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KaK H3BeCTHO, nanoonbwHe ycrrexH B OO'bHCHeHHH 3KCIIepHMeHTanbHbIX 

t:iaHHhIX. B ccpepnqecKHX HJlpax ( pacnpet:ienenne aapsi:t:ia B aTOMHoM HJlpe, c pet:i

HeKBat:ipaTH'IHbiii: pat:inyc aapsi:t:ia y R! , nono:lKeHHe OJlHO'laCTH'IHbIX ypoB

Heii: BonH3H IIOBepxHOCTH <l>epMH, JlH<pcpepeHuHanbHbI0 C0'10HHH B npHMbIX pe

aKUHHX H T.Jl.) rrony'leHbI rrpH HCIIonb30B8HHH OJlHO'l8CTH'IHOii MOJlenH C no

TeHuHanoM CaKCOHa-Byt:ica. IToaTOMY 3TOT IIOTeHuHan rrpHM0HHeTCH B pac-

' "I~TaX KBK JlnH ccpepH'l0CKHX, TBK H JlnH t:iecpopMHpOBaHHbIX Ht:iep, IIpH'l~M B 

Hero BBOJlHTCH yrnoBaH 38BHCHMOCTb. 0Kaaanocb, 'ITO npHMeHeHHe aHH30-

Tponnoro IIOT0HUHana CaKCOHa-Byt:ica JlnH OIIHCBHHH 0JlH0'18CTH'IHbIX H Kon

/1-5/ 
neKTHBHbIX xapaKTepHCTHK t:iecpopMHpoBaHHbIX smep ' JlHcpqlepeHUHanbHbIX 

ceqeHHii Heynpyroro paccesi:HHH a -'laCTHU H peaKuHii rrpsi:Moro THna rrpn-

/8/ 
BOJlHT K nyqweMy COBII8Jl0HHIO C 3KcnepHM0HTanbHblMH JlaHHbIMH . , '10M B 

Tex cnyqasi:x, Kort:ia HCIIOnbayeTCH OCUHnnHTOpHbiii: rtoTeHuHan 6eCKOH0'1HOii: 

rnyoHHble 

Ot:iHaKO 3aJlaqa H8XO:lKJl0HHH OJlHO'laCTH'IHOro cneKTpa H COOTB0TCTBYIO

UIHX eMy BOnHOBblX cpyHKUHii:, KOTOpbie cny:lKaT 083HCOM IIO'ITH t:inH Bcex MO

t:ienbHbIX OIIHCaHHii: CBOiiCTB Ht:iep, B t:iecpopMHpoBaHHOM KOll0'1HOM noTeHunane 

cno:lKHa. 
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YpaBHeHHe lllpennHrepa c TaKHM rroTeHunanoM aHannTnqecKn He pe

rnaeTcSI. IToaToMy 06b1qHo ero pernaJOT qncneHHo. 8To11 3anaqe rrocBmueH 
11, 7-12/ /1,8, 10, 12/ 

pgn pa6oT • B onHHX pa6oTax BOnHOBag cpyHKUHSI OTbICKH-

Banacb ITO perneHHSIM ypaBHeHHSI ill pennHrepa co ccpepnqecKH-CHMMeTpllqHh!M 

rroTeHunanoM KoneqHofi rny6nHhI, qTo naeT xopornee rrpn6nn)l(eHne rrpn paB

HoBeCHhlX anaqeHnHx rrapaMeTpoB necpopMaunn nnH ypoBHefi B6nnan rroBepx

HocTn <PepMH. ilnSI cna6o CBSI38HHhlX ypOBHefi ToqHOCTh rrpn6nH)l(eHHSI yxyn

rnaeTCSI, T.K. nng T8KHX COCTOSIHHH BenHKO BnHSIHHe HerrpepbIBHoro crreKTpa. 

/9, 11/ 
B npyrnx pa6oTax co6cTBeHHh1e cpyHKunn raMnnhTOHHaHa c necpopMn-

poBaHHhIM K0HeqHhIM ITOTeHunanoM rrpencTaBnSIJOTCSI B Bnne paano)l(eHHSI no 

co6CTBeHHhIM IPYHKUHSIM raMIWhT0HllaHa HHnhCCOHa nnn no cpyHKUHSIM rapMo

HHqecKoro ocunnhHTOpa. B aTnx pa6oTax aBTopaM ynanoch o6oi1:TH rrpo6ne

MY eerrpephlBHOro crreKTpa, T.K. ocunnnSITOp HMeeT T0nhK0 nncKpeTH~H 

crreKTp ypoBeefi. OnHaKO CKOpOCTh cxonnMOCTH paano)l(eHHSI K TOqHoMy aea

qeenJO ne oqeHh Bemma, noaToMy neo5xonnMo yqHThIBaTh BKnan 5o:Jh1Iloro 

qncna qneHOB, oco6eHHO nng cna6oCB5I38HHh!X COCTOSIHIIH. 3TO ITOHSITH0, n6o 

acHMITT0THKa B0nH0Bh!X IPYHKUHH IT0Teeunana 1rneeqHoi1: rny6HHhl HMeeT BHn 

exp ( - a r ) , a acnMrrToTnKa cpyHKUHfi rapMoenqecKoro ocunnnSITopa -

exp(- fh 2 ) • 

C rrpo6neMoi1: yqeTa BnnHHHSI eerrpephIBHoro crreKTpa rrpnxonnTcSI cTan

KnBaThCSI rrpn nccnenoBaHnn cBoficTB ccpepnqecKnx Hnep, Ko,rna rroneofi cnc

TeMofi cpyHKUHH HBnSIIDTCSI onHoqacTnqHhJe B0nHOBhJe cpyHKUllll rroTeeunanoB 

KOHeqHOl1 rny6l!Hhl. 'ITpnMepoM M0)l(eT cny)l(HTh MeTon CMelIIHBaHHH KOH!pllry

paunfi B cnyqae Manoro qncna nncKpeTHhIX ypoBHefi. 

