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HHCTHTYT reoperHqecKoA cjlH3HKH BpounaBCKoro 
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I 

l 

/1-4/ 
B pa6oTax 6bmo paccMOTpeHo cmm-ct>oHoHHoe B38HMo.uel!:cTBHe 

B !peppOM8I'HHTHbiX KpHCTannax C yqaTOM a4J4JeKTOB 8HI'8pMOHH3M8 Kone6a-

. HHl!: aToMHOl!: peweTKH. RpH onpe.ueneHHH '18CTOTbi Kone6aHHl!: peweTKH cpep

poMarHHTHOI'O KpHcTanna paccMaTpHBanocb npocTel!:wee npH6nH:lKeHHe caMo

cornacoaaHHbiX ciJoHOHOB, He y'IHTbiB8IOIUee HX 38TYX8HHe. 

B HacTosnuel!: pa6oTe Ha 

ciJopMynHpyeTC.II 06IUHl!: MeTO.ll 

/56/ 
OCHOBe MeTO.llHKH, p83BHTOl!: B pa60T8X ' , ., 
onpe.ueneHHH qacTOTbi H aaTyxaHHH Kone6a-

.HHl!: peweTKH clJeppOM8I'HHTHOI'O KpHCTanna npH y'I~Te aHrapMOHH'IeCKHX 
.. 

'lneHOB BCeX nopH.llKOB B I'8MHnbTOHHaHe CHCTeMbi. RpH 9TOM ll0K838HO,. 
. . 

'ITO K8K _'18CTOT8 ciJOHOHOB, T8K H HX 38TYX8HHe onpe.uenHIOTC.II acpcpeKTHBHbiM 

B38HMO.llel!:CTBHeM, CyiUeCTBeHHO 38BHC.IIIUHM OT COCTOSIHH.II CllHHOBOJ!: . no.u-

. cHcTeMbi. Eonee no.upo6Ho paccMOTpeHbi npocTei!:wHe npoueccbi Heynpyroro. 

paccestHHSI C8MOCOI'na~OB8HHbiX ct>oHOHOB·, o6ycnoBneHHbie acpcpeKTHBHbiM Ky-

6H'IeCKHM aHrapMOHH3M.OM. no.uo6Hbie npoueCCbi o6bi'IHO He Y'IHTbiB8IOTC.II 

npH Hccne.uoB8HHH 38TyX8HH.II clJoHOHOB B cpeppOM8I'HeTHK8X. (eM., HanpH-
/7-9/ . 

Mep ) , XOT.II OHH MOI'yT .ll8B8Tb CyiUeCTBeHHbiJ!: BKn8.ll llpH onpe.ueneH-

' 
HbiX ycnOBH.IIX~ 

B paa.uene 1 Ha OCHOBe Mo.uenH reaaea6epra paccMOTpeH I'8MHnbTQ

HH8H aHrapMOHU'IecKoro cpeppoMarHHTHoro KpHcTanna. B paa.uene 2 nonyqe-

3 



Ho o6wee ypaaHeHHe .nnSI HenpHBO.IlHMbiX <f>yHKuHA 1pHHa, onHcbiBSIOWHX 

pacnpOCTpSHeHHe CSMOCOI"nSCOBSHHbiX <f>oHOHOB H HeynpyrHe npoueCCb! HX 

pacceSIHHSI. nonyqeHO BbipS>K9HHe ,llnSI a<tJ<f>eKTHBHOI"O <f>oHOH-<fJOHOHHOro H 

cnHH-<f>OHOHHoro · aaaHMo.neAcTBHA. B paa.nen·e 3 paccMOTpeHbi Tpex<fJoHOHHbie 

ueynpyrHe npoueccbi pacceSIHHSI caMocornacoaaHHbiX <f>oHOHOB H nonyqeHo 

BbipS>KeHHe ,llml MSCCO~OI"O onepaTopa B 9TOM npH6nH>KeHHH. 

1. lSMHnbTOHHSH CHCT9Mbi 

· PaccMoTpHM .nnSI npocTOTbi o.nuo.noMeHHbiA <!JeppoMarHHTHbiA KpHcTann, 

COCTOSIIUHA H3 N OJlHHSKOBbiX STOMOB, pSBHOBeCHbie nono>KeHHSI KOTO-

pbiX o6paayiOT peiUeTKY Epase. npe.nnono>KHM, 'ITO B38HMO.IleACTBH9 STOM

HbiX CfiHHOB ,MO>KHO OfiHCSTb H30TponHbiM I"SMHnbTOHHSHOM f'eJiaeH6epra, 

. TSK 'ITO nonHbift I"SMHnbTOHHSH peweTKH MO>K9T 6biTb npe.llCTSBneH B BH,.;. 

/1/ 
.ne 

1 "e=-- l: 
· 2M f 

v 2 
f 

( 1) 

., . 

