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§1. B B e n e H H e 

B MOneKyn.11pHOH H auepHOH tpH3HKe cymeCTByeT MUOI'O aa.oa"I, B KO

TOpb!X paccenBaIOIIIaSI CIICTeMa COCTOHT H3 HeCKOnbKHX ueHTPOB, B npocTeii

rneM cnytJ:ae H3 .osyx. p SI.UOM aBTOPOB 6binH pa3BHTbl pa3nH"IHbie np116na

)KeHUbie MeTO.!lbl .onSI pemeHHSI 9THX aa.oa"I ( o6aop HX HMeeTCSI B KHHI'e 
/1/ 

H. MoTTa a r. Mecca , rn. 8, §3). 

PacCMOTpHM pacceSIHHe 6eccnHHOBOH "IaCTHUbl C BOnHOBbIM "IHCnOM k 

s none .!lBYX CHnOBb!X ueHTPOB, pacnono)KeHHbIX Ha paCCTOSIHHH R = 2 d 

.opyr OT .opyra (cM. pucyHOK). Pe"Ib noii.oeT O cqiepH"IeCKH-CHMMeTpH"IHb!X 

noTeHuaanax c Manb1M pa.oaycoM .oeiicTBHSI b • TipH ycnosHlf, 'ITO R >'> b 

II kR >> I , TaKyIO 3a.Qa"Iy pemaIOT npa6na)KeHHO nyTeM CBe.QeHHSI K aa.Qa"Ie 

nocne.oosaTenbHOI'O MHOI'OKpaTHOI'O pacceSIHlfSI Ha Ka)K.QOM ueHTpe B OT.Qenb• 

xi /2/ /1 / 
HOCT!f , CM. cTaTbIO K. EpaKHepa , a TaK)Ke n.2 §3, rn. 8 B KH!fre • 

B npe.onaraeMoii pa6oTe aa.oa"Ia pacceSIHHSI Ha .osyx ueHTpax pemaeT-
/3/ 

CH C llOMOlllblO .!lBYXTO"IetJ:Hb!X tpyHKUHii, llOCTpOeHHblX B pa6oTe • Tiony-

x/ HanoMHHM, 'ITO B npn6nH)KeHHH MHOI'OKpaTHOI'O paccelIHHSI Ha Ka:il{.!lb!H 

pacceasa10mnii ueHTp na.oaeT He TOnbKO sonHa e iit.+ , H.!lyIUaSI na 6ecKo
He"IHOCTH ( TaK Ha3bIBaeMoe O.!lHOKpaTHOe pacceSIHHe), HO TaK)Ke BOnHa, 
npeTepnesmaSI paccesrnae Ha .opyroM ueHTpe. B cny"Iae .osyKpaTHoro pacceSI-' 
HHSI npe.ononaraeTCSI, 'ITO Ha Ka)K.QOM ueHTpe sonHa, pacceSIHHaSI .opyrHM 
UeHTpOM, pacceusaeTCSI TOnbKO O.QHH paa. CoOTBeTCTBYIOIIIaSI aMnnuTy-
.oa pacceSIHHSI ,,,(2kd)- 1 • 
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➔ 

~ II 0 - yrnb1 Me)KJlY ocbIO Z \ I 2 d II HarrpaBneHHSIMII cooTBeTCTBeHHO 
➔ ➔ 

rraJlaIOIUeH k II paccesiHHOH r BOnHhI. 
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'19HHaSI <jiopMyna JJ.llSI aMilllHTYJJ.bl pacceSIHHSI SIBllSieTCSI TO'IHOii: B npeJJ.ellhHOM 

cnyqae b ➔ 0 • CpaBHeHHe c aHallOI"H'IHOii: <jiopMynoii: npH5nmKeHHSI MHOI"0-

/2 / 
KpaTHOI"O pacceSIHHSI (cM. n.2 B pa5oTe ) IlOK83bIBaeT, 'ITO ecnH qi-a3bl 

pacceSIHHSI Ha noTeHUHanax Mallbl, TO Bblp8)K9HHe BpaKHepa JJ.llSI aMnnHTYJJ.bl 

paccesiHHSI cnpaBeJJ.llHBO JJ.a)Ke 5ea Tpe5oBaHHSI k R >> 1 ( cM. §2, n.3). Boa

MO)KHOCTh <jiH3H'IeCKHX npHMeHeHHii: nony'IeHHblX <jiopMyn o5cy)KJJ.aeTCSI B §3. 

§2. OnHC8HHe pacceSIHHSI Ha ABVX U9HTpax C IlOMOIUbID 

ABYXTO'l9'1Hb!X <byHKUHii: 

1. l1aBeCTHo, 'ITO paccesiHHe 'IaC'I:HUbI c HMnynhCOM h k Ha OJJ.HOM 

UeHTpe JJ.OCTaTO'IHO xopO!IIO OilHCbIBaeTCSI OJJ.HOii: s -BOllHOii: npH ycnOBHH,. 

'ITO kb << 1 . MaTeMaTH'IeCKaSI npH'IHHa B03MO)KHOCTH TaKoro 0ilHCaHHSI 

KpoeTCSI B TOM, 'ITO co5CTB9HHbie <jiyHKUHH onepaTopa KBaJJ.paTa HMnynhca 

C onpe11.eneHHbIM op5HT8llbHbIM M0MeHT0M - TaK Ha3brnaeMbie ccpepH'Iec-

KHe <jiyHKUHH Beccensi j eC kr) - BCe o5pamaroTCSI B Hynh B T0'IKe k r = 0, 
/3/ 

KpoMe 0JJ.H0ii: cpyHKUHH, C00TBeTCTByromeii: S -B0nHe (f = 0) • B pa5oTe 

5bmH Il0CTpoeHbl T8KHe co5CTBeHHbie <jiyHKUHH onepaTopa KBaJJ.paTa HMnynh

ca, K0TOpb!e 06na11.aroT aHanorH'IHblM CB0ii:CTB0M no 0TH0III9HHID K JJ.BYM Bbl-

11.eneHHbIM ueHTpaM: B JJ.BYX T0'IK8X BCe 0HH o5pamaIDTCSI B Hynh, 3a HCKllID

'19HHeM nepBb!X JJ.BYX ( HX Ha3B8llH JJ.BYXTO'Ie'IHbIMH). 3HaHHe JJ.BYXT0'Ie'IHb!X 