UenhJO HaCTOSilllett CTaThll SIBnSieTCSI 0ITHCaHHe MeTona perneHHSI ypaBHe

HHH ll!pennHrepa nm1 cnyii:aSI necpopMnpoBaHHoro rroTeHunana KoHeqH::>fi rny-

6nHhI C pa3Mh!Th!M KpaeM nnSI CB5I38HHhlX COCTOSIHHH. BonHoBaSI cpyHKUllSI 

rrpencTaBneHa KaK cyrrepIT03llllll5I co6cTBeHHhlX BonH0Bh!X cpyHKUHH aanaqn 
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llJTypMa-nHyBMJWSlo TaKHM o5pa30M rrpo5m,Ma y<IeTa BnHSIHHSl Herrpepb!BHOf'O 

crreKTpa Ha cna5ocBsr3aHHbJe COCTOSIHllsr CHHMaeTcsr, H OKa3bJBaeTcsr, 'ITO 

STOT. MeTO)l o5ecrre'IHBaeT MaKCHManbHO B03MO)KHYIO 5b!CTPY!O CXOJlHMOCTb. 

§ 1. CBofiCTBa co5CTB0HHbIX cpyHKUiffi § of (I) 38)la'1If 

llITypMa-nHyBHnnsr H MeTO)l pemeHifsr 

B~IIIHllieM ypaBH0HifSl llITypMa-nnyBHnnsr Ha co5CTB0HHbie 3HaqeHifSl 

an e If co5CTB0HHbie cpyHKUifif § n eC I ) • 

0 2 d2 li2 
[---.-+-

2µ dr 2 2µ ( 1) 

ITonaraeM, 'ITO V ( r ) < O , T.e. V ( r ) srBnsreTcsr rroTeaunanoM rrpnTsr)KeHHsr 

If E of - cpHKCifpOB8HHoe OTpnuaTen?Hoe 'IIfCno. Mb! Tpe5yeM, 'IT05bi cpyHK-

UIIIf § n f (I) YilOBneTBOpsrnif cne)lyIOII{HM rpaHH'IHbIM ycnOBifsrM: 

Ecnn a
0
e = I 

llipeJlHHrepa, TO 

6<YPiiu.c;,tr•t.ef'l(l . 
ypaBHeHHSl 

cpyHKUifSl OCHOBHoro(n= 0) COCTOSIHifSl ypaBHeHifSl 

· rnpeJlHHrepa - 5y)leT rrepBOH co5CTB0HHOH cpyHKUHeti: 38)l8'1If Il!TypMa-.nny

BHnnsr, T.e. § 0 e ( I ) - o5 bl'IH8Sl cpH3If'10CKasr BonHOBasr cpyHKUHSI. IT pH cpifKCif-

poBaHHOM 3Ha'l0Hifll e C pOCTOM a IIOTeHuHanbHasr SIMa CTaHOBHTCSl 

rny5)Ke If ecnn Mb! CMO)KeM rroJ:to5paTb TaKHe ane , qTo5b1 aa:eprnsr 

n -ro ypoBHsr coBIIaJ:tana c Q, TO rronyqea:aasr TaKHM o5pa3oM Bonao-
, ~? f_,_l') 

Basr cpyHKUifSI 5y)leT C05CTB0HHOfi cpyHKUif0H i,,~ n f
1

(I) 3a)l8'1If lliTypMa-nnyErnnnsr. 

Co5CTB0HHhle 'IHCna Unf o5pa3y!OT 5eCKOH0'1HY!O IIocne)lOBaTenbHOCTb ITO-

nO)!{IfTenbHb!X )lHCKpeTHbIX 'IHCen, YilOBneTBOpSI!OlUHX ycnOBH!O a0e< al f <· 

<a2e <a3e< ••. H IIpH a ne --> 00 
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3aMeTIIM, "ITO 3H8KOOIIpeneneHHOCTh co6CTBeHHblX "IIICen IIpII E < 0 

nerKO rrony"IIITh H9IIOCpencTBeHHO II3 ypaBHeHIIH (1), rrepeIIIICaB ero B BIIne: 

< § I - L ~ + ..JL:_ e ( e +2 l) - Eo e I §n e > 
nf 2µ d r 2 2µ r 

a ne --- ---
f§ nf(r)V(r) §nf (r)dr 

MaTpII.,Hlb!H aneMeHT B "IIICnIITene IIPII E 0 e < 0 Bcerna rrono)KIITeneH, 3HaK 

• Ilnsr . V ( r ) < 0 (rroTeHuIIan rrpIITH-a ne OIIpenensreTCH 3H8KOM V(r) 

)KeHIIH) a ne > 0 , llJIH V(r) > 0 ( IIOTeHuIIan OTT8JIKIIBaHIIH) a n e < 0 

l1TaK, ypaBHeHIIe lliTypMa-flIIyBIIJIJIH rrono6Ho ypaBHeHIIIO llipenIIHrepa, 

HO 8HeprIIH E 0 e IIOHBmieTCH KaK !pIIKCIIpOBaHHb!ll O rrapaMeTp 38ll8"III, OllII-

HaKOBhlit lllIH Bcex a e !pIIKCIIpOB8HO, a fl rrpIIHIIMaeT cneny10-

mIIe 3HatJeHIIH 0,1,2,3, .•. ) II BOJIHOBbie !pyHKUIII! §nf(r)_ IlpII Ilf' Q He HB

IIHIOTCH q>II3II"IeCKIIMII. Co6cTBeHHhie BonHOBbie q>yHKUIIIIGo~_( sana"III lliTyp-
~----------1 /~-------- ([ ~ 

Ma-flnyBIInnsr nnsr cocToHHIIii l$, lp, Id; 1f, lg J, ••• cOBrrana10T c Bon- • 
~ l 

HOBbIMII cpyHKUIIHMII ypaBJieHIIH llipenIIHrepa II IIO8TOMy cnenyeT O)KIIll8Th, "ITO . . 
00 

CXOllIIMOCTh j'.:>Hll8 X nf(r) = ni=O dn'f§n,e(r) _( Xne 
ypaBHeHIIH llipellIIHrepa) 6yneT HaII6onee 6b!CTpoit IIO 

npyrIIMII pasJIO)KeHIIHMII. 