-+ . -+ 

+U (R t••. R N), na:> · · 

(16) 

r.ne Re.- KOOp,llHHSTbi STOMOB, HM910WHX cnHH s e H Macey M B 
-+ -+ . 

yanax peweTKH e u (R 1 ••• RN) - fiOT9HUHSnbHSSI aHeprHSI B38HMo-
~ ~ ~ ~ 

.neftcTBHSI STOMOB peweTKH, J(Re-Rm): - o6MeHHbiA HHTerpan. /L B 

MarHeTOH Eopa, H - sHewHee MSI"HHTHoe none. 

cornacHo paaeH-
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Hee .~ .. • ·.~.> .6epeTCSI no paBHOB9CHOMy COC'fQSIHHIO KpHCTanna C raMHnb

TOHH8HOM ( 1 ). Pasno:>KRM .z:ianee noTeHulianhHYIO aHepfHIO KpHcTanna_. 
• ·. .. ' . -· --+ . .... :: . .• ~ 

H · o6MeHHbii HHTerpan. J ( R f- R m> B 6eckoHeq~bii PH.ll no 

· TennoBbiM cMeweHRHM aTOMOB • Bse.lleM npH aTOM lj>ypbe-pasno:>Ke-

HHe .llnH onepaTOpOB CM91U9HHI H cnHHOB CornaCHO. paseHCTB8M 

I 

I = -·- :£ 
yN 

-> -> 
ik•f e I· A_.' 

. k J 
(2) 

(3) 

r.lle BeKTopa nonHpHsauHH ;;, ~ qacTOTbi w li!'J 6y.llyT onpe.lleneHbi 

,llanee (eM. pas.llen 2). B pesynhT8Te raMHnhTOHHaH ( i) npHHHMaeT BR.ll: 

.. 
. 00 

:£ V n(l. •. n)Ai•••A n' 
1 ••• n 

(4) 

H T • .ll. H BB9.ll9Hbi · onepaTopbi At, = a it J + a~ k'l 

H Bit,=ait,-a+_kJ , r.lle 

H yHH'iTO:lK9HHSI lj>OHOHOBo ct>yHKUHH 

+ 
akJ H akJ 

B38HMO.ll9ICTBHSI 

5 

- onepaT.opbi po:>K.ll9HHH 

(sepWHHbi) HM910T BH.ll: 



J . ( qq '; 1... n) 
n . 2N(2MN)n/2 

_,.... -+ -+ 
lqf+tq'm 

l: e 
fm 

,(6) 

... ... ... ... 
(elk 1 f _ e I k 1m ) ... X 

(7) 

rAe !:J. ( q) - cHMBOn KpoHeKepa Ami peweTKH • 
._ 

2. HenpHBOAHMble cj?yHKUHH f'pHHa. CaMocornacoaaHHbie 

d?oHOHbl 

I3yAeM npeAnonaraTb, 'ITO B cHcTeMe, onHCbiBaeMoA- raJ..mnbTOHHaHoM 

( 1 ) 
1 

OTCYTCTByiOT . CBSI3aHHbl9 cnHH-cpOHOHHble B036y>KA9HHSI H MOryT cy- . 

wecTBOBaTb AOCTaTO"'HO xopoiuo onpeAeneHHble aneMeHTapHbie aos6y>KAe

HHSI, o6ycnoaneHHbie ione6aHHSIMH peweTKH, - cpoHoHbi. TorAa .tinR onpeAe

neHHSI qaCTOT ¢oHOHOB AOCTaTO"'HO paCCMOTpeTb cpyHKUHIO f'pHHa BHAa 

(B) 

:; - i e ( t -t ') < [A ( t) , A+,( t ')] > , k . k 

6 



I'Jle. IIpHHSITbi 06biqHbie o6oaHaqeHHSI JlnH aaiia3JlbiBaiOUleA JlBYXBpeMeHHO! 

/10/ 
cpyHKUHH rpHHa 0 yqHTbiBaH npaaHna KOMMyTaUHH .onH onepaTopoB A k • 

B k • nonyqaeM cne.oyromee ypaaHeHeHHe .i:r.nH cpyHKUHH rpHHa: 

(9) 

Yt!HTbiBaH npeJlnonmKeliHe o cymecTaoaaHHH t:PoHoHoB B cHcTeMe, :"" ' 

BBe)leM HeiipHBOJlHMbie cpyHKUHH rpHHa, qTo II03BOnHT HaM IlpOCYMMHpOBaTb 

B ypaaHeHHH ( 9) 6ecKoHeqHyro nocne.ooaaTenbHOCTb .oHarpaMM caMocorna

coaaHHoro nonH H onpe.oenHTb aHeprHro cj:,oHoHoB B npH6nH:>KeHHH caMocorna-

/6/ 
coaaHHoro cpoHoHHoro nonH o HenpHBOJlHMoA ( i r) cpyHKUHeA rpHHa 

6y.oeM Ha3biBaTb cpyHKUHIO, KOTOpaH He MO:>KeT 6biTb IIpHBe)leHa IIyTeM pac

uenneHHSI II~ CiJOHOH-cpOHOHHOMy ~nH cmiH-cpOHOHHOMY BaaHMOJleACTBHIO K 

6onee 'npoCTbiM''tiJYHKUHHM rpHHa, Ha JlHarpaMMHOM Sl3biKe . .dnH IlpHqHHHblX 

llByxapeMeHHbiX WHKUHfi fpHHa HenpHBOllHMocTI:> tiJyHKUHH fpHlla · oaHaqaeT, qTo 

OHa He COJlep)KHT C06CTBeHHO agepreTHqeCKHX qacTefi B I1pH6nH)K9HHH caMocorna-
. ffl/ . 