<jiyHKUHii: pe3K0 ynpomaeT 3aJJ.a'Iy HaX0)KJJ.9HHSI co5CTB9HHhlX <jiyHKUHii: raMHllh

TOHHaHa, OilHCb!B8IDIIIero pacceSIHHe Ha JJ.BYX ueHTpax, pacnon0)K9HHbIX B 

T0'IKaX ( ± d ) ( cM. pHcyHoK, och Z npoBoJJ.HM qepea paccenBaromHe 

UeHTpbi): 

H =--l-
2m 
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ecm1 qmr-ypupy10ume B ( 1 ) noTeHimanhI HMeIOT ManhI:ii pa,imyc JleiicTBHSI b • 

lle:iiCTBHTenbHO, co6CTBeHHbIMll cpyHKUllSIMH 1-1 , o6osaati:HM HX .ti:epes 

tf, k A M ( ;') t 

➔ k 2. ➔ 
1-Itf,kAM (r)=~-tf,kAM(r), (2) 

6yi:\yT BCe ilBYXTO'leti:Hbie cpyHKUHll, KpOMe nepBb!X ilBYX, F k 10 H F k 20 ' 

T.K. BCe OHll o6pamaIOTCSI B Hynb TaM, l"'/le noTeauuanbI OTnll'IHbl OT Hynn. 

OCT8BlllHeCSI co6CTBeHHbie cpyHKUllll tf,k 10 H tf, k 20 ' KOTOpbie ll OllHCb!BaIOT 

paccenaue, M.or-yT 6bITb nocTpoeHbI KaK cynepn03llUHll cpyHKUllii F kl0 ll Fk20: 

0() 2 

tf, A (r')=f dk'; XAA,{k,k')Fn, (i,'), A=l,2, (3) 
kll0 o A=l llll k ll 0 . 

llOCKOnbKY ilBYXTO'le'IHbie cpyHKUHH 06pasy10T nonay10 CllCTeMy HOP"'1HPOBaH

HbIX cpyHKUllH. YciIOBHe ycnexa TaKOI"'O onucaHHSI TaKoe )Ke, Ka,K H B cnyti:ae 

O/lHor-o ueaTpa: kb << 1 • 

2. O6mee pemeaue ypaBHeHHSI lllpe/lHHI"'epa c l"'aMHnbTOHHa~OM ( 1), 
• k 2 . 

COOTBeTCTBYIOillee COCTOSIHHIO C 9Hepr-ueu --- , llMeeT B11/l: 
2m 

tf, k ( r') 7 I · a AM ( k ) tf,k AM (;) • 
A,M 

(4) 

EcnH MbI XOTllM, 'IT06bl OHO OllllCbIBano npouecc pacceSIHHSI, K09!p!pHUlleHTbl 

a AM( k) /lOn)K.llbl 6bITb onpe/leneHbl T8KllM O0p830M, 'IT06bI llpH Bbl'lllT8Hllll 
. ➔' ➔, '. ; 

➔ 

ll3 tf, ( r ) ll8/l8IOilleH nnOCKOH BOnHbl 
.' k . . , 

e I k • nonyti:anocb Bbipa)KeHu~., 

npe/lCTaBnSIIOillee Ra 6onblllllX paCCTOSIHHSIX 0/lHY T0nbKO paCXO/lSllllYIOCSI Bon

ny: 

I 
·A,M 

a AJk)tf, kAM(;) -e 

➔➔ 

lkr 
lkr 

f _e___ . , r >> 2 d •. 
r. . , 

P asno)KllB nnocKyIO Bonay B (5) no ilBYXT0ti:eti:HbIM cpyHKUHSIM: 
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➔ 2 
C ,. (k)=(k') f 

k HM 

➔➔, 

C ➔, (r'), 
1<H M 

d ➔, I kr F ( ~) 
r e k 'AM r ' 

nonytJaeM cne.ny10mee ypaBHeHHe .nnsi a 10 H a 
20 

( 6) 

(7) 

<l>yHKUHH if, kA0(r1 H e kA 
O 

(r) B o6naCTH r » 2 d nony'IeHI,I B npHno>KeHHSIX 

(cM. (A.10) H (E.13) ). ITo.ncTaBHB nocne.nHHe B (8), nonytJHM, 'ITO 

(k) = b (k) 211cosa 
a 10 10 A y • 

kl + 

r.ne .nnsi: COKpameHHSI 38IlHCH BBe,!leHbl o6oaHatJeHHSI: 

➔➔ 

a = ( k d ) "' k d cos ~ , (9) 

y ± = y 1 ± sin 2 k d / 2 k d (10) 

a b 10 ( k) H b 20 (k) y.noaneTBopSIIOT ypaaHeHHIO 

icosacos/3y;2 tr [e 1k'(l-b
10

(k)e181 )-e-tktl-b
10

(k)e- 181 )l+ 

( 11 ) 

B (11) BBe,!leHO o603Ha'IeHHe 

{3 = kd cos 0 ( 12) 

( yron 0 IlOKa3aH Ha PHCY HKe). 
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Benu'-!HHbI 8 
1 

u 8 
2 

( cM. ( A.10) B npuno)KeHHH A) 5yneM Hashr-

BaTb JlBYXTO'-!e'-!HbIMH tjiasaMH (no aHanoruu t; tjiaso:il: S -pacce.HHH.H 8 

B Sa)la'-!e OJlHOro ueHTpa). 0Hu onpenen.HIOTC.H KOHKpeTHb!M BHJJ.OM pacceu

Ba!OlllHX lIOTeHUHanoB (ypaBH0HHe )ln.H 8 A npHBe)leHO B npuno)KeHHH B, 

CM. (B.1)); OHH paBHbl Hynro, ecnu HeT B3aHMOJl0HCTBH.H. 

