III!Tei'p8nhHb!X ypaBHeHIIii 

...... 
I k 'R N . I 

e 1 + G1 V 1 I 1/J , i ~. j 
j~l=l 

<Ill- 1,2, ••• , N ( 21) 

Tipii Bhmonaennii ycnoBIIH ( 9) Mhi nonyti8eM ciicTeMy 8nre6pai1tieCKIIX 

ypaBHeHIIii 

I'Jle 

.... 
Rli 

w~o 
L M 

I. I 

f m !/ ')' W <2 > F <l> 
LM·~- LMLMLM 

I I l~l=l LjMj I I j j . j j 

- Bb!'IIICnHIOTCH no <jlopMyne ( 11) II 

...., -t-J!. 

(I) 

WL M 
I I 

k' N I k 'Rtt 
= [8 11 Y (--)I (e· . -I) +l] 

Ll Ml R l~j=l 

(22) 

(It') 

- p8CCTOHH~e Me)I(JlY nepBoii '!8CTIIUell II i. -M UeHTpOMe 

An8nOI'II'!HbiM o6p830M o6o6maeTC.II 38.08'!8 Il8 CBH38HHbie COCTOHHIIH 

B cncTeMe · N -ueHTpoB. 38Me;nM, 'ITO B ti8.CTHOM cnyti8e (eM. ¢opMynhi 

18 n 19) Mhi nonyti8eM CIICTeMy N -nopHJlK8 .,?THOCIITenhHO k6 
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' 

T,C, n· CIICTCMC N -UCI!TpOB M0)1{9T . o6pa30B8ThCSh N. "'"CBH-

Oa!IHhlX COCTOHI!liHo 

r) PaccMoTpiiM cnyqau, KOrlla. rraAaromast· qacTIIua nsauMori.eucTnyeT . 
C KO)I{!IhlM. UCI!TpOM IJOCp9!1CTBOM HenoKanhHOI'O IIOT9HUllana, T,e, ypaBHeHHC 

ll1 pennnre pa II MeeT cnenyroninu Bnll: 

·T... .:_ E 1 V' + 
.. nl 

N 

~ 
I= I 

... ... 
f d R; V1 

( R 
1 

, R
1

' ) rf! = o . 

•nycTb .. nenoKrinbllhle rroTeHunanr,r ynonne'l'nopHIOT ycnonnro 

... ... ... ... 

(.23) 

-· _,. 
.J d n' d n V (H , H ' v (H 

j 
,B ") =0, il j 

j 
1,2,; .. , N • ( 24) 

'I I I I I 

,/ 'f()I'Il8; npollenaB BI>H<naJlKII ny!IKT8 a) 1 MOJKHO nony:'JIITh C~CTeMy ypaB-
J'l (I) (2) 

HeHIIii TIIII8 ( 10) llnll ( 22), pH 9TOM K09cp¢HuiiellThl W L M II \V L M I M 
. I I I I 'j j .. 

. OY!IYT Bbl'IIICnHTbCH no q10pMyne ( 11) C TOll nl!Wb p83Hl!Ueii, 'ITO 6ylleT 

nononm!Tenbnoe nnTerpllponanne no H 
1
' , TaKIIM me o6pasoM o6o6uraeTCH 

381l8.'18 1!8 CBH38111lb!e COCTOS!l!IIS!~ 
' . 

a) nycTb ycnomre ( 9) ·lin II ( 24) . He BbiiiDnHsteTCS! 1 T,e, II MeeT MeCTO 

paccemme Jill nepeKphiBOIOWIIXCH noTeHunanax. Torna anre6panqecKne ypan­

HeHIIH ( 10) 11 ( 22) cTaHOBHTCH npn6nnmeH!IhiMII, B aTOM cnyqae yno6Ho nepe-

nncaTb cnc~eMy ypaaneunft na· r/J~ (eM, ( 5) ) n npyroM nnne 

rpl 
y . 

- "' L I M I [ F (I) (2) 
- .:.. --. - . u + D V ·'· 

L I M I . ({ I . L I M I k L I k Ll I 'I' 
( 25) 

'14 

. 

·~ 

I'll9 

DkL[ .=-
2M 1 . · <2> ·('R 
---- [ U kLI I h2 k . 

nHr.erpanhHhiH ,onepaTop n · 

2M · 1 (I) 

FLI Ml 
--,--

h k. 

CncTeMa ypaaHeHnil (25) 

ypaaHeHnlt Tnrra BonhTepa 2-r1 

HIIfi !InS! T8KHX ypaBH9HHfi CXO! 

rrpHHHM89TCS! 8CHMIITOTHK8 BOn 

TorAa, rrollcTannHH rf! 
'. lk 
e 

MY anre6panqecKnx ypanHeHnlt 

. l ·. xonH nocnellyromne ( nTopoe, TJ 

ny'IHTb nee 6onee. TO 'Ill hie . anr1 

r.·· 
i 
I 
'( 

~ 
I 
! 

