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1. B B e ll e H H e 

B pa6oTax /1-4/ 6bmo noKa3aHo, 'ITO M01KHO nocTpOHTb aepasaoseCHbdt 

CT8THCTH'I9CKHA onepaTOp ( HCO) 1 OITHCbiB810UlHA 9BOniOUHlO CHCT9Mbl JlnH He 

CnHWKOM M8nbiX M8CWTa60B BpeMeHH B OllHOA H3 cnellyiOUlHX <jlopM; 

0 ' 
p < t, o > = exp I - ( I dt ' e n u +, s ( t + t ' , o > ut , I 

-co t 

(la) 0 ' 
"' exp I £ I dt ' e£ t U +, fn Pn ( t + t ' , 0 ) U , I , 

t L t · 

0 ' 
p (t,O) =£ Idt'en U~,expi-S(t+ t',O) I Ut, .. 

-co 

(16) 
.. £ 1 dt' e £t' U ~ p 

0 
( l + l ', 0 ) U 

-oo t L 

£-+ + 0 B OKOH'ISTenbHbiX pe3ynhT8T8X npH Bbl'IHCneHHH cpeJlHHX, 3)leCb 

ut = exp ( __LIL ) 
i h ' (2) 

S (t, 0 ) "'ell (t) + ~ Pn Fn (t) , 
n 

ell ( t ) • fn Sp exp I - ~ P, Fn (t ) I , 

H - raMHnbTOHHaH CHCTeMbi, BenH'IHHbi 

t t 
<Pn> .. Sp (Pn p (t,O)) .. Sp (Pnpe(t,O)) -<Pn >e (3) 
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H F n (t) o!SpasyiOT asa Ha6opa nepeMeHHhiX, conpsnKeHHhiX s CMhiCne Hepas

HosecaoA: TepMOaHHaMHKH: 

rae 

t 
< p > 

n 

Fn (t) 

8 W(t) 

8 F n (t) 

_§_§J!L_ 
8 <P >t 

n 

t t 
S(t) =<S(t,O)> =W(t) +I. <Pn ·> Fn(t)-

n 

(4a) 

(46) 

(5) 

t 
9HTponHSI CHCTeMhi. BenH'IHHhi < Pn ·> HMeiOT CMbiCn HeKOTOpbiX o6o6meHHhiX 

TepMoaHHaMH'IeCKHX xoopaHHaT, a Fn (t) - TepMoaHHaMH'IeCKHX CHn. Ha6op 

cpeaHHX < P >t H napaMeTpos F (t) aomKeH 6biTb aocTaTO'IHbiM anSI onHca-n n 

HHSI HepaBHOBeCHOI'O COCTOSIHHSI B npeaenax HHTepeCyiOlllHX HaC MaClllTaOOB 

apeMeHH, 'leM H onpeaenSieTCSI Bbi6op onepaTopos ~ 

06o6meHHhie KHHeTH'IeCKHe ypaBHeHHSI1 onHCbiBaiOlllHe 9BOniOUHIO nepeMeH

t 
HhiX < P n > H F n (t) so speMeHH, nony'laiOTCSI ycpeaHeHHeM ypasHeHHA aaH-

*eHHSI anH Pn no pacnpeaeneHHIO (1a) HnH (16) c y'leTOM (3) H HMeiOT BHa 

8 2w (t > F (t > = < P t -I. > 
m 8F (t) 8F (t) 

m n 
n m 

(6a) 

I. 82 S (t) < p >t =F. (t ) 
t m n m t 

8<Pn> 8<Pm> 

(66) 

YpaaaeHHSI (66) ecTb o6pameHHSI ypaaHeHHA: (6a). YpaaaeHHSI (4a), (6a) 

(HnH 9KBHBaneHTHbie HM (46), (66)) o6pa3yiOT nonHyiO CHCTeMy ypaBHeHHft1 
t 

He06XOJlHMbiX JlnSI Bbi'IHCneHHSI !j>yHKUHA: < p n > H F n (t) • B 'laCTHOM cnyqae 

rHJlpOaHHaMH'IeCKOrO pe *HMa ( T.e. Koraa p n eCTb nnOTHOCTH SHeprHH 1 

4 

_. 

;i 

<· 

I 

HMnynbCa H3 'IHCnaqaCTHu)ypaBHeHHSI (6a) (HnH (66)) COCTS 

rHapoaHHaMH'IeCKHX ypasHeHHA: anSI nepeHOCa 9HeprHH1 HMnynbC 

THU. B apyroM 'laCTHOM cny'lae KHHeTH'IeCKOro pe*HMa ( T.e, 

eCTb !j>yHKUHSI pacnpeaeneHHSI no OJlHO'IaCTH'IHbiM COCTOSIHHSIM) 

eCTb KHHeTH'IeCKOe ypasHeHHe. 

nnSI npaKTH'IeCKOrO peweHHSI 3aJla'l no 9TOA: CXeMe npHXO, 

K paano*eHHSIM cpeaHHX BenH'IHH no TOMY HnH HHOMY Mane 

HanpHMep1 no napaMeTpy 6nH30CTH K CTaTHCTH'IeCKOMy pas~ 

napaMeTpy ManOCTH B3aHMOaeA:CTBHSI B CHCTeMe. '3aecb Mbl pi 

TeMb! CO cnaOhiM B3aHMOaeftCTBHeM1 JlnSI KOTOpbiX nonHbiA: raMH 

npeJlCTaBHTb B BHJle 

H • H 0 + V 

rae H 0 6yaeM HHTepnpeTHpoaaTb KaK raMHnbTOHHaH aeaaaHJ 

nOJlCHCTeM1 a V - KaK Manoe B3aHMOaeA:CTBHe Me*aY HHMH, 

SIBHbie Bb!Pa*eHHSI JlnSI HCO (1 a) 1 (16) MO*HO paano*HTl 

ao qneHOB HY*Horo nopSIJlKa. TipH aenocpeacTaeHHOM pasno)l 

pa*eHHA: soSHHKaiOT TPYJlHOCTH 1 o6ycnosneHHhie 6hiCTpbiM ycno 

Typbi 'lneHOB paano*eHHSI C B03pacTaHHeM HX nOpSIJlKa, fl03T• 

peA:TH OT SIBHbiX Bbipa*eHHft ( 1 a) 1 ( 16) K 9KBHBaneHTHbiM HI\. 

ypasHeHHSIM. PeweHHe aTHX ypasHeHHA HTep.aUHSIMH no V )lael 

HaH6onee yao6HyiO !j>opMy TeopHH B03MYllleHHA: anSI HCO • AHal 

UHSI HMeeT MeCTO H B KBaHTOBOA: TeopHH pacceSI~HSI, 

.HaHOe !j>opManbHOe Bbipa*eHHe anSI BOnHOBOA: !j>yHKUHH p 

'/5/ 
MaHHa H ronba6eprepa 1 B KOTOpoe BXOa HT 9BOniOUHSI C n 

TOHHaHoM H 1 yao6Ho aaMeHHTb HHTerpanbHhiM ypasHeHHeM I 

repa /616/1 B KOTOpoe BXOaHT 9BOniOUHSI C HeB03MyllleHHbiM I 

Ho • YpasHeHHSI (la) (16) COOTBeTCTBYIOT ypasHeHHSIM rem 

6eprepa1 Mhi *e XOTHM nony'IHTb anSI aaweA saaa'IH ypasHeHE 

ypasHeHHSIM nHnMaHHa-llJBHHrepa anSI aaaa'IH pacceSIHHSio 
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T .llBB aa6opa nepeMeHHhiX, conp.SI>KeHHhiX a CMbiCne Hepaa-

8 <ll (t) 
BFn(t-) 

<P >t 
n 

t 
0 ) > = <ll (t) + :£ 

n 

(4a) 

(46) 

t 
< P n ·> Fn (t ) - (5) 

t 
I. BenH'IIIHhi < Pn ·> IIMeiOT CMbiCn HexoTopbiX o6o6meHHbiX 

IIX xoop.1111HaT, a Fn (t) - TepMO.IlHHBMII'IeCKHX c11n. Ha6op 

napaMeTpOB F n (t) )lOn>KeH 6biTb .llOCTaTO'IHbiM )ln.SI onHca-

01"0 COCTO.SIHH.SI B npe.11enax HHTepeCyiOlliiiX Hac M8ClliT850B 

onpe.11en.SieTC.S1 Bhi5op onepaTopoa ~ 

KIIH9TH'IeCKI!e ypaBHeHII.S10 onHCbiBBIOlliHe 9BOniOUIIIO nepeMeH

t) BO BpeMeHII, nony'IBIOTC.SI ycpe)lHeHHeM ypaaHeHHft .llBII-

pacnpe.11eneH1110 (1a} 11n11 (115) C y'IeTOM (3) II IIMeiOT Bll.ll 

t ) F (t > = < P t 
> 

8 F (t) 
m n (6a) 

m 

t) < p >t =F (t ) 
t m n 

8 < pm > 
(615) 

eCTb o6pameHII.SI ypaaHeHHA (6a}. YpaaHeHII.SI (4a), (6a) 

hie liM (46}, (66)) o6pa3yiOT nonHyiO CIICTeMy ypaBHeHIIit, 

Bbi'IIICneHIISI <PYHKUIIA < p n > t II F n (t) • B 'IaCTHOM cnyqae 

1"0 pe >KliMa ( T.e. KOI".Ila p n eCTb nnoTHOCTH 9Hepl"HH
1 

4 

... 

