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1. B a e n e H u e 

B HaCTomueii pa6oTe paccMaTpuaaeTCH noaeneHue Manoii nuHaMH'Iec­

Koii. CHCT.eMblj B38HMOJl9llCTBYIOJUeii C T9pMOCT8TOM, T·.~· C CHCTeMOll C 

npaKTH'I9CKH 6e.CKOHG'IHbiM 'IHCJIOM: CTeneHeii CB060Jlbl. rr.puMepaMH T8KHX 

CHCTGM HBnHIOTCH:, 8TOMH8H (unu MOneKyn.IIpHaH) CHCTeMa, B38HMOJleficTBYIO­

~ag C C06CTBGHHbiM an'eKTpOM8I"IIHTHbiM noneM KaK c• TepMOCT8TOM; cue-· 

T9M8 'gnepHbiX' C.ilHIIOB, B38HM0Jl9HCTBY!OIIJHX C peweTKOH, 9KCHTOIIH8H UnH 

aneKTponnaH cucTeMhi, 'BsauMoneiicTBYIOIIIHe c cponoHHhiM noneM u T.n. 

·A~an6I"H'IH8H 38Jl8'18 p~CCM8T~HBanacb B KB8HTOB0ll TeOpHH nong 
111 , 1

KOI"-

L(a nony.'lanu ypaBHGHHe nHpaKa C p8JlH8UHOIIHbiMH ndnpaBK8MH JlnH HeKB8H­

TOB8HHO~ a6nHOBOll cpyHKUHH H3 BTOp~'IHO KB8HTOB8HHOH. 

Uenb pa6oThi - nony'leHHe ypaaneHHH THha illpenH.Hrepa c 3aTyxaHH­

eM nng Cp9JlHHX 8MlinHTYJl BTOpH'IHO KB8HTOB8HHOI'O nong 6o3e- HnH cpepMH· 

'18CTHU, cna6o CB513811HbiX C TP.pMOCT8TOM. Ilpenn,onaraeM, 'ITO paCC.MaTpH-·· 

B88M8H CHCTGM8 '18CTHU A8JJeK8 OT paBHOBeC.HH C TepMOC1'8TOM H, B0061IJe 

I"OBOpH, He XapaKT8pH3yeTCH TGMIIepaTypoii. IlpH B38HM0Jl8HCTBHH C TepMO­

.CT8TOM T8K851 CllCTGM8 6yJleT IlpU06peT8Tb, B HGKOTOpOM CMbJCne, 'IGpThl 

CT8THCTHLJGCKOi1 CHCTGMhl, COXpai!HH, OllllllKO, B OCI!OBHOM M9X8HII'IGCKHH 

XapaKTep. · 0CHOBHilH llll9H pewellliH COCTOIIT B IICKniO'IGHIIII .BnH511!1I51 TepMo­

CTaT£1, KOTOpoe. nocne 9TOI"O ilpO~IBn51eTC51 K8K a<jJ<jleKT TpeHIIH 'lllCTHU B 
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cpene. HanH'IHe TpeHHH 6yneT npHaonHTb K nHCCHnaUHH. H, TaKHM o6paaoM, 

K Heo6paTHMbiM npoueccaM, ilOSTOMY Mbl BOCnOnb3y9MCH 06IUHM M9TOAOM 
. . 

on.HCBHHH Heo6paTHMbiX npouecCOB C nc;>MOIUbiO nOCTp09HHH HepaBHOBeCHOI'O 

/2-4/ 
CT8THCTH1J9CKOI'O onepaTopa 

0?HOBH8H HA9H STOI'O MeTona COCTOHT B TOM, 'ITO ecnH AnH OnHCa­

HHH HepaBHOB9CHOI'O COCTOHHHH CHCT9Mhl AOCT8T01JHO H860p8 CpeAHHX 3Ha-
. ' 

1J9HHA HeKO.TOpbiX onepaTOpOB p Hn!f COnpH)I{9HHbiX HM napaMeTpOB 
m 

F (t) 
m 1 TO MO)I{HO HBHTH T8KOe .1J8CTH09 peweHHe ypaBHeHHH nHyBHnng 

_!p_ + _!_ [ p ( t ·• 0 ) ' H I = 0 ' 
at i h 

KOTOpOe 38~HCHT OT BpeMeHH nHWb qepea .F m (.t ) • llepBbiif apr'yMeHT Y 

nepaBHOBeCHOI'O CT8THCTH1J9CKOI'O onepaTopa p Ct' 0) YK83biB89T na STY 

H9HBHyiO 38BHCHMOCTb 91'0 OT BpeM9llH1 a BTOpOfi - qepe3 npeACTBBneHHe 

feAaea6epra. 