COBaHHOI'O IIOnH o C yqeTOM CHMMeTpHH tiJyHKUHfi fpHHa B (9) IIO HHJleKCaM 

1. .. n lleiipHBOllHMbie tiJyHKUHH. fpHHEi OIIpeJlenHIOTCH B BHJle:· • 

7 



( 10) 
n-1 

=« A1 .•• Ani».:..::£ 
m= 1 

... ... 1 r 
«A •.• A ·s .s ,1» 

· 1 n q q 

... ... 
=«A ••• A s . s , I » -

1 n q q 

n n-m -+ -+ l r 
C n <A m+1 •• • A n S q • S q' > << A 1 • • • Am I » ::£ 

m=1 

n-m m 
r.oe c n = c n = n I I m J (n-m) ! • 3TH onpeneneHHSI no3BOnst-

lOT HanHcaTb pasno:>KeHHe npOH3BOnbHOit cpyHKUHH ['pHHa no HenpHBO.llHMbiM 

cpyHKUHSIM ['pHHa: 

n (lOa) 
«A ••. A I»= I 

1 n 
Cm<A 1 ••• A >«A1 ••• A l>'>lr 

n m+ n · m 

8 



... ... n 

«A 1• •• An sq. sq, I»= + 

( lla) 

+ 

. J1cnonb3yH CBH3b KOppenHUHOHHbiX !}:JyHKUHft C !}:JyHKUHHMH lpHHa, H3 paano

:>KeHHft (lOa) 1 ( 11 a) nonyqaeM paano:>KeHHe .Z:lnH KOppenHUHOHHbiX !}:JyHKUHft/:61 .. 

n-1 
m · lr I 

Cn-1<A;,.+2···An >I<A1··-~Am+1 > ' ( 12). 

-+·-+ n. 

<A 1 ••. A S • S , > = I 
n q q ~ m=O 

no.ocTaBnHH Tenepb paano:>KeHHH (lOa), ·c lla) B ypaBH9HHe .(9) H nepexo

.llH K !}:lypbe-paano:>KeHHIO !}:lyHKUHft ipHHa cornacHo onpe.oeneHHIO 

G ,(t-t')= 
kk 

00 -IW(t-t ') 

f dw e Gkk' (w), 
211 -oo 

l 

9 

(14) 



nonyqaeM ypaBH9HH9 ,ZlliSI HenpHBO.llHMblX <tJyHKllHA rpHHa: 

00 

1 
n I 

,.-
<112 (-kk1) Gk k,(cu) + 

1 ' 

_!_ l: <ll 
1 

(-kl. .. n)«A 1 ••• A 1>>
1

' 
nl1 .. ,n ,n+ n cu 

"' · -+ -> I r 
J (qq';-kl. .. n)«A ... A sq.Sq'l>>cu 

qq '1 ... n n+1 1 n 

r.ae sse.aeHbl q>yHKllHH 

"' <ll (l. .. n) 
, D 

00 
1 ,, 
n . 

l: V , (l. .. n 1'::.n')<A , ... A ,>-
, , n+ n 1 n 

1 ... n 

... -+ 

(15) 

00 

- l: 
n '=o 

. 1 

, 1 n • 

~ , ! n+n , ( q q '; 1. .. n 1 ' ... n ') < A 1 , ... A , S • S , > = 
qq 1 ... n n q q 

- Mk ... 1 ~ ... + k D) 

(2MN) n/2 

1 
2 

-+ -+ 
lknm 

-e 

10 

(16) 



Jn (qq';l. .. n) 

.... .... ........ 
ll(k 1 +• •• +k n +q+q ') 

}; 

2(2MNf/2 N em 

X 

<l>yHKIIH.II ci> 
n 

e 

00 

I 

, ' n . 

_.-+ .... , ..... 
lqf+lq m 

<;t ·Ve> 

v(J)t 

1 ~ •• n' 
Jn+n , ( q q ';I. .. n I' ... n ~)<A 1 , ••• An,>= 

.... ... 
1 it1 e ... .... .... .... .... 

lk 1 m I k nf lk,;m 
(e -e ) ••• (e -e X 

( 17) 

(;n ·Ve) .... .... 
< J (R e-Rm) > 

...;(J) 
n 

OllHCbiB89T :3cPcP9KTHBHOe B38HMO.ll9f!:CTBH9 cPOHOHOB 1 

y"iHTbiBaiomee KaK nepeHopMHpOBKY np.HMoro ssaHMo.oef!:cTBH.II sa C"i~T 

cpe.oHero cPOHOHHOrO non.H, T8K H BKna.o KOCB9HHQrO B38HMO.ll9f!:CTBH511 o6yc-

"' noaneHHOrO CllHH-cPOHOHHbiM B38HMO.llef!:CTBHeM. <l>yHKIIH.II J n OllHCbiB89T 

peHopMHpOB8HHbi9 CllHH-cnHHOBOe (n = 0) HnH CllHH-cj>OHOHHOe ( n._>.'I ) 

B38HMO.ll9f!:CTBH.IIo 

B ypasHeHHH ( 15) Mbi oT.oenbHO BbmHcanH qneH c o.oHoqacTH"iHOf!: 

cPYHKIIHef!: rpHHa, KOTOpblf!: onpe.oen.HeT "i8CTOTy Kone6aHHf!: peweTKH B npH

/6/ 
6nH:>KeHHH caMocornacosaHHoro nomr • .Llef!:CTBHTenbHO, Bhi6Hpa.H qacTOTbi 

.... /3/ (J) k J H ae.KTopa non.HpH.aauHH e ;, cor nacHo ypasHeHHIO 

11 



a 
Me-+ (t)~ 

kl kl 
=-I-

N 

.... .... 
I I e -uicf- m > ~,g~ U (R 1 ... R N) > -

fmf:l 

.... ... .... 

( 
-lkCf-m) 

. - 1-e . 

