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1. B B e n e H If e 

l13B9CTH01 'ITO B TBepgOM BOAOpO.Ue C Bb!COKO:it KOHU9HTp8Ulf9fi MOne-
. Ill 

Kyn op_ToBo.oopo.ua -60%) Ha6mo.oaiOTCSI oco6eHHOC'fb ero TennoeMKOCTH H 
121 - ·o 

H3MeHeHHS <flopMbl nHHHH .H,M ,p, B o6naCTH 1,5 K, 3TH SIBneHHSI CBSI3a-

Hbl _ C <flaa~Bb!M nepeXO.UOM 1 _npH KOTOpOM npOHC?CO.UHT ynopSI.UO'I9H!Ie poTa-

noBneijo xma.upynonb-KHa.UpynonbHbiM B38HMO.Uefic,TBHeM M'em.u_ y- ,_MoneK_ ynaMH 
. - /3/ - . ' 

OpOTOBO.UOpO.Il8 

Ha6niO.oaeTcsi .TaK)Ke HaMeHeHHe CTpyKTypbi KpHpTannH'l:eCKofi perueT-

/4/ "" - /4/ -
K~ • ..;:7KcnepHMeHTbi noKaabiBaiOT , 'ITO B HH3KOTeMnepaTypHofi ym>pH- . 

.ooqeHHOH <flaae BO.UOPO.Il o6paayeT f.li.~, peru:~TKY 1 a B B~ICOKOTeMnepaTyp-
- - - /5/-

HOfi - reKcaroHanbHyiO. 3To cornacyeTCSI c pacqeTaMH ct>enbcTeiiHepa , 

H3 KOTOpblX cne.oyeT, 'ITO ynopSI.UOqeHH8SI f,li,K, CTpyKTypa 9HepreTHqeCKH 

6onee Bbli'O.UH8 1 'I eM I'eKC8I'OH8nbH8SI, npo6neMa lfCCneJlOB8HHSI_ pOT8UHC?HHO

I'O .[lBlf)I{9HHSI. MoneKyn B ynopSI.[loqeHHOH ¢aae TB9p.UOI'O OpTOBO.UOpO.Il8 Bbl3B8-

B 6
• /6, 7,8/ 

na B nocne.uHee BpeMSI 3HaqHTenbHbifi HHTepec. pSI.oe pa oT no-

K8~8H00 qTo. 9'J:'H _ltB!iJKeHHSI pacnpOCTp8HSIIOTCSI B BH.[le BOnH 1 CBSI38HHblX C 

B036ym.oeHH9M pOT8UROHHblX CTeneHefi CB060.Ubl, 0.UH8KO T8K K8K B o6naCTH 

HH3KHX TeMnepaTyp cpe.oHHe 3HaqeHHSI yrnOBOI'O MOM9HT8, MC?nP.Kynb~_,paBl!bl 

Hyni0 1 CKOpee Hy)I{HO I'OBOpHTb .0 nH6paUHOHHOM .[lBHiKeHH!l, noaTo¥y aneMeH

TapHblC B036ym.oeHHSI1 OTBeqaiOlliH9 9THM BOnHaM, H83biB8IOTCSI nH6pOH8MH, 

3 

-. 



·-~ 
. 17 8/ . • 

B pa6oTax ' nocTpoeHa TeOpJHI 1m6poHHhiX B036y:w.):leHim Ha oc-
. . . /6 8/ 

HOBe npH6nJOKeHH5I XaOTH'ieCKHX 4laa, a B pa60T8X 
1 

'•,, nH6pOHHhle B03-

6y:li<:):leHH5I paCCMaTpHB8lOTC5I B npH6nR:lKeHHH 1 KOI'):la onepaTOpbl pO:lK):leHHSI 

H yHH'iTO:lKeHHSI STH~ B036y:lKJ:leHHH 38MeHSinHCb 6oa·eBCKHMH orwpaTopaMH. 

0J:1H8KO peaynhT8Tbi 603eBCKOI'O npH6nH:lKeHH5I OC~OB8Hbl Ha Te~pHH 

B03MymeHRfi H J:lOBOnhHO HeTO'iHhi. B HaCTOSIIIlefi pa6oTe nocTpoeHa. 6onee 

TO'iH85I 6o3eBCK85I TeOpHSI nH6pOHHbiX B036y:lK):leHHH C llOMOIIlblO MeT0):18 1 SK-
. . /9/ 

BHBaneHTHOI'O MeTOJ:lY npH6nH:lKeHHOI'O BTOpH'iHOI'O KB8HTOB8HH5I 
. ~ 

~ ~ 

2; Monenb · CHCTeMhi 

PaccMoTpHM KpHcTann opoToaonopolla, ·B xoTopoM Monexynhi c:BSiaaHbi 

KBallpynonh-KBallpynonhHhiM. aaaHMOileficTBHeM. · PemeTKa ·Taepnoro opTOBOilO-

P,Oila H 2 HH:lKe TO'iKH ¢aaoaoro nepexona ·cocTOHT as 'ieThipex npocTbiX 

. . /5 6 7 8 10 11 12/ . . • . . 
xy6H'ieCKHX nollpeweTOK ' ' ' ' ' ' • B xa:lKilOH H3 noApeweTOK och 

CHMMeTpHH MOnexynhi .HanpaaneHa B):lOnb OllHOH H3 'ieTbipeX Ocefi CHMMeTpHH 

KpHCTanna Tperbero nopSIJlKa. 3TH OCH COBll81l8lOT c rnaBHhiMH llH8I'OHan£-· 
. ··. . . ffll 

MH Ky6a f.U.K. peWeTKH. faMHnbTOHH8H CHCTeMbl 38llHWeM B BHile • 

H=:I-:I 
l,j m,n 

y 1~ no;o ~ 
(1) 

m , n = 0,.:!: l, ~ 2_., 

r):le 
' 

i, j - HHJ:leKChi, onpenenSilOIIlHe nono:lKeHHe Monexynhi B ·xjmcTamie. ' 

0 z 2 
0 1 = 3{J 1 ) -2 

±1 z ±. -!:.. z o. ,=Ji Jl +J i Jl 
=:! -!:.. 2 

0 I';' ( J i) 
-\:. X y 

J i :=) i .± i J i 

4 

·; 

~ X y 

J i ',J i • J i KOMllOHeHTbl BeKTOpa · yrnOBOI'O MOMeHTa .· 

nekynhi i. 