fpaH~1JHbi9 ycnOBHH K ypaBHeHHIO nHyBHnng AnH CT8THCTH1J9CKOI'O 

onepaTOpa P (t, 0) MO)I{l!O tflopMYf!HpOB8Tb· C nOMOIUbiO BB9A9HHH 6ecKOHe1J;_ 

HO ManOI'O HCT01JHHK8 1 HapyWBIOIUer'O CHMM9TpHIO 0Tp8)1{9HHH BpeMeHH, AHa~ 

nOI'H1JHbi9 I'p8HH1JHbie ycnOBHSI C nOMOIUbiO BB~ll9HHH 6eCKOH91JHO MBnbiX HC­

T01JHHKOB1 HapyruaiOIUHX CHMM9TpHIO 0Tp8)1{9HHH BpeMeHH 1 HCnonb3YIOTCH B 

¢opMallbnoA TeopHn pacceSIHHH B ¢opMe fennMaHa-fcinhA6eprepa 
151

• Bae­

AeM 6eCKOH91JHO Manhiif HCTO'IHHK B ypaBH9HH9 nHyBHnnH Ansi . In p ( t, 0 ) 
. . /4/ 

cneAyJO~HM o6paaoM: : 

iJ In p ( t , 0 ) I · . 
_ __;;,.__ __ +--. [lnp(t,O),H]=-dinp(t,O)-lnp (t,O)), 

rAe 

iJt ih . 'l 

p 
q 
(t,O)=expl-<1>-~ F (t)P (Oll= expi-S(t,O)} 

m m m 

. 4 

(1) 

(2) 

·., 1 

1 

·' 



- KBB3UpaBHOBeCHblll CTBTUCTUqeCKUll orrepaTOp, a 

F ( t l I. (3) 
m 

OrrepaTOp S ( t,O) MOX<HO HB3B8Tb orrepaTOpOM 9HTporruu, TBK KBKS=<S(t,O)> 
q 

ecTb SHTporruSI. 3.uecb <' .. ~> = Sp( p .••.•• ) • Benrrquna f-> + 0 rrocne Tep-
• q q 

Mo.uu~aMuqecKoro npe.uenbnoro nepexo.ua rrprr Bhiqucnemm cpennrrx. 

Jlef'KO BH,[leTb, qTo HCTOqH~K B rrpaBOll qaCTH ypaBHeHHSI ( 1) ,[l8llCT­

BHTenbHO. HapyrnaeT CHMMeTpU!O ypaBHeHUSI JluyBHJIJISI OTHOCI!TeJibHO OTpa-

IKeHUSI BpeMelll! ll CTpeMUTCSI K HyJIIO rrpu f-> + 0 , l1 HTerpupySI ypanHeHne 

(l) B npenenax oT ,[10 0, Uonyqi!M HepaB~OBeCHblll CTBTUCTUqeCKUll 

orrepaTop B nu.ue 

o· c.t I I~~ p ( t, 0) "' exp I f J d t e I In p ( t+ t , t ) ;::, exp - S ( t, 0 ) • 
· I q 1 1 (4) 

-oo 

BonnucTaSI qepTa caepxy ooosnaqaeT onepauuro BSSITHSI KaasuuHBapuaHTHoil 

qacTI! oTnocuTeJibHO SBonrouuu c noJIHhiM raMriJibTOHuanoM · II • Cpennee 

< A > = · lim Sp ( A p ( t , 0 ) ) 1 

c->+ o 

paBHO 

. TO eCTb clJaKTU'Iecim SIBJISieTCSI KnasrrcpenHrrM no. TepMHHOJIOf'HI! H .H. Eoro­

nrooona /B •7 I 

2. YcpenneHHhle ypaaneHHSI .un~ aMrrnnTyp BTopuqHo 

KBBHTOBBHI!Of'O ITOJISI 

PaccMoTpnM rrone.uenue Manoil rioncucTeMhi c f'BMHJihTOHHBHOM H 
I 

B3BllMO.UeHCTByiOlllell C TepMOCTB TOM 1 KOTOpblll OITUCbiBaeTCSI f'BMllJlbTOHUBHOM 
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II • faMIInhTOHIIaH llOliHOll CIICTeMhi RMeeT BIIa 
2 

H=H +II +V, 
1 2 

rae V - raMllnhTOHIIaH B381!MOaeiiCTBIISio 

(6) 

.Qnsr npoCTOThl paCCMOTilHM CIICTeMy HeB3,8IIMOaeiiCTBYlOIUIIX 6oae'- IInii 

ljlepMII-'18CTIIU C raMIInhTOHII8HOM 

H=~E'a+a 
1 a a a a 

(7) 

faMIInbTOHII8H B381IMOaeiiCTBIISI B03bMeM B cneayrorueii ljJOpMe: 

v k ¢ a+a c:p+-c:p 
a{:3 a{:3 a {:3 ' {:3 a- a{:3 ' (8) 

rae ¢a {:3-:" onepaTophi, aeiiCTBYlOIUIIe TonhKO ua nep.eMeHHhie cpeahi, T.e. 

T9pMOCTaTa, raMnnhTOHII8H KOTOporo Mhl SIBHO He Bhln!!Ch!BaeM. 

B Ka'!ecTBe onepaTopoB p 
m , onpe!lensrroiUIIX uepaauoBecuoe coc- . 

TOSIHII9 MaiiOii, noaCIICT9Mhi 1 Bb!6epeM OnepaTOpbl a 
a 

a 
+ 

II n =a+a a a a a 
TepMocTaT 6yAeM oniiChiBaTh ero raMIInhTOHIIaHoM H

2 
• 8hi60p TOnhKO 

onepaTopoB n a II 

CIICT9Mhl B TepMOCTBTe 

paTOpOB a 
a 

+ 
II a 

a 

II 2 llpiiBen 6hi K KIIHeTII'19CKIIM ypaBH9l!IISIM ansr 
181 

• BKnlO'IeHIIe B ua6op onepaTopoB P m . , one-

CBSI3aHo C TeM, 'ITO Mbl IIHTepecyeMCSI .ll!HI8MII'!eC-

KIIM OlliiC8HIIeM CHCT9Mhl. 