- BOIIHOBaH q>yHKUIIH 

cpaBHeHIIIO C n106hlMII 

l1s 8pMIITOBOCTII raMIIJihTOHIIaHa sana"III lliTypMa-flIIyBIIIIJIH rronytJaeM, 

"ITO cpyHKUIIII§ n f ( I ) OpTOrOH81IhHbl C BeCOM V ( I ) IIpII q>IIKCIIpOBaHHb!X e 

II E 0 e , a IIMeHHO: 

f § ,o (I) V ( [ ) § 0 ( [ ) d [ = - 0 , 
n t. nL n n ( 2) 

0 ➔ 
cf>yHKUIIII t/J O (t ) = 

nLJ 
§ne(r) y O (0, cp) , rne Yeo (0,cp) - rnapoBoit CIIIIHOP, 

I fJ J 

06pasy10T 6eCKO!Ie"IHbIH, llIICKpeTHbIH II IIOJIHb!H Ha6op COCTOHHIIit, IIO KOTopo-

MY MO)KeT 6b!Th pa3JIO)KeHa n106asr q>yHKUIIH tf, ( ?) , IIMe10masr Henpepb!B-

HyIO rrepByIO rrpOII3BOllHYIO II ynoBneTBOpH10maH rpaHII"IHbIM ycnoBIIHM sana"III_ 
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ill-rypMa-nnyBHnmr. P.sra 5yaeT CXOJlllTh,CH a5C0.11IOTHO ll paBHOMe~HO' K 

.,. (t➔) 1131 0 " ,1, .,, .. • TCIOJl8 HCHO; 'ITO pasnaraTb no 'co5cTBeHHb!M 'l'YH;KUHHM sa-
. ' '➔ • .. 

Jl8'Ill illTypMa-nnyBH.11.11H cneayeT .TO.11hKO. T8Klle <pyHKUllll 1/f ( t) . ~ KOTOpbJe 

nMeIOT HHTerpnpyeMbIH KBaapaT, T.K. TonhKO rrp11 BbmonHeHHH ycnoBHSI 

' ➔ ➔ ' 

I tfr 2
(t)dt<A<cx> (3) 

.'. :i:rcii:iytreHHb!it pHJl 5yJleT CXOJlllTbCH K 1/f ( ?) • PasyMeeTCH, § n e ( t ) o5pa-

3YIOT ~·onHbIH. Ha5op TonhKo B Toti o5nacTn, rae V ( t.) I, O 

IToatrepKHeM, 'ITO B•rrpOTHBO?O.11O~HOCTb ypaBHeHHIO llipeJlHHrepa saria

qa illTypMa-nnyannn~ He H~eeT 1rnnpep~IBHoro cne~Tpa ( rrpn V ( t) < o') • Cne-

JlOBaTenhHo, npenMymecTBo pasno·:m:eHnsr no <pyHKUHHM {<) e . 38K.11IO'IaeTCH ~n 

B TOM, 'ITO OHH -rrpeJlCT8B.11HIOT co5oii 'JlHCKpeTHb!ll PHJ:! <pyHKUHH ll nosTOMy 

He B03HRKaeT TPYllHOCTeti c y<r~TOM B.11HHHHH Henpepb!BHoro cneKTpa Ha CBH-

3aHHb1e COCTOHHHH. 

B npHHUHne ypaBHeHHe ( 1) Ha C05CTBeHHb!e 3Ha'IeHHSI a ne ll co5CT

BeHHbJe <pyHKUllll § n e (t) 38Jl8'Ill lliTypMa-nnyBH.11.11H MO~HO pellIHTb '<rHCneHHO, 

HO ecnH Mbl XOTHM B /l8.1lbHeH11IeM HCn0.1lh30B8Tb'§ne(t) ·, TO nyq111e npea

CT8Bl1Tb § n e ( t ) B 8H8.11HTH'IeCKOM BHJleo <PyHKUHH § n e ( t ) HB.11HIOTCH OC-

l!ll.11.11llpyIOIUllMH ( . § 
0 
e He HMeeT ysna, § 1 e - l ysen • • • , §ne - n - ys-

noB) ll pasno~eHHe § n e ( t) no KaKoii-Hn5yJlh nonHOH CllCTeMe MO~eT OKa-

38TbCH Hes<p<peKTHB!IblM. Hanny'IIIIHM . 5yaeT cnoco5, KOf'Jla ll3 BOJI!IOBOH 

<pyHKUllll § n e ( t) yaaeTCH BblJlenHTb' MO!IOTOHHYIO <py!IKUHIO OT t , KOTOpaSI 

3aTeM pasnaraeTCH B pH/l. TaKOH MeTo'a ( MOJlll<pHUllfJOBaFptbIH KB83HK.118CCH-
' /14/ 

qeCKHfi MeTOJl) 5bm paspa5oTaH B ll npHMeHeH Jl,llH a!IanHTH'IeCKOH 38- . 

nncn BO.1llIOBb!X qiy!IKUHH X £ (t) ypaBHeHHH WpeanHrepa co c<pepnqecKn:-
n · /15/ 

CllMMeTpll'IHb!M noTe!IunanoM CaKCO!Ia-Byaca : 

ece+l) +V(t)] X (t)=Ene Xne·.(t ) •. 
ta n£ 

(4) 
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B KaqecTBe HyneBoro npu6nH)K8HHll B yKa3aHHOM MeTone Hcnonb3YIDT

Cll BonHoB1,ie qiyHKIIHH rapMoHuqecKoro ocuunnnTopa, a cnenyromee npu6nu

)K8HHe MOJlHqlHUHpyeT BOnHoByro qiyHKUHID TaK, qTo yqHTbIBaeTCll KOHeqHoCTb 

/15/ 
rny6HHbl llMbl ( IlOJlp06HOCTH CM. B ) • Torna X n f M0)KHQ npencTaBHTb 

B BHne: 

.( N S')-1/2 2/ . X o I)= o( exp(-S 2)8 (S), 
nt. nL n ( 5) 

rne N n e - HOpMHpoBoqHhifi MHO)KHTenh, Hn(S) - nonuHoM 8pMHTa, a 

KoppeKTHpyroman qiyHKUHll S( I) ynoBneTBOpneT ypaBH8HHro: 

S 1/2' r 
f (E-u) du= f p(f)df - ' 

( 6) 
-yE rl 

rne p ( I ) = ...; ~ ( E n e - V ( I ) ) - (f+ ~12 >
2 

- KBa3HKnaccuqecKHH HMnynhc. 
~ I 

KaK H3B8CTHO, BOnHOBall qiyHKUHll B 061,1qHoM KB83HKnaccuqecKOM MeTo-

ne B TOqKe IlOBOp0Ta o6pamaeTCll B 6eCKOHeqHOCTb (tj,"' l ) H B ee OK-
. ,J p / 16/ 

pecTHOCTH Henb3ll nonh30BaTbCll KBa3HKnaccuqecKHM npu6nH)K8HHeM , a 

Heo6xonHMO TO~HO pelIIHTb ypaBHeHHe WpenHHrepa. OTnHqHTenbHOH qepTOH 

/14/ . 
MeTona llBnSI eTCll HenpepbIBHOCTb BOnH0BbIX. qiyHKUHH B ToqKaX noBopo-

Ta·. 8TO · o6ycnoBneHO BbI6opoM KoppeKTHP)'.IDIIIeii qiyHKUHH S( I ) TaKHM o6-

pa30M, qTo 0Ha o6pamaeTCll B Hynh. 0JlH0BpeMeHHO C qiyHKUH_eii p (I) • TaKoe 

npu6nH)K8HHe npHM9HHM0 BO Bceii o6naCTH H3M9H8HHll KoopnHHaT qaCTHII. 