3~ecb poTaUHOHHOe KBaHTOBoe ·qHcno'J~l H OCb KB~ 

coananaeT c ocblO CHMMeTpHH Mone:Kynhx i , 

mn Il1 . t/2 \ 2 _ ~ 
y~1 =~(70rr) A~nM~=-2C(224/MN)Y:,M+N (U 11 ) x 

. 2'* ~. 2 ~ 

X D Mm (cuI) D Z:n (cui ) 

- xoHcTaHThi KB allpynonh-KBallpynollbHofi CBSI3H Me:lKilY MOnE 

A =-1 
0 

. 3 
A+l=±v-

- . 2-
A =-~3 

±2. 2 

r 
II 

6e2Q2 

= 25lR
11 

15 
- napaMeTp KB8JlpynonbHOI'O B38H~OilE 

..... 
cxanSipHoe aHa'ieHHe KBBilpynonhHoro MOMeHTa, R 11 - ae~ 

IIlHii UeHTpbi TSI:lKeCTH MOnexynhl H ;· C(224/MN) 
~ 

Kne6wa-fopnaHa, 0
11 

= ( 011 , ¢ 11 - . 8KCH8nhHbiH H 
~ 

yrnhi, onpenenSilOIIlHe opHeHTaUHlO aexTopa R 11 
OTHOCHTe 

qecxoii ocH c 

~~ =(fJ I ' cpl aKCHanbHblil H 83HMYT8nbHblil: ,yrnll 

OpHeHTBUHlO OCH KB8HTOB8HHSI Z I 

.m.n 
. y II 'o6nall8lOT CBOfiCTB8MH: 

mn nm 

Y11 =ru 

:I Y mo = O 
II 

-m,~n mn'* 
y il ·=y il 

OTHOCHTenbHO OCH c 
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:HLIX B036ym.Q9HH1i: Ha OC-

/6,S/ . 
'aX nH6pOHHLie B03-

.Qa bnepaTopLI pomaeHHSJ 

03.9BCKHMH on,epaTOp8MH, 

HSJ OCHOBaHbi Ha T90pHH 

pa6oTe nocTpoeua 6onee 

11!: •C nOMOIUbiO M9TO.Qa, aK

/9/ >, KB8HTOBaHH5J 

. ~ : 

>TopoM MoneKynhr' CBSJ38HLI 

9lll9TKa. TB9p.QOI"O OpTOBO.QO

OHT H3 "'9Tblpex ·npOCTbiX , 

)K.QOH H3 no.Qpell!e'TOK OCb 

3 "'9Tbipex ocefi CHMM9TpHH 
,, . ' 

T. C. I"naBHbiMH .QH8I"OHanSi-· 

I 38nHirreM B BH.Qe /S/: 

(1) 

fOneKynLI B 'KpHCTamie,. 

Z• X )' ) ,'• 

J I ',J I ,j I - KOMnOH9HTbi. B9KTOpa yrnOBOI"O MOM9HTa, J I .QnSJ MO-

nekynhr i . 

3aecb pOT8UHOHH09 KB8HTOB09 '"'HCno 'j~1 

c;:oBna.Q89T C OCbiO CHMM9TpH~ M6neKynhi i t 

mn ~~ 1/2 2 
Y

11 
=-

18 
(7077) A nAn I C(224/MN)Y* 

. M,N=-2 4,M+N 

2* 2 x D . (C: ) D ·* (... ) 
Mm I Nn (i).l 

H OCb KB8HTOB8HH5J Z I 

... 
(fi lj ) X 

- KOHCTaHThl KB aapynonb-KBaapynol1buo1!: CBSJ3H Me may MoneK:ynaMH i I! j • 

A =-1 
0 

. 3 
A =-v-±2. 2 

r 
lj 

- napaMeTp KBa.QpynonbHOI"O B38H~O.Qe1i:CTBH5J t Q 
.... 

CKanSJpHOe 3H8"'9HH9 KBa.QpynonbHOI"O MOM9HTa, R ll - B9KTOp, C09.QHH5JIO- ' ., 
IUH1i: U9HTpbi T5J)K9CTH MOneKynhl H ; · C (224 I MN) - Koa!fltflnuHeHTbi ... 
Kne6ll!a- fop.QaHa, nil = ( (J ll • ¢ ll - 8KCH8nhHbiH H 83HMyTanbHbl1i:'' ... 
yrnhr, onpeaenSJroruHe opHeHTaUHIO BeKTopa R 11 OTHOCHTenbHO KpHCTannH-

"'9CK01i: OCH c 

~ .=(0 • .I. 
I I '1'1 - axcHanbHhiH H a3HMyTanbHbl1i: .yrnhr, · onpeaenSJIOruHe 

OpHeHTaUHIO OCH KB8HTOB8HH5J z I OTHOCHTenbHO OCH c KoucTaHThi 

. y·~ n o6na.Q8IOT CBOHCTB8MH: 

mn nm -m,-n· mn'* 

Y11 =Yu y lj '=ylj 

mo 

I y IJ = o • 
(2) 
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/8/ 
Cneny~ PaH'IY H 3TTepcy , aaeneM onepaTOpbt a 1 · a+~ , b 