.. 
nonyqaeM .llnSI lPYHKUHH <11 2 

(18) 

(19) 

Tenepb ypasHeHHe ( 15) Mo:>KeT 6biTb sanHcauo B 6onee y~o6HoM BH.Ile: 

;·,,.' 
0 

+ G k (Ct.)) 
00 

I I 
n=2 n I 

I 
1 ••• D 

.. . lr. 
<II 

1
(-kl. .. n)«A 1 ••• A I» 

n+. · n (t) 

· .. ' 
(20) 

' 12 



(21) 

KoTopag onHc&rsaeT pacnpocTpaHeHHe 'caMocornacosaHHoro' <j:JoHoHa ·s cpep-. 

poMarHHTHOM KpHcTanne. CaMocornacosaHHOCTb Bbi'IHcneHHA a.oecb .oocTH

raeTcH TeM, 'ITO npH onpe.oeneHHH a<j:J<j:JeKTHBHbiX B38HMO.OeAcTBHA ( 16) 
1 

( 17) . KOppenHUHOHH~e. QJYHKUHH. 'Bbi'IHCIISIIOTCSI no <j:JyHKUHSIM rpHH8
1 

HanpHMep, 

napHag KOppeiiSIUHOHHag QJYHKUHSI - nepBbiit 'IIIeH B p831IO>KeHHH ( 12), ( 13) ·-

HMeeT BH.O! 

00 

f d ru cth ...£._ [- Im G kk ,( ru + i E) l. 
0 2 0 (22) 

I 
1T 

., 

BseileHHe caMocornacosaHH&Ix <j:JoHoHos cornacHo ypasHeHHIO ( 18) noasong-
_:-... ···-" 

eT y'leCTb CHIIbHbiit aHrapMOHH3M KOne6aHHA BTOMOB B Cpe.oHeM - B npH6nH-· 

:H<:eHHH caMocornacosaHHor·o <j:JoHoHHoro nonH, TaK 'ITo npe.onono>KeHHe o 

HanH'IHH xopowo onpe.oeneHH&IX aneMeHTapH&Ix soa6y>«.oeHHA, c.oenaHHoe. 

B HaqaJie aToro paai:tena, no cymecTsy oailaqaeT, 'ITO HeynpyrHe npouecc&r 

pacceHHHSI QJOHOHOB 1 onpe.oenHeM&Ie HenpHBO.OHMbiMH cpyHKUHSIMH JpHHa B 

CyMMBX ' ( 20) 1 He .OOII:H<:Hbi HI"pBTb cymecTBeHHOA ponH. 3<fl$eKTHBHOCTb 

nocne.OHHX 3HB'IHTenbHO CHH>KBeTCSI 6naro.oapg nepeHopMHpOBKe sepUIHH 

V n H . J n B caMocornacosaHHOM · QJOHOHHOM none, nocKonbKY aTa 

nepeHopMHposKa, cornacHo ( 16), . ( 17), cso.oHTCH K ycpe.oHeHHIO aaTpasoq- ~ 

HbiX noTeHUHBIIOB no o6naCTH .TennOBbiX CMeiUeHHl!: 8TOMOB
1 

'ITO yMeHbUIBeT 
. . . . /11/ 

caM noTeHnHan H . .oenaeT. ero 6onee "'MHI"KHM"' · .• 

13 



' 

3. 3aTyxaHHe caMocornacosaHHbiX dloHOHOB 

B 9TOM• paa,ZJ.ene Mbi paccMoTpHM HeynpyrHe npouecchi pacceBHHSI cpo

HoHoB HHawero nopB.ZJ.Ka, npHBO.llSIWHe ·K. aaTyxaHHIO ·caMocornaccisaHHbiX q>o-

• HOHOBo Y ,ZJ.ep>KHB8SI B TO'lHOM ypaBH9HHH ( 20) TOnbKO nepBbi9 '!neHbi B cyM

M8X1 nony'!aeM npu6nn>KeHHoe ypasHeHne .ZJ.nB q>yHKUHH I"'pnHa (s): 

o o I "" 
Gkk'(_ru )=Gk (ru )Bkk, +Gk (ru )-2 :£ . «<>s(-kkxk2)«Ak 1~k2 I ::O>ru-

k 1 k 2 

(23) 

- 0 
- G k (ru) :£, j 1 (qq';-k)«S .sq'l>>ru qq . q 

llBYX'l8CTH'lH8SI cpyHKUHSI lpHHa 

(1) 
G , , '(t-t')=«A (t}A ,(t); A+k,(t')>> 

PP k P P 
~ (24a) 

H CBSI38HHhl9 C Heft cpyHKUHH 

~) + . 
G , , ( t - t ') = « B ( t) A ,( t) ; A k ,( t ' ) » . , 

pp k . p p 
(246) 

(3) ( ) + G , , t-t' =«B (t)B ,(t);Ak,(t')» 
pp k P P 

(24B) 

14 

\ 
( 

I 
/I 
l 

OOHCbiB810T BCe B03MO>KHf 

·nony'lHM cHcTeMy ypasH~ 

cpyHKUHH (24) no BpeMeHl 

nony'!aeM: 

; (1) 
ruG , ,(ru)=ru ( 

PP k P 



e · npoueccbl pacceSIHHsi !f:lo

:HIO ·caMocornacoBaHHbiX tpo

nbKO nepBbie qneHbi B cyM

'HKilHH f'pHHa (8): 

(23) 

~,(t')» (24a) 

.t,) >> ' (246) 

. ( t:) » (24B) 

onHCbiB8IOT Bee B03MO)KHbie nponeccbi pacceSIHHH c yqacTHeM Tpex !f:loHcHoB.·. 