.l 

Hl:UI F·co • TaKnM o6pas1 
Ll M I . . 

TeHunanax Momuo pernaTh KaK 

2, PaccestHne.cnoJ 

N -pacce 

B aToM pasnene rroKameJ 

cncTeMe saKpenneHHhiX pacceH 
., ' ·, . . . ~·' : ' . 

anre6paH'IeCKHX ypaBH9HHfi ( rrc 

B030Y)I{Il91!Hlt cnomHolt '18CTHUh . ·" . 
. !flyHKUHH H COOTBeTCTBYIOliiH9 II 
. · .. ·.' . 

HH9 CnOJI{I!OU '18CTHUhl 1!8 Olli!O . . 
.. CTyi01 6y,ueM C'IHT8Tb peiireHHO 



>B8TbCH, ' ' . N ' "'-CBH-

acTnua.naanMoueficTnyeT 

IOTenunana, T.e. ypaBJieHne 

_, 
, 1 , R1 ' )tf! :, o . (.23 > 

JHJOT ycnOBIIIO 

0; i;ij = l,2,; .. ;N. (24) 

HO D?nY~llTb C~CTeMy ypaB-
•. (I) w (2) 

I!Tbl \V Li Mi II Li M
1 

r,
1 

M I 

, pa3nnueil, qTo 6yueT 

me o6paaoM o6o6uweTCH 

fleTCH,· T.e. llMeeT MeCTO 

,ru~ anre6pan~e~xne ypan­

B. ~TOM cnyqae yao6no nepe-

( 25) 

.. 

i 
I 
I 

.1 
l 
I 
I 
I 
t 
! 

I 
I 

I 
I 

I 

rue 

DkL 
I 

n:wr.erpanhHhiH orrepaTop .n: 

2M 1 "" _, 
--,--.fdRt 

h k. 0 
( 27) 

Cn:cTeMa ypannenn:fi (25) rrpeucTaBnHeT co6ofi cncTeMy HHTerpanbl!hiX 

ypanneimu Tn:rra BonbTepa 2-ro poua. MeToU rrocneuonaTenh'"hiX rrpn6nn:me~ 
.;g; B 6 nn:fi unH TaKn:x ypannenn:fi cxoun:TcH • xaqecTBe rrepnoro rrpn nn:menn:H 

rrpn:nn:MaeTCH .aCHMIITOTHKa_. BonHOBOll cpyHKUHH t,Y I - t,Y 1- - I F(l) um ~I 
- A. -LIM!' LtMt kL11n 1 ' lkR_, : I 2 

Torua, rroacTaBnHH t,Y e + t,Y A + t,Y A n ( 27), rronyqaeM. cncTe-_. 

MY anre6pan:qecxn:x ypannenn:fi anH· F £1
/ M

1 
B nepnoM rrpn6nn:mennn:. Ha-

. xouH rrocneayxnun:e ( BTopoe, TpeTbe n T.u.) rrpn6nnmeanH, Mbi MomeM rro­

nyqn:Tb nee 6om:ie. Toquhie anre6pan:qecxn:e ypannenn:H na aMrrnn:Ty!lhi .. pacceg-. 

HHH F2: M 
1 

• Taxn:M o6paaoM, 3auaqy pacceSlHHH .na rrepeKph!B~KJUlHXCH ~~~ 
Tenun:anax Momno pell!aTb xax. yroano Toqno. 

2. PacceHnn:e · cnomnofi qacTHUhi na cn:cTeMe 

N -paccen:BaTenefi 

B aToM paaaene rroxameM, ·'ITO anH pacceHHliH. cnomnoli qa?THUhi na 

CHCTeMe 38KperrneHHhiX pacceHB8KJIUHX ueHTpOB MO)I{HQ IIony'IHTb CHCTeMy .. ,· ... ··:·. . ' . ' 

anre6pan:qecKHX ypannenn:li ( IlO!l06HO ( 10) H ( 22)) C Y'i~TOM ncex B03MO)I{HhiX 
' ::' ,;., . . ' ~ . ' . ' . 

noa6y)KJlenn:li cnomnoli qacTn:Uhi. npn:'i~M ,Jln$1 aToro nymno anaTb nonnoBbie 
• • " • t ' ' '.'': • '. • •.' ' 

!flyHKUHH H COOTBeTCTByKJIUHe IIapuHanbHhie 8MIInHTY!lhl1 OliHChiB8KJIUHe pacceg-
. . ·.' . . • ' •. •." .. ·... j'.· ': "'. > : •• • 

nn:e cnomnoli qacTHUhi na ounoM uenTpe •. 8Ty aaaaiJy, xax.: ~?.G~~T.p'ino rrpo"'-. 