Y'-IHTb!Ba.H B ( 11) I '-!TO neBa.H '-laCTb He )lOn)KHa conep)KaTb CXO)lSilllYIO-

CSI BOnHy e \kr npu nI05b!X r, ,{J H 0 • HaXOJlHM, '-ITO b 10 = e 
18 1 H 

'18 ' b 20 = e 2 ; lIOllCTaBHB 9TH tpOpMynhI B ( 11)' nony'-laeM ansr aMnnHTYJJ.bl 

pacce.11Hu.11 f 

f ( _Q.) 2 t . s, 181 -2 P. • " 182 -2 • . P. j 0,v =k smu 1 e Y+ cosacos,._,+smu 2 e y_ sma sm,._,. (13) 

<t>opMyna ( 13) Bbipa)KaeT aMnnu_TYllY' pacceSIHH.II Ha llBYX ueHTpax 

acero qepes llBe tjiasbr, 8 1 u 8 2 , u MO,KeT 5bITb npeano)KeHa ansr cpaso-
x/ 

aoro aHanusa • OaHaKo, ecnu tjiasa S -paccesrHHSI Ha OllHOM ueHTpe 8 

Mana, OKaSbIBaeTC.H, '-!TO aMnnuTyJla f ( 0' .\, ) B OCHOBHOM .HBnSieTCSI npoCTOH 

cynepnosuuue:il: aMnnHTYll OllHOKpaTHoro u llByKpaTHoro pacce.HHH.H Ha Ka)K

llOM ueHTpe B OTll0llbHOCTH H onpeaen.HeTCSI OJJ.HOH tjiaso:il: 8. IToKa)KeM 

9T00 

3. ITpu5nu)KeHue MHoroKpaTHoro pacceSIHH.H B cny'-!ae ManhrX ¢as 8 

naeT cneay10111ee Bbipa,KeHue an.11 aMnnuTyllhI pacce.HHHSI (cM. tjiopMyny (3) 

B pa5oTe EpaKHepa 
121 unu (8.112) B KHHre /l/ ): 

el2kd 1 8 
f 8 .( 0,-&')=271cos(a-f3)+71

2 d cos(a+/3), 7/=-sin8e 1 
, (14) 

xi 
ITpu d ➔ O aayxTo'-!e'-!Ha.11 ¢YHKUHSI 

CTaHOBlj_TCSI MHoro M0Hb11Ie 8 I H 
Tylly ksin8 1e 181 S -paccesrHHSI 

k -

➔ 3 
Fk 20(r) ➔ J1 (kr) Y-ztir cos 0 , tjiasa 82 
aMlinHTYll8 - f( 0. e-) nepeXOllHT B aMnnu
Ha Oll!IOM ueHTpe. 
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1J n 8 - aMrrnnTy.na n qiasa S -pacceSIHHSI Ha O.UHOM ueHTpe. HarroM-
/2/ 

HHM, 'ITO qiopMyna ( 14) 6bma rrony"leHa B IIpll ycnOBHSIX: h << 2 d H 

2kd»l • 

C .upyroii: CTopoHhI, HCIIOnhsyeM B (13) pasnmKeHHe exp iBA = 1 + iB A 

If qiopMyny 

2 cos2kd 2 
SA~ 8 ( 1 + Const( h/ d) )( 1 ± 8 --- )y ± 

2kd 
( 15) 

( BepXHHH SHaK B ( 15) COOTBeTCTByeT A = 1 .- Hlf)KHlfH - A = 2 ) , crrpaBe,U-

nHBbie B cny"lae ManbIX ¢as 8 If rrpH b < d • ITony"leHHe (15) orriicaHo 

B IIpHnO)KeHHH B; <popMyna (15) I'O.UHTCSI .UnSI cny"laSI, KOI',Ua B .UBYX ueHT

pax .ueii:CTBYIOT O.UnHaKOBbie IIOTeHUHanhI u . B cnyqae b << 2 d Mb! rro

ny"IHM ,ung £(0' ~ ) TO )Ke caMoe Bblpa)KeHHe ( 14)' HO Ilplf 3TOM HlfI'.Ue He 

rroTpe6oBaB, "IT06h1 2 kd 6hmo >> 1 • <llopMyna BpaKHepa oKaShrnaeTcsi, 

TaKHM o6paSOM, BepHOH If B o6naCTlf ManbIX 2 k d ' 'ITO HHKaK He cne.ny-

eT HS crroco6a ee rrony"leHHSI, T.K. HMeHHO ycnOBHe 2 kd >> 1 IIOSBOnHnO 

orrpe.uenHTb aMIInHTY.UY BOnHhl B OKpeCTHOCTH BTOpOI'O ueHTpa rrocne paccesi-
/1/ 

HHSI Ha rrepBOM (cM. (8.105) B KHHI'e ). B cnyqae, Kor.a.a 2d > b , HO 

cpaBHHMO C b 

OIIHChIBaTbCSI <pOpMynoii:, KOTOpaSI 6y.neT OTnn"laTbCSI OT" <pOp
0

MynbI BpaKHepa 

TeM, 'ITO BMeCTO 8 (ctJaShl s -pacceSIHHSI H_a O.UHOM IIOTeHunane) B Heil: 

6y,ueT <pHI'ypnpoBaTb BenH"IHHa 
• :. : ·2 

8 (1 + Const ( b / d ) ). 

4. O6cy.nnM Ka"leCTBeHHhie oco6eHHOCTH yrnoBoI'o pacrrpe.uenemi:si, orrn

ChIBaeMoro <pOpMynaMH ( 13 r nmr" (14). Cpasy saMeTHM, 'ITO ecmi: ~ -f. 1T I 2. 

B rrpocTpaHCTBe He 6y.neT TaKHX HarrpaBneHHii:, B KOTOpbIX HHTeHCHBHOCTb 

paBHstnacb 6b1 Hyn10, T.K. :nn¢¢epeHunanbHoe s<p<peKTHBHoe ce"leHne - ·cymecT

BeHHO rronO)Kl!TenhHaSI Benn"IHHa: 
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2sin 8 1 
a=----

ky+ 
cos a cos {3 , b 

2sin 8 2 

ky_ 
sin a sin f3 • ( 16) 

ITepeii.oeM K cny-<rn10 Mam,1x ¢as paccesimrn 8 • ITycTb yron if <f,HKCH-

poBaH. Tor.ua, no.ocTaBHB (15) B (16), Hail.OSI MaKCHMYM .unsi da/dO, 

nonyqHM, qTo HanpaBneHHSI MaKCHManbHOH HHTeHCHBHOCTH onpe.uenSIIOTCSI 

TaKHMH 0 , KOTOpbie y.uoBneTBOpSIIOT ycnOBHIO 

r.ue 

2 k d ( cos 0 - cos-8 i- 2 l ) = 21r n , n = 0, 1, 2, .•• , N 

( = 8 
cos2kd 

2kd 
sin 2 a. 