1 

b 
+ + . . ' 
1 

• OnepaTopbi a 
1 

, a 1 ecTb onepaTOpbt pO)KJleHHSI 'H yHH'ITO)KeHHSI• 

z + z 
COCTOSIHHSI. C . j =1 MOneKynbi i , .a b I , b I C J . . =.-1 • 0HH. Ilbi-

~ -+ . /3/ 
pa*aroTcSI qepea KOMnoHeHTbi J 1 cnenyromHM o6paaoM· · : 

1 z 2 
a =- [1-(J ) ]J-, 

I $" I I 

(3) 
1 z 2 + 

b =-D-0 > lJ 
I v2 i 

.; 

/8/ 
H YllOIIneTIIOpSIIOT .KOMMyTaUHOHHbiM COOTHOII19HHSIM. • 

[a a ) = [ b b ) = [a . b ) = [ a +1 a +J l = [ b ~ b +J l = [a i bJ+ ) = 0, 
I j I j I J " 

[a afl= 8 (1-2a+a -b+b ), 
I J 1J I I. I I 

+ . + + 
[ b I b ) = 8 ll(l-2 b I b I- a I~ I ) , (4) 

. + :· ' +" 
[a 1 b l ) = - 8 IJ b .I a 1 

r 

[ b a.+ ) = -8 a+ b 
I J ij i i 

a TaK)K9 COOTHOII19HHSIM: 

2. +2 2 +2 + + + a = a . = li = b = a+ b = a b = a b = b a = 0. 
·I i i I i i i i i i i i 

-+ m 
KoMnoHeHTbi J 

1 
H onepaTOpbt 0 1 

/8/ 
cnenyromHM o6paaoM • 

MO)KHO aanHcaTb qepea a i H b i 

6 

i 
~ 

[ 

"' + + J i = ai a i - bib 1' 

J i = y2 ( a i + b j), 

- - ... _ + 
J = V 2 (a + b ), 

1 i 1 

0 .. ;· + 
0

1 
=3(·a 1 a 1+b p1)-2, 

+1 - + 
0 

1
=y2(a 1 -b 1), 

-1 - + . 
0 = y 2 (a· · - b ) , 

1 I . 1 

+2 +b 
01 =2a1 1' 

-2 + 
01 = 2 b1 a 1 

3anHCbiiiaSI H ( 1) a onepaTopax a 1 H b 1 n• 

raMHnbTOHHaH, KOTOpbiH COJlep)KHT 6HnHH9HHbie, TpOHHbte H 

6 
. /8/ 0 

HHaUHH.STHX onepaTOpOII · • JlHaKO npH oqeHb HH3KHX 

cyi!leCTI19HHbi TOnbKO cna60II036y)KJl9HHbie COCTOSIHHSI KpHC~l 
. + + . 

CTaTHCTH'i9CKH9 cpeJlHHe OT onepaTOpOII a I a 1 H b 1 b 1 tl 

MY aaMeHHM KOMMyTaUHOHHbie COOTHOIIleHHSI ( 4) 6oaeaCKHM 

/8/ 
HbiMH COOTHOII19HHSIMH 

[a a l=[a+~+J=[b b l=[b+b+ ]=[a b 1= 
1 J 1 j i j i . j 1 J. 

= [a +b +)= [a 
1 . J 1 

+ -f b 1=[b a ] = 0, 
J i J 

[a a+1=8 
1 J 1l 

[ b b +1=8 
1 l IJ 

·, 
7 



>aTOpbl a 1 

lJKileHHSI H YHH'ITOJKeHHSI• 
l!l 

1 C J.. ,= -1 , 0HH Bbl-
. . . /3/ 

o6pa3oM- · .. : 

f. 

+=o. 
I , 

mcaTb 'lepe3 

(3) 

(4) 

a I H b I 

J l!l + - L+ b 
I :: al a I . 0 I I' 

- - + 
J = V 2 ( a + b ), 

I I I 

0 +' + 
0

1
::3(a1 a 1+b p1)-.2, 

-1 - + 
0 =v2(a -b ), 

I I . I 

(5) 

3anHCbiBasr H ( 1) B onepaTopax a 1 H b I nony'IHM' cnoJKHbiii 

I"aMIWbTOHHaH, KOTOpbiii COilepJKHT 6HnHHeHHbie1 TpOfiHbie H 'leTBepHbie KqM

/8/ 
6HHaUHH. STHX onepaTOpOB · , 0~:tHaKO npH O'leHb HH3KHX TeMnepaTypaX 

CyiUeCTBeHHbi TOnbKO Cna60B036yJKileHHbie COCTOSiliHSI KpHC~anna, B KOTOpbiX 

+ + 
CTaTHCTH'IeCKHe CpeAliHe OT onepaTOpOB a I a I H b I b I M8nbi, lloaTO-· 

MY 38MeliHM KOMMyTaUHOlilibie ~OOTliOllleliHSI ( 4) 6o3eBCKHMH KOM~TaUHOli
/8/ 

libiMH COOTllOllleliHSIMH • 

[a a]::[a+~+J,.[b b ]::[b+b+],.[a b ],. 
I J I l I l I . l I J. 

= [a +b +],. [a 
I · l I 

+ + b ]::[b a ]::0, 
l I l (6) 

+ [ b b ],8 
I J IJ 

·, 

7 



EyJleM ynep)KUBaTh B rarvninbT01UHlHe (1 ) TCIIbKO q~enor, 6ummeiiHoie no 

a I II b I • 't. 
/8/ 

DonaraeM TaK:lKe, "'TO • 

y 00 = 144 

\

- I9r nnn 6nii~afimiiX cocenefi 

,lj 

0 B npyriiX cnyqanx 

/8/ 
Torna nony"'IIM 

1 

(~ + + 
H · = I9 r }; { a a + b b 

+f.+1" +. 
) + 2 }; { y {a -b 
.. IJ, lj I I 

){a+ -b )+ 
j j I I I I I 

-1,-1 + + +1,-1 . + + 
+y 1l {a 1 -b 1 ){al -bl )+yll {a 1 -b 1 ){al -bl )+ 

-1,+1 + + I9r + y . {a -b . ) {a - b ) l - --· N 
•l · I I j j · 3. 0 ' 

rne N 
0 

-. "'IICno MoneKyn ·B KpiiCTanne. 