KBaanpaBHOBeCHhiii cTaTncTn'!ecKnii onepaTop (2) onpeaensreTcsr II3 

9KCTpeMyMa IIH!jJOpMaUHOHHOll 9HTpOlliiH 

s Sp ( p In p) (9) 

npn aonommTenhHbiX ycnoBnsrx, 'ITO npn Bapnauiin ljlnKCIIpoBaHhi 
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+ + 
Sp ( p a a ) = < a~ > 

( 10) Sp ( p n a ) . = < n a > 

H COXpaHH9TCR HOpMHpOBKa Sp p = 1 • Oa HMeeT BHJl 

p =exp(-4>-~ (£ (t)a +f*(t) a++F (t)n )-{3H l=expi-·S(t,o)} • {II) 
q aa a a a a a 2 

I'Jle 

«l>=inSpexp(-~ (£ (t)a +£* (t)a++F (t)n l-.{3H I. 
a a a ·a a a 2 a 

.3JleCb r £* H F - nai'paH:1KeBbi MH0:1KHTenH 1 orrpeJlenReMhre H3 a a a 
ycnOBHH ( 10) .. 0HH RBnRIOTCR rrapaMeTpaMH, COIIpll:1K8HHhiMH C < a > 

a q 
<a+> H < n > ·: 
·- a q a q 

o«<> o«<> 
< a. > =- <n > - ; a q o r ( t ) a q 

oF ( t) a a 
{12) 

0 s os r ( t ) :::'!----- F ( t) = 
a o <a > a o< > n 

a q a q. 

.[lng JlanbH8HIII9I'O YJl05HO IIepeiiHCaTb KB83HpaBHOB8CHbiH CTaTHCTH'lec­

KHH orreparop (11) B ~opMe 

I'Jle 

p 
1 

Q 
1 

p ;, p • p ' 
q I 2 

=Q- 1 exp(-~ (£ Cl)a +f*(t)a++F (t)n) I 
1 a a a a a a a 

Sp exp '( - ~ 
a 

( r ( t) a + £* ( t) a++ F ( t) n I ' 
a a a a a a 

7 
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P =Q-lexp{-{3H }; Q =Spexp{-{3H }, (136) 
2 2 2 2 2 

3annweM Tenepb HepaBHOBeCHbiH CT8THCTH'I9CKHH onepaTOp. (4) •B' SIBHOM 

Bnne: 

p 

rne· 

.·-~ 
exp { - S ( t , 0 ) } , 

/ 

(14) 

~=i·$+£·fdt'enl {~(£ (t+t )'a (t )+f*(t+t)a+(t) + 
-~ 1 a a 1 a 1 a · 1 a 1 

+ n (t )F (t+ t ))+{3H (t )}, 
a 1 a 1 2 1 

.. 0 .. 
<JI = £ f <JI. ( t + t ) et t I d t H exp { - <JI } '- HOpMHpyJOWHfi MHO)I(HTenb, 

1 1 
-oo 

· HopMHpOBKa coxpaHSieTcSI ~ocne B3SITHSI KBa3HHHBapHaHTHoii: 'la.CTH, ecnn Mhi 
u /2-4/ 

noTpe6yeM BbinOnHeHHSI ycnOBHH 

. . + + 
< a > = < a > , < a > =< a > , < n > = < n > • a q · a a q a aq a (15) 

ByneM ucxonHTb · na ypimHeHHfi llBH)I(eHHSI nnSI onepaTopoB, ycpenHeH­

HhiX C HepaBHOB9CHbiM CT8THCTH'19CKHM onepaTOpOM (14): 

d <a > 
ih a =<(a ,H]>=<[a ,H ]>+<(a ,V]> 

d t a a 1 a . t'16 ) 

d<n > · · 
ih--_g__=<[n ,H ]>=<[n ,H ]>+<[n ,V]>. 

d 
.a · a 1 a 

t . 

(17) 

YpasHeHne. nnSI < a+> nonyqaeTCSI onepaunefi conpSI)I(eHHSI iia · ( 16). Ylcnonb-. a . . . 

ayeM HepasHoaecHhiii: cTaTHCTH'IeCKHii: onepaTop ( 14) nnSI Bhi'IHcneHHSI npa-

8 
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BhiX qac':Teii ypaBHeHHii ( 16) . li ( 17). OI"paim'IHBaSICb BTOphiM nopMKOM no 

B3aHMO.QeiiCTBHIO v ~ony'IHM aHanoi"H'IHO TOMY 1 KaK a To 6hmo c.~:~'emiHo 
/8/ 

B pa6oTe 1 cne.~:~yiOII!He ypaBHeHHSI: 

d<; a > I o t 
ih--_g-= E <a>+-- J<([a ,V]V(t )]> e€ I dt (18) 

d t a a i h -"" a I q I 

d<n > I o 
ih--g_.~-- J <[[n ,V]V(t )]> ef

1
ldt 

d . h a . I q I 
t I '. -ex> 

(19) 

v ( t ) 
I 

o6oaHa'laeT npe.QcTaBn~HHe B3aHMOAeiicTBHSI onepaTopa 

PacKphiBaSI ABoiiuoii KOMMyTaTop B ypaBHeHHH (18) 1 nony'IHM 

d <a > . I o €1 
ih~=E <a >+--fdt e 1{ ~ (<¢ ¢. (t)><af3a+ af3 > 

d t a a . i h - ;_, I a • f3 '{3 af3 a 1 {31 I q a 1 . 1 q 
1 I 

v • 

(20) 