(17) 

YcnOBHe (17) SIBnSieTCSI HeKOTOphlM o6o6meHHeM H3BeCTHoro ycnOBHSI MaK

CHMYMOB npH pacceSIHHH Ha uenoqKe ueHTpOB, KOTOpoe nonyqaeTCSI nyTeM 

npocToro no.ocqeTa pa3HOCTH onTHqecKHX nyTeii: 

2 k d ( cos 0 - cos 8 ) = 2 1r n , n = 0, 1,2, ••. , N . (18) 

Y cnoBHe ( 17 J yqHTbIBaeT 6paKHepOBCKYIO nonpaBKY, K O.UHOKpaTHOMY pacceSI-

HHIOo 

5 •. B 3aKnIOqeHHe npHBe.UeM 6e3 BbIBO.Ua ¢opMyny .unsi .UH¢¢epeHUHanb

HOI'O a¢¢eKTHBHOI'O ceqeHHSI (16), ycpe.oHeHHOI'O no BCeM HanpaBneHHSIM 
➔ ➔ 

BeKTopa R = 2 d : 
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• 2"' sm u 1 

y2 
+. 

l+ sin x + ~+ sin 2 kd 
2kd 2x 2y 

sin x siny 
+---

2x · 2y 
sin 2kd 

2k d 
] + 

] + 

x=4kdsin(0p/2), y =4kd cos(E>p/2), SP- yron pacceHHHH 

(CM~ PHCYHOK). 

§3. 3 a K · n 10 'I e H H e 

OcHOBHOH pesynhTaT pa60Tbl HMeeT MeT0JlH'leCKoe 3Ha'leHHe H 3aKnlO'laeT

CH B TOM, 'IT0 Hallie T0'IHOe perneHHe 3a)la'IH II03B0nHeT B cnytJ:ae ManbIX <pas 

8 , Bo-rrepBbIX, II0JlTBepnHTb crrpaBe)lnHBOCTb IIpH6nmKeHHOI'O MeToJla 

MHOI'OKpaTHOI'O pacce.HHHH If, BO-BTOpbIX, paClliHPlfTb <paKTH'IeCKHe rpaHHUbl 

rrpHMeHHMOCTH <jJopMynhI EpaKHepa. O6cynHM B03MO)l{Hbre <pH3HtJ:ecKJie rrpH

MeHeHHH 9TOI'O TO'IH0I'O perneHlfH 3a)la'IH pacceHHlfH Ha JlBYX IIOTeHUHanax. 

Bo Bcex IIpHnO)KeHHHX JlOriX<Hbl 6i1Tb BbIIIOnHeHbl JlBa ycnOBHH: 1) 9<p<peKTHB-

Hblll paJlHYC )leHCTBHH IIOTeHUHana OT)lenbHOI'O ueHTpa b )lOn)KeH 6hITb 

HaCTOJ!bKO Man, 'IT06bi kb << 1 ' H 2) paCCTOHHHe Me)KJlY ueHTpaMli: )lOn)K-

HO 6b!Tb qJHiCHpOBaHHhIM. PaCCMOTPHM, HaIIpHMep, pacceHHHe MenneHHbIX 

xi 
HeHTpOHOB Ha JlByXaTOMHhIX MoneKynax O 2 N 2 If T.II. ITepBOe yc-

x/T .K. <popMynhI (16) H (19) OIIHChIBa!O'r pacceHHHe 6ecCIIHHOBbIX 'IaCTHU, 

TO nytJ:rne 6bmO 6bl roBOpHTb O pacceHHHlf Me30HOB. 
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noeae BblllOnHSieTCH, O,llHaKO paCCTOSIHHe Me)l{JlY aToMaMH MoneKyn TOnbKO 

npa6na)l{eHHO OilHCbIBaeTCSI HeKOTOpoil: cpegHeil: eenH'IHHOil: R • 3KcnepHMeH-

/6/ • 
TanbHbie ,llaHHbie B OCHOBHOM OilHCbIBaIOTCSI y)l{e npOCTOH cynepno3HUH-

eil: aMnnHTYJl O,llHOKpa,THOI"O pacceSIHHSI, ycpe,llHeHHOil: no BCeM HanpaeneHHSIM 
➔ 

BeKTOpa R • Ha6n10,llaIOIUHeCH OTKnOHeHHSI OT 9KCnepHMeHTa BPSIJl nH cne-

gyeT o6cy)l{,llaTb Ha OCHOBe ¢opMynbI ( 19), IlOCKOnbKY HX MO)l{HO npHilHCaTb 

HeilOCTOSIHHOCTH eenH'IRHbl R 

Ilpa6ntt)l{eHRe ¢ttKCRpOBaHHOI"O pacCTOSIHHSI ropa3,ll0 nyqme BblllOnHHeT

CSI gng KpHCTannoe, He)l{entt gng MoneKyn. <PopMyny (16) MO)l{HO npttMeHHTb 

K pacceSIHRIO Ha nttHeil:Hoil: uenOtiKe aTOMOB (nttHeil:Hblli KpHCTannaT). Ha 

OCHOBamm ¢opMynbI ( 17) MO)l{HO O)l{H,llaTb, 'ITO nono)l{eHHSI MaKCHMYMOB npH 

TT 
lY' ;,LT 6ygyT cnerKa OTnH'IaTbCSI OT nonO)l{eHHii, KOTOpbre ,llaeT o6bI'IHaSI 

¢opMyna ( 18). CMeIUeHHe MaKCHMYMOB Morno Obi 6bITb HCilOnb30BaHO 

H3Mepemrn 6 ( ¢a3bl s -pacceSIHHSI Ha OT,llenbHOM ueHTpe). 1.fro KacaeTCSI 

TpeXMepHb!X KpHCTannoe, TO e HeKOTOpb!X npOCTb!X cnytiaSIX (Ky6HtieCKaSI 

pemeTKa, OTpa)l{eHHe OT O,llHOli H3 ecTeCTBeHHb!X rpaHeii) MO)l{HO IlOKa3aTb, 

'ITO ycnoeae (17) He gaeT HHKaKHX nonpaeoK K ¢opMyne Bynb¢a-Eparra. 

neil:CTBHTenbHo; 3aKOH Bynh¢a-Eparra B HallIHX o603Ha'IeHRSIX HMeeT BH,ll: 

0 = TT - ,& , 4 kd cos{)"" 2 TT n, n = 0,1,2, ... , N . 