:1' \i' 
'~i 
') 

.) .. 
{i,~ 

·~.l!!il.'' lit] 
',\I j 

.;~~:.' 
:, 'Y 

'{~ .. ~{' 
,. 

\~: ·~;. 
·i~i 

HMnynbC8113 'IIICnaqaCTHU)ypaBH9HII.SI (6a) (Hnll (615)) COCTaBnSIIOT CHCTeMy 

I"llllPO.IlHHBMH'IeCKIIX ypaBHeHHA )ln.SI nepeHOCB 9Hepl"HII 0 HMnynbca II 'II!Cna qac-
t 

THU. B .llpyroM 'IBCTHOM cnyqae KIIH9TH'IeCKOI"O pe>KHMa ( T,e, KOI".IlB < p n > 

eCTb <iJyHKUHSI pacnpe.11eneHHSI no O.llHO'IBCTH'IHbiM COCTO.SIHH.SIM) ypaaHeHHe (6a) 

ecTb KHHeTH'Iecxoe ypaaHeHHe, 

nnSI npaKTH'IeCKOI"O peweHHSI 3a)la'I no 9TOii CXeMe npHXO.IlHTC.SI npH5eraTb 

K paano>KeHHSIM Cpe.llHHX BenH'IHH no TOMY HnH HHOMY ManoMy napaMeTpy, 

HanpHMep, no napaMeTpy 6nH30CTH K CTaTHCTH'I9CKOMy paBHOBeCHIO HnH DO 

napaMeTpy ManoCTH B3811MO.IleACTBHSI B CHCTeMe. '3)leCb Mbi paCCMOTpiiM CHC

T9Mbi CO Cna5hiM B3aHMO.IleACTBHeM, )lnSI KOTOpbiX nonHbdi: 1"8MHnhTOHHaH MO>KHO 

npe.llCTaBHTb B BH.Ile 

H ,. H 0 + V (7) 

I".lle H 0 5y.lleM HHTepnpeTHpoaaTb xax raMHnbTOHHaH HeaaaHMOJ:teitcTayiOwHX 

DO.IlCHCTeM, a V - KaK Manoe B3aHMO.IleACTBHe Me>K.IlY HHMH, B 9TOM cny'iae 

SIBHhie Bhipa>KeHH.SI J:tnsr HCO (1 a), (16) MO>KHO paano*HTb a PSIJ:t no V 

):tO qneHOB Hy>KHOI"O DOpSI.IlKa. npH HeDOCpe.llCTBeHHOM paano>KeHHH 9THX Bbl

pa>KeHHA B03HHKaiOT TPYAHOCTH, o6ycnoaneHHhie 6biCTpbiM ycno>KHeHHeM CTpyx

Typhi qneHOB paano>KeHHSI C B03pacTaHHeM HX DOpSI.IlKa, D09TOMY Y.ll06HO ne

peftTH OT SIBHbiX Bbipa>KeHHii ( 1 a) 0 ( 16) K 9KBHBaneHTHbiM HM HHTerpanbHbiM 

ypaaHeHHSIM, PeweHHe aTHX ypaaHeHHA HTep.auHSIMH no V .11aeT, no-BH.IlHMOMY, 

HaH6onee yJ:to6HyiO <PopMy TeopHH B03MymeHHft .11ns1 HCO • AHanorH'IHaSI CHTya

UHSI HMeeT MeCTO H B KBaHTOBOA TeOpHH pacce.SI~H.SI, 

.HaHOe <iJopManbHOe Bbipa>KeHHe )lnSI BOnHOBOit <iJYHKUHH paCCe.SIHHSI fenn-

/5/ 
MaHHa H fonbJ:t6eprepa 1 B KOTOpoe BXOJ:t HT 9BOniOUHSI C nonHhiM raMHnb-

TOHHaHOM H • YllOI5Ho 3aMeHHTb HHTerpanbHbiM ypaaHeHHeM nHnMaHHa-lllBHH

repa /5,6/, 5 xoTopoe BXOAHT asoniOUHSI c aesoaMyweHHhiM raMIInbTOHIIaHoM 

H 0 • YpaBHeHHSI ( 1 a) ( 16) COOTBeTCTBYIOT ypasHeHHSIM renn-MaHHa-fOnb.ll-

6eprepa, Mhi >Ke XOTHM nony'IIITb .11nsr aaweA 3a.lla'IH ypaaHeHII.SI, aaanorii'IHhie 

ypaBHeHH.SIM nllnMaHHa-liJBIIHI'epa )ln.SI 3a)la'IH pacce.SIHH.Sio 

~ 
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I 

2. HaTerpanbHbie ypasaeHHSI AnSI aepaBHOBeCHbiX 

CTaTHCTHqecKHX onepaTOpOB 

PaccMoTpHM ypasHeHHSI, KOTOpbiM yAosneTsopSIIOT HCO (la), (15). Bbi

'IHCnSISI nonHyiO npOH3BO.llHyiO no BpeMeHH OT fn p (t,O) (la) H p ( t,O) (15), 

nony'IHM 141 

afnp(t,O) -+-i-[fnp(t,O),H] =-dfnp(t,O)-fnpf (t,O)) , 
a • in 

(Sa) 

~~ 
a. 

1 
+ rli [p(t,O), H] = -dp (t,O)- Pe (t,O)) , (S5) 

T.e. ypaBHeHHSI nHyBHnnSI C HCTO'IHHKSMH, HC'Ie3810UlHMH B npeAene l --> 0 · 

3TH HCTO'IHHKH HapywaiOT CHMMeTpHIO ypaBHeHHSI nHyBHnnSI OTHOCHTenbHO 

OTpa>KeHHSI BpeMeHH H OT5HpaiOT ero 3ana3)lbiBaiOUlHe peweHHS11 YllOBneTBOpSIIO

UlHe rpaHH'IHOMY ycnoBHIO p ( - 00 '0 ),.pf(-oo,O) • YpaaHeHHe nHyBHnnSI c 

5eCKOHe'IHO ManbiM HCTO'IHHKOM (Sa) (HnH (S5)) MO>KHO npHHSITb 38 HCXOll

HbiA nyRKT AnSI nOCTpOeHHSI HepaBHOBeCHOI"O onepaTOpa, KSK STO CAenaHO B 

pa50Te / 4/. (TaKaSI noCTSROBKa 3a.lla'IH eCTb npHMeHeHHe HA9H 0 'KBa3HCpeA

HHX 8 /7/ B HepaBHOBeCHOA CTSTHCTHqeCKOA MeXaHHKe, oeCKOHe'IHO Manbie 

HCTO'IHHKH B ypaBHeHHH nHyBHnnSI (8) onpeAenSIIOT HeoopaTHMb!A XapaKTep 

H3MeHeHHSI senH'IHH F n (t) 
t 

H<P ·> BO BpeMeHH). <J>opManbHOe HHTei"pHpOBa-n 

RHe ypaBReHd (Sa) H (86) npHBO.llHT K HCO (la) H (16). 

npeo6paayeM ypaBHeRHe (S6) B SKBHBaneHTHOe eMY HHTerpanbHOe ypaB

HeHHeo Bbi'IHTaSI H3 npaaoA H neaoA 'laCTH ypaaHeHHSI ( 86) Bbipa)l(eHHe 

ape(t,O) 

a • 
+ I [ T Pe (t,O), Ho 1 , 

npHBe.lleM 9I"O K BHllY 

a I --at" 8 p (t,O) +""'if [ 8 p (t, 0 ) , H 0 ] + ( 8 p (t, 0 ) ,., 

_ _ ap f(t,O) I I 
-I at +ii[pe(t,OJ,H

0
1+iT[p(t,O),V 

6 

..,. 