ITocKOnhKY o6IIIHH BHJl BOnHOBOH·qlyHKUHH onHoqaCTHqHoro COCTOHHHH 

uaBecTeH ( cM. ( 5)), To am1 ee neTanbHoro onpeneneHHH Heo6xonuMo a Ha Tb 

nHIIIb_ KOppeKTHpyromyro cfiyHKUHID S( I) •. OHa onpenenHeTCH ypaBH9HHeM ( 6). 

PelIIHTb STO ypaBH8HHe MO)KHO nHIIIb qucneHHO. TToncTaH,oBKa qucneHHOro pe-

III8HHH nnH S(I) B (5) npHBOJlHT K BOnHOBOH cfiyHKUHH, npaKTHqeCKH COB-

nan.aromeii ( c ToqHOCTbID no 1%) c BOnHOBOH qiyHKUHeii, nonyqeHHOfi nyTeM 

qucneHHoro pellleHHH ypaBHeHHH IllpennHrepa. MTaK, npo6neMa aHanHTnqecKofi 
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... 
38IIHCH BOnHOBOH cpyHKUHH X ne (I) CBenach K 38/la''Ie irp~6nH)KeHHSI KOppeK~ 

Tn:pyromen: cpyHKUHH s ( I ) • S( I) MOHOTOHHa:H S (I) ➔ ± oo : IlpH I ➔ oo 

H r 7: O ,. COOTBeTC'tBeHH,O. 

/15/'"'' · 
B pa6oTe S ( I ) - rrpH6nH)KeHHast cpyHKUHSI S (I) HMena BH/l 

norapH<pMH'rn cKon: rrapa6onhr, 'ITO II03Bonstno rronytiHTb .BonHoByro cpyHKUHIO B 

aminHTH'!eCKOM BH/le. OaHaKO 6onee TO'IHb!M 6yaeT rrpH6nH)KeHHe 

"' N 
S(I)= :S anTn(I), 

n = 0 
( 8) 

rae BbI'IHCneHHe K09<p<pHuHeHTOB a n 

o6naaaeT CBOHCTBOM II0'ITH paBHOMepHOCTH H aaeT B03MO)KH0CTb II0CTp0HTb 

IIpH6nH)KeHHe rrepBOH H BTOpOH .rrpoH.3B0/llIOH S (I) , HCIIOnh3YSI T0nbK0 3118-

"' N -1, 
'IeHHSI K09<pcpHuHeHTOB an • EcnH o603H8'IHM S' (I) = l · C n T n ( I ) 

"' •. N-2 
S " ( I ) = :S b n T n( I ) 

n= O 

c2n = :S 2(2k+I)a 2 k+t 
k:= n 

b 2 n= :S 2(2k+l)c 2 k+l 
k·=n 

n=o 

/18/ 
TO 

3aMeTHM, 'ITO rrj:m N = 20 S( I ) 0TnH'I8IOTCSI OT S(I) B IISIT0M . 

, 3HBKe II0Cne 38IISIT0H. Tipeano)KeHHbIH ~eTO/l rr'pHMeHHM 6e9 H3MeHeHHH Jlml 

peweHHSI saaatiH llITypMa-flHYBHnnsi. 
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§ 2, C<bep1i:tieCKM-CMMM0TOM'IHbi8 stnpa 

3TOT naparpa¢ coaepmMT onncaHMe M0TOJ18 perneHHSI ypaBH0HMSI Illpe

JlMHrepa JlnSI CBSl38HHbIX COCTOSIHHH, Mcnonb3YIO!Uero co6CTB0HHbie ¢YHKUMM 

38Jl8'1M IlJTypMa-nnyB_MnnSI §..,. £ ( t ) B K8'10CTB0 nonHOH CHCT0Mble BbIITMllieM 

ypaBH0HMe IllpeJlMHrepa 

112 d2 1\2 £(£+1) V(t)]x (t)=E e XnfJ(t) [ - +-- 2 + nfJ n l -2µ dx2 2µ t 

C rpaHM'IHbIMM ycnoBHSIMM 

PaGnomMM X o ( t) 
nLJ 

XnfJ(t)-+O npM t -+ Q 

no cpyHKUMSIM § o ( I ) 
n L J 

X nfJ (I)= f , 
n =o 

dn 'fJ §n'fJ(t) 

( 11) 

H t-+oo 

( 12) 

M noacTaBMM 9TO pa3nomeHMe B ypaBH0HM0 Illpemiarepa- ( 11). ITpn6aBMM M 

Bb!tITeM a_ .. e, V(t) • yMHOmMM cneBa Ha §nfJ (t) V(t) M npoMHTerpMpoBaB 

no I nonyqaeM: 

~-
(E-Eoe1 )dneJ + i , dn'fJ (l-an'fJ )f §ne,V

2
(t)§n'f,dt=.O. ( 13) 

n -= 0 

llnSI perneHMSI nonytieHHOH 6ecKOH0'1HOH CMCT0Mhl ypaBaeanil Heo6XOJ1MMO 

o6pe38Tb cyMMMpOB8HM0 npM KaKOM-TO $MKCMp0B8HHOM M .• Toraa M3 

ycnoBMSI pa3p0lliMMOCTM 9TOH CMCT0Mbl nonyqaeM npM6nMm0HHbl0 co6CTB0HHbl0 

(M) d(M) 
3H8tieaMSI EnfJ M K09$$MUM0HTbl · n fJ t T.e. C06CTB0HHbie. $yHKUMM 

( M) 