CTyKJ, 6yaeM C'IHT8Tb peiileHHOfi •. 

15. 



,Umr· npOCTOTbl paCCMOTpHM paccesrHHE3 CllO)I<HOH 'l8CTHUbl Ha JlBYX 38Kpe-' 

IIneHHbO{ UeHTp8Xo. nycTb CHCTeMa 1 COCTOSIIU8SI H3 'l8CTHU 3 H 4 ( CllO)K'HaH 

'!acTnua), paccennaeTcst Ha. aaKpenn.eHHbiX ueHTpax 1 11 2 ( 1-tf ueHTp naxo­

JlllTCH B Ha~ane KOOpJlHII8T) • 

""':~ 

. 2, • : If, . i Y,. 

l~ .. ..... lr~ . ~ . 3 
~ . ~1 . . 

\: 

YpanHeHne lllpennJirepa nnH aToro npouecca aanncbtBaeTCH cnenyJOli!HM 

o6pa3oM: 

'• ·i 

(TIt 
I 

+ II 34 + vt + v2 -E) t/1 = 0 . ( 28) 

rne 1184 = ( T-+p + v34 ) - raMHllhTOHHaH CllO)I{fiOH 'l8CTHUbi, Ta 
34 . 1 . 

onepaTop KHJieTH'ieCKOH 9HeprHH U~IITpa MaCe CllO:lKHOH 'i8CTHUbi1 VI ='V1a+V14 

H V2 = V23 + V24 - COOTB9TCTBeHJIO noTeJIUII8llbl.B38HMOJleHCTBHH CllO:lK-

HOH 'i8CTHUbl C nepBbiM H BTOpb!M UeHTpaMH. 

· Tenepb OT ypa~HeHHH (28) nepetfneM K cncTeMe HHTerpanhHbiX ypanne-:­

Hntl:. npu 9TOM 6ygeM Y'iliTbiB8Tb cneun$~KY paCCM8TfJHBaeMoro. npouecca, 

T.e. ~bl)lellHTh Te peaKUHH 1 KOTOpbte npaKTH'ieC~H npo~CXOJlH'r BO BpeMH pac-

CeHHHH H8119TBJOiuetf 'l8CTHUbl JIB KEl:>KJlOM U9HTpe. 

npennoriO:>KHM1 'ITO CllO:lKHBH 'i8CTHU8 ( 3+4) paccennaeTCH · B OCHOBHOM 
! •'" 

COCTOHHHH H B npouecce pacceHHHH MO:>KeT B036yJlHTbCH HllH p83B8llHTbCSI 1 

16 

HO KaHanoB rrepepacnpeJlE 

'!acTnua 4 He MoryT non 

HH9 (28) yno6HO. HCK8Tb' 

rne 

,II 

t/1 

¢o 

t/1' 

t/1' 

...... 
lk R ·· e o 1 

~ . ,, ' 

-·BOllHOB8H 

yAonneTnopH· 

I . 
= <I> - <l>o 

3Jl9Ch . <IJ(I) 

(H -E) <1>
1 ~ · I . . 

11 on11cwnaeT paccesrn~e 

l I (E -11
1 

.+ i.<) 

l1cnonh3YH 6nnnne1 

B BHJl9 

t/1' <IJ I :_ 1J 

+ f ,dk 



IOJi<Holi 'I8CTliUbl Ha JlBYX 38Kpe-' 

n3 'I8CTHU 3 n 4 (cno*HaH 

T~ax l n 2 ( 1-li ue~Tp uaxo-

:::ca 38ITl!Cb!B8eTCH ClleJlyiOIUH~ 

~·: ·=' 0 ' ( 28) 

1 .cnoxmoli tiacTHUhi, Tn 
I 

:::.nox{u~li 'I8CTHUbi, V 1 =V1a+V14 

[!I81lbl B38HMO)leliCTBHH CliO)!{-

ncTeMe HHTerpanhHbiX ypaaue7 

tCCM~Tp~aaeMoro npouecca, 
. ' 

KII npOliCXOJlS!T Bo· BpeMli pac­
'i'' 
e.· 

l) p8CC9HBaeTCH· B OCHOBHOM 

t6yJlliThCS! llllll p83B81IliThCH, 

t 
y 

.I 
1 
I 

I 
.j 

I 
I 
I 

l 

.· 

HO K8H81IOB rrepepacnpeneneHIIS! . He cyiUeCTByeT (T.e. !III 'I8CTiiUa 3, ,II~! 

qacTn:ua 4 He MoryT nonxaaTHThCH Jill onHuM n:a ueHTpoa) •. Torna pacnmpe­

Hiie (28) yno6HO IICK8Th B Bli)le 

rne ¢ o 

If t/11 

3nech 

2 2 

rp 0 <.P3 4 ) +I: I t/J I= <lJ 0 +I: I t/J . ( 29) 