·nony'iHM CHCTeMy ypaBHeHHit .llnH 9THX !f>yHKUHA rpHHa. JlH!f:J!f:lepeHUHpyH 

!f:lyHKUHH (24) no BpeMeHH 

nonyqaeM: 

00 

00 

-2 

G c2 > ( ·· ) G c2 > - ( ) 
, , CU +W , , k, CU ' pp k P P P (25a) 

. . . l V (-p l. •• n )«A 
1 
••• A A ,j» -

n+1 n p CU n! 1.,.n 

1 ' -+ -+ 
- ~ . J n+ 1 (qq'; -pl... n)«A 1 • .- •• A nSq .sq, AP, l»w , n! qq 1,.,n 

(256) 

l ... ... 
- l: J 1 (qq';-pl. .. n) «A ... A S .s , 8 , I» + (25B) 
n I , n+ 1 n q q p cu 

• qq 1 ••• n · 

00 

+ 2 l: l 

n=1 n! 1,..n 

00 

-2 

.[lim MHOro!f:JOHOHHbiX <f.JyHKUHA rpHHa B npaBbiX qaCTHX ypaBH9HHA (25) Boc

nonbayeMCSI paanO)K9HHeM (lOa) I (-11 a) no HenpHBO.llHMbiM IPYHKUHHM rpH

Ha. npH 9TOM Mbl COXpaHHM 1 _TaK )K9 KaK H B. ypaBHeHHH (23), TOnbKO 

HH3WH9 qneHbl paanO)KeHHS11 HanpHMep: 

15 



.· 
(' ... 

. «A 1';• An A P, I»"' n <A 2 ••• A n > « A 1 A P " I » + 

+ n < A ••• A A , >«A 1 I>> 
2 .D p -

(26a) 

~ ~ ~ ~ 

«A I ... A s . s , A , I» .. <A ••• A A , > « s • s , I» + nq q p I np q q 

(266) 

+ n < A 2 ••• A S • S , > «A 1 A , I )I> + 
.n q q P 

... ... 

+ n < A2 ••• A D s q" sq, A p ·>«AI I>> • 

... 
KoppenHUHOHH&Ie !}:>yHKUHH B (26) T8K:lKe paano:lKHM no HenpHBO.IlHM&IM 

!}:>yHKUHHM cornacHo ( 12), ( 13) 1 r.lle y .llep:lKHM nHWb npocTeAwHe HenpHBo

.UHMble cpyHKUHH 1 HanpHMep: 

1r 
<A

1 
••• AA.,> .. n<A 1 A,> <A 2 ••• A > 

D p p D 
(27a) 

... _. t r -+ 4 

<A 1 ••• Ansq.sq, AP,> .. n<A 1 ~P,> <A2 ••. Ansq.sq, ).( 276 ) 

16 

-~...-:;.-__,.:-....::_ . . -· 

I 

I 
I 
I 
I 
! 

I 
I 
l 

,j 
t 
' \. 
j 
I 
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no,llCTBBnHH. npHHHTble . P· 

(2) . . . 

ru G 'k ,(ru) = ru , G pp . . p 

. + 
+2<A -A,> 

p , p 

. + . 
-2 <A , A ,> 

p p 

· r,lle Mbl y'inH paaeHCTBO 

Ke pa3no:lKeHHA (26), (2' 

H&IA ( 25r) 1 r .lle~ O.llHBKo, 

Hb!X cpyHKUHA THfi8 

<A+· B , 
p 

nocne,llHee paaeHCTBO Cl 

rpHHa: 

1 

1T 

KOTopoe nerKo nony~Tb 

onepaTopoB A , B 
k k 

9T ~pOCTOA BHJl:· .· 

(3) 
ru G , . ,_(Ct. 

PP k · 



Ap' 1>.> + 

:::~, I» (26a) 

-+ -+ 

>«s· .s -I»+ 
q q 

(266) 
. . . 

>«A1 Ap, 1:>>+ 

KHM no HefipHBO.llHMbiM 

nHwb npocTeAwHe nenpHao-

(27a) 

no.llCTaBn.IUI llpHHHTbie paano:meHHH B ypaBHeHHe ( 246), nony"iHM: 

<2 > G <3 > . < t > · 
ru Gpp'k'(ru)=ruP, pp'k' (ru)+ru P Gpp'k'(ru) + 

+2<A+ A,> 
.. 

(-'p,-p',pt)G k' I 413 (ru)-p , p 
p 1 

(25r) p 1 

+ 
I -+. -+ + -2 <A , A ,> J2 (qq';-p,-p')«S .s -lA k , » p p 

q q (L) qq 

· I'.lle Mbi y"inH paBeHCTBO (19) H onpeneneHHH (16), (17). npH fiO.llCTaHos

Ke paano:meHHit (26), (27) B ypaBHeH.He (25B) OHO llpHHHMaeT BH.ll, fiO.ll06-

Hbiit ( 25r) 1 I'.lle, O.llHaKo, B npaBolt . "iaCTH CTOHT KOM6HHaUHH KOppenHUHOH

HbiX <jJyHKUHft THna 

nocnenHee paBeHCTBO cnenyeT H3 npaaHna CYMM .llnH <jJOHOHHOit <jJyHKUHH 

rpHHa: 

I 00 

f 
1T -oo 

KOTOpoe nerKO nony"iHTb Henocpe.llCTBeHHO H3 ypaBHeHHft .llBH:>KeHHH .llnH 

..... . : 

onepaTopoa A k ·, B k 

eT ~POCTOit BH.ll: 

., B peaynbTaTe nocnennee ypaaHeHHe (25a) npHHHMa-. 