(9) 

( 10) 

' 

rAe 

Bp(t,O) •p(t,O) -pf(t,O). 

BBOASI onepaTOpbi SBOniOUHH CO CB060AHbiM raMHJibTOHHaHO 

o tHo 
ut = exp I IT' 

npeACTSBHM neByiO 'laCTb ypaBHeHHSI (10) B BHAe nonaoA n 

apeMeHH 

rAe 

d lt 
-- e 

dt 

0+ 
8p(t,t)=-Ut 

lt 
e 

I + iT [ P (t, o) , v 1 I u o 
t ' 

8 p ( l, l ) = lJ tO+ 8 p (t, 0) U ~ 

ap~t,u) I [p
0 

(t,O), Ho 
----- + T c. 

HHTerpapySI (12), nony'IHM 

J 
, apf(t',O) I I 

8 p(t,t)=- dt'el<t -t>u to,+ I at, :r:-[tplt',o),Hol+rr[p(t 
-oo ih 

(nonaraeM fim elt 8 p (t, t) = 0 ), HnH 

t-o-oo 

p (t, 0 ) = 
o lt, o+ ape (t+t ',o) I I 

=Pe (t,O) -1 dt 'e ut'l-at"'-+~ [p,f(t'+t',O),H0l+ffi-[~ 

3To H ecTb HCKOMoe HHTerpanhHOe ypaaaeaHe AnSI HCO 

TOMY 1 KaK ypaBH9RHe ( 16) aaanOI"H~HO ypaBHeRHIO fenn-MaRJ 

pa TeOpHH pacCeSIHHSI1 TaK ypaBHeHHe (15) aHanOI"H'IHO ypaBH 

lliBHHI"epa. EcnH B38HMOAeACTBHe V He BXOAHT SIBHO B E 

7 



2. l1HTerpan&Hb19 ypaBH9HHH llJIH HepaBHOB9CHblX 

CT8THCTH'I9CKHX orrepaTOpOB 

HM ypasHeHHH, KOTOphiM YllOBneraopsiOT HCO (la), (16). B&I

rrpoHSBO.llfiYIO ITO BpeMeHH OT fn p (t,O) (la) H p ( t,O) (16), 

I 
+if" [fnp (t,O), H] = -£ (fn p (t,O)- fn Pe (t,O)) , (Sa) 

I 
+it [p(t,O), H] = -dp (t,O)- Pe (t,O)) , (S6) 

flHyBHJIJIH C HCTO'IHHKaMH 1 HC'Ie3alOutHMH B rrpe11eJie f -> 0 · 

HapywaJOT CHMMeTpHIO ypaBHeHHH fluyBHJIJIH OTHOCHT9JlbHO 

eHH H OT6Hp810T ero 3aiT83llbiBal01UHe peweHHH1 Y.llOBJI9TBOpH10-

ycJIOBHIO p ( -"" , O)=pe(-oo,O) • Ypaasesue fluyBKJIJIH c 

hiM HCTO'IHHKOM (Sa) (HJIK (S6)) MO>KHO rrpHHHTb Sa KCXO,ll-

ITOCTpoeHKH HepaBHOBeCHOI"O onepaTopa, KaK STO C,llenaHO B 

KaH ITOCT8HOBKa 3a,lla'IH 9CTb rrpHM9H9HKe K.ll9H 0 'KBa3HCpe,ll

paBHOB9CHOA CT8TKCTK'I9CKOA MeXaHHKe 1 6eCKOH9'1HO MaJibl9 

aBHeHHK flKyBKJIJIH (S) Orrpe,lleJIHIOT Heo6paTHMb!A xapaKTep 

'IKH F n (t ) 
t 

n<P >so speMeHu). 4>opMan&Hoe KHTerpupoaa-n 

(Sa) H (S6) rrpHBO.llHT K HCO (la) H (16). 

M ypaBHeHHe (S6) B SKBHBaJieHTHOe eMy HHTerpanbHOe ypas

H H3 rrpaaoA H neaoA '18CTH ypaBHeHHH (86) Bbipa~eHHe 

I +rr-[Pe<•.o>. Hol. (9) 

BH.lly 

I 
t,O) +if[8p(t,O), 8 0 ] +£ 8p (t,O) == 

~m I 1 
t- +jl [pe(t,OJ, 8

0
] +iT [p (t,O), V 

(10) 

R 

.,--

f
.,. 

' 

' ' ,r} 
':;t: 

',\ 

,, 
'!~ 

•:,' ,,,. 

r.lle 

8 p(t,O) • p (t,O) - Pe (t,O ) 

BaO.llH oneparop&I ssoJIIOilHH co cso6o.llH&IM raMHJibTOHHaHOM H
0 

0 

ut =exp I tHo 

IT" (.11 ) 

npe,llCT8BHM nesy10 'laCTb ypaaseHHH (10) a BH.lle nonsoA npoHSBO.llHoA no 

BpeMeHH 

d n ~ n 
dl e 8p (t,t) ·-Ut e ap~t,u) I [p (t,O), Ho] + 

---- + i'fi f 

I + -:-r [p (t,O), V] I Uo 
I h t • 

( 12) 

r11e 

8 p ( t' t ) = lJ O+ 8 p (t' 0) u 0 
t t (13) 

l1HTerpHpyH ( 12) 1 ITOJIY'IHM 

J <' 0 apf(t',O) I I 
0
() 

8p(t,t)=- dt'eft-t'u/1 at' ;r[-,:>v(t',O),H0]+if[p(t~O),V]!Ut'• 14 
-oo ih 

(rronaraeM fim en 8 p (t, t) = 0 ), HJIH 

t->-oo 

p (t, 0 ) ... 

0 
n' 0+ apf (t+t ',0) l I 

0 == Pe (t,O) -1 dt 'e U t 'I ri, , + jl [p,f (t +t ',0) ,H0l+ffi-[p (t+t ',0), V ]I Ut , . 

(15) 

3ro H eCTb HCKOMOe HHTerpaJibHOe ypaBHeHHe .llJIH HCO (16). nol!l06 HO 

TOMY1 KaK ypaBH9HHe (16) aHaJIOI"H~HO ypaBH9HHIO fenn-~aHHa-fOJib,ll6epre

pa TeOpHH paCC9HHHH, TaK ypaBH9HHe (15) 8H8JIOI"H'IHO ypaBHeHHIO flHrrMaHa

lliBKHI"epa. ECJIH B38HMO,lleACTBHe V He BXO.llHT HBHO B Bb!pa>KeHHH ,llJIH 

II 7 
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onepaTopoa P n 1 'ITO Mhl 6ylleM npellDOllSl"STb HHJK8 1 B ypaBH9HHH ( 15) 

nepBhle llBS 'llleHa nOll 3HSKOM HHTerpana 38BHCSIT OT V llHWb H8SIBH01 'le

pe3 napaMeTphi F (t) • Tio9TOMy MOJKHO C'IKTaTb 1 'ITO 9TH 'llleHhi onHChiBa-
n 

lOT TepMH'19CKHe B03MyweHHSI, TpeTHft 'IlleR DOll 3H8KOM HHTerpana B ( 15) 

38BHCHT OT V SIBH01 H MOJKHO C'IHT8Tb 1 'ITO OR ODHCb!B88T MeX8HH'I8CKHe 

B03MYlll8HHSI, .lleftCTBHTellbHO 1 B cny'lae KOI"lla BCe Fn (t) paBHhl CBOHM Tep-

MH'I8CKH paBHOB9C.HbiM 3H8'18HHSIM1 a B03MyUleHH9 V HM89T XapaKTep B3aHMo

lleftCTBHSI C HeKOTOpb!M noneM BH9WHHX CHll1 y'leT TpeTbel"O 'llle.Ha DOll 3.H8-

KOM HHTel"pana B !jlopMyne (15) npHBOllHT K 06hi'IHbiM Bb!paJKeHHSIM llllSI peaK

UHII CHCT9Mhl Ha MeXSHH'I9CKHe B03MyUleHHSI, B TO JKe apeMSI nepBble llB8 

'lneHa nOll 3H8KOM HHTerpana B Cny'lae M8llh!X OTKllOH8HHft B8llH'IHH I<~ (t ) 

OT paBHOBeC.HhlX 3.Ha'I8HHft llSIOT 06hi'IHhl8 !jlopMynhi llHHeftHOl"O OTKllHK8 CHC