(7} 

0T6paCh!BlUII!e .'IneHOB Bbillie 6FinHH9HHbiX . II UepeXO!l K 6039BCKIIM KOM~ 

MYT8UIIOHHbiM COOTHOlli9HIIRM . COOTB9TCTByeT npeHe6pe~eHIIIO KHHeMaTH"'eC

KIIM II !lHH8MII"'9CKHM B38HMO!l9HCTBII9M 1 "'TO . XOpOlliO II3BCCTHO B, TeOpiiii 
. B . /6,8/ ( ) 

!lJeppOM8r'H9Tll3Ma, pa6oTaX Ha OCHOBe r'8MIIllbTOHIIaHa 7 · pa3BIIT8 ' . . . . 

Teopiin sneMeHTapHhiX B036y~neHIIH 'B TBepnoM opTOBonopone .B 6oaeBCKOM 

npn6nn*eHnn. HennaroHanbHbie qneHhi B (7} paccMaTpnBanncb · KaK. B03My

meHne n y"'HThiBanncb TOnbKO s!lJ!lJ~KThi nepBoro nopnnKa~ 

B HacTonmefi pa6oTe CTpon~cn Teopiui sne'MeHTapHhiX Boa6y*ne.Hnfi 

B TBepnoM opToBonopone c noMoiUbro nnaroHannaaunn raMnnbTO~naHa ( 7}. 

8 

il 
II 

l 
! 

3. CneKTp Boa6y>Knemd!: 

DepenHmeM· raMHllbTOHnaH (7}, BBonn «Pypbe - KOMTIOll 
mn 

TOpOB a 1 • b I If BenH'IHH Yu 
...... 

-IKR 
. I . a 

a -+= -- }; e a ... 
aK vN ... R 

Ra a 
...... 

b 
I }; 

-IKRa 
b ... ... =-- e ' 

aK yN i't.a Ra 

mn .-+ ....,. ....,. --+ 
Yaf3 (K )= ... ~, e!K(Ra-,R/J> 

Ra-R{3 

... r:; {Ra -R/3') ' 
I 

a ,{3 = I,2,3,4 

... 
rne N - "'HCno sneMeHTapHhiX nqeeK, R a 

- BeKTOp nono~~ 

B nonpemeTKe a, K 
/8/ 

- BOnHOBOH BeKTOp, nnn yno6CTB8 Bl 

BenH"'HHbi " 

... 4 +1-1 ... . 
ff3{K)=--r.f3' (K), 
a I9r a · 

g (K) =-4-r+1,+1<i), 
a{3 I9 r af3 

KOTOpbie o6nanaroT . CBOHCTB8MH: 

r 
13 

<K>=r 
13 

<-K), a .a . 

... ... 
.f*{3{K)=ff3 {K), a · a 

g <K)=g <-ih. 
a{3 . · a{3 

... ... 
g · {K) =g {K). 

{3a af3 

Torna nony"'HM: 

9 



:~iirimx coceaeii 

cnyqagx 

)(a+ -b )+ 
j . j 

(7) 

epexoa K 6oaeaCKHM KOM-:-

6pe~eHHID KHHeMaTH'IeC-

110 H313ecrHO B TeOpHH 

HllbTOHHaHa (7) pa3BHTa 

ro~OAOPOJ:te B 6oaeBCKOM 

~aTpHBanHCb • KaK: B03My-

•PSIAKa. 

·HT?PHhiX B036y~J:teHHH 

lHH raMHnhTC>HHaHa ( 7). 

3. CneKTp aoa6y~neHHii 

llepenHIIIeM· f'aMH1IbTOHHaH (7), BBO}:t5I <flyphe - KOMnOHeHTbl OT onepa- . 

b I 
mn 

TOpOB a 1 H aenH'IHH y lj 
...... 

l 
-IKRa 

a ..... = I e a ... 
aK ..jN ... R 

Ra a 
...... 

b 
l I 

-IKRa 
bit ... =-- e 

· aK v'N Ita .a 
(8) ..... -+ -+, 

-> IK (R a- R f3 ) 
(K ) = ... ~ e · 

Ra-R/l 

mn -+ -+ 
y B ( R. - Ra' ) ' 

a, ·a p 

a ,{3 = 1,2,3,4 

... 
rae N - 'IHCno aneMeHTapHbiX gqeeK, R a .- aeKTOp nono~eHHSI MOneKynhi ... 
a nonpemeTKe a, K - aonHoaoft aeKTop • .lJ.ng yno6cTBl\ aaeaeM TaK~e 

aenH'IHHhi 
181. 

... 4 ... 
f (K) = -- y +

1
.-

1 
(K), 

af3 19T a/3 

KOTOpb!e o6nanaiDT .CBOfiCTBaMH: 

... ... 
f f3 (K)=f f3 (-K), a .a 

g <i>= g <-ib. 
af3 . ' a/3 

(9) 
... ... 

g (K) =g (K). 
f3a a/3 

Toraa nony'IHM: 

9 



! 

> •• 

·., ~-.' 

\,, 
(2) + + . 