X nfJ 
• YBenMtIMBaSI tIMcno tineaoB paGnomeaMSI M , npn6nnmaeMcSI 

TO'IH. 
K TO'IHOMy GaatieHMIO E o • ilaHHbIH MeTOJl perneHMSI ypaBH0HMSI Illpe-

n L'J 

JlMHrepa xopollI TeM, 'ITO nonytieHHbie npn6nnmeHHbl0 co6CTB0HHbie GaatieHMSI 

M) /19/ 
E1 

0 onpeaeneabI C M36bITKOM M cnpaBeJlnMBO paBeHCTBO 
nLJ 

10 
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I"Jle 

lun. E(M) E 
neJ = neJ 

M ➔ 00 

En e J - TO'IHOe COOCTBeHHOe 3HatieHJie, a 

C. TO'IHOCTblO 'IJICneHHblX pacqeToB. 

g - Oll!JIOKJI1 CBSl38HHbie 

Jifa CJIC:TeMbl ypaBHeHJISI ( 13) BJIJlHO, 'ITO KOI"Jla a O e J = 1 • TO doe J = I . 

3aMeTJIM, 'ITO MaTpJiua CJICTeMbl ( 13) S!BnsieTCSI cymecTBeHHO HeCJIMMeTpJI:'{

HOi!: JI IIO9TOMY rro~yqeHHbJe COOCT_BeHHbJe BeKTOpb! MaTpJIUbl OYJlYT aeopTo

l"OHanbHblMJI. nnsi HaXO)l(JleHJISI CCJOCTBeHHb!X aHatieHJIH JI aeKTOpOB HecJIMMeT-

. /20/ 
pJI'IHOH MaTpJIUbl IIpJIMeHsincsi MeTOJl • IlpJIBeJleM HeKOTOpbie peaynbT8Tbl 

. . . /1/ 
'IJicneHHbIX pactieToB B rroTeliuJiane CaKcoaa-ByJlca • 

1/s 
IlpJI A= 25, R

O
= 1,25 A: qiepMJI, V 

O 
=53,3 M sa, K =0, 263 qiepMJI~ 

-1 
1/ a =1,59 qiepMJI JlnS! 2s COCTOS!lIJIS! Hei!:TpOHa BOnHoBaSI qiyHKUJISI x (t) 

101/2 
paaaa: 

x (t)=-0,209§ ·· / (t)+l,067§ / (t)+0,226§ / (t) + 
10 1/2 00 I 2 10 1 2 2 0 1 2 

+ 0,105 § 
30 

a/ 
2 

( I ) + 0,059 § 
40 

l/ 
2 

(t ) + 0,036 § SO i/ 
2 

( I ) + 0,023 § 
6 

O i/ 
2 

(t ) + 

+ 0,015 §
70 1

/
2 

(t) + 0,010 § BO l/
2 

(I)+ 0,007 § 90 1
;

2 
(I)+ 0,004 § lO.O i/2 (t) + 

+0,003§ I (t)+o,001§ / (t). 
11,012 12,012 

llnsi T8KOI"O )Ke COCTOSIHJISI IIpJI A =109, R
0 

=1,24 Ai/ 3 
qiepMJI, 

2 
V O =50,5 Maa, K =0,306 qiepMJI , / 

-1 
1 a = 1,59 qiepMJI rronyqaeM: 

x I (t)=-0,059§ I (t)+l,Ol3§ 101; 2 (t)+0,080§ 201; 2 (t)+ 
1012 0012 

• 
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+ 0,033 § / (I) t-0,017 § ./ (I) + 0~009 § / (I) 
30 1 2 40 1 2 . 50 1 2 

+o,oos§ 
60 1

.41) + 

+ 0,003 § / . ( t ) + 0,002 § / ( I ) • 
1 O 'l 2 8 0 1 2 

BnnnM, qTo rronaBmnorrrnrr BKnan ·B BonHi:>Byro qiyHKUHIO x I (I) 
10 1 2 

naeT § 10 if 2 (I) 1 BKnan Bcex OCTanbHb!X KOMIIOH9HT §no if 2 (I) BMecTe 

B3HTbIX MeH.bllle 10%. · HarroMHHM, qTo x . I (I)=§ . , (t). · 0Tcrona HCHo', 
· 00 1 2 00 1/ 2· 

qTo B rrpocTpaHCT_Be 5a3HCHb!X BeKTOpOB § n.o 1/ 2 ( I ) - BonHOBbJe qiyHKUHH 

X. 0 0 1/ 2 (I') - ls COCTOHHHH H X HD ii 2< I )- 2 s COCTOHHHH HeopTOI'O-

HanbHbI, HeopTOI'OHanbHbl C BeCOM V {-I) • 

Ha pnc. 1 rrpHBeneHhl ToqHoe 3HaqeHne 
E ToqH. 

10 1/2 .;. aHeprnn Zs 
(M) 

COCTOHHHH H rrpnt5nH:lK9HHbie 3HaqeHHH E 10 i/2• BbJqncneHHb!e rrpn pa3HbIX' 

3HaqeHHHX M • KaK yKa3bIBanocb Bb!llle, OlllHOKa. MeTOJla 3HaKoorrpene1_1e-

Ha. CneayeT CKa3aTb, qTo 3HaKoorrpeneneHHOCTb OlllHOKH He HBnHeTCH cnea- 1 

CTBHeM rrpnMeHeHHH qiyHKUHll lliTypMa-flnyBHnnH, a xapaKTepHOH ocooeHHOCTbID 

Me.Tona nnaroHannaaunn. 

§3. OnHoqacTHqHbJe COCTOHHHH aKCHanbHO-CHMMeTpHqlib!X 

JlecbopMHporiaHHb!X Hpep 

B . I 1/ • ,1,,1, · · • 
paooTaX rrpeano:lKe!I rrpnt5nH:lK9HHblll, llOCTaToqHO . a't''t'eKTHBHhlll 

MeTOJl BbJti:ncneHHH onHoqacTH'IHhIX crreKTpOB JleqJopMHpoBaHH.hIX Hllep. Ecnn 

cpaBHHTb peaynbTaTbl 8THX pacqeTOB C. Te~n. _KOTOpbie ObinH rronyqeHbl He

MHpOBCKHM ·:H l.ferrypHOBb!M/? / qncneHHb!M HHTerp-~pOB8HH9M CH.CT9Mbl JlHqJ-

qiepeHuHanbHb!X ypaBHeH'nrr, TO BHllHO, qTo OHH rrpaKTHqecKH ·COBII8Jl8IOT anH 
. . · /21/ . 