= + 
- < cp {3 (t ) ¢ ,.;> <a a {3 af3 > } , 

a I I I ap q a 1 I q 

I".Qe BBe.QeHO 0603H8'19HHe 
i 

¢ f3(t):.: cp ,J.t) 
. a a p 

--(E -EQ)t 
e h a fJ 

Tipeo6paayeM ypaBH9HHe (20) K BHAY 

d< a > . •I o =, 
ih --~= E <a >+-- ~- J dt 

d t a a i h a , {3-oo 
< cp cp ( t ) > < a{3"> + 

aa a f3 1 q 

. I 0 

+-- ·~ .r 
ih a {3 {3·-oo 

1' 1' . 

1 1 I 

(20a) 

( t = ] + d t e I < [ cp , cp . . t(t ) > <a a a > • 
1 . af3 a f3 I q a {3 f3 q 

I I I 1 I 

. 9 



ByneM ~pennonaraTb, 'L!To B (20a) MO)I(HO orpaHH'L!HT.bcst TOJibKo JIHHeilHbiMH 

'L!JI8H8MH ( HH)I(S Mbl CQJOpMyJIHpyeM YCJIOBHSI, KOrlla 9TO MO)I(HO Cll8Jl8Tb), 
. ·~; 

Torna nony'L!HM 

d .<a > 
ih a 

d t 
E .<a 

a a 
1 . 0 { I . "' 

>+-.-·~ .f dt e 1.<¢ cp ,Q(t )><aa>• (21) 
1 h a f3 1 · aa a t" I q t" . 

1
• . -oo I I 

BHil JIHHeilHoro ypaBHeHHst (21) OllHHaKOB nnsr 5oae- u cjlepMH-~TaTHCTHKH, · 

BBelleM CllSKTpaJibHblS HHTSHCHBHOCTH KOppeJist.UHOHHb!X cjJy'HKUHll cpellbl ITO 

cjlopMyJiaM 

"' < ¢ ,Q (t ) ¢ 
> - 1 oo . . E .-E 

- -·- .f J 1(w+·~f3 
2 TT a {3 ( w ) e ·h . -) t 

-oo . I 'aal I 

<¢ 

a t" 1 aa 
I I 

q 

a a 
I 

" ¢ ,Q(tt) > 
a It" q 

00 

. E -E . 

J . -1 C w + _{}_ a I 
aa , a a (w) e h--) 

I It" 
J. 

2TT -oo 

;.·'' 

dw , 

dw 

H npeo5paayeM ypaBHSHHe (21) 1 C HCllOJlb30B8HHeM' (22) r K BUllY 

d< a > a . ~ 

i h -----:. = E <a > + .w K a< a a> , 
d t a a {3 at" t" . 

rne 

1 I K =.--
af3 ih al 

0 

f d t e€11 
I 

< ¢ ¢ ,Q (t ) > 
aa a t" 1 · q I I .. -oo 

00 

=-1- I J dw 
2 TT' • a· -oo. 

I hw+Ea-·E +i£ 
t" a I 

10 

(22) 

(23) 

(24) 
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., I 

TaKiiM o6pa30M 1 Mhl nony•mnli .JliiR <aa>. ypaBHeHHe (23) Tlina 

llJpeJlliHI"epa 1 KOTOpOe OllliCbiBBeT CJlBiif' SHepi"Iili li. 38TyXBHiie 1{3-38 B38H­

MOJleacTBH9. qaCTHU CO cpeJloa, 

8 38KnJoqeHHe STOI"O p83Jle1Ia llOKaJKeM, KBK B cnyqae CTBTHCTHKH 

Bo3e MOIKHO yqeCTh HeiiHHefiltble qneHbi1 KOTOpbte npHBOJlRT•K CB9.38HHOa 
. + . 

. cucTeMe ypa.BHeHiifi JliiR <a a> · ,H · <na> , PaccMOTpHM Benuquay<'h a,B a ,B>ci 
I I 

nocne K8HOHHqeCKOI"O npeo6pa30B8HH9. 

a =b ·+<a > ;a+=b+.+<a+> 
a a a a. a .a. 

, pI ( 13a) 6yJleT HMeTb BHJl 

-1 . + -- __ f.*a -• p =Q expi-!F b b l,<a > -
1 1 a a a a a· 

(25) 

F 
a . 

3aMeTHM1 q:ro Q j B (25), B0061lle I"OBOp9.1 He paBHO ~I B (13a), 

npuMeHRst )lllst onepaTOpOB . b a H b ~ TeopeMy BHK8 H .B03BpamastCb K 

HCXOJlHhiM onepaTopaM ~a , nonyquM 

(21:1) . 2 
+ (<n.a >-l<aa >I ·).<a ,8 >8a ,8 

. I I . 1 

C HCllOIIb30B81{HeM, (26) ypaBHeHHe (20a) nepellHllleTCst B BHJle: 

d<a >· ' l . o Etl -
ih a =E "<a >+-"£ fdt e <rp ~ ,8 (t )> <a,B >+ 

dt ~ -a . ih a .,B ,.. 00 I aa a 1 q 
.'I . ,> I . I ,-

+ _!_ :£ .· f d.i ·e£t
1 I <Lr/J ., .~. ,B(t. )]> +<Lrp. ,8''¢ ·. ·<t

1 
)1> I x 

ih ai,B -oo I aal .• -~1. I, .q. _a alai . q 

2 .·. 

x {<n >-l<a > '··)<a,B> ..• . a I al 

11 ,. 