·. H = 19P -~ (a ... a ... +b. _. b .,. ) + 
aK aK aK aK aK 

19r ... + 
+ -

4
- ~) 2 f. {3 ( K) X ... X{3 ->+ g {3 

a,{3,K a . aK K a 

... + + +-( K)X ... X {3 -it 
aK • 

.(lo) 
· ... · 19 r-

+ g* (K)X ... X · ... }- -- N 
a{3 a K {3,-K , , · 3 o 

- + . - + 
r)le X-+ =v2(a->-b ... ) ~ Bae)leM TaKme onepaTop:-Y ... =y2(a_,+b ... ). 

aK . aK a,-K · · + . aK aK · a,-K 
YpaaHeHH.II JlBIImea'ng Jln.II X... , X+ ... , Y ... , Y ... HMeiOT BHJl: 

aK a,-K aK a,-K 

dXaK. 

dt 

(2) 
=[ X ... , H l= 19 r Y ... , 

aK aK 

+ ... 
idX a,-K 

dt 

i d y ... 
aK. 

dt 

idY + ... 
a,-K 

dt 

. + 
-19 r Y .... 

a •:-K 

... ... + 
=19r(X _.+2~{£ (K)X _.+g (K)X _.I), 

aK ·· {3 . a{3 {3K a{3 {3 ,-K 

+ 
= -19 r (X ... + 

a,-K 

... .... + 
2~{ g* (K)X -#f* (K}X . _.}). 

{3 a{3 . {3K o{3 · {3,-K 

nn<!J<jlepeHUHPY.II no BpeMeHH ( 11 a), nony'IHM )lanee: 

2 dYit 2 . ... ... + 
~ =U9r) (Y ... +2 ~~ f {3. (K)Y/3 ... ·-g {3 (K)Y/3 ... }) 

aK {3 a K a ,-K 

. d2. y+ ... . 
a,-K 2 .-· · + · · · -> • -> +. ·, : 

· - ---- = (19 r ) ( Y -# 2 ~ { - g * ( K) Y ... + £ * ( K) Y ... } ) • 
d t 2 ' a,-K f3 a {3 {3 K af3 {3 ,-K · 

( 11) 

cua> 

( 12) 

ypaBHSHH.II ( 12) YJl06HO 3anncaTb B MaTpH'IHOft <jJopMe, BBOJl.II MaTpHUbi: 

10 

.;! 

I 
J 

t r 
i 
li 
"\ 
!\ 

.I 
I 
1j 

·\ 
r 
j 

.... 
Y(K)= 

... 

,: < 

y '-> 
. lK 

y ... 
4K 

y+ ... 
1,-K 

+ ... 
Y4,-K 

.. 

F<K) = 

r)le II raf3 (K) II 11 11-ga/3 lK) II 

... . ... 
II £af3 (Klll · ll--:15 af3(K] 

... ... 
II- g :{3 (K ) II H ~JK ) II 

MaTpHUhi 4x4~ Tor'Jla· noJ 

d 2Y:< ib 
dt 2 

=(19r)
2
t 1+2F ti> l'Yti>. 

nm1 nony'ISHH.II cneKTpa sneMeHTapHbiX B036ym)l9Hiffi )lHaf'OHI 

HeHH.II ( 12), )ln.II 'lero no cymecTBY ueo6xoJln~o .tinaroaanH3J 
';_ -:+ • . • . 

uy F( K). 

BBe)leM yHHTapHyiO MaTpHUY vdo PlJ-3M~pHOCTbiO 8 

BOp.IIIOIIIYIO ycnOBHSIM: 

-+ ... _ ... _ ... --+ 

V (K) F (K)V (K) =<II (K), 

r)le i' <ib - JlHaroaanbHa.II MaTpnua 

v+ < ib v < i > = v < i > v + < i( > = 1. 
- ... 

MaTpnuy :V(K) Momao 3anncaTb B <jJopMe 

... 
!IV (K)fl 

-v <i > = 
·aL 

11 v* otr11 
a.L 

11 



+ X + 
{3,-it 

( 10) 

- + 
)p:Y .... =y2(a .... + b .... ) •· 

·: · aK aK a,-K 
-+ HMeiO'l' BH.Q: 

-K 

+ ....1 ), 
f3:-:-K , 

..... + 
(K) X .... I). 
. . {3,-K 

.• .. 

. .... ;:··: 
f :~ . ( K) Y f3 .-~ l ) . 

. ( 11) 

c 118> 

( 12) 

tpMe, BBO.QR Ma'l'piUlbi: 

/• 

. ~ 

. .... 
·ll-s af3(K) II 

( 13) 

.... .... 
rae II raf3 (K) II H II -'- gaf3 ( K ) II Ma'l'pHUbi 4x4~ Toraa· nony"'HM: 

(14) 

ang nony:eHHR cneK'l'pa sneMeHTapHbiX B035ym.QeHHH•.QHar'OHanH3HpyeM ypaB

HeHHR ( 12), .QnR "'ero no cymec'l'B~ .Heo5xo.Q~Mo .tinaroHanusupoBaTb MaTpH-- .,. 
uy F( K). - .... 

BBe.QeM yHHTapHyiO MaTpuuy V(K) 

· BOpRIOIIlYIO ycnOBHRM: 

-+-Jo --Jo--+ --+ 
V (K) F (K)V (K) = ~ (K), • ' (15) 

- .. 
rae <IJ (K) - auaroHanbHaR MaTpuua 

v+ <ib v < i( ) = v < i() v + < i() = 1. 
- .... 