COCTOHHHH, ne:lKamnx BOnH3H lIOBepxHOCTH <PepMH · .• OaHaKo yqeT BnHHHHH 
. . . , I 11 . . . . . 

. Herrpepb!BHOI'O CII0KTpa Ha CBH3aHHbJe COCTOHHHH B rrpoBe)leH rrpnt5nn:lKeH-

HO n rroaToMy ToqHoCTb Bb1qnc~eHHH cnat5ocBH3aHHhIX ypoBHerr (E ;,. 0) HeBe

nnKa. B psine 3a)laq HJl9pHOll qJH3HKH MO:lKeT OKa3aTbCSI B8:lKI-Ib!M TOqHoe 

• 
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·21.50 

·28.DO 

I 2 J " 5 'IUCAD 
CJJ/1/1e 

E-mO'IHQR 

6 7 . 8 
'llleHoG G 
( 12) 

g 

TO'IH. (M) 
Pnc. 1. To'!Hoe 3Ha'!e1rne 9HeprHH E H npn6nH)KeHHb1e sHa'!eHirn: E / 
Jlm'l 2S COCTOSIHHSI Heti:TpOHa KaK cpyHKUHSI 'IHCna M 5a3HCHbIX cpyHKUHif Ol 

2 

§nf.J (t) IIpH cnenyromnx napaMeTpax'noTeHunana: A =109, R 0 =1,24, 
A113 cpepMH, VO =50,5 M aB, K =0,306 cpepMn2, 1/ a = 1,59 cpepMn-1• 

13. 



' ,;[ 

onpeneneHH8 cna60CB~3aHHhIX· o_nHo'!aCTH"'.'JHb!X ypOBHefi. Omnu.eM M8T0n HC_; 

Cn8Jl0B8HH.II onHoqaCTHqHbIX CIT8KTpOB neqlO.pMHpoBaHHbIX .ll/l8p, 06nana10lllHH. 
. /1/ - . 

nocTOHHCTBaMH MeTona (aHa~HTHqecKHH BHn BOnHOBbIX ~yHKUHH, Heo6xo-

nHMOCTb Manoro MalllHHHoro ~peMeHH) H nosBonmoumtt yqecTb BnHmme Henl?e;. 

pb!BHOI'O crreKTpa C oqeHb xopornett .ToqHoCTbIO • 

1:3yneM HcxonnTh Ha rrpen·rrono)KeHH.11 o TOM, qTo panHyc ne~opMHpoBaH

noro aKCHanbHOI'O .11npa 38BHCHT OT napaMeTpOB ne~opMaUHH /3 ,\ O H yrna 

. ·0 OTHOCHTenbHO OCH CHMM8TpHH. 

R( 0) ;,, R (1 + /3 + ~ /3,\ Y,\ ( (J)) , 
0 0 · ,\c 2 0 0 ( 14) 

rne R 0 - panHyc paB_HoBenHKoro· c~epHqecKoro .11npa, /3 o - ITOCTO.IIHHaR, 

BBeneHH8.II nn.11 C0Xp8H8HH.II o6~eMa .11npa I!pH H3M8H8HHH rrapaMeTpOB ne~op-
: · . /22/ · . . . · · · 

MaUHH /3 ,\ 0 • B HaCTO.HIUee Bp8M.II HaKannHBaeTCSI Bee 6onblll8 naHHbIX 
. . 

B rronbsy Toro, qTo nn.11 .11nep penKoseMenbHoii H 1'paHcypaHoBoii o6nacTeii 

- f3 I, 0, /3 I, 0 . JI f3 .. 0 121
• IToaTOMY rrpennonaraeTc.11; qTo ,\ rrpJI- · · 

20 40 · 6 0 · . · · . . 

HJIMaeT TOnbKO qeTHb!8 3HaqeHJI.H. Tor.ila nn.11 .11nepHOI'O IIOTeHuHana MO)KHO 

H8IIHC8Tb: 

V' (;)=.:_V
0
{1+exp[(t-R(0))/~]1- 1 

( 15) 
.11n. 

lln.11 CIIJIH-Op6HT8nbHOrO B38HMoneiiCTBH.II cnenyeT BOCIIOnb30B8TbC.II HH

BapJI8HTHOH 38IIHCb!0/
23

/ 

f, ➔➔- ➔ 

V (r)=_-K[pa]gtadV.11n.(t). 
s, 0. . ( 16) 

➔ 

O6osHaqag qepes V ( I ) . CYMMY .11nepHOI'O JI KynoHOBCKOI'O II0T8HUH8nOB, a 
. . . . - . 

T8K)Ke cmrn-op6n:TanbHoro BSaHMonettcTBHH, BhIIIHrneM ypaBHeHHe UJpenHHre-

. pa 

14 



ti 2 ➔ 
[--- ii+V(r)-E] 1/r = O. 

2µ ( 17) 

EyJleM ncKaTh perneane aToro ypaBaemrn B BRJle cyrreprroanunn rro co6cTBeH-

Hb!M BOnHOBbIM qJyHKUllSIM § n CJ (I) 38Jl8ttll IllTypMa-nnyBnnnSI 

~ne,(r) n n n 
ye ( e' cf> ) = }: a e .ifr e ( r) . 

I J . n CJ n J n J ( 18) 

Bbmonmrn aaanornttHYID rrpoueJlypy, ttTo n B § 2, rronyttaeM: 

PernaSI CllCTeMy ypaBHeHnil: ( 19), MO)KHO orrpeJlenRTh a·aatteHne E n KOa<jJ
n 

qinuneHTOB anel B cyrreprroanunn (18), TO eCTh BOnHOBbie qiyHKUHH. 