(3) (2) ' (2) 
ruG , ,{ru)=ru G, k,(ru)+ru ,G 'k'(ru), PP k · P · P P · P PP ( 25n) 
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:" 

;' .. 

r.z:xe HcnonbaosaHo paseHCTBO ( 19). · PewaSI Tenepb nonyqeuuyio npH6nH:H<e~
HyiO CHCT6MY ypaBH6Hill ( 25a) 1 ( 25r) 1 ( 25.z:x ) 1 Ha~O.llHM B~pa:lKeHHe .z:xnSI 

cpyHKUHH rpHHa (24~): 
·' 

G(t), ,(ru)=F(p,p',ru)2:£ i (-p,-p',k )G ,(ru)-
PP k k 3 1 k k 

1 1 

(28) 

. = 4 4 + 
-F(p, p', ru) 2 q~, J_2(qq ~.; -:-P• -p ')« Sq .s q, lAk, »ru 

r.z:xe ... 
F ( p , p , , ru ) = ...l. I (N P + NP , )( ru p + ru p , ) 

(N - N , )(ru - ru , ) p p p p l 
2 ---

2 ·( (i) - (i) +(i) . )2 
p p, 

+ 
Np=<APAP>. 

c..,2:;:_(ru -ru ,)2 
·P p 

TaKHM o6paaoM, ypasHeHHe (23) npHHHMaeT cne.z:xyiOlllHA BH.ll: 

. 0 0 ph 
Gkk'(ru)=Gk(ru)8kk'+ Gk (ru) :£ ll kk 1(ru) Gkk' (ru)-

18 

(29) 
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r 
I 
I· 
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;~ 

l 
I 
I. 

. \ 
I 

1 
\ . I 
\ 

I 
I 

\' 
I 

= 0 
-Gk(C..,)I :£, J1 

q q . " 

= 
+ :£ , ciJ 3 (- k. p 'p, >F: 

pp . . 

r.z:xe Mhl BBenB ljJOHOHHYIO 

ph . 

n k k (ru ) = :£ , ciJ 3 
1 . pp 

onpe.z:xenSIIOlllYIO 36TYX6HHE 

( 18) sa cqeT HeynpyrHX .1 

Docne.z:xHHA qneH B ypaBHI 

HOB c pom.z:xeHHeM HnH 11o 
4 4. 

MhiX ljlyHKUHeA « S q • Sq' .. . 
WHHOI J 1 ) onHchi~ae 

M6I'HHTHhi6 B036ym.z:xeHHSI1 

nepexo.z:x O.llHOI'O cpOHbHa · 

M6I"HHTHhie B036ym.z:xeHHSI 

UHH Tpe6yeT.npHBneqeHHB 

soa6ym.z:xeHHA (eM., lianp: 

B OT.z:xenbHOI pa6oTe~ .3a~ 

HHH no cnHH-IjJOHOHHOMY 
. /9/ 

B eJJ.ne : · 



nepb nony'!eHHyiO npH6JIHJKeH

HaxoaHM. BbipaJKeHHe · ana 

(28) 

.. + . 
. s , I A . , >> ' 

' q k (t) 

(N -N , )((t) - CtJ , ) 
p p p p I ' 

(,2 :..:..(CtJ -Ctl , )2 
·P p 

(29) 

(30) 

~ ' 

+ l:, ~ 8 (-k,p,p')F(p,p ',CtJ) l: 
pp qq 

,•. 

rae Mbi aaenJi cpoHoHHyiO '!BCTb Maccoaoro onepaTopa 

ph 

II kkt (CtJ >= p~'~ a (-k,p,p')~a (-p',-p,kt)F(p,p',Ctl)' (31) 

onpeaenSIIOIUYIO 38TyX8HHe H CllBHr '!BCTOTbl C8MOCornacoaaHHbiX cpOHOHOB ,~ 

(18) sa C'!9T neynpyrHx npoueccoa npBMoro TpexcpoHoHHoro pacceSIHHSI. 

n OcneaHHJl '!neH B ypBBH9HHH ( 30) ODHCbiB89T Heynpyroe pacceSIHHe cpOHO-

HOB C poJKaeHH9M HnH nornoiUeHHeM MarHHTHbiX B036yJK~eHHA, .ODHC~IBae

t npH'I~M nepaag cyMMa ·( c aep-· -
.. .. + 

Mbrx cpyuKuHeA «sq. sq, 1 Ak,»Ctl .. 
_ WHHOJl J t ) OllHCbiB89T DpSIMb19 DpOU9CCbl nepexoaa oaHoro cpOHOH8 . B 

M8rHHTHbie B036yJKaeHH51, a BTopag cyMMB _ODHCbiB89T nocneaoBaTenbHbiA 

nepexoa oauoro- cpou.oua a napy cpoHoHoa (aepWHHa · ~a ) ' H 38T9M B 

MarHHTHble B036yJKa9HHSI (a_epWHH8 

UHH Tpe6yeT npHaneqeHHs onpeaerieuuoa Moaenu anSI onHcaui'm MarH-HTHblx • 
17 8/ 

B036yJKa9HHA (eM., HanpHMep, . ' ) H ll09TOMy 6yaeT p8CCMOTp9HO H8MH 

B OTaenbHOA pa6oTe. 3aM9THM saecb TOnbKO, .(To B HH3W9M ppHiJnHJKe

HHH no CDKH-cpOHOHHOMY B3BHMoaeACTBHIO 9Ty cf>yHKUHIO · MOJKHO npeaCTBBHTb 
/9/ 

B BJlll9 : 
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il 
;_!;I 

il 
•i 

_. -+' ' '+ -+ -+ , .. _.... -+ 

«S .s, !Ak'>>,_, .. I F4 (S· .s ,;s .sq· ,;cu)J1 (q1q!;k1 >G. k'(cu}, q q . ~ , q _q q1 1 1 
q1Q1k1 . 