'·. 



PaccM6TjmM Teneph ypaBHeHue ( 19). P acicpoeM tmoiiaoii KOM~yTaTop n ana.;. 

norn<mo TOMy, KBK npn nony'IeHHii ypaaaem{g (21) Mhl OT6paCbiBann Tpoii-
(. . . 18/ . 

Hhre qneahr, oT6pocnM 'IeTBepHhte 'IneHhi B (19) (eM. TaKllie · ). Tor.na 

nony'IHM 

d<n > - 2 . 2 

----!!...:..= ~w13 . (<n 13 >-l<a 13 >1 )-~W {3 (<.n ·>-l<a >I)+ dt {3 ->a . {3 a-+ a a 

1 + .1 + 
+ --.- ~ K {3 < a > < a{3 > + -h ~ K *{3 < a > <;:: a{3 > + ih {:3 a a . i {3 a a . 

(27) 

~ R + + - aa, a {3 < a >< a{3 > , 
~{31 1 1 a 1 1 

I'Jle BBeAeHbl o603Ha'IeHHSI 

W =lJ (Ea-E@), 
f3 -+a h2 {3a, af3 h · 

W = !_ J ( E(:l- Ea) 
a->{3 h2 af3,{3a h 

JlnSI BepOSITHOCTeii nepeXOJlOB 1 Bblpa:ll_{eHHh!X B TepMHHaX CneKTpanbHb!X HH­

TeHCHBHOCTeii KOppenSIUHOHHhiX iflyHKUHti onepaTOpOB cpetlhlo 

R {3 =-\- f I < ¢ ¢ f3 (t ) > + < ¢. (t )¢{3 . > I e ( t 1 dt ·
1 

• aa,a 1 1 h _00 a
1
a a 

1 
1 q a

1
a 1 a 

1 
q 

3aMeTHM 1 'ITO 

R = W 1r - 1- ( K . +K * 
aa, {3{3 {3-.a ih aa aa ) = ~ w {3, a-{3 • 

TaKHM o6paaoM, Mhi BHJlHM, 'ITO B o6meM· cny'Iae ypaBHeHHSI (18) n 

( 19) o6paayroT CBSI3aHHyro CHCTeMy H~nnaetiHhiX ypanHeHnti mpe.nnarepoBCK~ 
ro n KHHeTn'IecKoro TunoB. HennHetiaoe ypaBHeHue (20a) Tnna llipem!Hrepa 

S!BnSieTCSI BCITOMOI'aTenbHb!M U BMecTe C ypaBHeHneM KHHeTH'IeCKOI'O Tuna 

(27) onpe.ne~SieT napaMeTpbl HepaBHOBeCHOI'O CTaTUCTH'IeCKOI'O onepaTOpa
1 

ITOCKOnhKy B cny'Iae CT8THCTHKH Boae 

12 



f* (t) 
a F (t > -1 

<a>=- ---;<n > =(e a -l) 
1£ (t)l

2 

+..:........a..---. 
a F (t) a F (d 

a a 

nosTo:My miHefiaoe ypaBHeane · lllpennarepa smmieTcSI nocTaTO'iHO xopolllnM 

rrpn6nn*euneM, ecnn Bbiiionueuo. ycnoBne 

2 F a<t> -1 

· < n a >- I <a a > I · = ( e . ~ l) :<< l, 

'iTO IIO CyllleCTBY COOTBeTCTByeT ycnOBHIO < b: b a ><<l • 3TO OTBe'iaeT 

y'ieTy TOnbKO cna60B036y)KJ:teHHb!X COCTOSIHHfi B CHCTeMe. KB83H'l8CTHU, ·:COOT-

•... ··-··- BeTCTBYIOlliHX OIIepaTOp8M b H b + 
a. a 

I 

~ 

· B cnyqae CT8THCTHKH <tlepMH uenb3SI HCKnlO'iHTb nnHefiHbJe 'ineHbl CJ:IBH-

. roM orrepaTopoB ua c: -'incno, TaK KaK sTo rrpeo6pa3oBaHHe ue SIBnSieTCSI 
' /9/ 

K8110Hli'ieCKHM; B KB8JITOBOfi TeOpHH IIOnSI HCTO'iliHKH, nnHefiHbJe. IIO <iJep-

MH-OIIepaTopaM, BBOASITCSI C IIOMOlllblO KnaCCH'ieCKHX, 'aHTHKOMMyTnpy!OlliHX 

K8K npyr C npyroM, T8K H C IIepBH'ilibiMH IIOnSIMH CIIHHOplib!X nonefi. 3TOT 

6onee cno)KJibifi cnyimfi HaMn ue paccMaTpnBaeTcSJ. 