T8Mhl H8 B03MYlll8HIISI TepMH'IeCKOl"O THD8, 

YpaaaeaHe (Sa) nerKo npeo6paaoaaTb TSKHM JKe cnoco6oM, KaK H (86), 

B HHTerpallbHOe ypaBH8HHe 

0 

fnp(t,O) .. fnpe (t,O)- I dt'elt 
-oo 

uo+ ~~~!!.2._- + 
' a t 

+-1- [fn p 0 (t+t',O ),H ) +-1-Un p (t +t',O), V) IU 0
, , 

jft L 0 i'll t 

8H8llOI"H'IHOe ypaBHeHHIO ( 15), 

(16) 

.llanee Mhi 6ylleM paccMaTpHBSTb HHTerpallbaoe ypaa.aeaHe (15). 3anH-

weM ero a BHlle 

0 ' 

p(t,O) = pO(t,O)- I dt'elt' U 0 + - 1 [p (t+t',O),V) uo,. 
-oo t' ift t 

( 17) 

l"lle 
, a Pr(t +t ',o) 1 

p
0

(t,O)=pr(t,O)-Idt'eft Ut
0;t-l )j, +i1i [p.e(t+t',O),Ho) I Ut

0
' = 

(17a) 

0 
= E I dt ' e0 u O+ p (t + t, 0 ) u O+ , r . t, 

8 

~ ~ 
i ' 

I 

- CT8THCTH'I8CKHA onepaTOp 1 He COilepJKSUlHA SIBHOA 38BHCJ 

Cornacao (17a) 1 BhtpaJKeHHe p0 (t, 0) npellCTaansreT co6oft KI 

HyiO 'ISCTb onepaTopa Pf (t, 0 ) no OTHOWeHHIO K 9BOlliOUHH C I' 

H 0 • CnellyeT oTMeTHTb 1 OllHaKo1 'ITO p
0 (t,O) aaBHCHT oT 

t 
HHA WHKUHA F n (t ) ( HllH < p n > ) I onpellensreMb!X 'lepea o6o 

TH'ieCKHe ypaaHeHHSI1 BKlliO'IaiOwHe B3SHMOlleAcTBKe. BbtpaJKeH 

HO npellCT8BHTb B !jlopMe 

l"lle 

\ 0 , 1 , 
pO (t,O) = f.l' (t,O)+ I dt, eft I dr U ~t e-t'S(t+t '~(t+~',O) e(r-t)S(t+t',O> 

_.,., 0 

S (t,O ~ 
as (t,O) _a_t_ 1 

+-[S(t,O), H
0

) 
i'll 

TipH nony'leHHH (176) MM HCnonb30BSllH TOJKJl8CTBO Ky6o 

1 
'111 [ e-S(t,O) H o) = -I d r e-rS(t,O) _1_ [ S (t,O) ,H o) e(r-1) s (t,O) 
I 0 i1i ' 

H npaBHllO llK!jl!jlepeHUHpOBSHHSI onepaTOpHoft 9KCnoHeHThl 

1 a -s<t,o> I d -rs<t,o> as (t,O) <r-1 > s <t.o> --e .,_ re -----e 
a t o at 

.llenasr aaMeHy 

p(t,t) • U
0

+ p (t,O) U 
0 

t t 

p 0 (t,t) = U 0+ p 0 (t,O) U 0 
t t 

0+ 0 v (t > = ut v ut • 

npeo6paayeM (17) K BHJlY 

0 

p (t,t) = p
0 

(t,t) +I dt
1 

e H1 -.
1-[V(t+ t ). p (t+ t

1
, t · 

-oo 11r 

9 



, 'ITO Mhi 6yaeM npeanonaraTb HH*e, B ypaaHeHHH ( 15) 

OO.Q 3H8KOM HHTerpana 3aBHCHT OT V nHWb HeHBH00 'le-

(t) • TI03TOMy MO)KHO C'IHTaTb 0 'ITO 3TH 'lneHhl OOHCbiBa-
n 

aoaMyweHHH. TpeTHii 'lneH noa aHaKOM HHTerpana B (15) 

BHO, H MO)KHO C'IHTaTb, 'ITO OH OfiHCbiBaeT MeXaHH'IeCKHe 

TBHTenhHO 1 B cnyqae KOI"'.Qa BCe Fn (t) paBHbl CBOH~ Tep-

Hb!M 3Ha'leHHHM, a B03MyiiieHHe V HMeeT xapaKTep B3aHMo

OpbiM noneM BHeWHHX cHn1 y'leT TpeTbero qneaa noa aaa

iflopMyne (15) npHBO.QHT K 06hi'iHbiM Bbipa)KeHHHM .QnH peaK

MeXaHH'IeCKHe aoaMymeHHH. B To *e apeMH nepBbie .QBa 

HHTerpana B cnyqae ManhiX OTKnOHeHHil: BenH'iHH ft~ (t ) 

Ha'leHHil: .Qa!OT 06bi'IHbie iflopMynbi nHHeil:HOI"'O OTKnHKa CHC

HHH TepMH'IeCKOI"'O THna, 

8a) nerKo npeo6paaoaaTb TaKHM *e cnoco6oM1 KaK H ( 86) 
1 

aBHeHHe 

0 

Pe (t,O) -f dt'eH u 0,+ I ~..lli.:t..G!!l__ + 
a t 

+t',O ),H ] +-1-[fn p (t +t',O), V] IU 0 , , 
0 i11 t 

eHHIO (15), 

(16) 

.QeM paCCMaTpHBaTb HHTerpanbHOe ypaBH9HH9 (15), 3anH-

0 

0)- J dt'eft' U 0 + _I_ [ p (t+ t ',0), V ] U 0, 
-oo t' i11 t 

I 
( 17) 

, ape(t+t',O) 1 o 
-fdt'eft Ut

0
71 i'Jt +it [p.f(t+t',O),Ho] I Ut' = 

( 17a) 

U
0
+ p f (t +t',O) U 0 + 

8 

,.~ 

·• 'c§ 
:i:'l•,,,. 
. ;~:" 

;{·, 

... 

- CT8THCTH'I9CKHA: onepaTOp, He CO.Q9p)K81JlHA: SIBHOA: 3aBHCHMOCTH OT V • 

Cornacao (17 a), Bbrpa*eHHe p0 (t, 0 ) npe.QcTaBnHeT co6oil: KBa3HHHBapHaHT

HyJO 'i8CTb onepaTOpa Pf (t, 0) no OTHOWeHHIO K 9BOn!OUHH C I"'8MHnbTOHH8HOM 

H 0 • CneayeT oTMeTHTh, oaaaKo, 'iTo p 0 (t,O) aaaHCHT oT TO'IHbiX aaaqe-

t 
HHil: WHKUHil: F n (t ) ( HnH < p n > ) • onpeaensreMb!X 'iepea o6o6meHHbie KHHe-

TH'IeCKHe ypaaHeHHH, BKnJO'iaJOIIIHe aaaHMO.Qeil:cTBHe. Bbrpa*eHHe ( 17 a) MO)K

Ho npencTaBHTh B iflopMe 

rne 

\ 0 , 1 , 
Po (t,O) =If (t,O)+ f dt' eft f dr U ~t e-rs<t+t ·Y(t+t',O) e<r-l)S(t+t',o> 

-oo 0 

S (t,O) 
as (t,O) 
-a-,-

1 
+ -[S (t,O), H

0
] 

i'lr 

TipH nony'leHHH (17t5) Mhl Hcnon&aoaanH To*necTBO Ky6o 

1 
_1_ [ e-8(t,O) H ] = - J d r e-rS(t,O) _1_ [ S (t 0) H ] (r-1) s (t,O) 

'11 o ' ' o e I 0 i'li 

H npaBHnO nuifliflepeHUHpOBaHHH onepaTOpHoil: 9KCnOH9HThl 

a 
a t 

1 
-S(t,O) f d -rs(t,O) aS(t,O) 

e a- re -----
o a, 

.UenaH aaMeHy 

( ) 
0+ 0 

p t,t - U p (t,O) U , 
t t 

·' p 0 (t,t) = U 0+ p 0 (t,O) U 0 , 
t t 

0+ 0 v (t > .. ut v ut . 

npeo6paayeM (17) K BHny 

0 

(T-1) S (t,O) 
e 

0 

u t' ' 

p (t,t) = p
0 

(t,t) + J dt 1 e H1 -.
1-[V(t+ t ). p (t+ t

1
, t + t 

1
) 1 

-oo I1r 

~ 9 

' 

( 176) 

( 18) 

(19) 

(20) 