MaTpHriy .V(K) MomHo sanucaTb B cjlopMe 

.... 
II v ( K )II 

_ .... aL 

V (K) = 
( 16) 

11 



rne II VaL (K) II - MaTpHUa pasMepaocTbiO 4x8a=l., •• ,4, L=l..:.B _: Tionb-

sySicb COOTHOW9HHSIMH (15),/riOny'IHM llnSI sneMeHTOB M8TpHUbl' V(K) cne-

llYIOWYIO clicTeMy ypaaHeHHfi: 

... .... 
:£ V (K ) V * ( K ) = 8 , 
L aL {3L a{3 

:£ v o(> v < i) = u, 
L aL · {3L 

.... -+ -+ -+ ~ 

:£ V* (K)V (K) +V (K)V * (K) =8 
a aL aL

1
. aL aL1 LL 1 

(17) 
' ... 

-+ .... .... .... ... 
:£ f (K)V (K)-g (K) V * (K)= V 
{3 a{3 {3L a{3 {3L · aL 

(K) ¢ (K ), 
L 

- ... 
- co6cTaeHHbie saa'leHHSI MaTpHUbi F (K) I'lle ¢ (i() 

L 

, a TaK:lKe pa-

. B9HCTBO: 

-+ -+ -+ -+ -+ 
:£ I f ( K )[ V * (K) V a (K )+ V :* ( K) V a (K)]-

af3 cf3 a L pL l aL1 p L 

-g*a d<.>v o(>va <K>-g <K>V* <ibv* tK> l= 
ap a L p L 1 af3 aL . · {3 L 1 

(18) 

... 
=8 ¢ (K). 

LL
1 

L 

BBOllSI onepaTopbi 

I ... ... + 
71 ... =-:£IV* (K)Y ... + V (K)Y ... 

LK 2 a a L · a K a L a, -K 
l; 

(19) 

e =1..:£1V*oZ>x 
LK 2 a aL alt 

-V (K)X+ ... 
aL .a,-K 

12 

CO CBOHCTB8MH 

K BHlly:. 

i d eu~ 

dt 

+. 
7J L;; = 7J L,-i 

= I9 r 11 L~ • 

id7J;_ £
2 

... 

-----=~(; .... 
dt I9r LK 

+ 
~ .... = -~ .... 

LK L,-K 
npeo6pasy 

2 ' 2 . .... 
r]le £ ... = (l9r > [I+2¢ <K> J . LK . L 

• YpaaHeHHSI (20) 

llH8I'OH8nbHOMy BHllY C llOMOWbiO onepaTopoa: 

I £ .... 112 I9 r 
C_.=-(~) (~_.+--7J_.). 
-LK v2 I9r LK £ LK LK 

flHHefiHaSI KOM6HH8UHSI (21) Bbi6paHa TaKHM o6pa30M, 'ITO! 

d c Li 
dt ~fLKcLK->• 

+ 
Mo:lKHO npoaepHTb, 'ITO c ... H c ... ylloaneTaopSIIOT 6osE 

IK LK 
UHOHHbiM COOTHOW9HHSIM: 

[c .... , c ... ] =[c +-+ 
LK LlKl LK 

+ 
c .... ] - 0 

LlKl - ·' 

lc • c + J =8 <i.....:It >8 
.... .... . 1 LK L

1
K

1 
·, LL 1 

nHai'OHanH3HpyeM Tenepb I'8MHnbTOHH8H ( 10). TI epefilleM 0 

a .... 1:1 
aK 

a ... 
aK 

·b ..... 
aK 

b -+ K C -> C llOMOWbiO ripeo6pa30B8HHSI 
aK LK 

.... .... 
:£u (K)c ... +v (K)c+ ... , 

aL LK a L .. iJ,-'K · . L 

-:£u*CK)c_.+v* (K)c+ .... , 
L aL LK aL L ,-K 

13 



:8a=l. .. 4, L =1. .. 8. Tionb-
. ~ - ""* 

HTOB Ma TpHUbl · V (K) cne-

(17) 
--+ 

¢ (K), 
L 

- ... 
•I F (K) , a TaKJKe pa-

J]-

( 18) 

,( 19) 

I 
(; 

j· 

1 
I 

I 
l· 
I 
l 

I 

+ 
1J L~ = 1J L,-i 

t:+_ t: ( ) ( ., - = -., -+, npeo6pasyeM 11 n: 11 a) 
LK L,-K 

CO CBOHCTB8MH 

K BHlly: 

i d ~II~ 

dt 

i d7Jtl( £ 
2 

.... 

---- =~{; ... 
dt 19r LK 

(20) 

2 ' 2 ... 
rae £ -+= (l9r) [ 1+2¢ (K)] 

LK · L 
• YpaaHeHHH (20) npn:BOllHTCR K 

llH8I'OH8nbHOMy BHllY C noMOIIJbiD onepaTopoa: 

_ 1 <~> 1;2 < t: 19 r >. 
'.c .... --- ' ., .... +--. -TJ ..... 

. LK ..;2 19r LK £ LK LK 
(21) 

Jln:HeiiHaH KOM6HH8UHH (21) Bbi6paHa T8KHM o6pa30M, 'lT06bi: 

+ 
., 

MomHo npoaepn:Tb, 'ITO cu{ 

UHOHHb!M COOTHOilleHHHM: 

H C -+ YllOBneTBOpHIDT 6039BCKHM KOMMyTa
LK 

·[c .... ·, c + 
LK L K 

1 1 

,Un:ai'OHanH3HpyeM Tenepb I'8MI:InbTOHH8H ( 10), TI epeiill9M OT. Onepa TOpOB 

a -+ H b -+ K C -+ C nOMOIIJbiD ripeo6pa30B8HHH 
aK aK . LK 

a .... 
aK 

··b '-+ 
aK 

.... ... 
Iu (K)c -+ +v (K)c + .... 
L aL LK a L .. i:i,-'K 

., 

.... .... 
I·u*·(K)c _.·+v* (K)c+ _.,•. 
L UL LK aL L,-K 
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.,-_,_ • .,.,,L. 

rae 
-+ I -+ ~ 

u (K)=-V (K)( I9r 2 
aL 2 aL . ) ( .... 