IlpH 9THX ycnOBHSIX nonpaBKa £= 0 

B saKn10tieHHe OJlHH HS aeTopoB (11.E.) 6narogapHT H.B. AMHpXaHoBa 

R IO.A. CanraHHKa 3a o6Cy)l{,lleHHe BOilpOCOB, CBSI3aHHb!X C pacceSIHReM Ha 

JlBYX ueHTpax. 
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. ITp1mox<eHHe A 

BonHOBbie cbyHKUHH, onacbrnarowae paccesrHHe Ha IlBVX 

ueHTpax 

1. CornaCHO (3) onpeneneHHe co6CTB0HHbIX cpyHKUHH raMHllbTOHHaHa 

if, k AO ( r°) • A= 1, 2 • CBO!lHTCSI K HaXO)K!l0HHIO K03!p!pHUH0HTOB pasno-

)K0HHSI X AA, (k, k ') • YpaBHeHHe nnsr HHX MbI nony<IHM, noncTaBHB (3) 

B (2) H HCilOllb3ySI npH 3TOM opTOHOpMHPOB8HHOCTb !lBYXTO'le'IHbIX cpyHKUHH 

F A (r) (cM. §2 B pa6oTe 
131

): 
k M · 

➔ ➔ ➔ ➔ 

V ( r) = U ( J ?-d I)+ U ( J r+d J ) , (A.2) 

. < k,, A "O I VI k , A 'O > "' I d; F k" A "o ( r') V ( n F k 'A 'o ( n . (A.3) 

TaK KaK cpyHKUHSI F k 10(r) - 'leTHasr, a Fk
20

(r)-. He'leTHasr (cM. (E.8)), 

TO !lllSI ccpepH'leCKH-CHMMeTpH'IHbIX IlOTeHUH8llOB U I KOI"'!l8 V ( r} = V (-r') 

(cM. (A.2)), HMeeM:<k"A"OIVlk'A'O>=BA
1
\.';<k"A'O!Vlk'A' 0>, H (A.I) CBo

!lHTCSI K ypaBHeHHIO 

( k2 - k' 2 ) X AA,( k, k' ) = 2 m (k ')
2 f X AA ,(k, k ")< k "A 'OJ V J k 'A 'O > • 

0 

(A.4) 

YpaBHeHHIO (A.4) ynoBneTBopsreT "MaTpHua" KoacpcpHUHeHTOB XAA ,(k, k ') , 

!lHaroaanbHasr no !lHCKpeTHOMY H1'i:teKcy A : XAA !k,k ')= 8 AA' XA( k, k') , 

rne BenH'IHHa X A ( k, k ') onpenensreTcsr ypaBHeHHeM 

2 2 2 
00 

(k -k' )XA(k,k')=2m(k') f dk"XA(k,k")<k"AOJVJk'AO>. (A.5) 
0 

TaKHM o6paaoM, 
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00 

· tµkA</r') = f dk'X A(k,k')Fk'Ao(i), A=l,2. (A.6) 

:.:ho O3Ha'l80T, 'ITO co5CTB0HHbie qiyHKllllll MOI'YT 5b!Tb aaHyMepoBaHbl TeM 

)K0 llHJl"eKC?M A , .'ITO n_. JlBYXTO'le'IHbie qiyHKUHH. TTocnei:rnee aepHO TOJ!bKO 

)lJISI noTeHunaJJOB BH)la ( A.2). 

2. ilJJSI perneHHSI 3a)la'IH paccesIHHSI JlOCTaTO'IHO 3HaTb TOJ!bKO SIBHblll 

BHJl co5cTBeHHb!X qiyHKUHH tµ k 10 (r) ll 'Pk20(r) Ha paccTOSIHHSIX r >> 2d, 

T.e. BHe o5naCTH )leHCTBHSI noTeHunaJJOB. HaaeCTHO, 'ITO B 9TOH o5JJaCTH 

co5CTBeHHbie qiyHKllllll raMHJ!bTOHHaHa, JlOJl)KHbl pacKJJa)lb!BaTbCSI He TOJ!bK(? 

no CHCTeMe · HOpMHpyeMb!X q>yHKllllH . j f ( k r) Yr (@, <p ) , HO ll no CHCTeMe 

M M 
q>yHKllllH n f ( kr) Y f (@, <p ) , JIHHeHHO He3aBHCHMb!X OT j f ( kr) Y f (@, <p ), 

/4/ 
CM., HanpnMep, §35 B KHHI'e • y Hae co5CTBeHHbl0 qiyHKUllll HyMepyroT-

CSI JlBYXTO'letJHhIMH HHJleKcaMn A n M • TToaTOMY, KPOMe CHCTeMbl 

JlBYXTO'le'IIIb!X q>yHKUHH F AM ( rJ • nonytJaeMOH HeKOTOpb!M YHHTapHb!M npe-
k M 

o5pa30BaHHeM ll3 CHCT0Mbl _j f ( kr) Y f (@, <p ) , BBeJleM ilPYI'YJO CHCTe-

MY, GkAM(r') , nonytJaeMyJO H3 ne (kr) Ye(@,¢) TeM )Ke YHHTapHb!M 

npeo5paaoBaHneM, TaK. 'ITO G kA M( t) 5yJlyT nnHeii:Ho HeaaBHCHMhI OT 1i:AM (r): 

➔ 00 M M 
FkAM(r)= I UAe-ie (kr)Ye (@,¢)' 

f= 0 

G kAJl) = f 
f=O 

M M 
UAene (kr)Ye (@,¢). 

B o5nacTH r >> 2 d co5CTBeHHbJe qiyHKllllll t/J A ( r') , 
k 0 xi 

HMeTb BllJl 

x/ ) 
TTpH HanncaHHH (A.9) y'IJJH, 'ITO HMeeT MecTo (A.6. 