(21) 



l1TepiiPYSl HHTerpanbHOe ypasaeaue (21 ) , nony'IHM paano>KeHHe HCO s Bll.!le 

pMa no cTeneHSlM V : 

p (t,O) = p0 (t,O) + f 
k=l 

0 0 0 
_l_fdt1 enl f dt

2 
e 0

2 ••• f dtkeltk x 
(i11 ) k -oo - -oo 

(22) 

x [ V (t
1 

) , [ V (t 
1 

+ t 
2 

) , ••• [ V (t 1+ t
2 
+ .•. + t k), p0 (t+ t 1 + ... t k , t,1 + ... t k) ]. .. ]], 

un11 s .11pyroA «iJopMe : 

0 
p (t, 0 ) = p (t,O) + I 

k 

0 tl tk-1 

_l - f dt If dt" ••• f dtk e ftk X 

(i11 )k -oo -oo ~ -oo 

X ( V (t I) , ( V (t 
2
), ••• ( V (t k), p O (t + t k , l k) ] ••• ]] 

(22a) 

3TO paano>KeHHe O'leHb noXO>Ke Ha paano>KeHHe Ky6o .!lnH CT8THCTH'IeCKOro 

onepaTopa B TeOpHII peaKUHH CTaTHCTII'IeCKHX CIICTeM Ha MeXaHH'IeCKIIe B03-

MymeHIIH /8/ 0 HO Tenepb p O He eCTb paBHOBeCHbiA CT8THCTH'IeCKHA onepa

TOp0 a 38BIICIIT OT speMeHH 0 II nOll HHTerpanoM B (22a) npHCyTCTByeT eme 

MHO>KHTenb e f tk 

BoaMO>KHO nocTpOIITb 11 .11pyroe paanolKeHHe .!lnH (16), ecnH paanaraTb 

no CTeneHHM B3811MO.!leACTBHH TBK>Ke II nepBMe .!lBB 'lneHa no,!l IIHTerpanoM 

B ypasHeHIIH (15). Y.11o6Ho Bbi6paTb onepaTopbi Pn H H0 TaK, 'IT06bi 

9TH qneHbl o6pamanHCb B Hynb B OTCyTCTBHe 'saaHMOileACTBIIHo 8TOI"O MO>KHO 

.!lOCTH'Ib, ecnH, cne.!lySl 19,10/, Bhi6paTb H0 H P n Tax, 'IT06bi 

l 
-- [ Pn , H 0 ] = I an m P m 
it m 

(23) 

r.11e anm eCTb MaTpHna c -queen. Tor.11a onepaTop (9) npHBO.!lHTCH K 

BHilY 

10 

._. 

I . 

', 

', ( 

'•()·. 
1;,'. 
~~.; ' 

("· 

,':J' I 

·J' 

) 
\ 

l 
I 
j 
I 

l 

a Pf(t,O) _a_t_ 
l 1 

[ ( ) ] 
-I'S(t,O) t 

+lt Pf t,O ,Ho = -~ dre I J.n (Pn -<Pn > 

+I -;l-[P ,H ]F ()I <r-t)s(t,o> 
n rli n 0 n l e 

1 -rs(t O) t 8Fn(t) l 
=-fdre 'II (Pn-<Pn> )---Sp(-[Pm ,V]p 

0 mn 8<P '>t iti 
m 

+ [ I 
mnf 

(P -<P 
n 

t 8 F (t) t 
·>) af<Pf>+Ia PF( 

8
<P ./ m mn nm m n n 

m 

r.11e HCIIOnb30B8Hbl COOTHOWeHHH ( 18) H ( 19) • CornaCHO/ 10, 

B KB8.!lp8THblX CK06K8X B 1Ip8BOA 'IBCTH ( 24) paBHO Hymo. Qc, 

Hbl MO>KHO IIpe.!lCT8BHTb B BH,!le 

I ~!!L S p( - 1- [ P , V ] p (t,O)) . 
m 8 <P' >t i t m 

m 

TaKHM o6paaoM, HHTerpanbHhiA qneH B ypaBHeHHH ( 15) npH 1 

TOpOB p n t ynosneT;BOpS!!OinHX CBOACTBy ( 23) 0 He COilep>KHT ' 

I"O IIOpHilK8 IIO V • 0KOH'IaTenbHO, HHT9rpanbH09 ypaBH9HH9 

BHil 

0 ft 

p(t,O)=pf (t,O)- f dt'e 
-oo 

Uo;II 8pf(t+t',O) 
t --m --

8< p m/+t 

1 + ii" [p (t + t ', o) , v l 1 u0
, t • 

11 

l 
Sp (it" [ pm ' , 



pan&Hoe ypaBHeHHe (21), nony'IHM paanoJKeHHe HCO a BH.lle 

.SIM V : 

(t,O) + f 
k=1 

0 0 0 

_1 - J dt
1 

e £t 1 J dt 
2 

e 0 2 • • • J dt k e nk x 

(i11 ) k -oo -

. (22) 

[ V (t 
1 

+ t 
2 

) , ••• [ V (t
1
+ t

2 
+ ... + t k), p

0 
(t+t 1 + ... t k , t,1 + ... t k) ]... ]], 

0 
(t,O) + I 

k 

0 11 tk-1 

- 1- J dt 1 J dt., .•. f dtk e £tk 
(itl )k -oo -oo • -oo 

[ v (t 2)' ••• [ v (t k)' p 0 (t + l k ' l k) ] ... ]] . 

X 

(22a) 

e O'leH& noxoJKe Ha paanolKeHHe Ky6o ang cTaTHCTH'IeCKoro 

OpHH peaKUHH CT8THCTH'IeCKHX CHCTeM Ha MeXaHH'IeCKHe B03-

0 Tenepb p O He eCTb paBHOBeCHbiA CT8THCTH'IeCKHA onepa

OT BpeMeHH, H flO,ll HHTerpanoM B (22a) npHCyTCTByeT eme 

tk 

nocTpOHTb H apyroe paanolKeHHe an.H (16), ecna paanaraT& 

8HMOAeACTBH.SI T8K)Ke H nepBbie AB8 'lneHa ITOA HHTerpanoM 

5). Yao6Ho Bbi6paT& onepaTOpbi Pn H H0 TaK, 'IT06bi 

manHCb B Hyn& B OTCYTCTBHe B38HMO.lleficTBH.H. 3Toro MO)KHO 

, cneayg /9,10/, B&It5paTb 8
0 

H Pn Tax, 'IT06bi 

Ho 1 = I 
m 

a nm p m (28) 

CTb MaTpaua c -'IHcen. Toraa onepaTop (9) npHBOAHTC.H K 

10 

.,. 

't 
,\ 

'•( 

.'\ 

'
l', \ 
l 

a Pe<t,O) 
_a_t_ 

1 I -I'S(t,O) t a Fn(t) • t 
+""'73:' [pf(t,O),H 0 ] = -l dre l I (Pn -<Pn > )--<Pr? + 

in o mn a<Pm·Y 

+I ...L [P H ] F () I (T-l)S(t,O) 
ni'li n•O nl e 

(24) 
1 -rS(t 0) t aFn(t) 1 

=-fdre 'II (Pn-<Pn>) Sp(--[Pm ,V]p(t,O)) 
0 mn a< p ·> t i ti 

+ 

m 

+ [ I 
mnf 

(P -<P 
t a F (t) t cr-1 )s(t,o) 

•>) a o<Pn >+I a PF (t)]le , 
n n 

a<P > 
t ml. L mn nm m n 

m 

rae HCnon&30B8Hbl COOTHOWeHH.SI ( 18) H ( 19) • CornaCHO/ 10,2/ Bblp,a)KeHHe 

B KB8,llpaTHbiX CK06KaX B npaBoA '18CTH (24) paBHO HyniD. 0CT8BWHeC.H 'lne

Hbl MO)KHO npe,llCT8BHTb B BH,lle 

I ~QL Sp(-1_ [P , V ] p (t,O)). 
m a <P· >t i t m 

(25) 

m 

TaKHM o6paaoM, HHTerpan&HhiA 'lneH B ypaaaeHHH ( 15) npH Bbi6ope onepa

Topoa p 
0 

, YLIOBneTBOpHIDIIlHX CBOitCTBy ( 23) t' He COAeplKHT 'lneHOB Hyneao

ro nop.HLIK8 no V • 0KOH'I8Ten&HO, HHTerpanbHOe ypaBHeHHe (15) npHHHM89T 

BHA 

0 0+ a U
1

.{ I _Pe(t+t',O) 
m -a< p m>t+t 

1 
Sp(if"[Pm,V ]p(t+t',O))+ 

(t 

p(t,O)=pe (t,O)- f dt'e 
-oo 

( 26) 
1 +--:..- [p (t + t ', o) , v 1 1 u0 

1 h t, ' 