LK 

( -+ 
LK 

(-+I), 
I9r 

... ... I9 r ~ ( ... 
( K) = .!_ V ( K) ( -- ) ( ~ -I). v 

aL 2 aL £ -.. I9f'/ 
LK / 

Tora8 6yaeM HMeTb 

C2> + I 
H = l: ... £ ... c ... c ... + - l: ... ( 

LK LK LK LK 2 LK 
-+ 

LK 

I9r 
4~N0 

'·· 

.: 

(23) 

Tio-cymeCTBY npeo6p830B8HHe (22) 9KBHB8neHTHO H3BeCTHOMY (u , V ) -npe

/9/ 
o6p830B8HHIO H.H. EoroniD60B8 II c.B. TSI6nRKOB8 . • 38MeTRM, oaH8KO, 

'ITO aenocpeacTseaa6e npHMeHeHHe MeToa8.(u,v) 

'18eT 38TpyaHeHR€ BBHay rpOM03aKRX p8C'I€TOB. 

-npeo6p830B8HRH scTpe-

En8roaaps Rcnonb30B8HHID yp8sHeHHii asH)KeHHH s.Toporo nopSIJlK8 ( 12 Y 

11 Bbi6opy onep8Topos X -+ 11 Y -+ aaaa'l8 3H8'1HTenbHO ynpom8eTcSI. 
aK aK -+ 

Mo*HO y6eaHTbCH H8 ocaose p83BHTOH aaecb TeopRH, 'IT~ <J 1 >= 0 • Ta-

KHM o6p830M 0 Mbl nony'l8eM sneMeHT8pHbi€ B036y)Ka€HHH nH6p8UROHHOI'O TR

IT80 T.e. nH6pOHbi. 

4. 06cy*aeHRe 

.CpaBHRM nony'leHHbi€ peaynbT8Tbi C HeKOTOpbiMH peaynbT8T8MH n116..;. 

. ~/. . 
poHHOH TeOpRH P8R'Ia II 3TTepC8 • TionyqeHHOe RMR Bblp8:lKeHR€ ans 

9Hepi'RH nH6pOHOB B 6oaeBCKOM npR6nH:lK€HHH HMeeT BRa: 

-+ 
£ -+= I9T II+ cp (K)·.) 

LK L 

II OTnH'I8eTCSI OT peaynbT8TS H8CTOSillleH p860Tbl. 

-+ 

( ... = I9 r v I +2 ¢ (.KJ • 
LK . L 

3TH 9Hepi'HR M8nO OTnH'I8lOTCSI, KOI'a8 HeaH8I'OH8nbHbie 'lne 

HO p8CCM8TpHB8Tb, K8K. M8noe B03MymeHHe •. B npH6nH)KeHHH 
~/ . 

cp83 P8H'I 11 3TTepc nonyq:HnH ami £ LK BbiP8*eHHe: 

( ... =-I9r < 0 o > vi+2¢Lo(>. 
LK 2 

0 . ( 
rae. <0 > _.,n8p8M€Tp ynopRaO'IeHRSI" 0KOTOpbiH RI'p8eT B 2 

· · o . o' 
p8Typaoii nepeaopMHpOBKR, .B6nR3H T = 0 K ·< 0 >"' -2.C T 

. ~/ . 
HeCKOnbKHX npoUeHTOB • TI09TOMY nR6pOHH~Ie 9Hepi'HH 

HR3KRX TeMnep8TYP8X O'leHb 6nH3KR. 3aeprHSI ocaosuoro cc 

T8nna e. H8llleM cny'l8e p8BH8: 

E =!... l: ( -+- 4N I9r 
0 2 -+ LK 0-- • 

LK ·3. 

Bbi'IRCnss .l: ... £ Lit c noMOlllbiD sseaeHHH nnoTHOCTH n116poaa 
/8/ LK . . 

( cp. ) , nony'IRM ans E 
' 0 

E ... I·o I9 r 
o"'- ; IBN ---· 

0 3 

P P "" /8/ u eayncT8T 811'18 11 vTTepC8 · cneayiDlllRH: 

. E o "'- I,Ol5 N I9 r 
o-~3· 



(23) 

:saecTHOMY (u , v ) -npe-
9/' . 
· • 3aMeTHM1 O,ClH8K01 

-npeo6p830B8HHH BCTpe-

IH BTOpO~O nopH.clK8 ( 12 r 
T.enhHO ynpomaeTcst • .. 
m, 'IT? <J 1 >:= 0 • Ta-

neHHH nH6paUHOHHOI'O TH-

IMH pesynhT8T8MH nH6-

HMH Bblp8:H<9HHe ,ClnH 

.. 
( .. = 19T 11 + rp (K)·.J 

LK L 

H OTnH'i89TCH OT pesynbT8T8 H8CTOHIIlefi pa60Tbl' 

( .. = 
LK 

.. 

(24) 

(25). 

3TH aHeprHII Mano oTnH'IBlOTCH, KOI'.cla He,ClHaroHanbHbie 'lneHbi a·. ( 10)':MO:H<.;, 

Ho paccMaTpiiBBTh, KBK· Manoe. aosMyuieHHe. B npH6nH:H<eHIIH .xaoTa'ieCKHX 

,h /8/ p ""' 't'as aH'i H vTTepc nony'111n11 ,ClnH l LK Bbipa:H<eHHe: 

19r o · .. 
( .. =---<o >v1+2rfl <K> 
LK 2 L ' 

(26) 

1:'.[19. <0 °> -"'napaMeTp ynopH,Cl0'19HHH" 1KOTOpbifi HI'paeT B { 26) pOnh TeMne..: 
'. 0 0, . ' 

paTypHofi nepeHopMapoBKH, B6nH311 T = 0 K ·< 0 >"' -2 .c TO'iHOCThlO . .clO 
. /8/ . . . . ) 

.HeCKOnbKHX npoue.HTOB · lloaTOMY na6po.H.Hble a.Hepi:'HH (25) H (26 npH · 
··~. 