14 
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(A.7) 

. (A.8) 

A= 1, 2, Jl OJJ)KHbl 



(A.9) 

3JleCh a k A H hk A - KOHCTaHTbI, KOTOpbre onpeJlenSIIOTCSI rpaHH'IHbIMH yc-

noBHSIMH H HopMHPOBKO:il: tfr k A
O 

( 1) • .fIBHbiii: BHJl IP)'HKIIHH F k A O ( r') H 

G A O ( r)' A = 1,2' nony'leH B npHnO:ll{eHHH B. n OJlCTaBHM B ( A.9) Bbrpa-
. k 

)KeHHSI: (B.10) H (B.11) JlnSI F kAO(r) H GkAO(r➔) , cnpaBe)lnHBb!e npH 

r >> 2 d , H BBe)leM BMeCTO KOHCTaHT a k A H 

a kA= AkA cos 8 A ( k ) , h k A =- AkA sin 8 A ( k ) 

h k A JlpyrHe nocTOSIHHb1e: 

• Tiony'IHM npH r >> 2 d: 

sin ( kr+B 1 ) A k2 sin {3 
k r ' 1/Ik20(r)=- TT y 

cos(kr+8 2 ) 

kr 

f3 H y onpeJleneHbI qiopMynaMH (12) H ( 10) COOTBeTCTBe~Ho. 

TipHnO)KeHHe B 

Bbr'IHCneHHe qiyHKUHft Fk 10 , Fk 20 , Gk 10 H Gk 20 

(A.IO) 

M 
TiocTpOeHHe MaTpHUbI u Ae ' BCTpe'la10II1eHCSI B (A.7) H (A.8), 06-

/3/ 
Cy)KJlanOCh B pa6oTe ' I'Jle, B '18CTHOCTH, 6bmO nony'leHO ( CM. (2.9) H 

/3/ ) (2.10) B 1 '1TO 

0 • f- 'leTHOe• , 

(B.1) 

0 ' f - He'leTHoe; v'1r(2f+l) i.e (kd )/ y_, e- He'leTHOe, 
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B (B.1) HCnom,3oBaHo o6oaHatieHHe (IO). IloncTaBHB (B.1) B (A.7) H 

( A.8). nonytiaeM nm1. HCKOMb!X qiyHKUH:li: 

Fk 10(r') =-\- y- 1 ~ ~'(U+ l)J/kd)Jlkr)P/cos 0), 
. + f_ 0 . 

. (B.2) 

F k20 (f') = _l_ y-:._1 i , (2 f + 1 ) j / kd ) j / kr) Pf ( cos 0 ) , 
2 . f= 1 

Gk 1Jr) = _!_ y- 1 ;,, (2f+ l)j lkd )n e(kr )P y(cos 0)' 
·. 2 + f=o 

(B.3) 

Gk2o<r>=+ r:1 e~/ (2f+Oi/kd)ne<kr)Pe(cos0 ). 

B (B.2) H (B.3) I' oaHatiaeT cyMMY no BceM aetieTHbIM f, I" - no 

BCeM tieTHbIM, 0 - nonSipHblll yron BeKTOpa r B CHCTeMe KOOp,llHHaT, 

rne ocb Z II 2 d (cM. pHCYHOK). 

CyMMbl B qiopMynax (B.2 j H (B.3) MOI'yT 6bITb Bbl'IHCJieHbl C no-
. . /5/ . . . 

MOJllblO qiopMyn (8.533) B Ta6nHuax • CKJI8.[{b!B8SI (8.533,1) H (8.533,2) 

H Bbl'IHTBSI onHy qJOpMYJIY H3 npyro:li npH cf, = 0 • nonytiaeM, 'ITO 

➔ ➔ 

2 cosk Ir - d 
- ➔ ➔ 
TT klr-dl 

00 l:, 
0 

(U + 1 ) j l k d) n / k r ) P / cos 0 ) , (B.4) 

2 sink\t-dl 
- ➔ ➔ 

TT klr-d I 

00 

l: • (U + 1) i e< k d ) j f ( k r ) Pf ( cos 0 ) • 
f=o 

(B.5) 

tIT06bJ HallTH CYMMbl TOJibKO no tieTHb!M HJIH TOJibKO no HetieTHb!M f 

noBTOPHM TY )Ke npouenypy, HO c ¢ =TT- 0 , Torna nonytiHM, 'ITO 
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( E.6) 

➔ ➔ 

2 
1T 

sin1'lr+dl 
➔ ➔ 

1' I r+d I 
( E. 7) 

CK.Jia.llbIBasr saTeM ( E.4) II ( E.6) ( coorBeTCTBeHHo ( E.5) II ( E. 7)) II BhI

'IHTasr 0.llHY cpopMyny HS .llPYf'OH, rrony'IaeM cyMMbl, BCTpe'IaIOIUII9CSI B (E.2) 

II (E.3). 

TaKHM o6pasoM, 

r> 1 -1 < sinkr 1 sink r2 
) ' FAr=--Y ± 

k 2rr ± kr 
1 

kr 
2 

(E.8) 

➔ 1 -1 cos krL cos kr 2 ) . Gk Ab)= y± ± 
21T kr 1 kr 2 

(E.9) 

3,lleCb II B93.lle B .ll8.JlbH9HllleM Bepx1me 3H8KII COOTB9TCTBYIOT A = 1 ' HII:lK

HHe - A =2; r,= I ?-d I ' r2=I ;+ a1 (cM. pHCyHoK). TaK KaK 

B o6naCTII r :::-> 2 d HMeeM ri "'r -d cos®, r 2= r + dcos 0 , rrony'IaeM 

F G)"' _!OS f3 sinkr 
F ( ;) "' - sin@. coskr , •>>2d;(E.10) k 10 kr k 20 kr 

1T y + 1T y -

➔ cos f3 coskr 
Gk20 

( r➔) "' _ sin f3 sin kr 
G 1ir)"'--- ' --- ,r»2d. (E.11) 

k "Y+ kr rry_ kr· 

B ( E.10) II ( E.11 ) HCIIO.JibSOBaHo o6osua'IeHHe f3 = k d cos 0 • 
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B SaKmO"Iemrn paCCMOTpHM pasnO}KeHHe nnOCKOfi BOnHbl no /::tBYXTO

"Ie"IHbIM <PYHKllH5IM (6). TTO/lCTaBHB (B.8) B (7) H BbIIlOnHHB HHTerpHpOBa

HHe, Hafi]leM, "ITO 

ck 'Ao( k➔)= 77 (1 
-t/2 tkd -it_;i 

± sin2k'd!2k'd) (e ±e )B(k-k'),A=l,2. 