• 
ll 

' 



rJle 

8 Pe (t,O\ 

8<Pn ·> 

t t 8 F (t) "' - f dr e -rS(t,O~ ( p m -<P m > ) __ ':..__ e TS(t,O)p f (t,O) 
0 m 8< P •>' 

8 Fn (t) _ 
~- t-MaTpHua 8 < p.,? 

8<P >t 

8 F (t) 
n 

n 

8 F m(t) 

8 < p ·>t 
o6paTHa MaTpHue 

n 

8 2cll (t) 
= (P 'p ) . n m 

8 F (t) 8 F (t) 
n m 

( 27) 

( 28) 

HHTerpanbHoe ypasHeHHe (26) no ~opMe 6nHaxo K ypasHeHHID, nonyqeH-

/9/ /9/ 
HOMY neneTMHHCKHM H .HueHKO o 0CHOBH09 ypaBH9HH9 pa60Tbl OTnHqaeT-

8p 8p 
csr oT (26) aaMeaoA onepaTopa ---1-raa onepaTop . · ,- H 

8<Pn •> 8 <Pn > 
OTCyTCTBHeM ~eKTOB naMSITH H, cne)lOBaTenbHO, qaCTOTHOA JlHCnepCHH KH-

H9THqeCKHX K09~HUH9HTOBo 

HHTerpanbHOe ypaBH9HH9 (26) MO*HO npeJlCTaBHTb B 6onee KOMnaKTHOA 

~opMe: 

0 

p (t,O) = p (t,O) - f dt' en 
f 

D (t+t', t ') p (t+t', t'), 
v 

rJle p (t + t ', t') = U~t p(t+ t',O) u ~' • a onepaTop D ( t + t ', t ' 
v 

onpenensreTCSI COOTHOW9HHSIMH 

_ D v ( t + t ' , t ' ) = U~-v D v ( t + t ', o) U to, -~ 

D)t,O) = i 0-P(t,O)) Lv(O,O), 

i L v (0,0) - onepaTop RHyBHnnsr: 

iLv(O,O) A = ilh [A, V ] 

12 

~ 

( 29) 

(30) 

(31) 

I . 

A - npoHasonbHbtA onepaTop, a P (t , 0) - onepaTop 'npo 

Ill/ sseneHHbiA Po6epTCOHOM • KOTOpbii!: npH nei!:cTBHH Ha onepa1 

P(t,O)A =I 
m 

H o6nanaeT CBOi!:CTBOM 

8pf(t,O) Sp (PmA 
t 

8 <Pm > 

P(t,O) P(t',O)A = P (t,O) A 

HaTerpanbHoe ypasHeHHe (29) noasonsreT aanHcaTb HC( 

psrJla no cTeneHSIM V 
0 0 0 

"" k (tl (t 2 (t k 
p(t,O)=pe (1,0) +I (-1) f d1 1 e f d1 2 e ... f d1 k e D v(l+ I 

k= 1 -oo -oo -oo 

xD)1 +1 1 + 12 , I 1+ 12 ) ••• D) I+ t
1

+ ..• lk, 1
1
+ ... +tk)p£(1+1

1
+ .•. -

HnH B npyroA ~opMe: 

oo O t I tk- I 

p(I,O) =p (1,0) +I (-l)kf d1
1 

[d1
2 

••• f d1 enk D ( t + t 1 , 
f k=l k -oo -oo 

xDv(t + 12 ,t 2 ) ••• Dv(l+ lk, I k) p£(1 + lk, lk) • 

AHanorHqHblM o6pa30M MO*HO nonyqHTb HHTerpanbHOe ypaBHeH 

pH~Ma HCO ( la): 

0 

fnp(t,O) =fnpf (1,0)- f d1' 
-oo 

en· D ' ( 1 + 1 ', 1 ') f n p (I + I 
v 

IS 



lid -TS(t,O~ (P <P >t) 8Fm(t) TS(t,O) ( 0) 
"'- re - m- m ---- e Pe t, ' 

0 m 8< P ,:;; 

8 F m(t) 

a;p-:>t 
n 

8 2 <11 (t) 

8 F (t) 8 F (t) 
n m 

n 

OopaTHa MaTpHUe 

"' (P 'p ) . n m 

( 27) 

( 28) 

bHOe ypaBHeHHe (26) no ~OpMe onH3KO K ypaBHeHHro, nonyqea
/9/ HCKHM H HueHKO o Ocaosaoe ypasaeaue 

8p 

/9/ paooTbi OTnHqaeT-

aMeaoA onepaTopa -----~Ha onepaTop 
8<Pn •> 

Bp 
~"1:-

8 <Pn > 
H 

g¢¢eKTOB naMHTH H, cneaoBaTenbHO, qacTOTHOA aucnepCHH KH-

9~~HUH9HTOBo 

bHOe ypaBH9HHe (26) MO*HO npeacTaBHTb B oonee KOMnaKTHOA 

0 

Pf (t,O) - f d1' eft 
-oo 

D ( t+t ', t ' ) p ( t + t ' , t ' ) , 
v ( 29) 

')., u~tp(t+t',O) u ~, , a onepaTop D (t+t',t' 
v 

OOTHOIIJ9HHHMH 

',t') =U~"VOv(t+t',O) uto' ' 

= i O-P(1,0)) Lv(O,O), 
(30) 

0,0) - onepaTop nuyBHnnH: 

= ilh [A' V ] 
(31) 

12 

,.,. 

A - npouasonbHhiA onepaTop, a P (t , 0) - onepaTop 'npoeKTHpoBaHHH', 

sseaeHHhiA Po6epTcoaoM
1 111

, KOTOphiA npu aeAcTBHH Ha onepaTop A aaeT 

P(t,O)A .. I 
m 

8 P e (t , o> 
8<P >t Sp (PmA 

m 
(32) 

H OonaaaeT CBOACTBOM 

P(t,O) P(t',O)A = P (t, O) A 

HaTerpanbHoe ypasaeaue (29) noasonReT aanucaTb HCO (16) B BHae 
pgaa no cTeneHRM V 

0 0 0 
()() k ftl ft2 ftk 

p(t,O)=pe(t,O)+I (-I) Idl,e Idt
2

e ... fdtke Dv(t+lt,ld x 
k=J -oo -oo -oo 

(34) 

xD)t +t 1 + 12 , t 1+ 12 ) ••• D) I+ t 1 + ... tk, t
1
+ ... +tk)p/t+t

1
+ ... +tk,l

1
+ ... +tk), 

HnH B apyroA ~OpMe: 

"" 0 t I tk- I 
p(I,O) "'P (1,0) +I (-I)ki d1 Id1 ... I d1 eftk D ( t + 1

1
, 1

1
) x e k=l 1 2 k 

-oo -oo -oo 

X D v (I + t 2 , t 2 ) ••• Dv ( t + l k , l k) p f (I ;1- l k, l k ) • 

(34a) 

AaanoruqHbiM o6paaoM MO*HO nonyqHTb HHTerpanbHoe ypasaeaHe anH nora-

PH~Ma HCO ( Ia): 

0 

fnp(t,O) =fnpf (t,O)- I dt' en 
....,. D' (t+t',t') fnp(t+t',l'), 

v 

~ JS 

' 



D~ (t,O) 

P'(t,O) A =-I 
m 

( I - P ' ( t, 0 ) ) L v (0, 0 ) , 

8 s (t '0 ) 

8<P ·>t 
m 

Sp (Pm A (35) 

Paano>KeHHe en p (t,O) no CTeneHHM .v MO>KHO nony"'HTb H3 «flopMynbi (34a). 

ecnH B HeA 38MeHHTb 

p (t,O) Ha fop (t ,0) p f ( l , 0 ) Ha f n p f ( t , 0 ) H 

Dv Ha 0 ~ • 

§3. 06o6meHHbl9 penaKCSUHOHHbie ypaBH9HHH 

PaanO>K9HH.II (34) 1 (34a) 1103BOn.IIIOT Bbi"'HCnHTb IIOTOKH < pn >t 

«flurypHpyiOIUHe B OOOOIU9HHbiX KHH9TH"'9CKHX ypaBH9HHH X ( 6) B niOOOM IlpH-

onH>KeHHH no V • B Ka"':eCTBe unmocTpauHH Mbi paccMoTpHM cny"'aA Manoro 

OTKnOH9HH.II CHCT9Mbl OT p8BHOB9CHHo ITyCTb paBHOBeCHOMy COCTOHHHIO CHCT9Mbl 

cooTBeTcTayeT cTaTHCTH"':ecKHA orrepaTop p 
0 1 npH'I~M [ H 

0 
, p 

0 
] = ll. 