3. YpaBueane Tnrra lllpennarepa c 3aTyxauneM 

B rrpe,nbiAYllleM pa3nene · Mbi rronyqnnn ypaBueune nnSI cpenanx aMIInH­

Tyt:l B Bnne (23). Yno6ao rrepefiTn Terrepb K .KoopnnuaTHOMY rrpencTaBne-

·liHIO 

t/J'(i-') ='Sx (r ... ) <a>, 
, , a a a (28) 

rne I X (r') I - rronuaSI, opToiiopMnpoBaHHaSJ cncTeMa onuo'iaCTH'illbiX 
a 

<PYHKUnfi orrepaTopa 1-h2 /2m v 2 + v(r)l , rne v (;) - rroTenuHanbHaSI 

sueprnSI n 
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2 

t--LV
2 

+ v(f) lx (~)=E X G), 
2m a a a 

BenJPIHHa 1/J ( t I HI'paeT, B HeKOTOpOM CMbiCne, pom, BOnHOBOH !jlyHKUHII 

IIIpe.QIIHI'epOBCKOI'O KnaCCH'IeCKOI'O nonsr,, C ·HCnOnb30B8HHeM (28) npeo6pa­

syeM ypaBHeHHe (23) K BH.Qy 

#(;) h-.2 2 ... ... ... ... . ... ... 
ih----=1---V. +v(r)}I/J(r)+ fK(r,r :).1/J (r' )dr: at 2m- . ' (29) 

H.!:lpo K(~r'') HHTerpanbHOI'O ypaBHeHHsr_{29) HMeeT Blf.Q 

K <t. r' > ~ K f3X (r ... J x*(3(t') = 
a(3 a a . 

1 
0 

~ (t 

ih a~ f dt e I 
• .al -oo 1 

. ... ' 
<¢ ¢ (t )>x (·dx*("t'). 

aai a (3 I q a (3 
I 

(30)' 

flony'IeHHO·e ypaBHeHHe (29) MOlliHO H83B8Tb ypaBHeHHeM .Tifna llJpe­

.QHHI'epa C 3aTyXaHHeM .QnH .QifH8MH'IeCKOH CHCTeMbl B TepMOCTaTe, I1HTe­

peCHO OTMeTHTb, 'ITO no.Q06Hble ypaBHeHHSI llJpe.QHHI'epa C HenoKanbHb!M 

B38HMO.Qeii:CTBHeM llpHMeHSilOTc'SI B TeOpHH pacceSIHHSI /.
10/ .Qnsr OllHC8HHSI 

B38HMO.QeHCTBHSI CO MHOI'HMH pacceMB8lOIIIHMif Uel;ITP8MH, 

nnsr .QanbHeii:IIIero HCCne.QOB8HHSI ypaBIIeHHSI (29) y.!:I06HO BBeCTH ·one-
.L r' p ... 

pa TOp CMeiiieHHSI e h I 
-+ ,,...... ,...... .-. 

, r.Qe r =t -r. ;p =-Ih V 
I . r 

penHIIIeM ypaBHeHHe (29) B BH.Qe 

ih al/1(-;) 
at 

3.Qecb . 

=I h 
2 

2 ... ... .. ... ' 

2
;- v + v ( r'J II/I ( ! ) + D ( r , p ) 1/1 ( r ) • 

14 
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-+ :... . 3 .... (... ... ... 
!l(r,p)= jd r

1 
K r,r+r

1 
)c 

i _. _, 
-hrtp. 

(32) 

Tip~Jli10nmKHM 1 'ITO t/J c;) Mana M9HSI9TCSI H8 KoppenSIUHOHHOll JlnHHe, Xa­

paKTepHOll nnSI Sinpa K(r'.r.') . ToPna, paGnal'aSI cxp! ih ; 1p' B PSIJl, 

B HyneBOM 110pSIJlK9 rrony'IHM 

i h # (r' . =! -~ V' 
2 

+ v ( ;) + He U ( r) I t/1 tr' J + i Im U (;) t/1 ( r'>, 
·at 2m 

(33) 

l'Jle Mhi BBenH o6o3Ha'leHHe 

Bhipa>KeHHe (33) HMeeT BHJl ypaBHeHHSI lllpemiH!'epa c KoMrrneKCHhiM rroTen-

. . " /10/ UHanoM. YpaBHeHHSI 110Jl06HO!'O BHJl8 H3BElCTHbl B TeOpHH CTOnKHOB9HHH 
1 

KOl'.JlB BBOJlHTCSI B3811M0Jl9HCTBH9 1 

JJ.anee, paanarasr cxp I ~- r\ ii' I 
11penCT8BHM ypaBH9HIIe (29) B 

orrnchiBaromee rroPnomeiiHe Om u < r) < D) • 

B pgn·BrrnoTb no BToporo rropSinKa, 

BHne (eM. TaK>Ke 
1101 ) 

at/f(1J ! ( h
2 

2 (-)) U( ... ) l J a-> 1\ ( ......... )· ...... i h ---· -- = - --V' + v r + r - - d r 1 r 
1

, r + r 
1 

r 
1 

p + . at 2m ih 

l J 3-> +Z .d r 1 K 

Ecnn BBeCTH ~YHKUIIIO 

A < r'> = ~ J d a r-
ihc , . 1 

(34) 

(35) 

· aHanO!'H'lHYI0 1 B HeKOTO~OM CMbiCne, KOMIJneKCHOMy BeKTOpHOMy 110TeHUIIa­

ny aneKTpOM8l'HHTHO!'O 110nSI1 H T9H30p o6paTHhiX atfl<jleKTHBHhiX M8CC 
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:.; . 

l-1 
M(1) lk 

I "; f d. 3 ... R K ( ... ... ... ) I k = - u -· r e r , r + r. r r.:. , 
m lk . 1 1 k 1 

TO MO)!{HO 38HHC8Tb ypaBH8HH8 ( 34) B cne.[ly!Olil8ll t!JopMe: 

(36) 

. ' at(.! (r) h 2 I . . . ieh ...... 
ih,--- =l-...:....}; (-) ikV 1 Vk+ vC;) +U(r) + --- A(r)V at 2 lk M (. :r) me 

+ iT(;Jlt(.!(r), · 
(37). 