.... -+ .... .... 
rae F

4 
(S • S ,; S • S ,;cu)- !f>ypbe-xoMnoHeHTa apeMeHHoA xoppemmHoH-q q q 1 .· q1 . ; 

Holt cpyHKUHH 'leTbtpex cnHHOB. B aToM npH6nH:lKeHHH ypaaHeHHe (30) npHHH-

MaeT BHa ypaaHeHHH naacoHa: 

. - 0 6 ph s-ph : ~ · ' · · ·. 
G kk'(cu)=Gk(cu)Bkk' +Gk(cu) I lllkk1(cu)+IIkk1 (cu}IGk 1k'(cu), 

rae CllHH-If>OHOHH8H 'i8CTb M8CCOBOI'O onepaTopa HMeeT BHa: 

n s-ph 

kk 1 
(cu)=-I· 

qq'q1q'1 

"' ... -+ .... .... 

J 1 (q 1q '1 ~ k 1)F ,<s q.s q';sq .sq, 
. 1 . 1 

cu)x 

(33) 

(34} 

.. 
xl J 1 (qq'; -k') + I ci 

8 
(-k,p,p').f:a(qq';-p,..:..p')F(p,p',cu)l. 

, 
·pp 

nonyqeHHOe ypaaHeHHe. naacoHa MO:lKHO rpalf>H'i9CKH npeaCT8BHTb B. BHae 

·' • + + 

+ + 

(35) 
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I' ae . :lKHpHag. nliHHH COOTE 

TOHK8H nHHHH - lf>yHKUHH, 

BOnHHCTaH nHHHH CX9M8TI 

.... -+:' 
aoa6y2KaeHHA «S q • Sq ', 

. ' 
MHpoaaHHbte. · aepwHHbi, . -~ 

Bbi'iHCneHHH Maccoaoro 6 
171 . ' . . .• 

pa6oTe He · 6bma y'!Te.J 

KOCB9HHOI'O CllHH~If>OHOHH· 

n =3), KOTOpaH M02K9 

'HHA 'ln~H (35), o6yc~OB; 
HH3MOM, He pfiCCMaTpH_Be 

ueccoa. a (35) Ha ~aTyx'~ 

MO:lKeT 6b!Tb. CYW9CTB9Hl 

TeMbi. OueHKa HX, oaHa~ 

MOaenH - BHaa llOT9HUH 
... ... 

J(Re-Rm)-H 6yt:teTnp 

· B HacTostwea pa6o 

TenbHO onpeaenHTb qact 

1'anne c clinhH~IM imrap1 

HHA' 8TOMOB Y'lHTbiB8E 

HOI'O lf>oHOHHoro nong -

H 'i8CTH'IHOI'O cyMMHpOB• 

BOaHT K HX peHOP.,MHpOB: 

· ~ n ( 16) H . J 
n. 

HHSI B03HHK810T C8MOCOI'; 
.. · 

peHHbte paHee a pa6oT_ru 

( 20) onHCbiBaJOT aaTy~a 



.. 

~HTa BpeMeHHoA KOppenHUHOH-

9HHH ypaBHeHHe (30) npHHH-

HMeeT BH.ll! 

... ... 
-;S .s,:cu}x 

q1 ' q 1 

(33) 

(34) 

;-p,.:..p'}F(p,p ',cu) I. 

::KH npe.z:tCT8BHTb B. BH.z:te . 

i) .• +. 

~. 
(35) 

r.z:te ,:>KHpHag. nHHHH COOTB9TCTByeT TO'IHOA tPYHKUHH rpHHa' G~k, (cu) t 

TOHKag nHHHH - tPYHKUHH rpHHa caMocornacosaHHbiX tPOHOH?B G ~ (cu ) 

BOnH~CT8H nHHHH CXeMaTH'IeCKH npe.z:tCT8BnHeT pacnpOCTp8H9HHe I\{8I'HHTHbiX 
. -+ -+ . . . 

B036Y:>K.ll9HHA <<S q • Sq ,, >>, 38WTpHXOB8HHhle Kpy:>KKH 0603H8'18IOT peHop-

. ~mposaHH~Ie sepWHHbi, cil 3 j 
1 

, j
2

· • 0TMeTHM 3Jl9Cb
0 

'ITO npH 

Bbi'IHcneHHH Maccosoro onepaTopa npHMbiX TpexcpoHoHHbiX npoueccos (31) s 
' 17/ .. 