B KaqeCTBe rrpnMepa paCCMOTpHM perneune CHCTeMbl ( 19) rrpn cneJlyID-

nmx auaqeunSix rrapaMeTpoB aaJlattn: A =25 - aToMHbifi Bee, R O = 1,26 A113 

2 / -1 qiepMn, VO =53,3 M aB, K =0,263 qiepMn : 1 a, = 1,59 qiepMn • 

PeaynhT8Tbl pactteTOB aaeprnfi OJlHOtt8CTHttHb!X COCTOSIHHH rrpn cneJlyID-

!IlHX 3H8'1eHHSIX rrapaMeTpa JleqiopMaUHH /3 20=0, 15; 0,25; 0,35; 0,45; 0,55 

rrpnBeJleHbI B Ta6nnue 1. lJncno N , rrpnBeJleHHoe B Ta6nnue, paBHO N=C+2n 

H B pactteTaX qJHKCllpOB8HO; op6nTanhHOe KB8HTOBoe ttncno e Me1rneTCSI OT 

CBOef'O H8HMeHhillef'O 3HatteHRSI (0 HnH 1) JlO Cmax• KBaHTOBOe ttHCnO n 

orrpeJlenSIIO!Ilee ttncno yanoB p8JlH8nhHOH BOnHOBOfi. qiyHKUHH cqiepnqecKH-CHM

MeTpH'IHOf'O IIOTeaunana, MeHSI eTCSI OT HynSI JlO n max = N - C max 

ITpn e max =3 paCtteTb! IIpOBOJlHnHCh JlnSI N =9, 11, 13 • rrpn aToM paar 

M8TpHUbl cncTeMbl ( 19) paBeH 18,22,26, COOTBeTCTBemro. Ma Ta6nHUbl BHJl

HO, 'ITO cpeJlHSISI ornn6E;a JlnSI Bcex COCTOSIHHfi rrpn paBHOBeCHh!X 3.HatteHHSIX 

rrapaMeTpa JleqiopMaUHH (0,15; 0,25; 0,35) He rrpeBOCXOJlHT 30 K8B. llnSI 

rny6oKO ne)K8!IlHX COCTOSIHHH cpeJlHSISI ornn6Ka Meaee 5 K8B. TaKllM o6pa3oM, 

15 



Taonuua 1 

CxoaHMOCTb COOCTBeHHblX 3Ha'leHH8 3HeprHll (B Maa) nellTpoHHblX 

DllHO'laCTH'lHb!X COCTOSIHHll Slllpa A =125 B 3!/BHCHMOCTH 

OT 'IHCna 083HCHblX. q>yHKUHll 

CoCTOSI- /I =9 N -=II N =I3 N=9 N=II pacql!T /!7 
HHe ,G ll'ltiX =3 tm;J.( .:3 t"'1t..Jt. .:3 t..,a~=5 t,,,,ir5 MeTDllY 

I/21IIO] O,I5 -26,280 -26,279 -26,277 -26,280 -26,279 -26,24I 
I/it[IOI] O,I5 -2I,940 -2I,942 -2I,943 -2I,940 -2I,942 -2I,86I 
I/2-~30] O,I5 -2,492 ~,-50.:S -2,504 -2,598 -2,6I2 -2,no 
3/2-[1011 0,15 -24,746 -24,748 -24,749 -24,746 -24,748 -24,697 
3/2-[32I] 0,15 -I ,93I -I,937 -I,935 -2,034 -2,042 -I,986 
5/2~I2] 0,15 -0,892 -0,900 -~9II -0,978 -0,988 -0,88I 

1/2-(IIO] 0,25 -26,977 -2:6,977 -26,,975 -26,978 -26,979 -26,850 
I/2- [IOI] 0,25 -2I,4I4 -2I,4I9 -2I,422 -2I,4I5 -2!,420 -2I,2I4 
I/[ (5301 0,25 -3,4!3 -3,462 -3,497 -3,677 -3,736 -3,?26 
3/2-[COI] 0,25 -24,256 -24,260 -24,262 ~24,257 - 24,26! -24,I24 
3/2- ~2I] 0,25 -2 ,386 -2,407 -2,4I8 -2,660 - 2,690 -2,445 
5/2- [3I2] 0,25 -0,627 -0,646 -0,67I -0,87I -0,895 -0,576 

I/[ [IIO] O,.S5 -27 ,667 -27 ,673 -27,672 -27 ,670 -27,677 -27,408 
I/2-[IOIJ 0,35 -2(),780 -20,788 -20,793 -20,785 -20,793 -20,4IO 
I/2-[330] 0,35 -4,3II ·-4,424 -4,518 -4,768 ·. -4,899 -4,646 
3/2-[IOI] 0,35 -23,737 -23,743 -23,745 -23,74! -23,748 .-23,477 
3/2-[32I] 0,35 -2,752 -2,798 -2,829 -3,26I -3,326' -2,798 
5/2-[3!2] 0,35 -0,30! -0,335 -0,376 -0,782 -0,825 -O,I9~ 

I/2- [IIO] 0 ,45 -28 ,3I2 -28 ,329 -28 ,33I -28,322 -28,340 -27,888 
I/2-rroI] 0,45 -20,070 -20,0BI -20,089 -20,08I -20,094 -I9,483 
I/2- [330] 0,45 -5,I35 -5,332 -5,504 -5,795 -6,022 .-5,450 
3/2-[IOI] 0,45 -23,I87 -23,I97 -23,200 -23,I99 -23,2II -22,754 
3/2-[32I1 0,45 -2,992 -3,069 -3,I27 -3,78! -3,89I -3,030 
5/2- [3I2] 0,45 0,095 0,043 -O,OI6 -0,692 -0,758 0,260 

I/2-[IIO) 0,55 -28,89I -28,924 -28,935 -28,9II -28,947 -28,28I 
I/2-{IP!] 0,55 -I9,294 -I9,3II -I9,32I -I9,320 -!9,339 -IS,450 
I'/2- (330] O ,55 -5 ,84I -6,I36 -6,403 -6,702 -7,040 -6,II8 
3/2- lIOI1 0,55 -22,604 -22,6!9 -22,624 -22,633 -22,650 -2I,953 
3/2- [,)2I] 0 ,55 -3 ,078 -3,I90 -3,28I -4,I73 -4,337 -3,!26 
5/2- [3I2] 0,55 0,572 0,50I 0,4I9 -0,580 -0,673 0,790 

16 
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' 
nplI /320 =0, 15; 0,25; 0,35 cxonlIMOCTb COOCTBeHHb!X 3Ha'!eHIIM 9HepI'IIII no 

pan1IanbHOMY KBaHTOBOMy 'IIICny n nocTaTO'IHO Ob!CTpaSI II y:lKe rrplI n =8 

nocTIIraeTCSI Bb!COKaSI TO'IHOCTb (cpenHSISI OllilIOKa MeHee 30 K9B). 