I'.[le 

.T(f>=.:_Jd 3r ImK(r,r~+r' 1 )lr 1 rk V V· 
· 2 1 lk 1 1 I k 

B II30Tponnoii: cpe.[le T8H30p I _I_.:___ Ilk -.£lH8I'OHaneH. II A ( r ) = o. . Mrn 
B 3aKn!O'I8HII8 OTM8TIIMI 'ITO BB8,[l8HII8 t/J ( n He osnaqaeT, 'ITO 

' 
COCTOHHII8 Manoii: .£lliH8MII'I8CKOH nO.[lCHCT8Mbl .HBnHeTCH 'IHCTbiM, 0HO OCTa':" 

eTcH CMemaHHhiM 1 TaK KBK onnc~maeTCH CTBTHCTIItteCKHM oriepaTopoM (14) 1 

::mon!OUHH napaMe;pOB KOTOpOI'O · f ( t) 1 f * (t) . . a a II Fa (t) onpeneng-

eTCH CBH38HHOll CJlCTeMOll ypaBH8HHll lilp8.[lllHI'8pOBCKOI'O Jl KllH8TH'I8CKO~O 

TllriOB, 

4, DpuMepbt, BsauMoneikTBHe aKCHTOHOB ( nnH 

aneKTpOHOB) ·C dJOHOIIHblM noneM 

B HacTo~meM pasnene a Ka'!eCTBe npuMepoB, nnnrocTpupytomux o5muii. 

M8TO,[l 1 Mbl paCCMOTpllM CHCT8MY. 9KCHTOHOB fHnH aneKTpOHOI3) 1 B38l;IMO­

,[l8llCTI3Y!OliliiX C ¢oHOH8Mil pemeTim, H HOK8)!{8M, KBK nonyqaJOTCri 38TyXa­

Hil8 H C.[lBHI' 9H8pi'Hil .[lnH nono5HhlX CHCT8M, 

p aCCMOTpHM CHB'!ana CJlCTeMy 9KCHTOH013 B pemeTK81 OHHCbiB8!0lilYIOCR 
/11/ . . . 

I'8MHnbTOHJl8l!OM 
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. -+ + 
H =! E( k) b ... b ... + ! ... h w ... a + 

k" k k_ . a,q_ · a,q a,<t 

3aecb h w ... a,q 
+ 

- aHeprH SI cjJoHoHa :- b ... , b ... ; a+ _,,a ... - 6o3e-onepaTopbi 
. k k aq a q _ 

YHH'ITO:lK9HHSI SKCHTOHOB H · cjJOJJOHOB COOTB9TCTB911HO; cjJyHK­nopO:lKJl9HHH H ...... 
/11/ CBSI3b SKCHTOHOB C cjJOHOHHOfi Cpe)lofi UHH .. Gc_ck,k 

1
) onpeaenHeT 

..... _... ......... 
(G* (k,kt l= G (k

1 
,k)): a · a 

h 1/2. 
Q = (-.----) (a _,+a+ ... J 

o,;t 2CtJ .... o,q o,-q 
a,q 

- onepaTop iiopManbHhiX KoOpftHHaT cjJoHOHHofi CHCTeMhi; N - 'IHcno Mone-

Kyn· B KpHcTanne, CornacHo (8) 3anHmeM raMHJibTOHHaH B38HMOJleficTBHH 

K8K 

... ... + 
¢ (k,k )b ... b .. 

I k Kl (39) 

rae 

· · ,.,: "" . I h 1j2 
¢ (k,krl=- ! G (lt,t H---) x (a ...... 

. . . Vff a a . I 2w a,k-k I 

a ,k'-lil 

+a+... -> ).-
a,k1 -k_ 

(40) 

3ariHlU9M ypaBH9HHe THna IlJpeJlHHI'epa (23) JlnH < b k > C HCilOnb30B8HHeM 

(38)-(40) 8 BH)le 

d4Jt> 
i h . 

dt -- (41) 

_,. .... ' I 
K(k;k >= -.! 

t ih Ii 
2 

<¢Ct.r >ct<i: .r ·' >> = 
2 2 I I a 
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=o(k-k )-n-Jdat~~ 
2 

h I G OZ. iZ ')I • · < n a k' _I(' > · 
a :~ . 1 ,. • 2 + 

I (2rr) 3 2 a 
------- ~ ... -------.. -----.. ---.-

2ru ·, .-. E(U)-E(k 2 )+hw +if a 11- K -• .. , 
• 2 · a,k-k

2 

<n _, _, >+l 
a ,k -k 2 

I·· 
qj ( 42) 

+---
Eo:>- E u:

2 
> - h ru ... ... + i ( a,k-k 

2 

11 HTerpHpOBaHHe BeAeTCSI ITO rrepnoii 30He BpHnnyaHa·, n - o6'beM aneMeH-

Tapuoii srqeiiKH H 

<n ... a ,q 

{3ru -1 
> = ( c a, Q' -1) . 