.HH3KHX TeMnepaTypaX O'leHb 6nH3KH. 3Hepi:'HH OCHOBUOI'O COCTOHHHH KpHC-
.. 

Tanna a HaweM cny'lae paaHa: 

(27) 

Bbi'IHCnHH . I .. ( L~ c noMOIIlhlO aae.cleHHH nnoTHOCTH na6poHHoro cne.KTpa 
· /8/ LK. · 

(cp. ) , nony'IHM .clnH E 
0 

E 
.. , . 19 r 

. "'-1;018N ·--· 
0 0 3 

/8/ 
PesynbTaT PaH'ia. 11 3TTepca cne,ClylOIIlHfi: 

Eo 
· 19r 

"'- 1,015 N 0 -·-- • 
8 
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,/'• 

. . 

TaKHM ~fspaaoM; Mbi BHllHM, 'ITO pa~BHTast a HacTost,meii pa6oTe Teo-

pHst otreHb xbpoiiio IIIJHMeHHMa rrpn HnaKHX · TeMnepaTypax. ~ •• 
0TM9THM1 TaK:lK91 'iTO B pa3liH'lHbiX 3a]la'laX, rile HCCll9llY9TCSI 

B3aHMO]leiiCTBII9 liH6pOHHOii IIOllCIICT9Mbi C llpyrHMII CT91I9HSIMH CB060llbi 

KpHCTanna, He06XOllHMO Bbi'lHCliSITb KOppeliSIUHOHHbie cpyHKUHH THIIa <a+~ a+ (t)a (t}>, 
; I f .. f I 

paC'l9Tbi KOTOpbiX B IIpH6liH:lK9HIIH XaOTH'l9CKIIX 4iaa 3aTpyllHHTenbHbio Ha OC-

HOBe HacTostrueii pa6oTbi TaKHe KoppellstUHOHHhie 4JyHKUHH Bbi'lHCliSIIOTCSI llO-

BbllbHO rrpOCTo.· i: 

· B aaKniOtreHHe Bbrpa*aiO 6naroAapHocTb npo<jleccopy . .n.H. 3y6~peay n 

A.n. KyaeMcKoMy. 

n H T e p a T y p a 

1. R.W. Hill, B.W •. Ricketson. Phll. Mag. 45 (1954), 277 

G. Ahlers, W.H.Orltung. Phys • Rev. :133. (1964) A 1642. 

2. F. Reif, ]~~.M. PurcE711• Phys. Rev. 91 (1953) 631 

G.W. Smith, R.M. Haisley. Pt1Ys. Rev. i17 (1960) 732. 

3. '!'.Nakamura. Progr. 'l'heor. Phys. 14 (195S) 135. 

4. M.Clouter, H.P. Gush. Phys. Rev. Lett. 45 (1965) 200 • 

. R.L. Mills, A.·F.. Schuch. Phys. Rev. Lett. £ (1965), 722 

R.L. Mills, A.F. Schuch, D.A. Depatie. Phys. Re.v. Lett. 17 (1966) 

11~1. A.F.Schuch, R.L. Mills,D.A. oe"patie. P~;,s.Rev. 165 (196~) 1032. 

5. I. Felsteiner. Phys. Rev. Lett. 15 (1965) 10~5. 

6. s. Homma, K. Okada,. H. Matsuda. P~ogr. '!'he or. :Pl:lys. 38 (1967); 

767. 

7. H. Ueyama, 'I'. Matsubara. Progr. '!'he or. Phys. 38 (1967), 7 84. 

8. J.C.Raich, R.D.Etters. ·Phys. Re~. 168 (1968) 425~ 
9. G.B. Tst6JIHKOB. MeTOllbi KBaHToaoii TeopHH MarHeTH3Ma. HayKa, 1965 •. -

. 16 

•. 

10. J.C. Raich, H.M.James. Phys. Rev. Letters 16 1 

11. H.M~James, J.C.Raich. Phys. Rev. 162,649 (19t 

12. O.Nagai, 'I'. Nakamura, Progr. 'l'heor. Phys. 24, 

~ 412 (1963). 

PyKorrHCb nocTynHna B nallaTellbc 

29 arrpenst 1970 rolla. 

17 



Ha'cToSI~elt paooTe Teo

Typax. 

rne HccnenyeTcSI 

CTeiieHSIMH CBOoOnbi 
. . + + 

! ¢yHKUHH THI18 <a a a (t)a (t)>, 
· I 1--1 I 

saTpynHHTeribHbi, Ha oc-

IKUHH Bbl'IHCnSIIOTCSI no-

ccopy n.H. 3y6apeay H 

54)',' 277 

964) A 1642. 

631 

L96o) 732. 

I 135, 

L965) 200, 

~ (1965), 722 

R~v. Lett. .ll (1966) 
. ' . 

rys.Rev. 165 (196~) 1032~ 

~5. 

!Or. ·P}!ys. 38 (1967}; 

'S. ~ (19.67), 784,, 

~). 425 •. 

eTHSMa. HayKa, 1965 •. 

·' 

... 
•. 

10. J.C. Raich, H.M.James. Phys. Rev. Letters 16 173 (1966). · 

11. H.M~James, i.e. Raich. Phys~ Rev. 162, 649 (1967), 

12. 0. Nagai, 'I'. Nakamura, Progr. '!'hear. Phys. 24, 432, (1961), 

=1Q_, 412 (1963). 

PyKOIIHCb IIOCTyiiHna B H3naTenbCKHl1 OTnen 

29 arrpenSI 1970 rona. 

•.. 

17 