Tor.Ila, TIO/lCTaBHB (B.12) B (6), nony"IHM JlnSI ekA
0
(rJ 

➔ 

elclO (;) = 
211 cos a 

FklO(;), ek20(;)= Z77 isin a 
y_ 

F k 20< r) ; 
Y+ 

H B o6naCTH r » 2 d cornacHo (B.10): 

e klJ;) 
2cos a cos f3 

~ + 

sin kr ( ) 2isin a sinf3 cos k r 
----r;-- ' e k 2 O' r s=-~-- 7cr 

r » 2d 

B nocne]lHHX ¢opMynax HCTIOnbSOBaHO o603Ha"IeHHe (9). 

TTpHnO*eHHe B 

DByxTo"Ie"IHb1e ¢asb1 8 1 H 8 2 

(B.12) 

(B.13) 

1. To"IHO TaK }Ke, KaK BblBO/lHTC5I ypaBHElHHe JW5I ¢as B cny"Iae pacceSI

/4/ 
RH.II Ha 0/lHOM 11eHTpe (cM., HanpHMep, BblBO/l (98.21) B KHHI'e ) ' ]ln5I 

/lBYXTO"Ie"IHbIX ¢as nony"IaeTCSI cne/lyIOmee ypaBHeHHe: 

11 km 
1 

sinB =fdr'V(r)F A (";)if, A (;), A=l,2. 
A Yo k o k o 

(B.l) 

V0 - HeKoTOpb1:ii o6'beM /lOCTaTO"IHO 6onhworo pa/lHyca p >> d • By/leM 

pewaTh (B.l) C IlOMOlllbIO Me'ro/la TeOpHH BOSMymeHHfi. B Ka"IeCTBe Hyne-. . 

BOI'O npH6nH}KeHH5I ]ln5I 1/FkAO (rJ MO}KHO BS5ITb F KAO(r) • 8TO OSHa"IaeT, 

"ITO HyneBoe npH6nH*eHHe JlnSIXA(k,k') paBHO B(k-k')_, cM. (A.6). Tor

.Ila cne/lyIOlllee npH6nH}KeHHe HMeeT BH/l, CM. ( A.5): 
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rne P oaHa'laeT rnaBHOe 3Ha'leH11e. 

T aKHM o6paaoM, ecnH orpaHH'IHTbC51 nepBb!M np116nm1rnHHeM, TO 

2 

0Q k' <kAOIVlk' AO> 
2mP f dk'-----F,. (r). (B.2) 

O k 2 _ k, 2 k J\0 · 

TioncTaBHB (B.2) B (B.1)' nony'IHM, 'ITO B paCCMaTpHBaeMOM np116nmKeHHH 

' . 2 2 
1 °" k'<kAOJV]k'AO> 

--k-sinB.=<kAOIV!kA0>+2mPfdk' 
2 2 ,A=l,2. (B.3) 

TTm a o k-k' 

2. BbI'IHcnnM <kAOIVlk'AO> 

TioncTaBHB B onpeneneHHe ( A.3) 51BHb!H BHll llBYXTO'le'IHbIX qiyHKUHH 

H3 ( B,8), nony'laeM, 'ITO 

1 1 -1 .. · kr sinkr sink'r 
<kAOI VI k' A 0> .=-Y (k)y (k')f dt>V(l)(~ +--2

-)( 
1 

4 2 + + · kr - kr k 'r 
TT - - l .2 I 

sit1k'r 2 ) +--- .. 
- k 'r 

2 

y + ( k) onpeneneHbl qiopMynoii: ( 10). P aCCMOTpHM HHTerpanbI, IlCTpe'laIOIIlHe-

C51 B npaBoii: ~aCTH ,(B.4). 
sin kr1 

Cornac:ao ( A.2) i 1 = f d-; V ( r') ---a) 
kr1 

TiepexonH B nepBOM HHTerpane OT HHTeI"pHpOB8HH51 no d; K HHTerpnpo-

BaHHIO no dr7 , a BO BTOpOM - no dr"2 , BOCnonb3OB8BlliHCb aaTeM 
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B nepBOM <jlopMynofi (6.7), a BO BTOpOM - (6.5) H npOH.HTerpHpOBaB no 

yrnaM, nonytJHM 

i
1 

= 411 ( ~kd 
2kd 

+ ~d 
2 k 'd 

b 

f d r r 2 U (r ) ~i~ • sink' r 
o kr Tr 

TaK KaK (B.5) CHMMeTpH'IHO OTHOCHTenb.110 k H k' , TO 

i
2
= I d;v c;> sink'r

1 

k' r 1 

sin kr 2 = i, 
kr2 

(B.5) 

(B.6) 

) 
➔ sin kr 

6 l1 HTerpam,1 I A= f d r. V ( r') ~ 
kr A 

sink 'lj\ 
----,A=l,2 Bbl'IHCnSIIOTCSI TO'l

k 'r A 
.110 TaKHM :lKe o6pa30M, 'ITO H i, ITpHBeneM peaynbTaT: 

b 

IA=411[l+sin2kd. sin2k'd 
2kd 2k'd 

] f dr r 2 U ( r) 13in k!'._ • sin k' r 
0 

kr -p-;---+ 

~ b 

+ 11 3 i (2f +l)je (2kd)je (2k'd) f dr r
2 

U(r)j 0 ( kr )j e (k'r) = 
f= I O L 

= 4 11 [l+ sin2kd_. ~'d 
2kd 2k'd 

2 
+const(b/d) ] 

b 
fdrr 2 U (r) sin kr 

0 kr 

(B.7) 

sink' r 

k' r 

B (B.7) ytJTeHo, 'ITO tJneHbl CYMMbl no e 6bICTpO y6bIBalOT, T.K. kb« 1; 
b 

npH 3TOM nepBhifi (f=l) H caMbifi 6onblllOfi .tJnea MeHbllle _l_ JdrU(r)r 4 

3d 2 o 
nnSI .. npSIMoyronbaoro" noTeHUHana ( U( r )= U 0 npH r :s, b ) const 

B (B.7) =aJz:.._kk'd2j (2kd)j (2k'd) < .!. . IToncTaBHB (B.5) -
10 . 1 I 5 

(B.7) B (B.4), nonytJHM, .11aKo.11eu: 

2 b 2 sin kr sink'r 
<kAO IV! k'AO>=-Y+ (k)y ±( k ') f drr U(r) kr -k, 

IT - 0 r 

20 

2 

x(l+Const(b/d) ). 