BbtAeJism B ( 42) geiiCTBHTenhHYIO H MHHMYIO '18CTH, 6yAeM HMeTh 

d< bJ:> ... _, ·t _, 
ih . =E(k )< h ..,>+i'lE(k )<h, >- ..LLr(k)<b >, 

dt k I< 2 k' 

rge 

. -~ n a"' 
L'lE(k) =- -- P f d k 

(2rr)3 I 

h I'G (k,k . ·)1 2
. 

~- __ a __ ,_ x 

a 2w -> 

a ;l-k
1 

<n _, ... > 
a,k- ~--·----+ xl -~ --

ECk)-E(k, )-hwa,k'-1 

+ -
(<n.,..,.. >+l) 

a,k-k~. I-
-> ... 

E ( k )- E (k ) + h ru -• ,. 
. 1 a,k-k 1 

- CABHf' 3HeprHH 3KCHTOH8 1 

r(i->,;,~ ~- J d 3 k ~ 
h (2rr) 3 t a 

~~~.r >1
2 

xl<n -• I<' a,k-
1 

2ru -• _, 
.a ,k- k 

1 

> 8 [ E.( l)-E (k 1 )' + h ru a It -It 
. , I 

X 

+ 

. ( 43) 

(44) 

+ (<n ->-> >+l)o [E(k)-E (k~ )-hru ... -• J I - GaTyxa~me aKCHTOHa. 
a ,k-k ,. t a,k- k 1 

KaK BHAHO·H3 ypanHemrn (43), (44), Mbl npHllinH K xopowo H3BeCTHbiM 

/11/ . 
pe3ynhTaTaM 1 H H03TOMY Ha o6cyX{Jle!IHH HX He 6yAeM OCT8HannHn8Th-

CH. 
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B Ka'<!eCTBe. BToporo npHMepa KpaTKo paccMoTpHM .cncTeMy sneKTpo­

HOB .B pell19TK9 1 OnHChiBBIOlllYIOCSI l"8MHnbTOHH8HOM /12/ 

... + 
H = ... ~ T(k )a_. 

k;a. ka 
a _. + ~ h w ~ b + b + .1....: 

,...... ~ 4 -to -
ka. ;f' q- q q y'Q 

-~ A (k -k )~ 
k k a · 1 2 

1 f 2' 

+ 
X a a ... ... 

+ 
(b... ... + b ... ... -) ' 

k a k a 
I 2 

k -k k -k 
·.I 2 2 I 

+ 
h w... - sHe-prnw !floHoHa 1 a+ ,'a ; b ,b· · - onepaTophL nopo}l(.ue-

q k' a · '1 a q-+ q-+ ... 2 2 

H YHH"'T0}1(9HHSI sneKTpOHOB H !fJOHOHOB COOTBeTCTB9HH01 '((k )= ~ ..:.~; 
· 2m 

~(;) Onpe.uen~eT CBSI3b sneKTpOHOB C !floHOH8MH 

A (q)= g(q )( ~)~. 
2 

KaK H B .npHMepe c SKCHTOHaMH ypaBHeHHe THna lllpe.un_ Hrepa .unSI·<a > 
- . . -~~ 

MO}I(HO npe.UCT~BHTb B.BH.Ue 

· d<a ... > . ... . 'h ... · · 
.ih---...L.a __ -=(T(k)+~E(,))<a >- -1 _-f'(k)<a ... · >, 

dt' . . .· . k, a 2 k • a 

-+ ... -+ 2 <nIt-It >+l '.· ~ E( k.) = p ~ I A ( k:... k ) I I ':""'. ____ __,_, _____ + 

kl 
1 

.· .• T(k)-T(k )-hw · 
I Jt-~ I 

<nit it > 
·--:---·--:..1 -·-----1 -

1' ( k ... )..;. T (k... ) + h w .,. ... 
. I k~k I 

• ,·1 

+ 

- CllBHI' 9Hep~UA sneKTpOHa 1 

-+ ·2rr ' .·-.· ... _ ... 2--

[' ( k ) = -· ~ I .A ( k- k 1 ) I I ( < n . 
h kl It-Itt 

(45) 

- Benn"'.HHa 3aTyxaHHSI sneKTpoHa._ Bhtpa}l(eHiut __ ( 45) 1 ( 46) coBna.uaiOT c '· 
. . . . . . /12/ 

nony'<ieHHhiMH MeTO.UOM (jJyHKUHii fpHHa 1 ecnH B nocne.UHHX nono}I(HTb 

<a .t a... >"' 0 , 3T_O 9CTeCTBeHH0 1' noCKOJxhKy nHHeHHOe ypaBH9HHe 
-Ka ka · 

THna lllpe.uniirepa nony"'eHo B npn6nH}I(9HHH ManocTH '<!Hcen aanonHeHHSI, 
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_3aMeTHM 1 'ITO ypaBHeHHe 1J.n51 OIJ.HO'!aCTH'!HblX :ypaBH9HII:H fpii:Ha O'l9Hb 

llOXO/Ke Ha ypaBH9HII:9 Tll:na illpeJJ.RHI'epa, HO COIJ.9p1KII:T HeOJJ.HOpOIJ.HOCTb B · 
. -· /13-14/ 
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