0TKnoHeHHe cTaTHCTH"':ecxux onepaTopoa p (t, 0) H Pe (t,O) oT Po o6yc-

t 
noaneHo OTKnoHeHHeM MaKpocKoiiH'IeCKHX napaMeTpoa F m (t ) H < P m > OT 

HX paBHOBeCHbiX 3H8'19HHA: F o 
m 

H < p > ;. B STOA CHTYSUHH MO>KHO or-m 0 

paHH'IHTbCH paCCMOTpeHHeM OOOOIII9HHbiX KHH9TH'I9CKHX ypaBH9HHA ( 16) B nH-

HeAHOM npH6nH>KeHHH no OTKnOH9HHHM ~Fn(t) =Fn(t)-Fn°, ~<Pn·>t=<Pn·>t-<Pn )o. 

ITpH STOM B03HHK89T nHH9AH8H CB.II3b IIOTOKOB C «J!niOKTYSUHHMH TepMO~HHa

MH'I9CKHX IlepeMeHHbiX1 a nHH98pH30B8HHbie KHH9TH"'9CKHe ypaBH9HH.II ( 16) 

IlpHHHMSIOT BH~ ypaBHeHHA Bnoxa ~nH ~ F n (t ) HnH ~ < p n >. 

ITpe>K~e acero OTMeTHM 1 'ITO 

14 

~ 

fim p (t' 0 ) = fim p e ( t' 0 ) = p 0 

F (t) ... F 0 F(t) ... F 0 

Tor~a H3 (29) cne~yeT1 "'TO 

0 , 0 , 
flm / dt'elt Dv(t+t',t ') p (t+t ',t ') ... J dt'elt Ut0t~v (0,0) p

0 
l 

F(t)->F -oo -oo 

r~e 

Dv (0,0) = iL v (0,0) - i I 
n 

8 Pf(t,O) 

8<Pn ·>t 
I F(t)<=F~p (P, L v(O,O) ... 

ecTb onepaTop 0 v ( t, 0 ) B HyneBoM npuonH>KeHHH no ~< P n 

He 38BHCHT OT t 1 nOCKOnbKY 

8pe(t,O) 

8 < Pn •>t 
I --/ drpr I (P -<P 
Jf(t).F 0 

0 0 m m m 

82 s (t) 
1-rl 

>o)po 8<Pm>8<Pn·: 

3aiiHIII9M HHTerpanbHOe ypaBH9HHe (29) ~nH OTKnOH9HH.II 

~p (t ,0) p (t,O)- Po: 

0 , 

~ p ( t , 0) = ~ p 0 (t, 0)- f dt 'e £t U 0 "!" ( 0 v (0,0) + ~ D (t+t ', O))(~p(t+t ~0)-t 
(. -oo t 

0 

=~pe(t,O)- fdt'en' U~-l;(O)O,O)~p(t+t' 0)+~0 (t+t',O)p
0

) 
-oo 
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A =-I 
m 

( I - P ' ( t, 0 ) ) L v (0, 0 ) , 

8 s (t '0 ) 

8<P ,>t 
m 

Sp (Pm A (35) 

f n p (t,O) IIO CT9II9HSIM .V MO)!(HO rrony'IHTb H3 ljlopMynbl (34a)1 

aMeHHTb 

) Ha fn p (t , 0) p f ( t , 0 ) a a f n p f ( t , 0 ) H 

aa 0 ~ • 

§3. 06o6meHHhie penaKcauHOHHhie ypasaeHHSI 

HHSI ( 34) 1 ( 34a) II03BOnSIIOT Bbi'IHCnSITb IIOTOKH < p n > t 

B 060611IeHHhiX KHH9TH'I9CKHX ypaBH9HHSI X ( 6) B n1060M IlpH-

V B Ka'leCTBe HnmocTpauHH Mhi paccMoTpHM cny'laA Manoro 

CTeMbi OT paBHOBeCHSio flyCTb paBHOBeCHOMY COCTOSIHHIO CHCTeMbl 

cTaTHCTH'IeCKHA orrepaTop p 
0 

, rrpH'I~M [ H 
0 

, p 
0 

] = ~ 

!TaTHCTH'IeCKHX orrepaTopoB p (t , 0 ) H Pf (t,O) OT Po o6yc-

t 
HeHHeM MaKpOCKOIIH'19CKHX rrapaMeTpOB F m (t) H < p m > OT 

IX aaaqeaHA F o 
m 

H < P > • B aToA CHTyauHH MOli<HO orm 0 

CCMOTpeHHeM o6o6meHHbiX KHH9TH'I9CKHX ypaBH9HHA ( 16) B nH-

eHHH IIO OTKnoHeHHSIM ~Fn(t) =Fn(d-Fn°, ~<Pn·> 1=<Pn•> 1-<Pn >o. 

HHKaeT nHHeAHaSI CBS13b IIOTOKOB C ljlniOKTY8UHSIMH TepMOaHHa-

9M9HHhiX1 a nHHeapH30B8HHbie KHH9TH'I9CKHe ypaBH9HHSI ( 16) 

a ypaBH9HHA Bnoxa ansr l\ F n ( t ) HnH l\ < p n >. 
BCero OTM9THM 1 'ITO 

14 

"*" 

fim p (t, 0) 
F (t)-+F 0 

= fim p £ ( t , 0 ) = P 
0 

F(t)-+F O 

Toraa Hs (29) cneayeT, 'ITO 

(36) 

0 ' 0 ' ) 
fim fdt'e(t 0 (t+t',t')p (t+t',t') =f dt'eft U 0,+0 (O,O)p U 0 ,=0, (37 

0 v t v 0 t 
F(t)-+F -oc -oc 

rae 

Ov (0,0) = iL v (0,0) - i I 
n 

I 8 Pf(t,O) 

8<Pn ,>t 
I F(t)~F~p (P, L y(O,O) ... (38) 

9CTb OIIepaTop 0 v ( t , 0 ) B HyneBOM IIpH6nH>K9HHH IIO l\ < p n .;; • 0 v (0, 0 ) 

.He 38BHCHT OT t 1 IIOCKOnbKY 

8pf(t,O) 

8 < Pn ·>1 
I ·-f drpr I (P -<P 
~(t).F 0 

0 0 m m m 

82 s (t) 
> ) t-rl I 

0 p 0 
0 B<Pm>B<Pn'> F(t)=F, 

3arrHweM H.HTerpanbaoe ypasaeaHe (29) anSI OTKnoae.HHSI 

L\p(t,O) p (t,O)- Po: 

l::ii:J) 

0 ' 0 
l\p( t '0):: l\p£ (t, 0)-_L dt 'e (t u~; ( ov (0,0)+ L\O(t+t', O))(L\p(t+t ~O)+P 0 )U t'= 

0 

=L\pf(t,O)- fdt'eft' U~"t(Dv(O,O)~p(t+t' O)+~D (t+t',O)p
0

) U~-. 
-oc 

(40) 

~ 15 

• 



3Jl9Cb - X ~ p f ( t + t 1 + • . . + t k , t 1 + •• . + t k ) 

t 82 pf(t,O) 
~D(t,O)=- ii~ <Pn >l tl 0 Sp(PmLv(O,O) ... ) (41) 

mn 8 <P >t 8<P > F(t).F 
n m 

t 

H Mbi npeue6pernH uenHH&ii:HbiMH no ~ F n ( t ) 1 HnH ~ < P n > , 'lneuaMH 

B ( 40) o 

KHHeTH'I&CKHe ypasueHHSI ( 6a) npH F (t ) • F 0 
npHHHMaiOT, O'I&BH/lHo, 

n n 

BH/l 

0 • ~ a nm < P m •>o + I S p ( ~v (0,0) Pn , P. 0 ) • 

"" ~ a nm < p m '>o - i Sp ( p n L v (0,0) P 0 ) • (42) 

KpoMe Toro, 

I < P m •> 0 • T Sp l [P n H 0 ] p
0 

I = 0 (43) a 
m nm 

TioaTOMY 

Sp ( P n L v (0,0 ) p 0 ) = 0 . (44) 

0TCIO/l8 cne}lyeT, 'ITO •meH ~0 (t +t', 0) p
0 

B ypaBH&HHH (40) TO>K/l&CTB&HHO 

o6pamaeTcsr B uynb. 