( B.8) 



B qiopMyne (B.8) B cnyqae "'rrpsiMoyronbHoro" rroTeHuuana. Const < 3. 

3aMeTHM, 'ITO KOf'Jla k = k' , HHTerpan, BCTpe'laIOmHHCSI B rrpaBOH 'laCTH 

(B.8), H3BecTeH B 3a)la'le pacceSIHHSI Ha OJlHOM cqiepH'IeCKH-CHMMeTpH'IHOM 

IIOTeHUHane u ' pacrronmKeHHOM B HatJane KOOpJlHHaT ( CM., HaIIpHMep, 

(98.22) B KHHf'e 
141

): 

b • kr 2 

fdrr
2
U(r)(~) 

0 kr 

(0) 
sin8 ----, 
2mk 

(0) 
f'Jle 8 - qiaaa S -pacceSIHHSI B HyneBOM rrpu6nm1<eHHH. 

(B.9) 

TioCMOTpHM Terrepb, IIpH KaKOM ycnOBHH rrepBOe rrpu6mrn<eHHe )lnSI 

'P kAo 6yJleT JlOCTaTO'IHO xopOIIIHM. TioJlCTaBHB (B.8) B (B.2), rrpoBeJlSI 

HHTerpupoBaHHe no dk , , rrony'IHM SIBHb!H BHJl 'PkAO (r) , A = 1,2 , B rrep-

BOM rrpu6nmKeHHH, CpaBHHB rrony'leHHYIO qiopMyny B o6naCTH r >'> 2 d c 

TO'!Hoii: qiopMynoii: (A.IO), yBHJlHM, 'ITO OHH COBIIaJlaIOT, ecnu 

I 77 m k < k A O I V I kA O > I « 1 (B.10) 

(cp. rronytJelme (B~lO) C HaXO)K)l9HHeM ycnOBHSI IIpHMeHHMOCTH qiopMYnbI 
/1/ 

EopHa B Kimre , rn. 16, §5). BBHJly (A.2) H (B.9), aTo ycnoBHe oa-

HatJaeT, 'ITO . sin 8 (O) )lOn)KeH 6b!Tb Man. B 9TOM cnyqae 8 (O) 6nH3KO 

K TO'IHOH qiaae 8 H sin8(0) ,,,5<0) (cM. (2.27) B KHHf'e /l/). Ta-

KHM o6pa30M, 

a co> 
< k A O I V ] k A O > ;g - -- (1 + Const ( b / d) 

2 
) y 2 

rrmk ± 
(B.11) 

2 

J (k)=P j dk'k'2 <kAOIVlk'AO> 
A o k2-k,2 

3. BbI'IHCnHM 

Hcrronbaysi (B.8), rronyqaeM, '!To 
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2 2 b b 
JA (k) ;; (2 y / 7T k ) (1 + Const (b / d) ) J dr J dr' U (r) U (r') sin kr sin k r' x 

. ± 0 0 

00 x P f dk, sink, r sin k, r, (1 + sin2k'd 
2k 'd ). o k2 -k'2 

I1HTerpan B CMbICne rnaBHOI'O 3Hff'Iemrn MOlKHO CBeCTII K TaomPHihIM llHTerpa

naM (cM.(3.723,9) n (3.725,2) B Ta6nnuax151 ), B pesynhTaTe B cny"!ae d > b 

nony"IaeM: 

2 b b 

J'A( k)~-2y 2/rrk3 (l+Consdb/d)) fdr fdr'U(r)U(r')sinkr sinkr' x 
± 0 0 

x [+ sinkr sinkr'cos
2

kd + sinkr coskr' 0 (r~r) + sinkr' coskr 0(r-r ')], 
- 2kd 

nnn, ncnonhsyg (B.9), 

(0\ 2 
_ 2 2 (o , cos 2kd 

J A (k);;; -y (1 +Const(b/d) ) I + 
2 

--- + 
± -2rrm k 2kd 

+ +J dr fdr' U(r)U(r')sin
2

kr'sin2kr} 
rrk o o 

Tiocne)lHllll )lBOllHOll llHTerpan TOJKe MOlKeT Ob!Th BbipalKeH "Iepes qiaay o 
aa)la"In o)lHoro ueHTpa. nng aToro Hallo TOnhKo paccMoTpeTh cne)lyromee 

"" (0) , (1) 
npnonnlKeHne Jln51 8 8 = 8 +8 • TipnBeJleM TOnhKO peaynh-

TaT: 

b r 2 2 

f dr f dr' U(r)U(r')sin
2 

kr 'sin2kr = ~- [o CO)+ o Cl> _a CO) 1=-k-ll). 
o o 4m 2 4m 2 

( 1) (0) 

Tipn Hann"IHII ycnoBH51 (B.10) o << 8 • TaKnM o6paaoM, npeae6pera51 

a<l) no cpaBaeanro c· 8 co> , nony"!aeM 
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2 Y_: (I +Const { b/d) ) cos2kd 
2kd 

4. Tenepb BepHeMcsi ,K Bb1pa)KeHH10 (B.3) gnsi sin o A 

B aero (B.11) u (B.12): 

· 8 :s<0 >{1+Const{b/d)
2 

)(1+8co>cos 2kd )· 2 

Sill A - 2lc.d y± 

(B.12) 

• IT ogcTaBHM 

(B.18) 

ITocKonbKY sin o A 

B BH/le (15). 

H (B.13) M0:1KHO nepenucaTb 
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