pa6oTe He · 6.bma Y'ITeHa nepeHopMHposKa sepwHHbi <lJ 
3 

aa C'I~T 
KOCBeHHOI'O CllHH-~OHOHHOI'O B38HMO.ll9ACTBHH (BTOpoA 'lneH B (16) ilpH 

n _=3), KoTopag Mo:m:eT 6biTh cymecTseHHa a6nHaH TO'IKH. KIOpH.' Docne.z:t

HHA 'ln~H ( 35), o6ycnosneHHbiA T8K:>Ke acpcpeKTHBHbiM Ky6H'IeCKHM aHrapMo

HH3MOM, He paccMaTpHsancH s .z:tpyrHx pa6oTax •. BnHHHHe paanH'IHbiX npo

ueccos B (35) Ha 38TyxaHHe H C.llBHI' '18CTOTbi CaMocornacoBaHHbiX cpOHOHOB 

MO:>KeT 6biTb CYlll9CTB9HHO p83liH'IHbiM B 38BHCHMOCTH OT T9MnepaTypbi CHc

T9Mbi. OueHKa HX, OJlH8K0 0 • MO:>KeT 6biTb C.z:tenaHa · ilpH. KOHKpeTHOM Bb160pe 

·Mo.z:tenH - BH.z:ta noTeHuHana U (ll 1_. •• RN) H o6MeHHoro HHTerpana ... ... 

J ( R e - R m} - H 6yl{eT npoBel{eHa B OTl{enbHOH pa6oTe. " 

4. 06cy:m:peHHe 

· B HacToHmea pa6oTe noKaaaHo, KaKHM o6pa.3oM MO:m:Ho nocne.z:tosa

TenhHo onpe.z:tenHTb '18CTOTy H 38TYX8HHe cpOHOHOB B cpeppOM8I'HHTHOM KpHc

. Tanne c CHnbHbiM aHrapMOHH3MOM. CHa'lana CHnhHbiA aHrapMOHHGM Kone6a-

HHA' 8TOMOB 
Y'IHTbiBaeTcH B cpe.z:tHeM .- B npH6.TJH:m:eHHH caMocornacosi:m-

HOI'O tPOHOHHOPO nong - nyTeM BBe.z:teHHH HenpHBO.llHMbiX ¢yHKUHA rpHHa • 

H '18CTH'IHOI'O CyMMHpOB8liHH qneHOB npH BepWHHHbiX 'laCTHX, 'ITO ' npH~ 

BO.llHT K HX peHopMHpOBKe H llOHBneHHIO acpcpeKTHBHbiX B38HMO.z:teACTBHA 
• $:::1 ' . ,, ,, • ' • ' ·' 

$ n ·' ( 16) H J n ( 17). DpH 9TOM B K8'19CTBe Hynesor? nim6nH:m:e- •. 

HHH B03HHK8IOT C8MOCOI'n8COB8HHbie cpOHOHbi _{ypasHeHHH ( 18} (21) ), paCCMOT

/13 4/ 
peHHbie paHee B pa6oTax ' ' • OcTanhHbie qneHbi B TO'IHOM. ypasaeHHH 

( 20) OllHCbiB8IOT 38Ty~aHHe .H -~OllOniiHTenbHyiO nepeHOpMHpOBKy '18CT0Thl 
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' • I • • • • 

TOnhKO 38 C'I~T HeynpyrH'X npoueCCOB pacceSIHHH cpOHOHOB, 0THOCHTenbHO 

npOCTO MO}KHO paccMOTpeTb TOnhKO HH3IUHe, npouecchl pacceH~fHH 1 B. KOTO

phiX y'lacTayeT He6onbllloe 'IHcno aneMeHTapHhiX aos6y}K.aeHHA. B pas.aene 

3 TaKoA pac'I~T npH y'I~Te TpexcpoHoHHbiX npoueccoa pacceHHHH npoae.aeH, 
' ' ' 

BKna.a npoueccoa 6onee BbiCOKoro nopH.aKa MO}KeT 6hiTh Y'IT(!H no.ao6Hb1M . 

}Ke o6pa30M COCTaaneHHeM COOTBeTCTBYIOUleA CHCTeMhi ypaBHeHHA .llnH He

npHBO.llHMhiX cpyHKUHA lpHH8 6onee BhiCOKOI'O nopH.llKS, 

0TMeTHM B 3aKniO'IeHHe 1 'ITO I'8MHnhTOHH8H THna ( 1) MO>KeT 6b1Tb HC

nonb30B8H . JlnH onHcaHHH He TOnhKO <fleppoMarHHTHblX KpHcTannoa, HO H 
. . . . ' . . . . /12/ 

.llpyi'HX CHCTeM 1 HanpHMep cerHeToaneKTpHKOB C BO.llOpO.llHOA CBH3bl0 

HnH KpHCTannoB 1 r.ae B03MO}KeH 06MeH 8TOMOB Me}K.ay ysnaMH pellleTKH 1 

8 /13/ . . 
KSK a · He • B .aTHX cHcTeMax aHrapMOHH3M Kone6aHHA aToMOB aecb-

Ma BenHK1 T8K 'ITO 06bl'lil0e I'SpMOHH'IeCKOe flilH6nH:lK.eHHe He. HMeeT o6na~-. 

TH npHMeHHMOCTH 1 H fi09TO~y p83BHT8H 3.lleCb TeOpHH MO}KeT 6b1Tb HCflOnh-

30B8H8 C HeKOTOpblMH BH.llOH3MeHeHHHMH .llnH OfiHC8HHH cpOHOHHOI'O cneKTpa 
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iHHH <lJoHOHOB •. 0THOCHTenbHO 

npo~ecc~ paccesrHHsr, a KOTo

r~x · aoa6y)K,neHHI. B paa.nene 

poueccoa paccesrHHsr npoae.neH, 

~O)Ke.:r 6~Tb Y'IT~H no.no6HbiM . 

~ .CHCTeM~ ypBBHeHHI .llnSJ He

> nops.nKa. 
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