Tor11a psr/l TeopHH sosMyiUeHHII: Jlnsr ~ P (t , 0 ) ynpomaeTcsr: 

00 0 0 
k ~tt (tk 

(-1) I dt- 1 e ... Idtke D)O,t1) ... Dv(O,t1+ .•. +tJx ~ p ( t , 0) = ~ Pf (t,O) + I 
k=1 -oo -oo 

16 

~ 

0 
t 1 tk-1 

I dtk e €tk Dv(O,t 1) D 
00 k 

=~Po (t,O) +I (-1) I dt I dt 
(. k=1 1 2 

-oo -oo -oo 

••• Dv ( 0, t k ) ~ Pe ( t + t k , t k ) • 

Y'IHTbiB8SI TO, 'ITO 

81 t 
~pf(t,O) =: ~<Pn > 

8 Pe (t,O) 

8 <Pn •>t 
) .. I ~Fn(tH-

FCt>=F 0 n 8 I 

H3 ( 45) MO>KHO H8ii:TH nHH&ii:Hbi9 no 
t 

~<P > HnH ~F (t) n n OTKnO 

OT paBHOB&CHOrO 3H8'19HHSI -~n- C n106oll: TO'IHOCTbiO no V 
CBSI38Hbl Tenepb C OTKnOH&HHSIMH TepMO/lHH8MH'I&CKHX CHn ~I<' ( 

n 

COOTHOlll9HHSIMH C 38fi83/lbiB8HHeM: 

< L (0,0) P 
v · n 

L nm(w) 
00 

-I 
k..O 

·> w 
~= I 

m 

0 

L (w) ~ F 
nm m (w ) ' 

t 1 tk-1 
k tk(HIW) 

(-1) (-i) I dt1 I dt2··· I dtke SplPnL JO,O) 
-oo 
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t 82 pe(t,O) 
i I ~ < Pn > I t I 0 Sp (P mL v (0,0) ... ) ( 41) 

mn 8<Pn >t8<Pm> F(t).F 

t 
ernH HenHHeaHbiMH no ~ Fn ( t ) 1 HnH ~ <Pn > 1 "ineHaMH 

CKHe ypaBHeHHSI ( 6a) npH F (t ) ,. F 0 
npHHHMaiOT1 O"ieBH.llH01 n n 

nm<Pm •>o +i Sp (~v(O,O) Pn •P.o) • 

< P m •>o - i Sp ( P 
0 

L v (0,0) p 0 ) • (42) 

<P ·> =-~Sp ![PH ]pI =0 
m 0 iii n 0 0 

(43) 

IL v (0,0 ) p 0 ) = o . (44) 

T1 'ITO "ineH ~0 (t +t', 0) p0 B ypaBHeHHH (40) TO>K.lleCTBeHHO 

Hynb • 

.o TeopHH B03MymeHHa .onSI ~P (t, 0 ) ynpomaeTcSI: 

00 0 0 

( k ftt (tk \ = ~ Pe t,O) + ;=, (-l} l dl- I e ... f dtk e D v(O,t,) ... Dv(O,t,+ ... +tk'x 

16 

,a'-

x~pe(t+ t, + ... +tk ,t, + ... +tk) 

0 
t l tk-1 

f dtk e nk D)O,t 1) Dv (0, t 2 ) ... (45) 
"" k =~Po (t,O) +I (-1) f dt f dt 

(_ k=l l 2 
-oo -oo -oo 

... Dv (0, tk) ~Pe (t + tk, tk). 

Y"iHThiBaSI T01 'ITo 

t 8 Pe(t,O) 
~pe(t,O) =I ~<Pn > 

n 

8 Pe (t,O) 

8 <P" ·>t 
) _ ... I ~Fn(tH---

F<t>=F 0 n 8 F" (t) F(t)o:FO 

(46) 
t 

H3 (45) MO>KHO HaftTH nHHeAHhie no ~ <P > HnH ~F (t) OTKnoHeHHSI HCO 
n n 

t 
OT paBHOBeCHOrO 3Ha"ieHHSI p n' C n1060ft TO"iHOCTb!O no V o noTOKH < p n > 
CBSI38Hhl Tenepb C OTKnOHeHHSIMH TepMO.llHHSMH"ieCKHX CHn ~I<~ lt} nHHel!:HhiMH 

COOTHOWeHHSIMH C 38n83.llhiB8HHeM: 

< L (0,0) P 
v · n ·> 

w 
.. I L (w) ~ F 

m nm m (w ) • 

0 t I tk-1 
oo k tk(£+1W) 

Lnm(w) .. I (-I) (-i)f dttf dt2 ... fdtke Sp!PnLJO,O) Dv(O,t,) ... 
k-=0 - -oo -oo 
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0+ 
X D v { 0, t k ) u t 

0 tt 

8pf(t,O) 

8 F ( t ) 
m 

0 

) F(t)=F O U '1c 

tk- I t (f+IW) 
f dt e k (P L (0,0) D (O,t ) ... D (O,t );P (t )) , 

k nv vi vkmkO 
= '£ (-1) k (+i) f dt I f dt 

2 
k=O -oo -oo -oo 

rae cKo6KH (A ; 8 >o oaHa'laiOT KBSHTDBbte KoppenauHDHHbte cjlyHKUHH 

T 1-T 
(A; 8) 0 = f dr Sp (A, Po (8 -<8 >o) Po ) , 

HHaeKCbl W 

!'. F (w) 
n 

llanee, 

!'. F (w) 
n 

0 

03H8'1810T <flypbe-o6p83bl no BpeMeHH 1 H8IIpHMep1 

+oo 
I -Iwt 

= -- J dt !'. F n (t ) e • 
217 

I. 

-oo 

82 s (t ) 
----'"----- ) !'. <P 

t 8 <P ,:) 8<P •>t 
n m <P >=<P•>

0 

m m 
·> w 

(48) 

(49) 

(50) 

CooTHOilleHHSI ( 47) -(50) rroaBOIISIIOT aarrHcaTb o6o6meHHhte KHHeTH'IeCKHe ypaB

aeHHSI ( 6a) B cjlopMe ypaBHeHHA Enoxa c aarraaahiB8HHeM: 

iw !'. < P n >w = I a !'. < p > w - I.i T-1 ( w ) !'. < p m > w ' 
nm m m nm 

(51) 

rae T-t (w) - CIIeKTp81IbH8SI IIIIOTHOCTb M8TpHUbl o6pa.THbiX BpeMeH penaKC8-
nm 

UHH anSI OTKIIOHeHHA /'. < p n >w 1 HMeiOIU8SI BHa 

-t 
T (CIJ) 

nm 

82 s (t) 
( t -T) <P •>t • < P 

8<P ,-> 8 <Pm> 
n 

o6p8TH8 M8TpHue (28), 

>o , --I ,L nn'(w) 
n 

8 2 S (t ) 
rae MaTpHua 

(52) 

8<P ;} 8<P ·>t 
n m 
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0+ 
ut 

tt 

8pp(t,O) 

8 F ( t ) 
m 

0 

)F(tl=F 0 Uq. 

tk-l t (HIW) 

f dt e k (P L (0,0) D (O,t ) ... D (O,t );P (t )) , 
k nv vi vkmkO t I f dt 2 

-oo -oo 

B )0 o3Ha'laJOT KBaHTOBbte KoppenSIUHOHHbte <!JyHKUHH 

I T 1-T 

f d T Sp (A ' p 0 (B - < B ·> 0 ) p 0 ) ' 
0 

03Ha'la!OT <jlypbe-o6pa3bt no BpeMeHH, HanpHMep, 

l +oo 
= 2-;;- f dt 1'1 F n (t ) e -lwt 

I 
82 s (t ) ) 

1'1 <P 
8 <P .:;: 8<P •>t 

n m 
t 

<P >=<P•>
0 

m m 
·> w 

(48) 

(49) 
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7) -(50) IT03BOnSIIOT 38ITHC8Tb 0606IU9HHb19 KHH9TH'I9CKH9 ypaB

pMe ypaBHeHRll: Enoxa c 3ana3nhtBaHReM: 

a nm 1'1 < p m > w -I T-t ( W ) 1'1 < p m > w ' 
m nm 

n >w =I (51) 

Cfi9KTpanbH8SI nnOTHOCTb MaTpHUbl o6pa.THbiX BpeMeH penaKca-

HHll: 1'1 < p n >w o HM9IOIU8SI BHU 

=-I,L ,() ( 82S(t) 
n nn Cd ) 

82S (t) 8<P ,>t 8 <P ;T <P •>t •<P > (52) 
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