l1sMeireH1Ie COOCTBeHHhiX 3Ha1Ie1rn:i!: nplI BKmo'!eHIIII B ( 18) cnenyromero 

OpOIITanbHOI'O KBaHTOBOI'O 'IIICna f ( f max= 5) nnsi rnyoOKO ne:lKal!JIIX COCTOSI.IIIIH 

112-[110], 1/2-(101], 3; 2- [101 ] nplI paBHOBeCHb!X 3Ha'!eHIISIX napaMeTpa /3 20 

M·eHee 5 K9B • .Unsi cnaoo CBSI38HHblX COCTOSIHIIM 1/2-[330 ], 3/2-[321], 5/2-[312] 

9TO II3MeHeHIIe B~3p8CTaeT OT 100 no 500 K9B nplI yBenrr'IeHIIII neqiopM8UIIII 

OT 0, 15 no 0,35. i1HTepeCHO 3aMeTIITb, .'ITO XOTSI BKnan BonH f =5 B COO-

CTBeHHOe 3lia'!eHIIe nocTIIraeT 0,5 M 9B nplI f3 
20 

=0,35, TeM He MeHee 

OTHOCIITenbHblH Bee K09qJqJIIUIIeHTa CMellilIBaHIISI 9TIIX BOnH Man II COCTaBnSieT 

!:: 3%. BKnan BOnH c e =7 rrplI paBHOBeCHbIX neqiopMaUIISIX B cpenHeM 

MeHbllie 20 K 9B, noaTOMY MO)l(HO C'IIITaTb, 'ITO y:lKe nplI N = 11 II f max =5 

nocTHI'HyTa xopolliaSI TO'IHOCTb • 

. CnenyeT oopaTIITb BIIIIMaHIIe Ha TO, 'ITO na)l{e rrplI oqeHb 6onbllilIX ne-

qiopMaUIISIX /320 =0,45; 0,55 BKnan BOnH C f =5 B COOCTBeHHbie •3Ha'!eHIISI 

9Hepr1III nnsi CIInbHO CBSI38HHb!X COCTOSIHIIM Man II B cpenHeM < 30 K9B. 

,Ung cnaoo CBSI3aHHbIX COCTOSIHIIM 9TOT BKnan BenlIK II noxonlIT no 1, 1 M aB, 

'ITO yKa3bIB8eT Ha HeooxonlIMOCTb BKnlO"leHIIH BOnH C e =7. ( BKn10"leH1Ie 

' 
BOnH C e =7 naeT BKnan B 9Hepr1IIO 100-t200 K9B). 11TaK, naHHblH MeTon 

np1IMeH1IM II nplI 6onbllilIX 3Ha"leHIISIX napaMeTpa neqiopMaUIIII. 

B nocnenHeM cTonoue TaonlIUhI 1 np1IaeneHb1 pesynbT8ThI pac"leToB 

/11 
COOCTBeHHblX 3Ha"leHIIM 9Hepr1I:i!:, npoBeneHHbie no MeTony • BIInHo, 'ITO 

11/ 
pesynbT8Tbl Bbl"IIICneHIIij no Me Tony I onlICaHHOMY B , H naHHOMY npaK-

TII"leCKII COBnanalOT nplI paBHOBeCHbIX 3Ha"leHIISIX napaMeTpOB neqiopMaUIIII, 

onHaKo, nn11 cna6oCBSI3aHHblX COCTOSIHIIH nplI 6onbllillX /3 20 paCXO)l{neHIIe MO

:lKeT nocTIII'8Tb 2 MaB. 
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3aKmoqem1_e 

TaKllM o5pa30M, rrpe,!ln0)Kel{ MeT0,!1 peweHllSI -ypaBHeHHSI I..!lpe,!lllHrepa C 

8Hll30,:pOilHb!M Il0TeHunanoM K0HeqHoit rny5HHbl AnSI CBSI38HHb!X .COCTOSIHllH. 

E < 0 • CKopoCTb CX0,!lllM0CTll rronytieHHb!X co5cTBeHH~IX 3HaqeHllH 8Heprnit 

K TO'IH~IM BennKa ( Mance M8111llHH0e BpeMSI cq~Ta) • naHHb!H MeT0.!1 rrpnMeHHM 

ll AnSI ManbIX ll ,!lnSI 5onblllllX 3HaqeHnfi rrapaMeTp0B Aeq>opMaunit (3 20 • Oc

H0BHb!M .!l0CT0llHCTB0M MeT0,!18 SIBmleTCSI TO, 'ITO Y.!18eTCSI y'ieCTb BnllSIHlle 

.H:errpepb!BH0I'0 crreKTpa c mo5oit T0'iH0CTblO, 

flpn rrpnMeHeHllll ,!18HH0I'0 MeT0,!18 AnSI Bbl'illcneHllSI 0/lH0'i8CTll'iHb!X 

xapaKTepllCTllK B TSI)KenbIX /leq>opMllp0B8HHb!X SI)lpax BpeMSI C'i~Ta ( T.e. CK0-,. 
p0CTb CXO/lllMOCTU) M0)KH0 3H8'IHTenbH0 C0KpaTHTb llBYMSI CITOC05a.Mn: 

1) Bb16ii:paSI B K8'ieCTBe 6a3HCa q>yHKllllH, 

n 
§ nfJ TaKne, )lnSI K0T0pb!X B 

n 
( 18) Bee anfJ =l rrpn n =O, 1 nmax 38 ncKnIO'IeHneM Tex an fi 

rile n > nmax nnn 2) Bb15npaSI B Ka'!eCTBe 5a3HC:HbIX qiyHKunit co5c_TBeH-

Hbre q>yHKUllll 38/laqn illTypMa-flnyBnnnSI § n fi 

CKllMll q>yHKUllSIMll y rroBepxH0CTll ¢epMn. 

, C0Bil8/l8IOIUlle C qlll3llt{e-

ABTOpbr rrpn3HaTenbHbI B.r. ConOBbeBy, 3. BoxHauKoMy, B.B. BemreBy 

3a HHTepec K pa5oTe n rrone3Hbre o6cy)K/leHnSI; 

Kor)la pyK0illlCb /l8HH0H CT8Tbll 5brna I'0T0B8 K rre'!aTn, Il0SIBllnacb 
/24/ • 

pa5oTa • Il0CBSI!IleHHaSI 8T0H )Ke TeMaTnKe. 
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