- B01IHOB8S! <flyHKUIIH CIIOXI:HOfi '!aCTIIUbl B OCHOB!IOM COCTOHHIIII 

YllOBneTBOpHeT CIICTeMe IIHTerpanhiiblX ·ypaBHe.HJili:· 

<ll I - <ll 0 + G (~) v I t/1 l . i ;6 1,2 (30) 

ynoaneTnopsreT ypaanenn:10 llJ pennnrepa 

(31) 

II OITIICb!B89T paccemme CIIOX<IIOH 'I8CTliUbl H8 -OM ueHTpe, .. G ~+) 

l I (E - H · + i £ ) - ¢yHKun:n: fpn:na. 
I . . . 

11cnonh3YH 6n:nn:neliny10 <Pop My ¢yl!KUIIII fpn:ua, Cl!CTeMy_ ( 30) nepemnneM 

B Bli)le 

+ 
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.3AeCb ¢
1 

. ' .' ·p 

Ilp!I E' < 0 II E ·> 0 

¢1 
k I 

- COOTB9TCTB9HHO perneHIIe 

1 
(-Eo )' - rronH~SI sHepriiSI ciicTeMhi1 · 

ypaBH~HIISI . ( 31) 
k2. 2M 
o=h2 Eo 

k
2 _ 2M E 
,-? , M = M 

3 
+ M 

4 
, f3 

1 
- "'ncno CBSI38HHhiX cocTOSIHIIii Tpex 

' 2 

"18CTI!U ( I -ro U9HTpa C "18CTIIU8MI! 3 II 4) 'II k 
' p 

- 9HepriiSI 9TIIX 

COCTOSIHI!llo 

Terre ph, KaK n B npeAhlAYlli9M pa3)lene, aati)leM aciiMIITOTHKY "' 

3To nerKo c)lenaTb 1 ecnn AnSI t/1
1 HamrcaTb CIICTeMy ypaBHeHIIti1 aaa-

.noruttayro ( 25). Torna acnMrrTOTHKa t/1 

. V 1 = 0, i = 1,2 ) l!M9CT BH)l: ... ... 

(TO"!Uee BonHOB8SI ~YHKUIISI Ilp!I 

"'I p 

'"•,.#' 

I'lle 

Y • ( R, ) y . ( Pa 4) 
L.M .,...- U -- (I) (2) 

1 1 n 1 '3.r'34 P34 [. 
=·~ ~ F "a4(L) ¢"aia4 ° k34 L 

+ 
(1.) 

(I) 

F 
n34(L) 

R 1 P34 

+ f d ka 4 ¢ k
3 
i 

3 4 

.. 

2M f dR
1 h2 

(2) 

Uk34LI 

(I) 

F k u.> 
34 

• (I) y~IMIY~4m34-rp C uk34CI 
-+ - n34 34 dp34 " 'Pa4 

I 

( 33) ' 

v "' I 

(1). . 2M ... ... 
F k o:.> = - -h f dR1 dp34 

YL M )'~4m34 I I 

H 1 P34 

(1) 

¢ 0 u v "' k34L34 k34LI I 
34 . 

(34) 

(L) =(L1 M 1 C34 m34) • 
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L 
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ITollCTaBnSISI ( 33), ( 32: 

~apuiianbHhie aMnniiTYAhi F 

B 3aKnro"'eHne· sToro f 

MeTOJl MO:li<HO o6o6rnHTb 118 C 

M~ N -cnmKHhiX "'BCTll 
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.' 

o penieune 

··eneTeMbi1 · 

ypaBue llliH . ( 31) 
2 2M E 

k0 = ""h2 o 

iHI!Ib!X eoeTOSI!Iliii TpeX 

k 
2. 
P - aueprng aTnx 

t aeliMflTOTliKY 1/J 

:neTeMy ypaBueunii, aua­

·e BOnHOB8SI <jlyHKUliSI npli 

' (2) 

U. L + 
. k34 

(!) 

~--..1. 
'f' n e uk e 

. 34 34 34 I 

( 33) . 

v t/1 
I 

(34) 

~· 

I 
I 

IToaeTaBnHSI (33), (32) B (34), Momuo nony~liTb eneTeMy.ypaBueanii ua 

~apunanblibie aMnnnTyahi Fn34 (L)- n F k
34 

(L) 

B 3aKmo~eune · aT oro pasaena oTMeTnM, ~To ':'pa_~!JliThiii B aByx pasaenax 

MeToa Momno o5o5IUliTb na eny~aii paeeeHHliH. npoe:Y.oii ~aeTliUhi ua eneTe-

ME) N -enomHhiX ~aeTnu. 
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